
Nonlinear Dyn
https://doi.org/10.1007/s11071-024-10443-y

RESEARCH

On the dynamics of transporting rolling cylinders

Theresa E. Honein · Oliver M. O’Reilly

Received: 20 May 2024 / Accepted: 29 September 2024
© The Author(s) 2024

Abstract Acommon, yet hazardous,methodof trans-
porting cylindrical tanks used to carry compressed gas
involves rolling both tanks at opposite angles of inclina-
tion to the vertical. By propelling one of the tanks while
maintaining point contact between the tanks, both tanks
can be moved such that their centers of mass move in a
straight line. The purpose of this paper is to explore this
locomotion mechanism. First, the problem of support-
ing an inclined cylinder in point contact with a rough
surface is examined. The analysis shows that dependent
on the geometry of the cylinder and the coefficient of
static friction, a wide range of angles of inclination are
feasible. The presence of non-integrable constraints on
the motion of the rolling cylinder is explored using the
concept of a holonomy. The problem of transporting
two cylinders using the aforementioned mechanism is
then analyzed with the help of Frobenius’ integrability
criterion for constraints andnumerical simulations. The
results show the mechanical advantage of transporting
a pair of cylinders, the range of possible angles of incli-
nation, and the forces needed to sustain the motion.
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1 Introduction

A common, yet hazardous, method of transporting two
cylindrical tanks used to carry compressed gas involves
rolling both tanks at opposite angles of inclination to
the vertical (cf. Fig. 1).1 By propelling one of the tanks
whilemaintainingpoint contact between the tanks, both
tanks can be transported together with their centers of
mass moving in straight lines. Apart from safety con-
cerns, this mechanism for transporting tanks also raises
questions about the dynamics of the cylinders involved.
For instance, is there rolling or sliding contact at the
point of contact between the cylinders,what is the range
of feasible angles of inclination, and is it necessary to
support the entire weight of both cylinders?

To explore the dynamics of the locomotion mecha-
nism, we are able to leverage the wealth of research on
rolling cylinders in the literature.Much of thiswork can
be traced to seminal papers byAppell [1] andKorteweg
[2] on the rolling disk in the early 1900s and the large
numbers of recent papers (cf. e.g., [3–6]) that were
inspired by the paradoxical behavior of a cylinder of
chrome plated cast iron known as Euler’s Disk.

We start our analysis with a exploration of the prob-
lem of supporting an inclined cylinder that has a single
point in contact with a rough surface and is supported
by an applied force at the other end of the cylinder
(cf. Sect. 2). As the contact condition is maintained by

1 A demonstrative example can be found here:https://youtu.be/
Vgn5fv__LAk.
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Fig. 1 A pair of cylinders in motion on a horizontal surface.
Each cylinder has a single point of contact with the surface and
a single point of mutual contact

a static friction force, in Sect. 3 we show that multi-
ple equilibrium configurations and a range of applied
forces are feasible. As an alternative to showing that the
constraints on the rolling cylinder are non-integrable,
we instead leverage the works of [7–9] and explore the
holonomy of the rolling cylinder. With these two pre-
liminary studies completed, we then turn to exploring
the dynamics of a pair of cylinders in contact at a sin-
gle pointmoving in unison on rough horizontal surface.
With the help of Frobenius’ theorem on integrability of
a system of constraints [10,11], we argue that the point
contact is one of slipping. With the help of a recently
developed numericalmethod byCapobianco et al. [12],
a numerical simulation of the locomotionmechanism is
then developed. Our numerical simulations show that
the normal force between the cylinders is negligible.
Consequently, the results on the forces developed in
Sect. 2) on the external forces needed to maintain a
cylinder in motion at a given angle of inclination are
applicable to each of the pair of cylinders.

Relevant background on rigid body dynamics can
be found in the textbooks [10,11] and Shuster’s review

article [13] on rotations. We follow the notation used
in [10].

2 A rolling cylinder

We consider a homogeneous circular cylinder of mass
m, height h, and radius r . The position vector of the
center ofmass X̄ is denoted by x̄ and the position vector
of the instantaneous point of contact P is denoted by
xP :

x̄ = x1E1 + x2E2 + x3E3 (2.1)

where {e1, e2, e3} is a right-handed set of Cartesian
basis vectors for E3. The position vector of P relative
to X̄ is denoted by π P .

To parameterize the rotation tensor Q of the cylin-
der a set of 3-1-3 Euler angles, ψ , ϑ , and ϕ, are used.
The angles define the orientation of a basis {e1, e2, e3}
that corotates with the cylinder with respect to the basis
{E1, E2, E3}: Q = e1 ⊗ E1 + e2 ⊗ E2 + e3 ⊗ E3. Here,
⊗ is the tensor product of two vectors. While the first
and third Euler angles range from 0 to 2π , the second
Euler angle, ϑ ∈ (0, π) in order to avoid a coordinate
singularity associated with the Euler angle parameter-
ization of a rotation tensor [14]. Referring to Fig. 2,
we observe that ϑ is a measure of the inclination of
the cylinder to the vertical: when ϑ = 0, the cylinder
is vertical and when ϑ = π

2 the cylinder is horizon-
tal. In both of these cases, the assumption of a single
point of contact that we employ fails. Consequently, for
our analyses we assume ϑ ∈ (0, π

2

)
unless otherwise

stated. For additional details on the 3-1-3 Euler angles,
including several equivalent representations (A5) for
the angular velocity vector ω, the reader is referred to
Appendix A.

The constraints that the cylinder rolls without slip-
ping on the horizontal surface can be expressed in terms
of the velocity vector of the instantaneous point of con-
tact: vP = 0. As vP = v̄ +ω×π P , the constraints can
be expressed as

�1 = 0, �2 = 0, �3 = 0. (2.2)

That is,

�k = v̄ · Ek + (ω × π P ) · Ek, (k = 1, 2, 3) ,

(2.3)
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Fig. 2 The forces acting on the cylinder are the weight W =
−mgE3 acting at its center of mass, the normal force N = NE3
and the friction force F f = Ff1E1 + Ff2E2 acting at the contact
between the cylinder and the ground, and an applied force Fa =
F1E1 + F2E2 + F3E3 at mid point of the upper surface of the
cylinder

where

π P = −h

2
e3 − re′′

2, (2.4)

and representations for e′′
2 and ω can be found in (A2),

(A3), and (A5) in Appendix A. The constraints func-
tions (2.2) can be expressed in their component forms:

�1 = ẋ1 + f1 cos (ψ) ψ̇ − f2 sin (ψ) ϑ̇ + r cos (ψ) ϕ̇,

�2 = ẋ2 + f1 sin (ψ) ψ̇ + f2 cos (ψ) ϑ̇ + r sin (ψ) ϕ̇,

�3 = ẋ3 − f1ϑ̇, (2.5)

where

f1 = r cos (ϑ) − h

2
sin (ϑ) ,

f2 = r sin (ϑ) + h

2
cos (ϑ) . (2.6)

As discussed in Appendix B, the system of constraints
(2.2) are non-integrable (or non-holonomic). In addi-
tion, the constraint �3 = 0 is integrable and implies
that x3 = r sin (ϑ) + h

2 cos (ϑ) modulo a constant.
Referring to Fig. 2, the forces acting on the cylinder

are a gravitational force −mgE3 acting at X̄ , a normal
NE3 and static friction force F f = Ff1E1 + Ff2E2

acting at the instantaneous point of contact P , and an
applied force Fa acting at a point Xa on the upper

extremities of the cylinder: πa = h
2 e3. The cylinder

is assumed to be axisymmetric with an inertia tensor

J = λt (e1 ⊗ e1 + e2 ⊗ e2) + λae3 ⊗ e3, (2.7)

where λt and λa are moments of inertia. The balance
laws for the cylinder are

Fa + F f + (N − mg) E3 = m ˙̄v,

πa × Fa + π P × (F f + NE3
) = Jω̇ + ω × (Jω) ,

(2.8)

whereπa = h
2 e3. These balance laws are supplemented

by the constraints (2.2) to form a determinate system
of equations to compute the motion of the cylinder and
the normal and static friction forces.

3 Supporting rectilinear motions of a cylinder

We start by considering the simplest possible locomo-
tion for an inclined cylinder: rectilinear motion of the
center of mass at constant speed. The goal of our anal-
ysis is to determine the applied force Fa required to
sustain the motion. For the motion of interest, two of
the Euler angles are constant and the spin rate ϕ̇ is con-
stant:

ψ̇ = 0, ϑ̇ = 0, ϕ̇ = ω0. (3.1)

The constraints (2.2) are satisfied provided

v̄ = −rω0e′
1. (3.2)

The balances of linear and angular momenta (2.8) sim-
plify dramatically:

Fe + F3E3 + Ff1E1 + Ff2E2

+ NE3 − mgE3 = 0,
(

−h

2
e3 − re′′

2

)
× (NE3 − Fe)

+ h

2
e3 × (Fe + F3E3) = 0,

(3.3)
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where the unit vector e = β1e′
1 + β2e′

2. With the help
of equation (3.3)1, we conclude that

N + F3 = mg,

Ff1E1 + Ff2E2 = −Fe.
(3.4)

After expressing the balance of angular momentum
(3.3)2 in components with respect to the

{
e′
1, e′

2, E3
}

basis, we find that:

N

(
h

2
sin(ϑ) − r cos(ϑ)

)
− F3

h

2
sin(ϑ)

− Fβ2 (r sin(ϑ) + h cos(ϑ)) = 0,

Fβ1 (r sin(ϑ) + h cos(ϑ)) = 0,

− Fβ1 (r cos(ϑ) − h sin(ϑ)) = 0.

