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Validation of a Multiscale
Hysteresis Mechanics Model
in Predicting Oily Shoe-Floor
Friction Across Surfaces With
Varying Finishes
Shoe-floor friction, quantified by the coefficient of friction (COF), is an important predictor
of the risk of slip-and-fall accidents. There is a commonly used model of friction by
B. Persson that describes viscoelastic dissipation due to hysteretic properties of rubber.
Applied to shoe-floor friction, the model calculates the COF by using two primary
inputs: (1) the multiscale surface topography of floor tiles and (2) the time-dependent mate-
rial properties of the shoe rubber. While this theory is well accepted by many theoreticians
and modelers, there is almost no direct experimental validation. Here, the model is tested by
comparing against experimental measurements of COF using three different designs of
shoes, ten different porcelain-tile floors, and canola oil as a contaminant. The results dem-
onstrated that, while the model was predictive of trends, its values were too large by an
average of 1050% when all scales of topography were included. However, this predictive
power was improved (p< .0001, RMSerror = 0.066) when the range of size scales of topog-
raphy was limited to exclude the smallest-scale topography features. Scientifically, these
findings provide new insights about which length scales of topography are most relevant
to performance under different conditions. For real-world application, these results show
the potential of this model to be used by floor designers and engineers to develop or
select materials to create slip-resistant shoes and flooring. This would then create safer
workplace environments, decreasing the significant economic burden and human suffering
caused by slip-and-fall accidents. [DOI: 10.1115/1.4068109]

Keywords: slips, trips, and falls, shoe-floor friction, viscoelastic hysteresis modeling,
surface topography and roughness, bio-tribology, surface roughness and asperities, tires

1 Introduction
Slips, trips, and falls are a serious occupational hazard that are a

common source of workplace injuries. About 20% [1] of non-fatal
and 16% [2] of fatal occupational injuries occur because of falling
incidents. Slipping has been shown to precede 55% of falls on the
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same level and 23% of falls to lower levels [3]. Beyond the pain,
suffering, and sustained injuries that reduce quality of life, these
accidents also come with large financial burdens on those affected
and their employers. According to the 2023 Liberty Mutual Work-
place Safety Index, the direct cost to employers for medical
expenses and lost wages of same-level slips, trips, and falls was esti-
mated to be $10.9 billion [4].
The coefficient of friction (COF) between a shoe and floor in

contact has long been recognized as a critical factor affecting the
risk of slipping [3,5–8]. This risk is determined by the required
COF and the available COF. The required COF is the lowest value
necessary for a person to walk without slipping [5,9,10]. This
value is determined by gait biomechanics and can be measured by
testing ground-reaction forces while walking without slipping (typi-
cally about 0.2 for straight walking on level ground) [10]. The avail-
able COF describes the friction interaction between a specific shoe
and floor, and depends on both biomechanical factors such as
normal force and sliding velocity [11,12], as well as characteristics
of shoes and floors [13–15]. The available COF is typically measured
by tribometers that measure the forces during sliding between
samples of shoes and flooring, ideally while simulating the salient
biomechanical parameters of slipping such as normal forces, shoe-
floor angle and sliding speed [16,17]. As the difference between
available and required COF decreases, the risk of slipping increases
[5,9,10]. Various studies within workplace environments that have
increased the available COF by altering shoe or floor characteristics
have shown decreased rates of slipping [18–21].
Shoe-floor friction is caused by multiple mechanisms that occur

between the viscoelastic material of the shoe’s outsole and the
topography of the floor surface. During walking, the surface asper-
ities from the floor interact with the shoe material. The topography
that is inherent in any surface leads to incomplete contact between
the surfaces, and to variable contact pressures across the floor
surface. Thus, this topography can influence friction by altering
the real surface area in contact. Friction can also be affected by
the energy absorption of the shoe material that occurs during load
cycling of the rubber elastomer due to the surface topography
[8,22–26]. The friction between the rigid surface and viscoelastic
material is commonly attributed to two sources: adhesion—result-
ing from forces needed to break intermolecular attractions
between contacting surfaces—and viscoelastic hysteresis—result-
ing from energy dissipation due to deformation of viscoelastic mate-
rials [22,23,26,27]. Prior research has suggested that adhesion
friction is sensitive to the fluids present in boundary lubrication
because the presence of fluid (especially polar fluids with long
molecular length), interferes with adhesion forces [26,28,29].
However, the hysteresis component of friction is more robust to
the presence of fluids [25,26,30]. Thus, adhesion friction may be
the dominant factor for dry friction, while hysteresis friction may
be the dominant factor for wet or oily friction. The present study
focuses on predicting hysteresis friction given this expectation
that it dominates oily-floor friction, a condition that is likely to
lead to slipping.
Surface topography is the defining characteristic of floors that

