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Summary

Cauchy’s formula
Stress transformation
Principal stresses
Maximum shear stress
Octahedral stress
Stress decomposition
Equilibrium equations
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Introduction

R&DE (Engineers), DRDO

Body subjected to loading — internal
resistance offered by body

Internal forces — distributed continuously
over the body

Deformation — deformable body — finite
elastic modulus

Deformation — continuous — single valued

Stress analysis — equilibrium of the body —
every point is in equilibrium
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Introduction

R&DE (Engineers), DRDO

= Equilibrium
y

A

Y F=ma TF=0 TF =0

2. M =rxma+lsa 2 M =0 > M;=0

Dynamic equilibrium Static equilibrium
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= Surface forces/tractions

Forces

R&DE (Engineers), DRDO

= Force per unit area

= Acts on surfaces

= Need not be perpendicular to

surface area —

dF,=TdS

ds = infinitesimal area

dF . =T.dS

reactions of other parts

F=|]Tas

F.= Force corresponds to
traction acting over ‘S’
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Traction — Surface Normal

R&DE (Engineers), DRDO

= Direction of traction and normal to area -
different

n
0 dA — differential element

N - normal to area

y T — traction on area ‘A

Jox T=Teg dA=ndA

y4

Angle between traction and area vectorg=>
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Forces

R&DE (Engineers), DRDO

= Body load
= Per unit volume or mass
= Distributed over the body
= Not a surface force
= Acts at center of mass

" Gravity force, centrifugal force

B=B,i+B, j+B,k B=Be dF =Bdv

Body force vector Indices notation

Total force due to body load EB = ” |~3d\7L 7
V
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Internal Forces

R&DE (Engineers), DRDO

= Body under equilibrium — every particle
under equilibrium

X v

Section A-A
Perpendicular to X - axis
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Internal Forces

R&DE (Engineers), DRDO

Decomposing forces

AA AF

X

AF = AF, e =AF e+ AF,e,+ AF; e

9
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Internal Forces

R&DE (Engineers), DRDO

= Normal stress —

" Force perpendiculartoarea— g, =71, = =lim AR, _dR
a0 DA dA
= Shear stress —
F llel t =i AF, _
" Force parallel to area — =
P LTV
= AF, acts in the plane —resolve into
components E
.. OF, _dF, .. AR, _dF, 5
=i =i 3
AA-0 dAL AA-0 dAL =
£
10 El
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Internal Forces

R&DE (Engineers), DRDO

= Stress components — depend on forces,
orientation of the plane

= Notation — Two indices —

Z— First index — plane & second index - direction

@Xfr@ .

Indices notation @
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Internal Forces

R&DE (Engineers), DRDO

Neighboring material exerts forces on the faces
of infinitesimal element

Decompose these forces — parallel &
perpendicular to co-ordinate axes

12
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Stresses at a Point

R&DE (Engineers), DRDO

= Stresses Traction on each face of

T, the element

AF = AF, g =AF e+ AF, e,+AF;

T AF AF,  _ o AF L AF,
lim —=1Ilim —¢ m—Lle+ ,t €,
VN Y VR YV A VAV
TXX

1 _ _
1"=0,6=0,6+7,,6,+T7,,6

2 _ _
‘/dz 1°=0,6=7,6+t0,6,+7,6

'Y 1
~

dx
X 3 _ —
T~ =035 € _731el+73292+0-33€3

Traction on each P{J‘I%anggher’% gt%actlng on that plane 13
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Stresses at a Point

R&DE (Engineers), DRDO

= Ax, Ay and Az => 0 — it becomes a point

Tll T12 T13 e"‘

>{1]=[ole

=
=

Nine stress components

3 — Normal stresses, 6 — Shear stresses

14
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Stresses at a Point

R&DE (Engineers), DRDO

= Shear stresses - Complementary

ﬁ 2. F=02M=0
GXX

Shear stresses are complementary in nature
Ramadas Chennamsetti

Static equilibrium of the element
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Stresses at a Point