(3.5)

We conclude from the component forms that β1 = 0
and then set β2 = 1. That is, the friction force serves
solely to balance the horizontal component of the
applied force: F f = −Fe′

2. Using (3.4)1 to eliminate
F3 = mg − N , we find that the balance of angular
momentum reduces to a single non-trivial equation:

N (r cos(ϑ) − h sin(ϑ)) + mgh

2
sin(ϑ)

= −F (r sin(ϑ) + h cos(ϑ)) .

(3.6)

The friction force F f is subject to the static friction

criterion:
√
F2
f 1 + F2

f 2 = |F | ≤ μs N where μs is

the coefficient of static friction. In order to establish
the range of feasible angles of inclination as a function
of the applied force F3, we examine extreme cases of
maximum static friction force |F | = μs N :

μs N (r sin(ϑ) + h cos(ϑ))

=
∣∣∣∣
mgh

2
sin(ϑ) + N (r cos(ϑ) − h sin(ϑ))

∣∣∣∣ .
(3.7)

This equality is equivalent to a pair of identities:

mg − F3
mg

= N

mg

=
1
2 sin(ϑ)

sin(ϑ) − r
h cos(ϑ) ± μs

( r
h sin(ϑ) + cos(ϑ)

) .

(3.8)

The condition that N > 0 and F3 > 0 are simulta-
neously satisfied implies that 0 < N

mg < 1 and also
places a restriction on the allowable range of the angle
of inclination ϑ :

ϑ ∈
(

max

(

0, tan−1

(
r
h − μs
1
2 + rμs

h

))

,
π

2

)

in the (+) case,

ϑ ∈
(

max

(

0, cot−1

(
1
2 − rμs

h
r
h + μs

))

,
π

2

)

in the (−) case.

(3.9)

For a given inclination of the cylinder (i.e., a givenvalue
of ϑ), two limiting friction force distributions with dis-
tinct applied forces Fa are possible. At the transitional
case where the horizontal plane is smooth (μs = 0),
(3.8) simplifies to

mg − F3
mg

= N

mg
=

1
2 sin(ϑ)

sin(ϑ) − r
h cos(ϑ)

,

ϑ ∈
(
tan−1

(
2r

h

)
,
π

2

)
.

(3.10)

To explore possible inclinations of the cylinder, we
plot mg

N as a function of the angle of inclination for
three limiting cases: F f = −μs Ne′

2, F f = 0, and
F f = μs Ne′

2. These cases are defined by (3.8)−,
(3.10), and (3.8)+, respectively. The results are shown
in Figs. 3, 4 and 5. From these figures we observe that
not all possible combinations of F3 and ϑ are possi-
ble because of the limiting value of the static friction
force. The results shown in Figs. 4 and 5 demonstrate
how the range in feasible values of (ϑ, F3) depends on
the geometry of the cylinder and the static coefficient
of friction.

Referring to Fig. 4, we observe that the curves for
the case F f = μs Ne′

2 (i.e., (3.8)+) intersect at a single
point that is independent of r

h . We can compute the
coordinates of this point from (3.8) by combining the
r
h terms and setting their coefficient to be zero:

(

ϑ = tan−1
(

1

μs

)
,

N

mg
= 1

2
(
1 + μ2

s

)

)

. (3.11)

We also note the points where N = mg and F3 = 0
at which the inclined cylinder is in equilibrium under
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Fig. 3 The space of possible configurations of the inclined
rolling cylinder displayed as a function of the angle of inclina-
tion ϑ and the dimensionless force N

mg = 1− F3
mg . The bounding

curves correspond to the restriction imposed by the static fric-
tion criterion. For the regions labeled P - which is bounded by
the curves labelled i and i i and ϑ > 0, the motions of interest
are possible. The motions are not possible for pairs (ϑ, N ) in
the regions labeledU . The bounding curve labelled i is obtained
from (3.8)− and the bounding curve labelled i i is computed from
(3.8)+. The results shown in this figure pertain to the case where
μs = 0.2 and r

h = 0.1

Fig. 4 The dimensionless force 1− F3
mg as a function of the angle

of inclination ϑ . The black curves are obtained from (3.8)+, the
red curves from (3.10) (i.e., (3.8)μs=0), and the blue curves are
obtained from (3.8)− for μs = 0.2 and various values of r

h . The
arrows point in direction of increasing r

h from 0 to 0.15. When
r
h = 0, the cylinder is a slender rod of length h while at the other
extreme when r

h = ∞ the rigid body is circular disk of radius r

the action of its weight, normal and friction forces, and
an applied force that counterbalances the friction force:
Fa = −F f . As evidenced by the results shown inFig. 5,
the larger the value of μs then the larger the range of
angles of inclination ϑ for a given F3.

Fig. 5 The dimensionless force 1− F3
mg as a function of the angle

of inclination ϑ . The black curves are obtained from (3.8)+,
the red curves from (3.10) (i.e., (3.8)μs=0), and the blue curves
are obtained from (3.8)− for r

h = 0.1 and various values of
μs = 0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6. The arrows point in direction
of increasing μs . The results for μs = 0 coincide with the red
curve

3.1 The smallest force

The results so far show that the same angle of incli-
nation ϑ can be sustained by multiple values of the
applied force Fa . The multiplicity is made possible by
the nature of the static friction force. It is of interest
to see if there is a minimum force. More precisely, for
given values of μs and r

h , what is the minimum force
||Fa || required to maintain a given angle of inclination
ϑ?

To answer the question, we return to (3.6) and elim-
inate N using the identity N = mg − F3. After some
rearranging, we find an expression for the dimension-
less horizontal component of Fa :

F

mg
= α1

(
F3
mg

)
+ α2, (3.12)

where

α1 =
r
h cos(ϑ) − sin(ϑ)
r
h sin (ϑ) + cos (ϑ)

,

α2 = −
r
h cos (ϑ) − 1

2 sin (ϑ)
r
h sin (ϑ) + cos (ϑ)

. (3.13)

If we seek to compute the minimum applied force for
a given ϑ , then a geometric argument applied to the
linear relation (3.12) in the F3 − F space, shows that
the point on the line (3.12) closest to the origin is found
by the intersection of this line with the perpendicular
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intercept:

F

mg
= − 1

α1

(
F3
mg

)
. (3.14)

That is,

(
F3
mg

= − α1α2

1 + α2
1

,
F

mg
= α2

1 + α2
1

)

. (3.15)

Thus, the minimum magnitude of the applied force for
given values of r

h and ϑ is

||Fa || = mg|α2|√
1 + α2

1

= mg
√
1 + ( rh

)2

∣∣
∣
r

h
cos (ϑ)

−1

2
sin (ϑ)

∣∣∣∣ .

(3.16)

The solution (3.15) to the minimum force problem
is valid provided the static friction criterion, |F | ≤
μs N = μs (mg − F3), is satisfied:

|α2| ≤ μs

(
α2
1 + α1α2 + 1

)
. (3.17)

A representative case, labeled i , where (3.14) is used to
compute the minimum applied force is shown in Fig. 6.

If (3.15) does not satisfy (3.17), then the minimiz-
ing solution must be found by seeking the point on
the line (3.12) that is closest to the origin that satis-
fies |F | ≤ μs N = μs (mg − F3). A representative
case where (3.15) does not yield a minimal applied
force that satisfies the static friction condition (3.17),
is shown in Fig. 6 where it is labeled i i . Consider the
casewhere the point whichminimizes the applied force
Fa lies at the intersection of the line (3.12) withμs N =
μs (mg − F3) = F or μs N = μs (mg − F3) = −F ,
depending on whichever minimizes that Fa . The inter-
section points in the positive and negative cases are,
respectively,

(
F3
mg

= μs − α2

μs + α1
,

F

mg
= μs

α1 + α2

μs + α1

)
,

(
F3
mg

= μs + α2

μs − α1
,

F

mg
= μs

α1 + α2

μs − α1

)
.