contributes to friction [22,27,31–36]. Surface topography is most
commonly characterized using standard techniques and ISO param-
eters, such as the average roughness Ra as measured using a stylus
profilometer. However, research by the present authors [32]
and many other groups [14,34] show only modest correlations
between conventional roughness parameters and friction. One pos-
sible reason for this limited predictive power is the multiscale nature
of surface topography on natural and engineered surfaces. Whereas
traditional roughness parameters contain information about only a
single size scale of topography, the physical interactions that
govern friction likely depend on topography at multiple different
length scales [37]. Therefore, it has been proposed that superior pre-
dictive power can be achieved using mechanics models that con-
sider multiple scales of topography, as opposed to statistical
models based on conventional parameters, which focus primarily
on a single size scale [38].

Viscoelastic shoe materials have time-dependent responses to the
cyclic loading from the floor asperities during sliding. These
responses are dependent on the loading frequency ω, which for a
sliding contact is a function of sliding velocity �v and the wavelength
λ of the floor asperity over which it is sliding according to
λ = 2π�v/ω. This is further controlled by the time-dependent
mechanical properties of the shoe material, specifically the
complex modulus E:

E(ω) = E′(ω) + iE′′(ω) (1)

which contains both a real component, the storage or elastic
modulus E′, and an imaginary component, the loss or viscous
modulus E′′ as indicated in Eq. (1) [23,25,39].
Dynamic mechanical analysis is used to measure the complex

modulus across frequencies by shearing a material sample at
varying frequencies and temperatures while the force response is
measured. To test loading frequencies higher than the device’s
capacity, time-temperature superposition is typically used [40].
The effects of high-frequency material response on friction,
associated with the small-size-scale topography, can be measured
by lowering the temperature [23,41,42].
Viscoelastic hysteresis friction is modeled by describing the

energy loss from the multi-length-scale topography activating the
multi-time-scale response of the shoe material. One such model
was developed by Persson, and uses a spectral description of the
floor surface (its power spectral density, (PSD)) combined with a
spectral description of the elastomer’s material response (measured
by dynamic mechanical analysis, (DMA)) [25]. The Persson contact
models were originally conceived for highly idealized self-affine
surfaces; however, the non-adhesive form of the model potentially
applies to the non-self-affine topography that is found on many
natural and engineered surfaces [43,44]. While the viscoelastic-
friction model has not been extensively tested, it is reasonable to
assume that it will also generalize beyond idealized topography.
This model also accounts explicitly for non-conformal contact,

acknowledging that contact between a shoe and rough surface is
“patchy” rather than continuous. The model considers the ratio of
the real contact area to the apparent contact area, since friction is
not generated in the non-contact regions. This model also considers
the three-dimensional nature of asperities and its impact on the fre-
quency of the induced stresses on the shoe. Furthermore, the
Persson model deviates from other contact models [45,46], and
shoe-floor friction models that utilize finite element analysis [47],
because it does not require commercial software and generally
requires less computation time. Finally, the model by Persson was
selected over a similar model by Heinrich et al. [48] since the
Persson model explicitly considers the scale-dependence of the
ratio of real-to-apparent contact area, which other models do not.
However, despite the wide use of the Persson model, its experimen-
tal validation for use in shoe-floor friction is minimal, with only one
prior investigation to-date, which used a very limited set of materi-
als (three shoes and two floors) [49].
Because of the multiscale nature of this model, the present inves-

tigation characterized topography over a wide range of size scales.
This was accomplished by pairing stylus profilometry, which excels
in characterizing features with a wavelength of approximately
10 μm up to 1 mm, with a novel method developed by the present
team [32,35,36,50] which uses scanning electron microscopy
(SEM) to measure topography down to scales of approximately
10 nm. SEM can be combined with stylus profilometry to character-
ize topography contributions from a wide range of size scales, thus
spanning from 10 nm to 1 mm [50]. As mentioned, the power spec-
tral density provides a spectral description of surface topography
across size scales [32,35,36]. Customarily, PSD curves tend to
report the topographical power over wavevector q, which is
inversely related to wavelength λ = 2π/q.
This study offers a key innovation over prior shoe-floor friction

modeling work by accounting for the wide range of scales that
are scientifically predicted to control friction: both a wide range
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of length-scales in topography, and a correspondingly large range of
frequency scales of the frequency-dependent viscoelastic mechani-
cal properties. Thus, this investigation is the first to systematically
include friction contributions from all size scales, including sub-
micron wavelengths. The purpose of this study is to assess the
ability of a mechanics model based on viscoelastic hysteresis fric-
tion to predict oily friction using the multiscale surface topography
of flooring and time-dependent material properties of shoes. The
model is validated across three shoes and a wide range of porcelain
flooring.