R&DE (Engineers), DRDO

= Stresses at a point — 3D stress state
= Nine stress components
" Three normal stresses -1, T,., T

Xx! “yy? ‘zz

= Six shear stresses - T,,, T,,, T,,, T,y Ty Ty

= Complementary =>T, =T, T,,= T,,; T,,= T,

" Three shear stress components
= Total number of stress components at a point

=> three normal + three shear = six
components

16
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Stresses at a Point

R&DE (Engineers), DRDO

= Nine (six) stress —arrange in an array —

T, T,
=7, 71,
T, T,

= Rows represent
= First row —stresses on ‘X’ plane
= Second row — stresses on ‘y’ plane
" Third row — stresses on ‘Z’ plane

Ramadas Chennamsetti
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Sigh Convention

R&DE (Engineers), DRDO

= Positive or negative stress — depends on
" Direction of area normal and

" Force direction o,, — Force in +ve x-direction
y *n Area normal => +ve area
I => Stress is +ve - Tensile Stress

| . N
1,,— Force in +ve y — direction

Y
—> 0, Area => +ve area normal +ve
N mndil => Stress is +ve

/ — X

+n T,,— Force in +ve z — direction

Area => +ve area normal +ve
=> Stress is +ve

yaho0o.co.in
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Sign Convention

R&DE (Engineers), DRDO

= Positive/negative stresses

Ya

0,, — Force in -ve x-direction

Area normal => -ve area

T,,— Force in -ve y — direction

Area => -ve area normal
=> Stress is +ve

Area => -ve area normal
=> Stress is +ve

=> Stress is +ve - Tensile Stress

T,,— Force in -ve z — direction

19
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Sig

n Convention

R&DE (Engineers), DRDO

= Positive/negative stresses

0,, — Force in -ve x-direction

y tn
Area normal => +ve area
I I => Stress is -ve => Compressive
| Stress
o Ty~ Force in -ve y — direction
XX

¢ T +n Area => +ve area normal
/ — X => Stress is -ve
+n

T,,— Force in -ve z — direction

Area => +ve area normal
=> Stress is -ve
20
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Sign Convention

R&DE (Engineers), DRDO

= Positive/negative stresses —

o,, — Force in +ve x-direction

Ya
Area normal => -ve area
=> Stress is -ve => Compressive
T i Stress
O, — Ty~ Force in -ve y — direction
ne— g
= . : Area => -ve area normal
_____ | .y => Stress is +ve

T,,— Force in +ve z — direction

Area => -ve area normal
Z4 => Stress is -ve

21
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Ca

uchy’s formula

R&DE (Engineers), DRDO

tress components acting on an element

On each face three stress
components are acting

Consider a plane ABC

(., (

I intersecting ‘x’, 'y’ and ‘7’

axes
A

Normal has direction
dz cosines (I, m, n)

A

dx

»
|

22
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Cauchy’s Formula

R&DE (Engineers), DRDO

= Six stress components are given at point —
Tractions on an inclined plane —

23
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Cauchy’s Formula

R&DE (Engineers), DRDO

= Direction cosines of ABC plane
n=le+me,+ne, =1 e

BT q T p
T, =oJ+r,m+7,n

WA= AFT A+T, A TA=T,A+ r,A +0,A
T, =1+, m+7,n T, =1, +1,m+0,n

Equilibrium of tetrahedron
TLA=0,A+T A +T,A
A,

A

24
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Cauchy’s Formula

R&DE (Engineers), DRDO

= Stress state at a point and direction cosines of a
plane => Tractions on that plane

T, =0, +7,m+7,n
T, =1 l+0,m+7,n

T,=r |+ r,m+o,n

("

Oy T,
= I, O,
r, T,

T

ZX

Ty

0.