(3.18)

The third and penultimate case we need to consider
arises when the line (3.12) intersects the vertical axis

Fig. 6 The space F3
mg− F

mg showing the admissible regiondefined
by the static friction criterion |F | ≤ μs N and two examples of
the linear relation (3.12). For the example labelled i , the point
corresponding to the minimum force |Fa | is labelled A and can
be computed using (3.15). For the example labelled i i , the mini-
mum force |Fa | computed using (3.15) does not satisfy the static
friction criterion and the minimum force (labelled B) is com-
puted using (3.18). The angle ϑ and parameters r

h and μs are all
assumed to be constant

F3
mg = 0 and the restriction F3 ≥ 0 is imposed. In this
case, the minimizing value of ||Fa || = mg |α2|. The
corresponding values of the components of Fa are

(
F3
mg

= 0,
F

mg
= α2

)
. (3.19)

The fourth case arises when the cylinder is vertical
(ϑ = 0) or completely horizontal. In these cases, the
normal force is balanced by gravity, the friction force
vanishes, and the minimum Fa = 0. In summary, four
sets of values of (F3/mg, F/mg) are used to compute
minimum values of ||Fa || for ϑ ∈ [0, 90◦].

As shown in Fig. 7, we consider a fixed value of
r
h = 0.1 and a fixed μs = 0.2 and vary ϑ ∈ (0, 90◦).
With the help of (3.17) and (3.18), the locus of points
(F3/mg, F/mg) corresponding to minimum values of
||Fa || are computed. Referring to the figure, the points
B and C correspond to the intersection points of the
families of lines (3.12) and (3.14), respectively, for a
given r

h value. The coordinates of these points are
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Fig. 7 The components of
the minimum force Fa in the
F3
mg − F

mg plane trace a circle
with diameter BC given by
(3.20) for ϑ ∈ (0, 90◦). The
points belonging to the
aforementioned circle for
which (3.17) is satisfied are
drawn in red, otherwise,
they are drawn in black. In
the latter case, the force
minimizing points that
satisfy the static friction
criterion are drawn in blue,
and belong either to the
lines μs N = ±F or F3 = 0

B =
(
F3
mg

= 0,
F

mg
= 0

)
,

C =
(

F3
mg

=
1
2 + ( rh

)2

1 + ( rh
)2 ,

F

mg
= − 1

2
r
h

1 + ( rh
)2

)

.

(3.20)

Since the lines (3.12) and (3.14) always pass through
the points B and C respectively, and are perpendicular.
Thus, the locus of the intersection point of these lines
is a circle of diameter BC .

One might expect that the minimum applied force
is a vertical force Fa = F3E3 as the friction force sup-
plied by the ground for equilibrium would necessarily
vanish. However, apart from the case ϑ = tan−1

( 2r
h

)
,

this is not the case. To elaborate, for a given cylinder
and contacting plane, the components of the minimum
applied force as a function ofϑ are shown in Fig. 8. The
point labelled D corresponds to the absolute minimum
applied force which is ||Fa || = 0 which arises when
the angle of inclination ϑ = tan−1

( 2r
h

)
. The cylinder

self balances at this angle of inclination and the static
friction force vanishes. The graphs of ||Fa || (ϑ), F (ϑ),
and F3 (ϑ) are discontinuous at ϑ = 0, 90◦ as the min-
imum applied force Fa = 0 at these points. The two
points are labelled E in Fig. 8 and signify discontinu-
ities in the graphs of F (ϑ) and F3 (ϑ) as ϑ ↘ 0 and
ϑ ↗ π

2 .

Fig. 8 The minimum force satisfying the static friction criterion
vs. ϑ for μs = 0.2 and r

h = 0.1. The continuous portion of
the curve corresponds to solutions of (3.15) satisfying (3.17).
In the regions where (3.17) is not satisfied, the curve is dashed
with relevant values given either by (3.18) or (3.19). The points
labeled E correspond to the minimum values of Fa = 0 when
ϑ = 0, 90◦

4 Holonomies of a rolling cylinder

Consider a cylinder rolling on a horizontal surface
while its center of mass traces out a closed path. After
the center of mass has returned to its original location,
we will typically find that the orientation of the cylin-
der has changed. The change in orientation is known as
a holonomy. Holonomies in rigid body dynamics can
be attributed to the non-holonomic constraints on the
motion of the body. The phenomenon in rolling spheres
with application to spherical robots has been discussed
in [7–9] and discussions of holonomy in parallel park-
ing can be found in [15,16].
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Fig. 9 a The rectangular path traced by the instantaneous point
of contact P between the cylinder and the horizontal plane. The
cylinder starts the circumnavigation at the point labeled S. The
location of S is definedby the parameter s ∈ [0, 1]: �1 = r(1−s)φ1

2

and �2 = rsφ1
2 . The rectangle has sides of length rφ1

2 and rφ2
2 and

produces a holonomy of φ1 + φ2 in the rolling inclined cylinder.
b Time traces of the point P and of a material point X on the rim
of the cylinder as P traces the rectangular path. The traces are
labelled i and i i respectively. While the center of mass returns to
its original location S, X has relocated from A to B. The example
shown is classified as Case I

Recall that we are using a set of 3-1-3 Euler angles
to parameterize the rotation of the cylinder. The angles
ψ ∈ [0, 2π ] and ϑ = [0, π ] can each be individually
altered without changing the other angles or the loca-
tion of the instantaneous point of contact P . As a result,
and in contrast to our earlier work on the holonomy
of rolling spheres [9], we restrict attention to motions
of the cylinder that produce changes in ϕ. The two
motions of interest are those where the instantaneous
point of contact traces out a rectangular path and a cir-
cular path. We now establish closed form expressions
for the change in orientation (holonomy) for both types
of path.

4.1 Holonomy of a rolling cylinder tracing a
rectangular path

If we imagine an inclined rolling cylinder tracing a
closed rectangular path starting at a point S, then the
change in the angle ϕ when the center of mass has
returned to its original location will typically be non-
trivial. The change in the angle ϕ is an example of a
holonomy. As we shall explain, the change in the angle
is not only a function of the lengths of the sides of

the rectangles, whether or not the path is traversed in a
counterclockwise or clockwise manner, the angle ϑ of
inclination of the rectangle, and whether the unit vector
e′
2 points inward or outward to the path. We refer to
these two instances as Case I and Case II, respectively.
The holonomy will be shown to be independent of the
choice of starting point S.

To proceed with our analysis, we consider Case I.
Now consider a rectangle with side lengths rφ1

2 and
rφ2
2 as depicted in Fig. 9. Without loss in generality, the

starting point S is specified by the parameter s ∈ [0, 1].
The Cartesian basis vectorsA1 andA2 are each parallel
to two sides of the rectangle. Tracing a rectangular path
in a counterclockwisemanner using a rolling cylinder is
achieved using two types of motion: rotations about e3
and rotations about E3. For the first of these, ω = ϕ̇e3,
and the constraints vP = 0 imply that

v̄ = −r ϕ̇e′
1. (4.1)

That is the cylinder’s center of mass moves in a straight
line. As ϕ̇1 > 0, this implies that e′

1 is antiparallel to
the direction ofmotion and e′

2 is one of the two outward
normals to the path. For motions where ω = ψ̇E3, the
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constraints vP = 0 implies that

v̄ = −ψ̇ f1e′
1. (4.2)

Thesemotions enable the cylinder to turn the corners of
the rectangle. For the rectangular path shown in Fig. 9,
either e′

1 = ±A1 or e′
1 = ±A2.

Tracing the rectangle depicted in Fig. 9(a) in a coun-
terclockwise direction requires the cylinder to undergo
a sequence of nine rotations. The combined rotation,
which is also the change in orientation of the cylinder,
is S where

S = ŜI (ϑ, φ1, φ2, s, r, h, ψ0,�)

= A
(
sφ1

2
, 0e3

)
A
(π

2
, E3

)
A
(

φ2

2
, 3e3

)

A
(π

2
, E3

)
A
(

φ1

2
, 2e3

)

× A
(π

2
, E3

)
A
(

φ2

2
, 1e3

)
A
(π

2
, E3

)

A
(

(1 − s) φ1

2
, 0e3

)

(4.3)

where A (ξ, r) denotes a rotation about an axis r
through a counterclockwise angle of rotation ξ ,

ie3 = A
(
iπ

2
, E3

)

0e3, (i = 1, 2, 3) ,

0e3 = sin (ψ0) sin (ϑ) E1 − cos (ψ0) sin (ϑ) E2

+ cos (ϑ) E3.

(4.4)

The parameter �,� in Ŝ is used to distinguish coun-
terclockwise and clockwise directions, respectively, of
circumnavigating the rectangular path. Computing the
products of the rotations in (4.3), we conclude that

ŜI (ϑ, φ1, φ2, s, r, h, ψ0,�) = A (φ1 + φ2, 0e3) .

(4.5)

That is, the holonomy is

�ϕ = φ1 + φ2. (4.6)

We observe that A (2nπ, 0e3) = I, where I is the iden-
tity tensor. Thus, we can increase the lengths of the
sides of the rectangle by integer multiples of 2π with-
out changing the holonomy �ϕ. If we were to traverse

the rectangle in a clockwise manner, then the sign of
the holonomy reverses:

ŜI (ϑ, φ1, φ2, s, r, h, ψ0,�) = A (−φ1 − φ2, 0e3) .