2 Methods
2.1 Hysteresis Model. The coefficient of friction is computed

as an integral, Eqs. (2)–(4), that takes into account both the wave-
vector q and the angle ϕ between the sliding direction and any
given contribution to topography [25]:

COF =
1
2

∫q1
qL

q3C(q)P(q)
∫2π
0
cosϕ

E′′(q�vcosϕ)
(1 − ν2)σ0

dϕ

[ ]
dq (2)

P(q) =
2
π

∫
0

sin x
x

exp[−x2G(q)] dx (3)

G(q) =
1
8

∫q
qL

q3C(q)
∫2π
0

E(q�vcosϕ)
(1 − ν2)σ0

∣∣∣∣
∣∣∣∣2dϕ

[ ]
dq (4)

where other variables are defined as follows. The inputs to
the model include the power spectral density C(q), the Poisson
ratio ν, the sliding velocity �v, and the normal pressure σ0. While
the material modulus is typically specified as E(w), here it is spec-
ified as a function of q�vcosϕ in this model which is equivalent to
ωcosϕ using the previously stated relationship between frequency
and wavevector. The inclusion of ϕ allows for 3D topography
effects as the material responds differently when moving parallel
or perpendicular to a sinusoidal surface. The limits of integration
for wavevectors range from qL to q1. These correspond to asperities
of the largest wavelength (λL = 2π/qL) to the smallest wavelength
(λ1 = 2π/q1). P(q) is the ratio of apparent area of contact, A(λ), to
nominal area of contact, A(L). The apparent area of contact at any
given size scale comprises the real area of contact with surface
asperities of a certain wavelength, while ignoring all smaller wave-
length asperities. The nominal area of contact is the macroscopic
area of contact ignoring any asperities that may not be in contact.
The inclusion of P(q) allows for the COF prediction to account
for the fact that the fractional area of contact will vary depending
on the size scale that is being considered. The term P(q) is calcu-
lated as a function of a coefficient G(q) integrated across the posi-
tion x in the direction of sliding. The term G(q) serves mainly to
incorporate variables such as topography, material properties,
speed, and pressure into the area-of-contact calculations.
The COF for all shoe-floor combinations was computed using

Persson’s model [25]. We note that there are two implementations
of this theory: an exact solution (Eq. (30) of [25]), where the inte-
grations are solved numerically, over the measured values of
PSD; and an approximate solution (Eq. (36) of [25]), where the
PSD is assumed to be linear with a slope related to the Hurst expo-
nent H; the latter facilitates analytical solutions. However, here we
use the exact solution, accounting for all topography scales and
allowing for non-ideal non-self-affine topography. Specifically,
the term G(q) is calculated at each wavevector using the limits of
integration from qL to the current wavevector q, as determined by
the limits of integration from the original COF equation (Eq. (2)).
This resulting value is then used to calculate P(q). Finally, the
actual COF prediction value can be determined by integrating the
resulting P(q), PSD, and loss modulus across the full range of wave-
vector values.

2.1.1 Verification. Numerical integration techniques were used
to implement the model. A trapezoidal integration was used to cal-
culate each integral in the equations for G(q) and μ, Eq. (5).

∫xn
x0

f (x)dx=
∑n−1
i=1

1
2
[ f (xi+1) + f (xi)][xi+1 − xi] (5)

The number of points used n (inversely related to the point
density) used for each trapezoidal integration were found using a
point-density analysis. Inspired by a mesh-density analysis used
in finite element analysis [51], the resulting COF calculations
(using inputs discussed in Sec. 2.2.4) from the model were
plotted against the number of points used between the limits of inte-
gration. The number of points was proportional to the time to run
the code; thus, the optimal point density balanced the accuracy
and solution time. This optimal density corresponded to the point
at which the percent difference between that COF calculation and
the COF of the previous point on the curve was less than 1%. A
varying number of points ranging from 10 to 10,000 for q was
used to calculate the COF of one shoe and floor combination
(Shoe A and Floor 1). Only one shoe-floor combination was used
because it was assumed that the point densities would have the
same effects on COF calculations between all shoes and floors.
This analysis was performed for both trapezoidal integration vari-
ables, q and ϕ, although the range of number of points for ϕ was
40 to 100 because of the smaller magnitudes of the limits of integra-
tion. The optimal densities were found to be 150 points for the q
variable and 50 points for the ϕ variable.
The use of the model in this work was verified [52] against simu-

lation results presented by Persson et al. [25]. We replicated the
inputs from Persson et al. and compared plots of our simulation
results to the published results [25]. The model was considered ver-
ified and used in this study after this consistency with prior research
was confirmed.