ys4

(1 )
|

Ramadas Chennamsetti

1°+m*+n® =1
Indices notation

Ti:Ujin

m: =>{T} =[c}{a}

.
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Normal Stress

R&DE (Engineers), DRDO

= Resultant traction —
2 2 2 2
TR —TX +Ty +TZ

= Direction cosines of Tp

'_Tx '_Ty '_Tz
| ==X, m=—=, n=-=%
Tk Tr Tr

" Projections of T.on n

Normal stress on plane ABC o, =T, + mTy +nT,

26
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Normal Stress

R&DE (Engineers), DRDO

= Normal stress is given by,

o, =IT, +mT +nT,

g,=o,+mr,  +nr, )+

m(rxy +m0yy +nrzy)+

n(rXZ +mr, +nazz)

— 12 2 2
o,=l"oc,+m°c  +n°c,+

2(ImrXy +mnz,, +nl sz)

27
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Shear Stress

R&DE (Engineers), DRDO

= Calculate shear stress from tractions and
normal stress

2 _ 2 2
T =o+T
n, g, N
t T 2 _ =2 2
/ I“=1"-0;
L 12 2 2
PZ — o,=l"c,+m°c,  +n°o,+

Plane

r2=(T2+T2+T2)-0?

2(ImrXy +mnrz,, +nl sz)

28
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m )D stress state-0O

cos(90-a) =sina :(cjl_)l(: m

n=lj+m]

Stresses in 2D

R&DE (Engineers), DRDO

g, andT,,

XX’

=T, +mr

, =lr, +mr
o, =T, +mT,

— 2 2
o,=T.l"+r,m" +2imr

_ . 2 .
0,=T,C0Sa+T,sina+r,,sin2a

T, +T T, —T |

o, =| == |+| ——== |cos2a +T,, Sin2a
2 2

29
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Stresses in 2D

= Normal stress in ‘t’ direction

Angle => 90#

T, +T T, —T
an:( ”‘2 W]+( ”2 yy]cosZcr+rxysin2a

T.+T . —T
o =| =¥ |-| 2 icos2a -T1. Sin2qa
t 2 2 v

= Shearstress 7°=T*-0?

= —% (Z’XX - TW)SiHZG’ +7,,COS20

Ramadas Chennamsetti

R&DE (Engineers), DRDO
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Stress Transformation

R&DE (Engineers), DRDO

= Transformation of stresses from one
co-ordinate system (XYZ) to another

co-ordinate system (xyz) 2D case
Y y Y P(X, Y) = P(x, y)

A

X
» X

0]

l,, =codIxoX |, =codIxoY

,, =coslyoX |,, =codl]yoY

P(x, y) => Vector 31
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Stress Transformation

R&DE (Engineers), DRDO

= 2D Transformation —

Writing in matrix form

Xx=Xl,,+Yl, or
M S e R

X2 - X1|21 + X2|22 Where [T] is transformation
matrix
Writing in indices form - _
I I
_ 11 12
x =| X. T]=
| | : |21 I22

32

yaho0o.co.in

rd_mech@

Ramadas Chennamsetti




Stress Transformation

R&DE (Engineers), DRDO

= Stress is a second-order tensor — two
indices

= Second order tensor => Outer product of
two first order tensors

Cij —a bj =>Cc=ab Dyadic productin XYZ csys

" Transforming this product to xyz csys
Clj = aibj = Iimamljnbn - |mI Jnambn = Ilmljn mn

Q;ijnagésl ¢malnmgs-¢tn >

yaho0o.co.in

rd mech@




Stress Transformation

R&DE (Engineers), DRDO

" Writing in terms of transformation matrix

i = linl 0 m
o =l T
Where,
T, T, I,
[0]: [ 1, I, | =>stresstensor
o, T, T,

34
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Stress Transformation

R&DE (Engineers), DRDO

= Applying in 2D stress transformation —
Y

Transformation matrix Stress tensor in XYZ Stress tensor iryz
| | _ 1911 1 T
U he O D I Ry SR
l,, |, 12 22 a5
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Stress Transformation