(4.7)

That is, �ϕ = −φ1 − φ2.
For Case II, the expression (4.1) for v̄ holds, how-

ever ϕ̇ < 0. Assuming the path is circumnavigated in a
counterclockwisemanner, the unit vector e′

2 nowpoints
inwards. The expression for ŜI I is readily established
by changing the signs of φ1 and φ2 in (4.3). The result-
ing holonomies are

ŜI I (ϑ, φ1, φ2, s, r, h, ψ0,�) = A (−φ1 − φ2, 0e3) ,

ŜI I (ϑ, φ1, φ2, s, r, h, ψ0,�) = A (φ1 + φ2, 0e3) .

(4.8)

As the expressions for the angle and axes of the
holonomies are independent of s, we conclude that the
holonomies (4.6), (4.7), and (4.8) are independent of
the starting point S. Representative examples of Case
I and Case II are shown in Fig. 10.

We can also verify (4.6) and (4.8) using a quaternion
representation of a rotation and the Rodrigues formula
for compound rotations.2 Restricting attention to Case
I, repeated application of theRodrigues formula to (4.3)
shows that the unit quaternion associated with the rota-
tion ŜI (ϑ, φ1, φ2, s, r, h, ψ0,�)has the representation

q0 = cos
(γ

2

)
= cos

(
π + φ1

2
+ φ2

2

)
,

q = sin
(γ

2

)
r = sin

(
π + φ1

2
+ φ2

2

)

0e3,
(4.9)

where γ is the angle of rotation and r is the axis of
rotation: a result that is in agreement with (4.6). The
analysis for Case II is similar and in the interests of
brevity is not presented here.

2 Consider a pair of rotations A = Ã (a0, a) and B = B̃ (b0, b)

parameterized by unit quaternions (a0, a) and (b0, b), respec-
tively. Then, the compound rotation C = BA is parameterized
by the unit quaternion.

c0 = a0b0 − a · b,

c = a0b + b0a + b × a.
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Fig. 10 Motions of a
cylinder where the center of
mass traces a rectangular
path in a counterclockwise
manner and produces a
holonomy: a Case I where
�ϕ = 36.3901o and b Case
II where �ϕ = −36.3901o.
For the results shown in this
figure, h = 8.3333r ,
φ1 = 13π

3 , φ2 = 29π
4 ,

ϑ = π
10 , and s = 0

Fig. 11 Motions of a
cylinder where the center of
mass C traces a circular
path of radius k and the
instantaneous point of
contact P traces a circular
path of radius �. Both paths
are traced in a
counterclockwise manner. a
Case I where e′

2 points
radially outward and b Case
II where e′

2 points radially
inward

4.2 Holonomy of a rolling cylinder tracing a circle

We now turn to the case where the center of mass of
the cylinder traces a circular path. We are able to estab-
lish a simple expression (4.16) for the radius � of the
path of the instantaneous point of contact P to establish
any desired relative change in the Euler angle ϕ of the
cylinder. As with the case of a rectangular path and as
illustrated in Fig. 11, there are two cases to consider:
Case I where e′

2 points radially outward and Case II
where e′

2 points radially inwards.
For the motion of interest, ϑ is constant, ω =

ψ̇0E3 + ϕ̇0e3, and ψ̇0 and ϕ̇0 are constant. The con-
straints (2.2) imply that

v̄ = v0e′
1 (4.10)

where

e′
1 = cos (ψ) E1 + sin (ψ) E2, v0 = − f1ψ̇0 − r ϕ̇0.

(4.11)

For a motion to be possible with ψ̇0 �= 0 and ϕ̇ �= 0,
the center of mass traces a circle in a counterclockwise
manner: that is, the orbital speed ψ̇0 > 0. If we let k
be the radius of the circular path traced by the center
of mass, then

{
r̄ = ke′

2, v̄ = −kψ̇0e′
1 for Case I,

r̄ = −ke′
2, v̄ = kψ̇0e′

1 for Case II.
(4.12)

Combining the previous results, we obtain

{( h
2 sin (ϑ)−r cos (ϑ)

)
ψ̇0−r ϕ̇0=−kψ̇0 for Case I,

( h
2 sin (ϑ)−r cos (ϑ)

)
ψ̇0−r ϕ̇0=kψ̇0 for Case II.

(4.13)
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Fig. 12 Time traces of the point P and of a material point X
on the rim of the cylinder as P traces the circular path. The
traces are labelled i and i i respectively. While the center of mass
returns to its original location S, X has relocated from A to B.

The radius of the path traced by P is � (cf. (4.14) and (4.15)). For
the results shown in these images, � = 9.44233r , ϑ = π

10 , and
h = 13.3333r : a Case I where r̄ = 8.33re′

2 and�ϕ = 59.3283o

and b Case II where r̄ = −10.5515re′
2 and �ϕ = −59.3283o

That is,

⎧
⎨

⎩

k = − h
2 sin (ϑ) + r cos (ϑ) + r ϕ̇0

ψ̇0
for Case I,

k = h
2 sin (ϑ) − r cos (ϑ) − r ϕ̇0

ψ̇0
for Case II.

(4.14)

We observe from (4.12) that if k = 0, then the center
of mass is stationary. In this case (2.2) implies that
ω ‖ π P .3 If the center of mass traces a circle of radius
k in a counterclockwise direction while ϑ is constant,
then as π P ·e′

1 = 0 and π P ·e′
2 = h

2 sin(ϑ)−r cos(ϑ),
we find that the instantaneous point of contact P traces
a circle of radius � such that

{
� − k = h

2 sin(ϑ) − r cos(ϑ) for Case I,

� − k = r cos(ϑ) − h
2 sin (ϑ) for Case II.

(4.15)

To trace a complete circle, we require �ψ = 2π . We
conclude that

{
�ϕ = 2π�

r for Case I,

�ϕ = − 2π�
r for Case II.

(4.16)

Thus, we can adjust the radius � of the circular path
traced by P to obtain any desired rotation �ϕ. Rep-
resentative examples for the two cases are shown in

3 The representation (A5)2 can be used to show that r ϕ̇+ f1ψ̇ =
0 when ω ‖ π P - a result that is (as expected) consistent with
(4.14)k=0.

Fig. 12. If the circular path is traversed in a clockwise
manner, then there will be sign changes to the results
for �ϕ in (4.16).

5 Kinematics of a pair of contacting cylinders

Referring to Fig. 1, consider a pair of cylinders each
of which is in motion with a single point of instanta-
neous contact with a horizontal surface. The sides of
the cylinders touch each other at a single point and the
top of each cylinder is supported by applied forces and
moments. The system of two rigid bodies has a total
of eight possible permutations of slipping and rolling
contacts at the three contact points. For the present pur-
poses, we are interested in examining the set of con-
straints where one cylinder is spun about its axis while
both cylinders are constrained so that their points of
contact trace straight parallel lines on the ground.

As shown in Figs. 1 and 13, we identify the individ-
ual cylinders using the indices I, 1 and I I, 2, respec-
tively. The position vector x̄I,I I of the center of mass
X̄ I,I I of the respective cylinders are parameterised by
Cartesian coordinates:

x̄I = xI1 E1 + xI2 E2 + xI3 E3,

x̄I I = xI I1 E1 + xI I2 E2 + xI I3 E3.
(5.1)

Following works on the dynamics of rolling disks and
cylinders (cf. [5,17]), it is convenient to use a pair of
sets of 3-1-3 Euler angles to parameterize the rotation
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Fig. 13 The instantaneous contact points for the pair of cylin-
ders. The points P1 and P2 are the instantaneous points of contact
of cylinders I and I I , respectively with the horizontal plane and
the points P3 and P4 are the instantaneous points of mutual con-
tact

of the cylinders.4 Thus, the rotation tensor Q and asso-
ciated angular velocity vectors ω of the rigid bodies
have the following representations:

QI = QI (ψ1, ϑ1, ϕ1) ,

ωI = ψ̇1 E3 + ϑ̇1 I e′′
1 + ϕ̇1 I e3,

QI I = QI I (ψ2, ϑ2, ϕ2) ,

ωI I = ψ̇2 E3 + ϑ̇2 I I e′′
1 + ϕ̇2 I I e3.

(5.2)

The bases
{
E3, I e′′

1, I e3
}
and

{
E3, I I e′′

1, I I e3
}
are the

Euler bases associated with the respective sets of Euler
angles.