2.2 Experimental Validation. The model was validated by
comparing the model COF predictions to experimentally measured
COF values. For this process, 3 shoes and 10 floors were used. The
shoes (SRMax Atlanta Men’s Soft Toe SRM 3700, Shoe A, Hard-
ness: 52; the DS Work Service 6671, Shoe B, Hardness: 59; Rock-
port K71224, Shoe C, Hardness: 53) had different outsole materials
as well as different tread patterns. The floors (Floors 1–10, see the
Supplemental Materials on the ASME Digital Collection for
description of flooring and open access to topography data) had
varying surface finishes and topography levels. Each shoe and
floor combination was analyzed constituting a total of 30 combina-
tions, with nine measurements for each combination, resulting in a
total of 270 experimental measurements. The same parameters were
used for all model calculations in accordance with experimental
testing conditions used within this study and verified values from
other literature.
The model parameters �v and σ0 were set at 0.5 m/s and 1 MPa

respectively, determined by the values used with the slip tester
and typical contact pressures relevant to shoe-floor contact
[16,17]. A Poisson’s ratio υ of 0.499 was used for all calculations,
indicating that the material is nearly incompressible [53,54]. To
ensure that topography and material-response data were consistent
across shoes and flooring, the same limits of integration were
used for all shoe and floor simulations. These values were deter-
mined by finding the range of wavevectors for each PSD and
complex modulus, then selecting limits that were available for all
shoe-floor combinations. These limits of integration (qL to q1)
were 6.28*102 m−1 and 2.17*108 m−1 corresponding to wave-
lengths of 1.0*10−2 m (i.e., 1 cm) and 2.9*10−8 m respectively
(i.e., 29 nm), a range where these techniques are valid [50].

2.2.1 Experimental COF Data Collection. The experimental
COF data was collected using the STEPS slip tester (Fig. 1)
(XRDS Systems, LLC, Andover, Massachusetts, USA) for each
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shoe-floor combination. Friction tests used a sliding velocity of
0.5 m/s and an applied normal force of 250 N. A digital angle-
measurement tool (General Tools, 822 Digital Angle Finder,
New York City, New York) was used to ensure the angle
between the shoe and floor was 17 deg± 2 deg. The normal force,
shoe-floor angle, and sliding velocity were based on the under-shoe
conditions that have been observed when the shoe begins to slip
[16,17]. These test methods have been shown to validly predict
the onset of slipping [55–57] and are repeatable [58]. These
methods have also been adopted as an industry standard (NFSI
B101.7) [59]. The COF was the average ratio of shear force to
normal force, measured over the 50 ms of sliding after the normal
force level was reached [58]. For each trial of COF data collection,
canola oil was applied to the floor as a contaminant. This contami-
nant was selected for its relevance as a real-world contaminant
(especially in the restaurant industry) and because it is expected
to isolate hysteresis friction [14,22,26,60]. The oil was poured
over the contacting region between the shoe and floor until the
thickness of the oil in that region did not appear to visually increase
with additional fluid. The first three trials that met all force, angle,
and velocity requirements were reported. This was repeated on three
separate days consisting of nine total COF measurements for each
shoe-floor combination. The mean and standard deviation of these
measurements were calculated and used for statistical analyses.

2.2.2 Data Collection for the Surface Topography and its
Power Spectral Density. Surface topography data was collected
for each floor tile using stylus profilometry and SEM. A contact pro-
filometer (DektakXT, Bruker, Billerica, MA) was used at three dif-
ferent locations. Profiles were measured using a 4-mm scan length
and point spacing of 0.5 μm. For each floor surface, six line-profile
measurements were taken at random orientations (3 locations*6 ori-
entations= 18 total scans). Next, the surfaces were prepared for
SEM measurements by cutting them into 1.5 × 1.5 × 0.5 cm3