R&DE (Engineers), DRDO

= 72D Stress transformation —

O-XX Txy — I11 I12 O-XX TXY I11 I21
TXY O-W l 21 l 22 Z-XY O-YY I12 l 22
UXX TXY — |110XX + |12TXY |11TXY + llZUW lll |21
TXY O-W |210XX + I222-XY I21TXY + I220-YY I12 I22
Ly :| — { |1210XX + 2Ty * |1220YY Ll 010w ol oy 1l ooy 11l 520y
Ty 1 P2V ol PP DY VWl PP PYY VI o PP DY 199 |2210XX + 2l 0Ty + |2220W
— 12 2 — 12 2
- lla-XX + 2|11|12TXY + IlZO-XX Jyy - I210-XX + 2I 22|21TXY T IZZJXX

Txy = I11|210-XX + (I12|21 T Illl 22 )TXY T I12|220-YY
36
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Principal Stresses

R&DE (Engineers), DRDO

= Maximum normal stresses which act on the
planes, where there is no shear stress

Tractions on ABC in x, y & z directions y

T, =lo,+mr +n7r,=l0

Ty:Ier+mayy+nryZ:ma

T,=lr,+mr,+no,=no

yahoo.cd.fh
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Principal Stresses

R&DE (Engineers), DRDO

o, T, I.|fl] [1 0 oOfl
I, O, r,ym=00 1  O}my
7., r, o,((n) |0 0 1jn

[U ]{a }=o0 [| ]{a } Homo.geneoltzj.s algeblraic
equations — Eigenvalue
[[J ]_ d [I ]]{0’ } =0 p?oblem °

O - Eigenvector, {0} - Eigenvector

Expanding — cubic equation — three roots

38
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Principal Stresses

R&DE (Engineers), DRDO

= For non-trivial solution — {0}# 0 —
Determinant =0

[o]-ol1] =0
Ox~0 TXY v
Txy O-y —0 Tyz — O é
Z-XZ Tyz O-Z _ 0 é}
Ramadas Chennamsetti 39 El




Principal Stresses

R&DE (Engineers), DRDO

= Eigenvalue problem —

Homogeneous algebraic equations
Eigenvalues => Three principal stresses
Eigenvalues => Real values — definite matrix
Eigenvectors => Orientation of principal planes
Number of Eigenvalues => order of matrix

40
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Principal Stresses

R&DE (Engineers), DRDO

= Expanding the determinant —

c’-1l,0°+1,0-1,=0

l,=o0,+t0,+t0,

g, Ty .\ g, 7., . g,
Ty g, |1, g, Ty,
g, Ty 7.,

|, = g, Ty,
Symm g,

Ramadas Chennamsetti

~
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Principal Stresses

R&DE (Engineers), DRDO

" Principal stresses can be obtained from
following

01:h+21/—300{£j
:—_1 4
0y = =2 +2 2 |-2 3 {240+3) ’- COS[

Ramadas Chennamsetti

the

it
5222 Bood120+2) pa{1 2

2 |3+i
27 1 3

)

2\J-a% /27

J
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Principal Stresses

R&DE (Engineers), DRDO

= Stress invariants—1,, |, & |5

Invariant — value doesn’t change when the coordinate
system is rotated — referring stresses wrt a different
coordinate system

Same coefficients of the characteristic equation for any
orientation

Independent of orientation of the planes
The principal stresses depend only on loading

For a given stress state — three mutually perpendicular
planes - maximum stresses

Calculation of principal plane orientations — use
direction cosines relation also

43
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Principal Stresses

R&DE (Engineers), DRDO

= Distinct values of 0,, 0, and O, — principal
planes uniqgue — mutually perpendicular

N3N, = Ny.N3 = N3Ny =0
" |f 0, = 0, & 0, different — any direction
perpendicular to n, => perpendicular

direction

N, 03

Arectlon on this pla/

44
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Principal Stresses

R& DE (Engineers), DRDO
" 1f0,=0,=05=p
every direction is principal direction —
hydrostatic state of stress —any three
orthogonal directions