5.1 Formulating the contact constraints

The constraints that cylinder I of height h1 and radius
r1 rolls without slipping on the horizontal surface can

4 Additional background on the 3-1-3 set of Euler angles can be
found in Appendix A and in [10, Chapter 6, Section 8.2].

be represented as:

v1 = v̄I + ωI × π P1 = 0. (5.3)

The position of the instantaneous point of contact P1
relative to the center of mass has the following repre-
sentation:

π P1 = −h1
2

I e3 − r1 I e′′
2 . (5.4)

In an identical manner, the constraints that cylinder II
of height h2 and radius r2 rolls without slipping on the
horizontal surface have several representations:

v2 = v̄I I + ωI I × π P2 = 0, (5.5)

where

π P2 = −h2
2

I I e3 − r2 I I e′′
2 . (5.6)

The instantaneous points of contact between the
cylinders are denoted by P3 and P4. The vectors π P3
and π P4 are the position vectors of the instantaneous
points of contact P3 and P4 relative to the centers of
mass of the respective cylinders:

x3 = x̄I + π P3 ,

x4 = x̄I I + π P4 .
(5.7)

The tangent planes to both cylinders at P3 and P4 are
identical and spanned by the basis {I e3, I I e3}. A unit
normal n can also be defined such that

{

I e3, I I e3, n = I e3 × I I e3
||I e3 × I I e3||

}
(5.8)

is a basis for E3.
The rolling contact between the two cylinders can

be described by the vector equation:

v3 = v4, (5.9)

where

v3 = v̄I + ωI × π P3, x3 = x̄I + π P3,

v4 = v̄I I + ωI I × π P4 , x4 = x̄I I + π P4 .
(5.10)
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In these representations, π P3 and π P4 are the position
vectors of the instantaneous points of contact P3 and
P4 relative to the centers of mass of the respective
cylinders. Both of these relative position vectors are
functions of the two sets of Euler angles and Cartesian
coordinates. Additional details of the characterization
of the contact between the two cylinders are presented
in Appendix C.

For the constraints (5.3) and (5.5) the resulting nor-
mal force direction is along E3 and the static friction
force lies in the plane spanned by {E1, E2}. To pre-
scribe the friction force at the contact between the
two cylinders, it is also necessary to decompose the
force associated with the constraint (5.9) into normal
and friction components. For this, we project the con-
straint at the cylinders’ mutual contact on the basis
{I e3, I I e3, n = I e3 × I I e3/||I e3 × I I e3||}. The tan-
gential (frictional) component of the contact constraint
lies in the plane spanned by the basis {I e3, I I e3} while
the normal component of the constraint force lies along
n. This decomposition relies on the fact that the vectors
{I e3, I I e3} span the coincident tangent plane between
the two cylinders at their mutual contact point.

5.2 The final set of constraints

In Appendix D, we consider the set of nine constraints
(5.3), (5.5) and (5.9) for a pair of cylinders in rolling
contact with each other while also in rolling contact
with a horizontal surface. We find that only eight of the
nine constraints are linearly independent and the sys-
tem of nine constraints is not integrable. Furthermore,
we demonstrate that it is very challenging to extract a
set of eight linearly independent constraints from the
nine constraints and equally challenging to specify a
set of 8 independent Lagrange multipliers associated
with rolling constraints (cf. Appendix D.2). While, it
is possible to use fixed point iterations to simulate the
motion of the rolling cylinders (cf. Capobianco et al.
[12, Section 9]), we chose to pursue a different strat-
egy and reexamine the contact condition between the
cylinders.

Based on physical intuition, one would expect that
the normal force at the contact between the two cylin-
ders is small and thus the friction at the inter-cylinder
contact point to be insufficient to prevent the two cylin-
ders from slipping with respect to each other. The pair
of rolling constraints between each cylinder and the

ground (cf. (5.3) and (5.5)) and the contact condition
between the two cylinders,

(v3 − v4) · n = 0, (5.11)

amount to seven scalar constraints. We now propose an
additional set of five independent constraints that will
completely constrain the 12 degree-of-freedom system.
As a result, wewill obtain the desiredmotion described
in Sect. 5. The five additional constraints consist of
three constraints imposed on the top axis of cylinder I
and two constraints imposed on the top axis of cylinder
II (points P5 and P6 respectively in Fig. 1). We express
the aforementioned constraints as follows:

�� = 0, (� = 1, . . . , 12) (5.12)

where

�1 = v1 · E1, �2 = v1 · E2, �3 = v1 · E3,

�4 = v2 · E1, �5 = v2 · E2, �6 = v2 · E3,

�7 = (v3 − v4) · n,

�8 = v5 · E3, �9 = ψ̇1, �10 = ϕ̇1 − ϕ̇10 ,

�11 = v6 · E3, �12 = ψ̇2.

(5.13)

Referring to Fig. 13, the constraints �1,2,3 = 0 are the
constraints that cylinder I rolls a single point P1 on the
horizontal surface, while the constraints�4,5,6 = 0 are
the constraints that cylinder II rolls with a single point
P2 on the horizontal surface. The constraint �7 = 0 is
the contact condition for the two cylinders at the points
P3 on cylinder I and P4 on cylinder II. To ensure that the
points P5 and P6 only move in the horizontal direction,
the constraints �8 = 0 and �11 = 0, respectively are
imposed. The constraint �10 = 0 imposed on cylinder
I represents the fact that the spin speed ϕ̇1 of cylinder
I about its longitudinal axis is prescribed. Finally, the
constraints �9 = 0 and �12 = 0 combined with the
other 10 constraints ensure that the centers of mass of
both cylinders move in straight lines.

To enforce the constraints (5.13), constraint forces
and constraint moments need to be prescribed. We use
the procedure discussed in [10,18] for this purpose. The
constraints �1,2,3 = 0 and �4,5,6 = 0 are enforced by
a normal force and a static friction force acting at P1 and
P2, respectively (cf. (D12) and (D13)). The constraint
�7 = 0 is enforced by a normal force acting at P3
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and an equal and opposite normal force acting at P4.
Because the contact is rough, the normal forces also
induce dynamic friction forces on the cylinders:

Fc3 = N3n − μd |N3| v3 − v4
||v3 − v4|| acting at P3,

Fc4 = −Fc3 acting at P4,
(5.14)

where μd is the coefficient of dynamic friction. The
constraints�8 = 0 and�11 = 0 are enforced by forces
in the E3 direction acting at P5 and P6, respectively:

Fc8 = F8E3 acting at P5,

Fc11 = F11E3 acting at P6.
(5.15)

The constraints �9 = 0 and �10 = 0 are enforced by
pure moments acting on cylinder I and the constraint
�12 = 0 is enforced by a pure moment acting on cylin-
der II:

Mc9 + Mc10 = Mc9 Ig
1 + Mc10 Ig

3 acting on cylinder I,

Mc12 = Mc12 I Ig
1 acting on cylinder II.

(5.16)

The dual Euler basis vectors (cf. (A12)) were employed
to establish the representations (5.16). The constraint
forces and moments associated with the constraints
�8,9,10,11,12 = 0 are all supplied by applied forces
and moments acting on the cylinders.

6 Simulating the pair of transported cylinders

Based on our prior analysis of the possible constraints
on the contacting cylinders shown in Figs. 1 and 13,
we assume rolling contact of each cylinder with the
horizontal surface and sliding contact at the points of
mutual contact. The cylinders are supported by applied
forces acting at the centers of their upper surfaces and
are each given an initial spin. Thus, the system of two
cylinders is subject to 12 constraints described by equa-
tion (5.13). Ignoring the occupational hazards of trans-
porting two cylinders simultaneously in this manner,
we now demonstrate that there is a mechanical advan-
tage.

6.1 The numerical simulation method

Simulating the pair of cylinders is non-trivial. We
needed to utilize Capobianco’s et al. non-smooth
generalized-α method for mechanical systems with
frictional contact [12] to perform the simulations.
The work [12] improved numerical algorithm devel-
oped by Brüls and coworkers (cf. [19–21] and refer-
ences therein). These authors adopted the generalized-
α algorithm to mechanical systems with bilateral con-
straints, non-holonomic constraints, and friction.5 The
generalized-α algorithm used in [12,19–21,24] also
stabilizes the constraints at the position, velocity, and
acceleration levels, thus preventing interpenetration
and reducing numerical integration errors.6

6.2 Results from simulations

With the aid of calculations in Appendix C, we set
up an initial configuration of two identical cylinders
inclined at opposite angles to the vertical and touch-
ing at a single point. Motion was initiated by assign-
ing a nonzero angular velocity to ϕ̇10 (cf. (5.13)),
propelling cylinder I towards cylinder II. Cylinder II
is driven by this motion with ϕ̇2 = −ϕ̇10 because
both cylinders are subject to rolling constraints at
their contact point with the ground. An animation
of a simulation of the pair of transported cylinders
using the generalized-α method can be found here:
https://www.youtube.com/watch?v=61_Kfkd_s6o

Referring to (5.15) and (5.16), in addition to gravi-
tational forces and the constraint forces at P1, P2, P3,
and P4, the motions of the cylinders can be sustained
by following applied forces and moments act on the
cylinders:

IFa = Fc8 = F3E3 acting at P5,

Mc9 + Mc10 = 0 acting on cylinder I,

I IFa = Fc11 = F3E3 acting at P6,

Mc12 = 0 acting on cylinder II.