samples. These samples were mounted and then polished using
standard practices in metallographic sample preparation, so that
the cross-sections could be examined. A scanning electron micro-
scope (Sigma 500VP, Zeiss, Oberkochen, Germany) was used to
collect ten images in a working distance of less than 1 mm at mag-
nifications of ×5000, ×50,000, and ×100,000 [36]. A PSD for each
topography measurement was generated by performing a Fourier
transform of the autocorrelation of the height varying with position
along the surface. The PSD was calculated following the conven-
tions described in Ref. [35] and all PSD calculations were per-
formed using the CONTACT.ENGINEERING platform [61]. The overall
PSD of the surface was found as the average of all PSD curves
from the various topography measurements [36,62]. The surface
topography used in the Persson model is a two-dimensional (2D)
measurement, however the surfaces in this study were characterized
as one-dimensional (1D) line scans. Therefore, the 2D PSD was
estimated using the 1D data under the assumption that the surface
topography was isotropic (Eq. (6)). In this equation, Ciso is the
2D PSD measurement, C1D is the 1D measurement, qx is the
current wavevector, and qs is the maximum wavevector [35]. This
process was repeated for all floors, generating one PSD for each
surface (Fig. 2).

Ciso(qx) ≈
πC1D

qx
1 −

qx
qs

( )2
( )−1/2

(6)

2.2.3 Measurements of the Dynamic Mechanical Properties of
the Shoe Material. The complex (storage and loss) moduli were
measured for each shoe material using dynamic mechanical analy-
sis. All testing for this dataset was performed at a commercial
testing facility (C-Therm, Fredericton, New Brunswick, Canada).
For each shoe, the outsole was separated, and two 10-mm-diameter
disc-shaped samples were taken. After being cut and sanded down
to a thickness of 2–3 mm, the samples were glued between metal lugs
to be loaded into the testing machine (DMA+150, Metravib, Limon-
est, France). The temperatures ranged from −50 °C to 40 °C, increas-
ing at a rate of 2 °C/min. At each temperature, the sample was
sheared using a displacement of 1 μm (2 μm for Shoe C) over a fre-
quency range of 1–200 Hz. The loss and storage moduli were mea-
sured at each incrementing temperature over the frequency range.
The complex modulus was found as the combination of these two

Fig. 1 The slip tester used for experimental data collection of
shoe-floor COF with the following components: 1) shoe, 2)
floor tile, 3) metal tray for floor attachment, 4) guiding points to
measure angle along shoe, and 5) lines denoting shoe-floor
angle

Fig. 2 The topography of all floors is used to compute the 1D
power spectral density. The floors were measured using stylus
profilometry and SEM. Black vertical lines show the limits of inte-
gration used in the full-scale calculations for COF. The identity
and topography of each floor type is described in Table S1 avail-
able in the Supplemental Materials.
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moduli (Eq. (1)). The master curve, accounting for moduli measure-
ments at all desired frequencies, was generated using time-
temperature superposition at a reference temperature of 20 °C
leading to frequency response with orders of magnitude ranging
from 10−2 Hz to 108 Hz (Fig. 3).

2.2.4 Statistical Analyses. Accuracy of the model predictions
was assessed with a bivariate correlation analysis. The independent
variable was the model predictions, and the dependent variable was
the experimental values of COF as measured by the slip tester. The
determination coefficient R2 was calculated along with the p value
(compared to a Type 1 error rate of α= 0.05) and the RMSerror
between the measured COF and the best-fit line. The first correla-
tion analysis, which we call the “full-length-scale implementation
of the model”, used predictions based on the full range of measured
topography, from 10 nm to 1 cm (See vertical lines on Fig. 3). After
this initial bivariate correlation analysis, further examination was
performed to determine if better correlation could be found using
only a limited range of topography, the so-called
“limited-length-scale implementation of the model”. Model COF
results were calculated again using varying upper cutoffs (q1)
between the original limit of integration (Fig. 3, right vertical

line) and 103 m−1. The value of R2 was calculated between each
new set of predictions and the experimental results. This process
was repeated for lower cutoffs (qL) between the original limit of
integration (Fig. 3, left vertical line) and 106 m−1. These analyses
were performed to test whether disregarding small or large
length-scale features improved model predictions. The COF
results corresponding to the cutoff yielding the highest R2 were
used to demonstrate improved COF predictions associated with
ignoring certain scales of topography.

3 Results
3.1 The Full-Length-Scale Implementation of the Model:

COF Predictions Using all Available Scales of Topography.
The experimentally measured values of COF ranged across an
order of magnitude, from 0.052 to 0.54, with a mean of 0.179
and large variability (standard deviation of 0.132). The correspond-
ing predictions of the model, as specified by Eqs. (2)–(4), were sig-
nificantly higher with a range from 0.272 to 5.524, a mean of 2.050,
and a standard deviation of 1.470. While the absolute values were
significantly different, an initial bivariate correlation analysis
showed a weak yet significant correlation between the experimental
and predicted COF values (Fig. 4, R2 = 0.168, p= 0.024, RMSE=
0.122).