P

45
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Maximum Shear Stress

R&DE (Engineers), DRDO

AY AY

i

-
L™

xyz csys coincides with principal stress directions

shear forceson A, A, and A, =0

46
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Maximum Shear Stress

R&DE (Engineers), DRDO

= Tractions on plane ‘A" =>T,= g/, Here,
=0fori#j
T, =lo, T,=mo,, T,=no,
T=Ts

T =T +T,+T; = (IJ) (m02)2+(”03)2

= Normal Stress on plane ‘A’
o, =T, fori=] =>Normalstress

a7
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Maximum Shear Stress

R&DE (Engineers), DRDO

= Normal stress —

=IT, +mT, +nT, =1(lg,)+ m(ma,)+ n(no,)

_ 12
=

2 2
o g, +m°o,+n°o,

m ‘T’ => Shear stress — Normal and shear stresses

are orthogonal T2 =02 +17
=T2-0?%= [(I g, ) +(mo,) + (naS)Z]— [(I 20, +m?0, + n203)2]
124+m?+n?=1=>n°=1-1°-m?
= For maximum shear stress
0T 0T
=0, —=0 48
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Maximum Shear Stress

R&DE (Engineers), DRDO

= Differentiation gives the following expressions

I[I2(01—03)+ m?(o, -0, )- 01_03} =0

2

m[lz(a1 ~0,)+m(o, -0,)-22 ;Jﬂ =0

= Solving & use ’+m?+n? = 1 — three sets of

solutions | =0, m=0, n=%1
1 1
|=0, m=t—, n=%x—
V2 V2
|:+i m = n:+i
- &;dasChenr:amsetti_\/E
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Maximum Shear Stress

R&DE (Engineers), DRDO

= Solutions — planes on which shear stresses are
minimum and maximum

Min. shear planes. . c...Maxipum shear planes

50
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Maximum Shear Stress

R&DE (Engineers), DRDO

= Values of shear stresses and planes —

Ve A P2
/A4 /1
11 s g
/ = i =1
F, :
Py rs
=0, m=+« i,n:i 1 Tmax:l‘O-Z_O-C%‘
2 2 2

Ramadas Chennamsetti
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Maximum Shear Stress

R&DE (Engineers), DRDO

= Values of shear stresses and planes —

A P2 Tl I

/g
y— Ly

s i

+\/i Mm=0 n=+ l [ ZE‘O' _0-‘
— 21 ) —_ 2 Max 2 3 1

52
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Maximum Shear Stress

R&DE (Engineers), DRDO

= Values of shear stresses and planes —
P2 AP
A A i ‘ -.‘,.-'

M fL

1
1 1 —
| =+ —,m:iw/—,n:O [ ax — <0, 0
2 Max 2‘ 1 3‘

53
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Maximum Shear Stress

R&DE (Engineers), DRDO

= Maximum shear stress act at £45° planes with
reference to principal planes

O,

F\ = |
_—I—P\\ I rT I
SR> 1| I
O'/I>I ﬁmaxI
0, k’:’\:!
<L -
1 1
T max 5‘0-3 _0-1‘ o _5(0-3 +0_1)
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Minimum Shear Stress

R&DE (Engineers), DRDO

=" Plane of minimum shear stress

Plane OBC
Direction cosines
[=#1, mM=0,n=0

Maximum principal
stress plane

Shear stress =0

55
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2

Minimum Shear Stress

R&DE (Engineers), DRDO

Plane OAC
Direction cosines
[=0,m=%1,n=0

Principal stress
plane -0,

Shear stress =0

56
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Minimum Shear Stress

R&DE (Engineers), DRDO

=" Plane of minimum shear stress
Plane OBC

Direction cosines
[=0,m=0,n=%]1

Principal stress
plane -0,

Shear stress =0

Maximum shear stresses are constant for a given stress
state at a point

INNdaliriauvdo wiiciliiidiiiowil
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Octahedral Stresses

R&DE (Engineers), DRDO

= A plane that makes equal angles with
principal planes — Octahedral plane — eight
planes

| +nf +17 =1

| =m=n

| :+i =m=n
V3

T=lg, T,=lg,, T,=lg;

—_ —_ —12
0, =00 =L HT, 1T =01 +0, +0 ) R
Ramadas Chennamsetti -

h@yahoo.co.in




Octahedral Stress

R&DE (Engineers), DRDO

= Equal angles with principal axes

l

0 oot :E(J1+02+J3):_
3 3

0]