(6.1)

5 For additional details on the original generalized-α algorithm
for structural dynamics, the reader is referred to [22,23]. The
original generalized-α algorithm was used for holonomically
constrained mechanical systems in the absence of friction and
impacts.
6 For additional background on constraint stabilization, the inter-
ested reader is referred to the seminal works by Baumgarte [25]
and Gear, Leimkuhler, and Gupta [26].
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Simulation results show that at steady state the normal
force at the inter-cylinder contact is very small (on the
order of the algorithm’s set tolerance).7 For example
when ϑ = 0 for each cylinder we have N1

mg = 0.5484,
N2
mg = 0.5484, N3

mg = 5.9284(10−27). The result is a
negligible friction force at this points of mutual contact
P3 and P4.

Because the normal force N3 is negligible, the
dynamics of each cylinder in the pair resemble the
dynamics of one cylinder that is similarly supported
at its top and given a matching initial angular velocity
about its longitudinal axis. This is precisely the situa-
tion analyzed in Sect. 3 and we can use our analysis of
a single cylinder to examine the transport of the pair of
cylinders.

6.3 Analysis of the transport mechanism

We conducted a series of simulations using two ideal-
ized large (220 ft3) industrial high-pressure cylinders
that would typically hold welding gas. The cylinders
undergo the previously described motion at varying
inclination anglesϑ1 = ϑ = ϑ2 with respect to the ver-
tical. For eachmotion the vertical force F3E3 applied at
the top axis of each cylinder and the normal force NE3

between each cylinder and the ground are displayed
in Fig. 14. For the simulated, case the friction forces at
the ground contact points vanished: results that is antic-
ipated from (6.1). Toverify that this case is equivalent to
the caseμs = 0 discussed in Sect. 3, we superposed the
curves for N

mg (ϑ) and F3
mg (ϑ) computed using (3.10) on

the results from the numerical simulations. As expected
the 8 sets of results from numerical simulations lay on
these curves (cf. Figure14). The simulations show that,
within a certain range of the angleϑ , most of theweight
of each cylinder is balanced by the normal force, thus
enabling an efficient displacement of the cylinders as
described in Sect. 1 for a range of applied forces and
angles of inclination (as discussed in Sect. 3).

7 Conclusions

In this work, we analyze a transportation method for
two cylindrical tanks where the cylinders are held at

7 Following the notation of Capobianco et al. [12], the algorithm
parameters used in this simulation are ρ∞ = 0.5, r = 0.3,
TOLn = 1.0(10−8), �t = 0.002 s.

Fig. 14 The forces needed to sustain themotion of the two cylin-
ders with dimensions h = 1.2954 m and r = 0.1143 m for sev-
eral values of angle ϑ ∈ (tan−1

( 2r
h

)
, π
4 ). These forces are iden-

tical for both cylinders. The 8 sets of results in ◦ were obtained
using numerical simulations. The friction forces on the cylin-
ders due to their contact with the horizontal plane vanish. The
curves N

mg (ϑ) and F3
mg (ϑ) are drawn in blue and black, respec-

tively, and are computed using (3.10). The angle ϑ = tan−1
( 2r
h

)

corresponds to the case where the vertical normal force on each
cylinder completely balances its weight

opposite inclinations with the vertical and touch each
other at a single point point. During the motion of the
cylinders, the contact points between each cylinder and
the ground trace straight parallel paths.

As a preliminary work and motivated by our sim-
ulations of a pair of cylinders, we examined the opti-
mal transport mechanisms for a single inclined rolling
cylinder. In particular, we sought to determine the min-
imum applied force needed to support the cylinder so
that it would roll on the ground while its center of mass
traced a straight line at constant speed. Our calcula-
tions also considered the case where the static friction
criterion was violated. Notably, we found that if an
applied force Fa = F3E3 + Fe is applied at the top of
the cylinder (cf. Fig. 2), then the static friction acting
at the point of contact of the cylinder with the ground
facilitates a range of values of (F, F3) to result in the
rectilinear motion of the rolling cylinder for a given
angle of inclination ϑ . The minimum applied force Fa

for a given ϑ was also computed (cf. Fig. 8).
Our analysis in Sect. 4 showed that the constraints

on a inclined rolling cylinderwere non-integrable using
two approaches: demonstrations of the holonomy of
a rolling cylinder and use of the Frobenius criterion.
The corresponding situation for a pair of inclined, con-
tacting, rolling cylinders proved to be far more com-
plex. In particular, we showed how the assumption of
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rolling contact between the cylinders resulted in a set
of 9 constraints only 8 of which were independent (cf.
Appendix D). Moreover, finding the set of 8 indepen-
dent constraints proved to be too difficult for us to solve.
This analysis motivated the assumption that the contact
between the cylinders was one of sliding. Our simu-
lations of the pair of inclined cylinders rolling on a
horizontal surface while in point contact (with sliding
friction) showed that the normal force at the point of
mutual contact was small in comparison to the other
forces on the cylinders. This result enabled us to use our
earlier work on a single inclined cylinder to explore the
range of forces needed to transport a pair of cylinders.
Static friction at the contact points with the horizontal
surface enables locomotion of the cylinders for a range
of applied forces: it is as simple as transporting one
cylinder with the left hand and the other with the right
hand.
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Appendix A 3-1-3 Euler angle parameterization of
a rotation tensor

The rotation tensors Q1 and Q2 of the individual cylin-
ders are each parameterized by a separate set of 3-1-

3 Euler angles. To provide relevant background and
details, it suffices to consider a rotation tensorQ param-
eterized by a set of 3-1-3 Euler angles ψ , ϑ , and ϕ.

The Euler angle parameterization of Q can be imag-
ined as a set of 3 compound rotations. The first rotation
is defined a rotation about theE3 axis through a counter-
clockwise angle ψ . This rotation can be used to define
a second basis:

e′
1 = cos(ψ)E1 + sin(ψ)E2,

e′
2 = − sin(ψ)E1 + cos(ψ)E2, e′

3 = E3. (A1)

The second rotation is defined as a rotation about e′
1

through a counterclockwise angle of rotation ϑ :

e′′
1 = e′

1, e′′
2 = cos(ϑ)e′

2 + sin(ϑ)e′
3,

e′′
3 = − sin(ϑ)e′

2 + cos(ϑ)e′
3. (A2)

The third and final rotation is defined as a rotation about
e′′
3 through a counterclockwise angle of rotation ϕ:

e1 = cos(ϕ)e′′
1 + sin(ϕ)e′′

2,

e2 = − sin(ϕ)e′′
1 + cos(ϕ)e′′

2, e3 = e′′
3 . (A3)

That is, Q =∑3
i=1 ei ⊗Ei where ⊗ is the tensor prod-

uct. The unit vectors used to define the rotations are
known as the Euler basis vectors {g1, g2, g3}. For a 3-
1-3 set of Euler angles:

g1 = E3, g2 = e′
1, g3 = e3. (A4)

A discussion of the representations of the angular
velocity vector can be found in [10, Section 6.8.2]:

ω = ψ̇E3 + ϑ̇e′
1 + ϕ̇e3

= ϑ̇e′′
1 + ψ̇ cos(ϑ)e′′

2 + (ϕ̇ + ψ̇ cos(ϑ)
)

e3
= (ϑ̇ cos(ϕ) + ψ̇ sin(ϑ) sin(ϕ)

)
e1

+ (−ϑ̇ sin(ϕ) + ψ̇ sin(ϑ) cos(ϕ)
)

e2
+ (ϕ̇ + ψ̇ cos(ϑ)

)
e3.

(A5)

The representation (A5) is very helpful when dis-
cussing instances where ω ‖ π P .

In the sequel, we will use the notation

A = [a b c
]

(A6)
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as shorthand for the matrix

A =
⎡

⎣
a · E1 b · E1 c · E1

a · E2 b · E2 c · E2

a · E3 b · E3 c · E3

⎤

⎦ . (A7)

For future purposes it is convenient to note that the
following matrix is singular:

G = [g1 × x g2 × x g3 × x
]
, (A8)

where x is any vector. The singular nature of G can be
established by first noting that

G = − [x × g1 x × g2 x × g3
]

= − [Skew(x)
] [

g1 g2 g3
]
.

(A9)

We recall Sylvester’s rank inequality, if A is an m × n
matrix and B is an n × k matrix, then

rank(A) + rank(B) − n ≤ rank(AB). (A10)

Knowing that rank([Skew(x)]) = 2, the rank inequality
allows us to conclude that rank(G) = 2.

We note that the null space of G is the vector

null(G) = [g1 g2 g3]−1x = [g1 g2 g3]T x, (A11)

where {g1 g2 g3} is the dual Euler basis. The dual basis
vectors are defined by the relations [27]

gk · gi = 1 if i = k and otherwise 0. (A12)

Thus, ω · g1 = ψ̇ , ω · g2 = ϑ̇ , and ω · g3 = ϕ̇. Expres-
sions for the dual basis vectors can be found in [10,
Section 6.8.2]. In computing (A11), we assumed that
the matrix [g1 g2 g3] is invertible which is valid when
ϑ �= 0, π .