3.2 The Limited-Length-Scale Implementation of the Model:
COF Predictions When a Size Cutoff is Imposed. Because the
full-length-scale implementation of the model showed overpredic-
tion of COF by approximately an order of magnitude, the model
was re-implemented under the assumption that only a limited
range of size scales of topography contributed to frictional losses.
This limited-length-scale implementation was inspired by prior
experimental work indicating that certain size scales contribute
more to performance than others [63], although the exact range of
scales that matter will vary depending on conditions. In the
full-length-scale implementation (prior section), the cutoff values

Fig. 3 The (a) storage and (b) loss moduli for the outsole mate-
rials from all shoes is shown as a function of frequency. Vertical
lines show the limits of integration that were used for COFmodel
calculations (Eq. (2)). The right vertical line corresponds to the
frequency where data was available for all three shoe materials.
The left vertical line corresponds to the smallest wavevectors
(largest wavelengths) where data was available for all floors
given the sliding speeds in this study. The identity and hardness
of each shoe is described in the Methods section.

Fig. 4 Using the measured topography across all size scales
(full-length-scale implementation), the multiscale mechanics
model significantly overpredicted the true values of oily-
condition COF. The model prediction with measured results
across all measurements has an RMS error (RMSE) of 0.122
(based on the error between measured COF and the best-fit
line). However, bivariate correlation between model predictions
and experimentally measured results shows a weak, positive
correlation. The dotted line shows the regression line for this
analysis. Different shoes are denoted by marker shapes
whereas different floors are denoted by color. (See main text
for identity and properties of all shoes and floors).
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were defined by the largest and smallest sizes that could be reliably
measured. During the limited-length-scale implementation (this
section), COF values were calculated using only a limited range
wavevectors, which correspond to a limited range of relevant size
scales. These outer values were allowed to vary, since it was not
clear a priori which ranges of scales would be expected to contrib-
ute the most. The limited-length-scale implementation was carried
out twice: first with a large-scale cutoff, where qL was kept constant
(set by the smallest scale of measurement) and q1 was varied; and
second with a small-scale cutoff, where q1was kept constant (set
by the largest scale of measurement) and qL was varied. For each
value of cutoff during both runs, the R2 was calculated between
experiments and simulations, with results shown in Fig. 5.
Modifying the small-scale cutoff vastly improved the correlation

(Fig. 5(a)); whereas modifying the large-scale cutoff did not
(R2 values were below 0.17, as shown in Fig. 5(b), and therefore
it is considered to be a poor fit to the data regardless of the chosen
value of qL). The greatest R2 value corresponded to an upper q limit
of integration of 2.91*105 m−1; however, there was a range of
cutoff values from approximately 1*105 m−1 to 1*106 m−1 where
the R2 was greater than 0.6. The optimal upper wavevector cutoff
corresponded to an asperity wavelength of 21.6 μm, with wavevec-
tors greater than the cutoff corresponding to smaller wavelengths.
The model calculations with this upper q cutoff (q1) of
2.91*105 m−1 had a mean and standard deviation of 0.415 and
0.401 respectively with a range from 0.001 to 1.555. The absolute
values of the predictions were still approximately twice as large as
experimental values; however, the bivariate correlation analysis
using these COF predictions (Fig. 6) corresponded to an R2 value
of 0.752 with p< 0.0001 and an RMSerror of 0.066. In summary,
the exclusion of small-scale features from the model did improve
the correlation between model results and experimentally measured
COF, but the exclusion of large-scale features did not improve the
correlation.

4 Discussion
The full-length-scale implementation of the model was somewhat

predictive of friction (p= 0.024, RMSerror = 0.122 calculated based
on the fit line) but predictions improved significantly in the
limited-length-scale implementation, when excluding small-scale
topography beyond a wavevector of 2.91*105 m−1 (p< 0.0001,
RMSerror = 0.066), corresponding to a size of 21.6 microns. The

predictive performance of the model got worse when excluding
large-scale topography features. In both the full-length-scale imple-
mentation and the limited-length-scale implementation, the predicted
COF values were higher than those observed experimentally.
However, the model predictions were within an order of magnitude
of the experimentally measured values when excluding the
small-scale features.