= Normal octahedral stress => Average of
principal stresses

" |t depends on first invariant

" For a given stress state => Octahedral
normal stress - constant

59
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Octahedral Stress

R&DE (Engineers), DRDO

= Octahedral shear stress — shear stress from
tractions is given by,
’=T’-0g:=>12, =T°-0

2
oct

2
=> cht :[%(012 +022 +U§)}_[%(01+02 +03)}

Simplifying this expression,

@yahoo.co.in
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State of Pure Shear

R&DE (Engineers), DRDO

-~ Txy

" Only shear stress exist
" The stress state at a point J r
six stress components, O, e —

" |Infinite sets of planes through this point

" For pure shear - Sum of main diagonal
terms in stress tensor vanish

=>Tr(0)=0

61
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State of Pure Shear

R&DE (Engineers), DRDO

Necessary and sufficient condition for
existence of a state of pure shear

=> First invariant of stress tensor =0

,=0,+0,t0,=0

62
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Decomposition of Stress

R&DE (Engineers), DRDO

® The stress tensor - -

| | | T Txy [

" Inindices notation, 0;  [d=z, 1, 1,

= Decompose [O] I Ly Iz
T Ly Ty I P 0 L™ P Ly e
Tyx Tyy Tyz =0 P 0|+ TyX TW —P Tyz
I Ty 1,10 0 p| Ly 2= P

In indices notation Jjj = péij ( pé ) 5ij +5

63
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Decomposition of Stress

R&DE (Engineers), DRDO

" For pure shear =>Tr(S;)
(Uxx - p)+(ayy - p)+(azz - p):O

1
P=3 (axx +o,, + (TZZ) =g =meanstress

" Deviatoric stress tensor —

yaho0o.co.in

2 a. l. l.
3 , o % o T, T,
H = Ty éayy Ly, 17| Dy Oyy Iy,
2 i sz Tyz Uzz_
sz Tyz ?3 . -

Ramadas Chennamsetti
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Decomposition of Stress

R&DE (Engineers), DRDO

= Deviatoric stress — the first invariant is
given by, =>J, =Tr(S,)

‘]1 :(Uxx - p)+(ayy - p)+(022 - p)
=> ‘]1 = (Uxx +UW +Uz)_3p

But,

p= %(Jxx + gyy + Jzz) Use this relation

:>J1:O
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Decomposition of Stress

R&DE (Engineers), DRDO

= Hydrostatic stress tensor — volumetric part
of stress tensor — spherical stress tensor

* Hydrostatic part — responsible for volume
change — size change

P =>>>
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Decomposition of Stress

R&DE (Engineers), DRDO

= Deviatoric part — responsible for
deformation or shape change

= Change in angle between two adjacent
sides => shape change — distortion - shear
stress

67
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Decomposition of Stress

R&DE (Engineers), DRDO

" |nvariants of deviatoric stress tensor

o T, I
S=z, o, =,
L, I, O,

68
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Mohr’s Circle

R&DE (Engineers), DRDO

= Graphical technique - Normal and shear
stresses on a given plane — stress state at a
point is known

" Stress state =>0;; — Find principal stresses
corresponding to this stress state

Principalstresses>o,,0,,0,
Ul > 02 > 03

Take principal directions as reference

69
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Mohr’s Circle

R&.DE (Engineers), DRDO
" Tractions on plane (I, m, n) wrt principal
directions
,=lo, T,=10,, T, =10,
T =T +T,/+TS2 =1°0+m®0; +n°oc;
T?=0°+1°=1°07+m?’0; +n°c;
But, 1+ m?+n°=1=>n*=1-1°-m"*
o2+ 12 :|2012+m202+(1_|2_m2)02
02+r2:I2(012—03)+m (U -0 )+U3

(02—032)+r2:I2(012— ) 2(0 - )——(1)
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Mohr’s Circle