Appendix B Frobenius integrability criterion
applied to a rolling cylinder

The cylinder has six degrees of freedom and themotion
of the rolling cylinder is subject to the three constraints
vP = 0. While one of these constraints (vP · E3) is
integrable, it is not clear if the entire system of con-
straints is integrable. To explore this issue, we use the
Frobenius integrability criterion [28] (cf. [10,29,30]).

Each of the three constraints �k = 0 (cf. (2.2)) can
be expressed in a canonical form � = 0 where

� = f · v̄ + h · ω. (B1)

After defining the 6 coordinates,

qi = xi , q4 = ψ, q5 = ϑ, q6 = ϕ, (B2)

where i = 1, 2, 3, we compute the following represen-
tations for the three constraint functions:

�i =
6∑

K=1

WiK q̇
K . (B3)

Referring to (2.5), we find that

W =
⎡

⎣
1 0 0 cos (ψ) f1 − sin (ψ) f2 r cos (ψ)

0 1 0 sin (ψ) f1 cos (ψ) f2 r sin (ψ)

0 0 1 0 − f1 0

⎤

⎦ .

(B4)

Wenowdefine the components of three skew-symmetric
matrices:

S�
L ,K = ∂W�L

∂qK
− ∂W�K

∂qL
,

(K , L = 1, . . . , 6, � = 1, . . . , 3) .

(B5)

There remains to define three vectors:

a =
⎡

⎢
⎣

a1
...

a6

⎤

⎥
⎦ , b =

⎡

⎢
⎣

b1
...

b6

⎤

⎥
⎦ , y =

⎡

⎢
⎣

y1
...

y6

⎤

⎥
⎦ . (B6)

Frobenius’ necessary and sufficient conditions for a
system of 3 constraints, �1 = 0, . . . ,�3 = 0 to be
integrable require the following equations to hold:

aT
(
S�b

) = 0, (� = 1, . . . , 3) (B7)

for all values of the variables q1, . . . , q6 and for all
distinct solutions a and b to the equation

Wy = 0. (B8)

That is, the six-dimensional vectors a and b lie in the
null space of W .
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To apply Frobenuis’ integrability criterion, we now
compute S1, S2, and S3:

S1 =
[
O3×3 O3×3

O3×3 E1

]
,

E1 =
⎡

⎣
0 0 r sin (ψ)

0 0 0
−r sin (ψ) 0 0

⎤

⎦ ,

S2 =
[
O3×3 O3×3

O3×3 E2

]
,

E2 =
⎡

⎣
0 0 −r cos (ψ)

0 0 0
r cos (ψ) 0 0

⎤

⎦ ,

S3 = O6×6,

(B9)

whereOn×n is the n×n null matrix. The 3-dimensional
null space of W is spanned by the vectors

y1 =

⎡

⎢⎢⎢
⎢⎢⎢
⎣

− cos (ψ) f1
− sin (ψ) f1

0
1
0
0

⎤

⎥⎥⎥
⎥⎥⎥
⎦

, y2 =

⎡

⎢⎢⎢
⎢⎢⎢
⎣

sin (ψ) f2
− cos (ψ) f2

f1
0
1
0

⎤

⎥⎥⎥
⎥⎥⎥
⎦

,

y3 =

⎡

⎢⎢⎢
⎢⎢⎢
⎣

−r cos (ψ)

−r sin (ψ)

0
0
0
1

⎤

⎥⎥⎥
⎥⎥⎥
⎦

.

(B10)

Finally, applying Frobenius’ criterion, we compute all
unique combinations

aT
(
SBb

)
= 0, (B = 1, . . . , 3) (B11)

for all distinct solutions a and b ofWy = 0 except for

yT1
(
S1y3

)
= r sin (ψ) ,

yT1
(
S2y3

)
= −r cos (ψ) .

(B12)

In conclusion, the application of Frobenius’ crite-
rion has while the constraint �3 in equation (2.2)
is integrable, the system of three constraints is non-
integrable.

Appendix C Contact detection between two
cylinders

Given the dimensions, position, and orientation of the
pair of cylinders shown in Fig. 13, we seek to determine
whether the cylinders penetrate (not a valid configura-
tion), touch at one point, or are apart from each other.
This characterization of the gap distance d between the
cylinders is necessary for contact detection in simula-
tions.

For contact detection between the cylinders, we con-
sider the following representations for the position vec-
tors of points xI and xI I of material points on the axes
of the cylinders I and II, respectively:

xI = x̄I + m I e3,

xI I = x̄I I + n I I e3,
(C1)

where

m ∈
[
−h1

2
,
h1
2

]
and n ∈

[
−h2

2
,
h2
2

]
(C2)

are coordinates. The distance between two points on
the axes of the cylinders is

d = ‖xI I − xI ‖
= ‖x̄I I + n I I e3 − x̄I − m I e3‖. (C3)

We seek to find m∗ and n∗ corresponding to the points
x∗
I and x∗

I I for which the distance d is minimized. The
relative position vectors of these points are normal to
the axes of both cylinders:

(
x∗
I − x∗

I I

) · I e3 = 0,
(
x∗
I − x∗

I I

) · I I e3 = 0.
(C4)

With the help of (C1), we can express the pair of equa-
tions (C4) in the form

Hh = k, (C5)

where

H =
[

1 −I I e3 · I e3
−I I e3 · I e3 1

]
, h =

[
m∗
n∗
]

,

k =
[

(x̄I I − x̄I ) · I e3
(x̄I − x̄I I ) · I I e3

]
. (C6)
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For a given configuration of the cylinders, H and k are
known. We seek solutions h to the equation Hh = k.
Notice that the matrixA is singular when the two cylin-
ders are parallel, i.e., when I I e3 · I e3 = ±1 and there
is a continuous line of contact points. In our compu-
tational algorithm to detect the contact points, we also
compute the derivatives of h in order to explore what
occurs at later instances of time:

ḣ = H−1
(
k̇ − Ḣh

)
,

ḧ = H−1
(
k̈ − Ḧh − 2Ḣḣ

)
.

(C7)

If equation (C2) is satisfied by the solutions to (C5),
then if

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

d < r1 + r2 the cylinders penetrate,

not a valid configuration

d = r1 + r2 the cylinders touch,

d > r1 + r2 the cylinders are

not in contact.

(C8)

Oncem∗ and n∗ have been computed, the relative posi-
tion vectors of the contact points can be found:

π P3 = m I e3 + r1u,

π P4 = n I I e3 − r2u,
(C9)

where the unit vector u is normal to the axes of both
cylinders:

u = xI I − xI

‖xI I − xI ‖ . (C10)

As shown in Fig. 13, the vector u = ±n, has the repre-
sentations

u = cos (χ1) I e1 + sin (χ1) I e2
= cos (χ2) I I e1 + sin (χ2) I I e2.

(C11)

In computing the solution of the contact problem and
applications of the Frobenius integrability criterion, the
variablesm, n,χ1,χ2 should be considered as functions
of the 12 coordinates I xk , I I xk ,ψ1, ϑ1, ϕ1,ψ2, ϑ2, and
ϕ2.

Referring to Fig. 13, the two other contact detections
of interest are the instantaneous points of contact of
each cylinder with the horizontal plane: P1 and P4. The

normal components of all three constraint velocities
v1 = 0, v2 = 0, and v3−v4 = 0 are holonomic.8 Thus,
we can write the gap distances for the two cylinder-
ground contact and for the cylinder-cylinder contact
respectively as

gN1 = (x̄I + π P1

) · E3,

gN2 = (x̄I I + π P2

) · E3,

gN3 = ‖x3 − x4‖ − (r1 + r2)

= (x3 − x4) · n − (r1 + r2) .

(C12)

Appendix D Frobenius integrability criterion
applied to a pair of rolling cylinders

We now consider a pair of cylinders each of which rolls
with one point in contact with a horizontal surface. The
cylinders are also in mutual contact at a single point.
Our interest lies in the case where there is sufficient
static friction such that the contact between the cylin-
ders is also one of rolling. Referring to (5.3), (5.5), and
(5.9), the system is subject to 9 constraints:

�� = 0, (� = 0, . . . , 9) , (D1)

where

�k = v1 · Ek, (k = 1, 2, 3) ,

�k+3 = v2 · Ek,

�k+6 = (v3 − v4) · Ek .

(D2)

The cylinder has six degrees of freedom and themotion
of the rolling cylinder is subject to the three constraints
vP = 0. While one of these constraints (vP · E3) is
integrable, it is not clear if the entire system of con-
straints is integrable. To explore this issue, we use the
Frobenius integrability criterion [28] (cf. [10,29,30]).