4.1 Lubrication Mechanism May Explain Better
Model Performance When Small-Scale Features Were
Omitted. The improvement of the model when removing the
small-scale features may provide insights into the lubrication mech-
anism and how it affects the contribution of different topography
scales. The model did not consider hydrodynamic effects of the
fluid and instead only assumes that the fluid eliminates adhesion

Fig. 5 (a) The coefficient of determination is plotted for all cutoff values in the limited-length-scale implementa-
tion of the mechanics model. When a small-scale cutoff is imposed, then q1 is altered (x-axis). The dashed vertical
line shows the R2 value is maximized, when a small-scale cutoff is imposed at q1(best-fit)=2.91*105 m−1, corre-
sponding to a minimum relevant size scale of about 20 microns. (b) The coefficient of determination plotted
when a large-scale cutoff is imposed, with qL representing themaximum size scale that was included in computing
COF. Since no significant correlation was found at any large wavelength scale cutoff, then the optimal value is not
indicated (as it is in panel (a)).

Fig. 6 Bivariate correlation between the limited-length-scale
implementation of the COF model and experimentally measured
results, with the optimal upper cutoff to the limit of integration of
q=2.91*105 m−1. The dashed line shows the trendline for the
analysis. Different shoes are denoted by marker shapes
whereas different floors are denoted by color; see main text for
identity and properties of all shoes and floors.
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friction. Although prior research has indicated that fluid pressures
(measured with fluid pressure sensors) are only present when
worn shoes or large tread features are combined with high-viscosity
fluids, predictions of film thickness indicate that small film thick-
nesses can form for all shoes [64,65]. These small film thicknesses
may influence small-scale contact but without being measured by
fluid pressure sensors (with inlets of ∼1 mm) and may not impact
the contact of large-scale features [7,11,64]. These potential out-
comes are consistent with arguments from prior researchers that
liquid contaminants effectively reduce the topography of
smaller-size-scale asperities (i.e., acting like a low-wavevector-pass
filter) while larger asperities remained unaffected [25,66]. Another
potential mechanism for why small-scale features may not have
contributed to friction is the potential for fluid contaminants to
become trapped in wells within the apparent contact region and
then sealed in by the surface asperities [25,66,67]. There may be
a scale dependence of the formation of these sealed regions that dif-
ferently affects topography at different scales. For example, sealed
regions of fluid are unlikely to influence floor asperities if the size of
the sealed region is smaller than the scale of an asperity.
The predicted COF values, even after the small-scale features

were ignored by the model, were substantially higher than the
experimentally measured values. This suggests that the model
is still overpredicting shoe-floor coefficient of friction potentially
due to underestimating the full impact of the fluid. One potential
reason for the underestimation arises from our implementation of
a hard cutoff at certain scales. This implicitly assumes that there
is a binary cutoff, where topography at scales of 25 microns con-
tributes fully (as predicted by the model) and topography at
scales of 20 microns contributes not at all. Future research will
explore the effect of a more gradual cutoff, or other numerical
implementations that may more accurately reflect the physics
of the fluid. This may explain why the predicted values were
consistently higher than the experimentally measured values.
Incorporating the scale-dependent lubricating effect of fluid
may lead to predicted values more in line with those measured
experimentally.

4.2 Contextualizing the Model: Performance Relative to Other
Models, Use Cases, and Scope of Validity. The model tested in this
study offers similar predictive ability to other shoe-floor friction
models but, unlike statistical models based on roughness parame-
ters, is far more likely to provide validity across different circum-
stances. Prior research from some of the present authors has
developed a multiscale finite element model [30] and statistical
model [14,68] (based on tread surface area, hardness, and heel
shape) that led to an RMS error of 0.11 (not reported in the study
but calculated based on the data) and 0.05, respectively. These
two models were primarily focused on geometric features of foot-
wear and each only included 2 flooring samples. The RMS error
observed for the present study with small-scale features excluded
was 0.07, which was in line with these prior studies. Although
this model demonstrated a somewhat lower RMS error than other
models that have been presented in the literature, future research
is needed to perform head-to-head comparisons across these differ-
ent modeling approaches using the same data sets.
Beyond the predictive ability, the present model has other advan-

tages given that it is designed to capture the effects of shoe material
properties and multiscale floor topography. The present study dem-
onstrated a good ability to differentiate across three shoe materials
and across a larger sample of flooring. Another advantage of the
present model over the finite element models is that it is computa-
tionally more efficient and does not require the same level of exper-
tise as finite element modeling. While coding the model reported by
Persson requires expertise in numerical integration techniques, the
implementation of this model (once the code has been developed)
does not require a high degree of specialized training. Finite
element modeling, on the other hand, requires extensive expertise
to implement, including meshing, the establishment of boundary