R&DE (Engineers), DRDO

= Normal stress on this plane —

=T, +mT,+nT, =1°0, + m°0, + n°o,

o =10, +m0, +( —m)a

Eliminate ‘m’ from equations (1) and |

|2_

r*+(0-0,)o-0;)
(01_02)(01_03)

o,+0
T2+ o — 2 3
2

jz =12(o, -0, )0, —03)+(J2

Ramadas Chennamsetti

2
J3j
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Mohr’s

"= The expression

|

\ 2

Circle

R&DE (Engineers), DRDO

represents a circle of center & radius

2

T

on (0, T) plane

72794 ,Oj R|2:lz(al_a-z)(a-l_a-s)'i'(a2

2

Ramadas Ch«[

/ 2 _ 2
"+ 0_024_03) :|2(01_02)(01_0-3)+(02Za-sj - (@)

;
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Mohr’s Circle

R&DE (Engineers), DRDO

= Similar expressions as (1) can be obtained
for direction cosines ‘m’ and ‘n’

(020 ) o= 0oy -0)s (757 -

r° +(0'— 0-1+0-3j — m2(0-2 _0-1)(0-2 _0-3)+(0-1;0-3j - (2)
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r +(0-01 MZT =rf(0;-g)la,-0) +(

Direction cosine(l, m, n)
Say, ' n=0’

* Circle of radius =>@,- 6,)/2
Center at (@,+ 0,)/2,0)

One of the Mohr’s circles

Ramadas Chennamsetti

—5

R&DE (Engineers), DRDO
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Mohr’s Circle

R&DE (Engineers), DRDO

= Similar circles can be drawn for equations
(1) and (2) —plug/=0and m=0

Ramadas Chennamsetti

o,+0 g,-0. o, t0 -0,
C 2 3’0’ -2 3 C 1 30 _—3
[ 20 R=25% [ % %0 R =0

o, +to g,—-0
C 1 2 0], | 2
(230} R =%
Draw arcs with following radii
2
g,—0
5 R =1(0,-0)ov-0) ¢ 9%
2
g, -0
Ri=m2(02_03)(02_01)+( 12 .
o,-0,)
R =00y )+ 957
75
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Equilibrium Equations
R&DE (Engineers), DRDO

= Body under static equilibrium — every
material point under equilibrium

\L

infinitesimal element, AM = 0 d V-
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Equilibrium Equations

R&DE (Engineers), DRDO

* Body and Traction forces =>F, and F,
= Newton’s second law —

dV
dF,+dF, =dm ——
- - dt
\ :\{(x,y,z,t)

~

dv_a\{ dx+a\{ dy+a\{ dz 9V dt

+
dt 0x dt oy dt 0z dt ot dt

oV oV oV oV
a=—V +—V +—V + —
-~ 0X oy * 0z 0t

Ramadas Chennamsetti
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Equilibrium Equations

R&DE (Engineers), DRDO

= Rewrite,

oV oV oV
a=—V,+—V +—VZ+—— +.
0X oy ’ 0z

" Term —1 => Local acceleratlon
"= Term — 2 => Convective acceleration

" For small deformations, the particle of
mass ‘dm’ doesn’t move substantially — so
this is term — 2, which is very small
compared to local acceleration term.

Neglect term — 2
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Equilibrium Equations

R&DE (Engineers), DRDO

L dv oV
" This gives=> g=_-~_-
- dt ot
oV
d F,+d F, = pdxdydz = dF, =TdS, dF,=BdV
. aV

T dS + B dV- = pdxdydz a—t“
Integrating this expression,
oV
{1 as + [ Bav-= [[] —— pdv-
S V- s

In indices notation,

{:Sjﬂids +j£j B, dV-= IQ %pdv—

79
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Equilibrium Equations

R&DE (Engineers), DRDO

= But tractions on surfaces related to stresses
— Cauchy’s formula T = g..l. Use this relation

H)T ds +m B, d\- = m —pol\f,L

ﬁm | dS +m B, d\- = m —pd\#
_
[0 A= fanas=fjacs

Indices notation ”j —dv = ﬁAl ds

Ramadas Chennamsettl

@yahoo.co.in
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Equilibrium Equations