8 According to Papastavridris [11, Section 2.2 p. 249] every con-
dition expressing the direct contact of two rigid bodies, or the
contact of one of its bodies with a foreign obstacle (environ-
ment) that is either fixed or has known motion (i.e., its position
coordinates are known functions of time only), results in a holo-
nomic equation of motion, and the corresponding contact forces
are the reactions of that constraint.
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D.1 Expressions for the constraint matrix W

We recall the definitions for the 12 coordinates:

qi = xIi , q4 = ψ1, q5 = ϑ1, q6 = ϕ1,

qi+6 = xI Ii , q10 = ψ2, q11 = ϑ2, q12 = ϕ2,

(D3)

where i = 1, 2, 3. Each of the constraint functions ��

in (D2) are linear functions of the velocities:

�� =
12∑

K=1

W�K q̇
K . (D4)

With some additional work, we find that the matrixW
has the following block structure:

W =
⎡

⎢
⎣

W11 . . . W112
...

...

W91 . . . W912

⎤

⎥
⎦ =

⎡

⎣
I3×3 A O3×3 O3×3

O3×3 O3×3 I3×3 B
I3×3 C −I3×3 −D

⎤

⎦ .

(D5)

In the expression for the matrix W, I3×3 is the 3 × 3
identity matrix and

A = [E3 × π P1 I e′
1 × π P1 I e3 × π P1

]

=
⎡

⎣
−π P1 · E2

(
π P1 · E3

)
sin(ψ1) −r1 cos(ψ1)

π P1 · E1 − (π P1 · E3
)
cos(ψ1) −r1 sin(ψ1)

0 π P1 · I e′
2 0

⎤

⎦ ,

B = [E3 × π P2 I I e′
1 × π P2 I I e3 × π P2

]
,

C = [E3 × π P3 I e′
1 × π P3 I e3 × π P3

]
,

D = [E3 × π P4 I I e′
1 × π P4 I I e3 × π P4

]
. (D6)

Observe that each of the matrices A, B, C, D, and their
linear combinations are of the form (A8) and are thus
singular. To determine the rank of W, we perform the
following matrix row manipulations.

W =
⎡

⎣
I A 0 0
0 0 I B
I C −I −D

⎤

⎦→
⎡

⎣
I A 0 0
0 0 I B
0 C − A 0 B − D

⎤

⎦ ,

(D7)

and observe that C−A and B−D are also of the form
of equation (A8). The rows of [0C−A 0B−D] can be
manipulated in a similar manner to show that the rank

of [0 C − A 0 B − D] is 2 and thus the rank ofW is 8.
We conclude from this result that only eight of the nine
constraints �1 = 0, . . . ,�9 = 0 are independent.

We note that in the singular case where C − A = 0
and B − D = 0 corresponding to the case when the
contact points between the two cylinders coincide with
the contact points of each cylinder with the ground,
rank(W) reduces to 6.

The null space of W is spanned by the vector wn :

wn =

⎡

⎢⎢
⎣

−Ay
y

−Bz
z

⎤

⎥⎥
⎦ , (D8)

where y = [y1, y2, y3]T and z = [z1, z2, z3]T are 3-
dimensional arrayswhose components satisfy the iden-
tity

(C − A) y + (D − B) z = 0. (D9)

With the assistance of (A9) and (A11), we obtain the
following solutions to equation (D9):

y = [Ig1 Ig2 Ig3]T [π P2 − π P4 ],
z = [I Ig1 I Ig2 I Ig3]T [π P1 − π P3 ].

(D10)

The resulting expression for (D8),

wn =

⎡

⎢⎢
⎣

[π P1 × (π P2 − π P4

)]
[Ig1 Ig2 Ig3]T [π P2 − π P4 ]

[π P2 × (π P1 − π P3

)]
[I Ig1 I Ig2 I Ig3]T [π P1 − π P3 ]

⎤

⎥⎥
⎦ , (D11)

has no obvious interpretation. As a result, it is chal-
lenging to reduce the nine constraint equations (D1) to
a single set of eight independent constraints.

D.2 Comments on constraint forces

The constraint forces and constraint moments associ-
ated with the nine constraints can be prescribed using a
standard procedure (cf. [10,18]). Thus, the constraints
at P1 will be enforced by a pair of static Coulomb fric-
tion forces and a normal force acting at P1:

Fc1 = Ff1E1 + Ff2E2 + N1E3 acting at P1. (D12)
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Similarly, the constraints at P2 will be enforced by a
pair of static Coulomb friction forces and a normal
force acting at P2:

Fc2 = Ff3E1 + Ff4E2 + N2E3 acting at P2. (D13)

For the mutual contact, the constraints are enforced by
the following set of friction and normal forces:

Fc3 = Ff5 I e3 + Ff6 I I e3 + N3n acting at P3,

Fc4 = −Fc3 acting at P4.
(D14)

The components Ff1, . . . Ff6 , N1, N2, and N3 can be
considered as Lagrange multipliers enforcing the nine
constraints �1 = 0, . . . ,�9 = 0. However, because
these constraints are not independent, one of the mul-
tipliers is redundant. Determining the redundant mul-
tiplier is non-trivial.

D.3 Expressions for the skew–symmetric matrices S�

We recall from (B5) that a set of 9 skew-symmetric
matrices S� need to be examined. The components of
S� have the following representation:

S�
L ,K = ∂W�L

∂qK
− ∂W�K

∂qL
,

(K , L = 1, . . . , 12, � = 1, . . . , 9) .

(D15)

Four of the nine skew-symmetric matrices have only
one distinct element and two of the matrices are iden-
tically zero:

S1 =

⎡

⎢⎢
⎣

O3×3 O3×3 O3×3 O3×3

O3×3 −E1 O3×3 O3×3

O3×3 O3×3 O3×3 O3×3

O3×3 O3×3 O3×3 O3×3

⎤

⎥⎥
⎦ ,

E1 =
⎡

⎣
0 0 r1 sin(Iψ)

0 0 0
−r1 sin(Iψ) 0 0

⎤

⎦ , (D16)

S2 =

⎡

⎢⎢
⎣

O3×3 O3×3 O3×3 O3×3

O3×3 −E2 O3×3 O3×3

O3×3 O3×3 O3×3 O3×3

O3×3 O3×3 O3×3 O3×3

⎤

⎥⎥
⎦ ,

E2 =
⎡

⎣
0 0 −r1 cos(Iψ)

0 0 0
r1 cos(Iψ) 0 0

⎤

⎦ , (D17)

S3 = O12×12, (D18)

and

S4 =

⎡

⎢⎢
⎣

O3×3 O3×3 O3×3 O3×3

O3×3 O3×3 O3×3 O3×3

O3×3 O3×3 O3×3 O3×3

O3×3 O3×3 O3×3 F4

⎤

⎥⎥
⎦ ,

F4 =
⎡

⎣
0 0 r2 sin(I Iψ)

0 0 0
−r2 sin(I Iψ) 0 0

⎤

⎦ , (D19)

S5 =

⎡

⎢
⎢
⎣

O3×3 O3×3 O3×3 O3×3

O3×3 O3×3 O3×3 O3×3

O3×3 O3×3 O3×3 O3×3

O3×3 O3×3 O3×3 F5

⎤

⎥
⎥
⎦ ,

F5 =
⎡

⎣
0 0 −r2 cos(I Iψ)

0 0 0
r2 cos(I Iψ) 0 0

⎤

⎦ , (D20)

S6 = O12×12. (D21)

ThematrixS3 and componentsW3L are associatedwith
the integrable constraint vP1 · E3 = 0:

d

dt

(

I x3 − r1 sin(Iϑ) − h1
2

cos(Iϑ)

)
= 0. (D22)

Similarly, the matrixS6 and componentsW6L are asso-
ciated with the integrable constraint vP2 · E3 = 0:

d

dt

(

I I x3 − r2 sin(I Iϑ) − h2
2

cos(I Iϑ)

)
= 0. (D23)

The remaining three matrices S7,8,9 are far more com-
plicated because the coordinates m, n, and χ1,2 (cf.
(C9)) are non-trivial functions of q1, . . . , q12:

S� =

⎡

⎢⎢
⎣

M� E� N� F�

−E� G� H� I�

−N� −H� J� K�

−F� −I� −K� L�

⎤

⎥⎥
⎦ , (D24)

where � = 7, 8, 9 and each of the 3 × 3 matrices
E�, . . .M� are skew-symmetric. A Matlab code that
calculates the expressions S� for � = 7, 8, 9 is avail-
ablewith the supplementarymaterials. The expressions
of S� for � = 7, 8, 9 are complicated, so calculating
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aT
(
SBb

)
(B = 7, . . . 9) for all 12-dimensional dis-

tinct solutions a and b of Wy = 0 (cf. (B7)) symboli-
cally is not straightforward. However, we verify using
a numerical example9 that equations aT

(
SBb

) �= 0
for all possible a and b. In conclusion, the system of
nine constraints (D1) is not integrable.
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