conditions, material selection, and contact formulation. Thus, the
present model (when excluding small-scale features) offers
similar predictive ability but requires less expertise than finite
element modeling and may be better positioned to capture material
and floor topography effects on friction. Finally, the current study
utilized both physics- and data-driven approaches by creating a
regression model that utilized friction predictions from the physics-
based model. This regression model was needed since the predicted
friction values were substantially higher than the experimentally
measured values. The previously developed finite element model
also utilized both physics and statistics by applying a regression
equation to the predicted values. In that finite element model, the
predicted friction values were substantially lower than the experi-
mentally measured values. Thus, the need to use both statistics
and physics for the prediction model is consistent with prior mod-
eling approaches [30]. One limitation with the use of statistics-
based methods is the potential for overfitting. Thus, subsequent val-
idation analyses should be performed to determine if the same fit
equation is applicable when considering other data sets.
This study informs three potential use cases for the utilized visco-

elastic hysteresis model. First, it may be useful in predicting the
impact of shoe material on shoe friction performance in oily or
other slippery conditions where hysteresis friction dominates. In par-
ticular, the model may be effective at screening a library of materials
with known DMA results against a range of flooring. This opportu-
nity is especially interesting as the library of floor topography char-
acterization grows (for example, through the CONTACT.ENGINEERING
web application and FAIR data repository [61]). Second, the model
may be useful in determining how changes to flooring (e.g.,
through roughening a particular scale) would influence friction. A
library of DMA data is emerging for different shoe materials includ-
ing in the current study [69] as well as other recent studies [70].
Third, it may eventually be possible for safety professionals to
apply the model to select combinations of footwear and flooring
that optimize friction performance in slippery environments. Such a
process would require broad access to the model, widely available
spectral properties of flooring, and material data of footwear.
The validation performed in this study was better positioned to

assess the impact of flooring topography on shoe-floor friction as
opposed to shoe design given the limited number of shoes (3) and
lack of systematic control across their design parameters (material,
tread design). Thus, the validity of the model for predicting oily
friction when omitting small topography features should be inter-
preted as being applicable to predicting the impact of topography
on oily friction for hard-floor materials. The fact that this relation-
ship held across three shoes provides some confidence that the
model is generalizable beyond a single shoe design. However,
further validation of the model should be conducted across shoes
with controlled tread geometry but different material properties.
Lastly, the shoe materials had different time-dependent material
properties for both the storage and the loss modulus. We would
expect that an increase in storage modulus (assuming that the loss
modulus remained constant) would lead to a reduction in the real
area of contact (P(q)) and thus reduce the predicted coefficient of
friction. Furthermore, an increase in loss modulus (when the
storage modulus remains constant) would increase friction due to
its presence in the numerator of Eq. (2). Future studies that
perform a sensitivity analysis to this model by systematically
varying these properties would advance the understanding of the
friction response to these inputs.

4.3 Limitations and Conclusions. There were limitations
with this study, both in experimental setup and characterizing the
model. Shoe geometries, specifically outsole tread patterns,
impact friction yet these effects were not included in the model
[71,72]. The model best predicted oily friction when small-scale
features were excluded. This effect was explained by potential
hydrodynamic or sealing effects yet future experimental analyses
would be needed to confirm the mechanism behind this finding.
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Extending this study to a wider range of footwear is needed to get a
more robust estimate of the model’s validity across footwear.
In conclusion, this study showed that the viscoelastic hysteresis

model presented by Persson [25] was able to significantly predict
oily shoe-floor friction when multiscale topography was included
and smallest-scale floor surface asperities were excluded. The con-
taminant may have “filtered” these scales either due to hydrody-
namic effects or fluid-sealing effects. Compared to finite element
analysis or statistical models currently used to predict shoe-floor
friction, this model has similar accuracy but is expected to better
capture shoe-material and floor-topography effects and can be per-
formed faster and with less expertise than finite element analysis.
Footwear, flooring, and safety professionals may benefit from
using this model to create safer products and workplaces.
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Nomenclature
A(λ) = apparent area of contact
A(L) = nominal area of contact
C(q) = power spectral density
Ciso = 2-dimensional power spectral density of floor topography
C1D = 1-dimensional power spectral density of floor topography
COF = coefficient of friction

E = elastic modulus
E′ = complex modulus
E′′ = loss modulus

G(q) = coefficient incorporating topography, material properties,
speed, and pressure

P(q) = ratio of A(λ) to A(L)
q = wavevector
q1 = largest wavevector
qL = smallest wavevector
qx = current wavevector
qs = maximum wavevector
�v = sliding velocity
λ = wavelength
λ1 = smallest wavelength
λL = largest wavelength
ν = Poisson’s ratio
σ0 = normal pressure
ϕ = angle between the sliding direction and the slope direction
ω = angular frequence (ω = 2π�v/λ)
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