R&DE (Engineers), DRDO

= Use Gauss Divergence theorem —

ﬁ>a | dS +m B, d\- = m —pdV—

(] v+ [[] 8 av-= f % pav

J

m{ B —p%}d\#zo

g
This gives - 00, oV &
~+B -p—-=0
0X; ot 3
81 |°
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= All three equilibrium equations —

2
0T +ery + 9% +B, :,0ﬂ
oXx oy 0z

2
07, 07, , 07y, o :pa_V
ox oy oz ' "ot
or. 0T, Or 0°W

Ramadas Chennamsetti

Equilibrium Equations

R&DE (Engineers), DRDO
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Equilibrium Equations

R&DE (Engineers), DRDO
= Moment Equilibrium ZM =rxma+|_a
No rotations
> M =rxma
In differential form

dVv
dM,+dM, :[ded—t"

dM, and dM, moments due to traction and body loads
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Equilibrium Equations

R&DE (Engineers), DRDO

" Plug dM, and dM,

dVv
dM,+dM, :[ded—t~

dVv
[XT dA+ rx I~3dv =rx dmd—t"

Integrating -

dVv
fJrxTdas [freBav =[[rxp--av

Ramadas Chennamsetti
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Equilibrium Equations

R&DE (Engineers), DRDO
" Writing in indices form —
oV,
ﬁriTj Eik & dA + ”j B & & dv- = _”j [ W:Ogijk e dv
S - V- - - -
Use Cauchy's formul T, =g, |

£ij{£§riTjdA+ (8 av=Jjfe 5 pd\%} o

gij{ﬁriajmlmdA+ (v av=[] al pd\%} 0

Use Gauss Divergence theorem

85
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Equilibrium Equations

R&DE (Engineers), DRDO

= Surface integral to volume integral

gij{jij(riajm),mdv+ (8 av=Jjfe 5 pd\%} -0

Use integration by par- first termr

oV.
rigijkjjj-(ajm,m t Bj _a_tjjdv FEiimTim = 0
\VL
oV EiwlimT im =0
ij,m+Bj_F:O S0, EixOmT ;m =0
ExTy; =0
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Equil

= Cyclic symbol

ibrium Equations

R&DE (Engineers), DRDO

is skew-symmetricin i, j

Eik — “Eiik

w0 =0, £0; =0

&

Shear stresses —
complementary

W0 ¥ €30 =0

=> g'ij = O-ji Stress tensor IS
symmetric -
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C¥))Cylindrical Co-ordinate System

R&DE (Engineers), DRDO

= Cartesian frame of reference — body
processes straight boundaries

= Curved boundaries — Cylindrical, Spherical

= Cylindrical csys —(r, § z) —Spherical csys —

(r, 8 ¢

- To completely specify
2 the location of point ‘P’

>
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}-Cylindrical Co-ordinate System

R&DE (Engineers), DRDO

= Equilibrium equations

oo, R ‘7
~ Or Or
cT , J
: Equilibrium equations

or

89

@yahoo.co.in

rd_mech

Ramadas Chennamsetti




&&))Cylindrical Co-ordinate System

R&DE (Engineers), DRDO

= Equilibrium in radial direction —

(0 +a i drj(r+dr)d6dz—a”rd6dz +

T L drjdrdz rrgdrdz}co{dze

[
% o ]

+

T+ oo jdrdz + agedrdz} sm( dzej +

(r + jdéblz pu(r +d—jd6dz
2 2
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&&))Cylindrical Co-ordinate System

R&DE (Engineers), DRDO

= Neglect higher order terms - simplifying this
equation —

aO-rr +}0Tr9 +0Tzr _|_0-rr_0-6’6’_|_Br :p.l:l
or r 068 0z r

= Similarly two more expression in &and z
directions
aTrH +l60—99 +6T29 +2Tr6?
or r 06 0z r

or 1019Z oo, T
rz 4 — zz 4 _1Z +B ,0W
or r o8 0z r

+Bezp.\}
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R&DE (Engineers), DRDO
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