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1 Introduction

A theory for addressing coupled problems concerning fluid-
saturated deformable porous solids with diffusive fluid transport is
of importance for a variety of engineering applications. The clas-
sical linear isotropic poroelasticity theory which accounts for the
influence of pore fluid diffusion on the quasi-static deformation of
porous media is due to Biot [1-3]. For a good recent review of the
theory, see Ref. [4]. Biot’s theory is intended to represent the
coupled deformation—diffusion response of a material which at a
microscopic scale consists of a porous solid skeleton and a freely
moving fluid in a fully connected pore space. Over the last 40
years, the theory has been widely applied to geotechnical prob-
lems [5-9], and it has also been applied to bone by many authors
[10].

The purpose of this brief paper is to present a new derivation of
the theory of linear poroelasticity in a modern thermodynamically
consistent fashion, and show that it may be deduced as a special
case of a more general theory of linear chemoelasticity.” Follow-
ing Biot, the fluid—solid mixture is treated as a single homoge-
nized continuum body which allows for a mass flux of the fluid,
and not as a multicomponent mixture as in the “theory of
mixtures” [11,12].

In formulating the theory, we depart from the traditional formu-
lations of poroelasticity which from the outset are based on the
concept of “pore-pressure.” It has long been recognized, going
back to Gibbs [13]—and substantially later also by Biot [14,15]
and Rudnicki [8]—that the appropriate concept to use is that of a
chemical potential, p, of the fluid molecules, as is now common
in other developments of coupled deformation—diffusion problems
in modern continuum mechanics [16-21]. As we shall discuss
below, if the chemical potential u is expressed in units of J/mol,
and if the referential value of the molar volume of the fluid, Q’;, is
expressed in terms of m*/mol, then a quantity

def [

%

which has units of N/m”

'This statement is not intended to imply that the widely used constitutive
equations for linear poroelasticity are thermodynamicaly inconsistent, but instead to
reflect the fact that thermodynamics is seldom used consistently in their derivation.

The linear chemoelasticity theory presented here is itself a specialization of the
large deformation theory presented in by Gurtin et al. [16].
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may be identified as a “pore-pressure,” and used to recover a for-
mulation which is identical in form to Biot’s standard theory of
linear poroelasticity.

In Secs. 26, we derive and summarize our thermodynamically
consistent small deformation theory of chemoelasticity. Regarding
the constitutive equations, the free energy per unit reference vol-
ume, , will be taken to be a function of the small strain tensor e,
and a variable cg which denotes the total number of moles of the
fluid reckoned per unit volume of the reference body. Thermody-
namic considerations will yield the restrictions that the free
energy determines the Cauchy stress, o, and the chemical poten-
tial, p, through the state relations

_ O(e,cr) _ Og(e,cr)
T T e = Ocr

(1.1)
Further, with j denoting the fluid molar flux, the constitutive equa-
tion for j will be taken to follow a generalized Fick’s law [22]:

j=—M(e, cr)Vp (1.2)
where M is a positive-semidefinite fluid mobility tensor.

In Sec. 7, we shall present a specialization of the general che-
moelasticity theory given by Egs. (1.1) and (1.2) for application to
linear poroelastic materials. Instead of cg, the specialized consti-
tutive equations will employ a variable

(= Q}I;(CR — CRro)

which represents a dimensionless measure of the variation in the
fluid content, where cgo is the initial value of cg. In this section,
we also give an extended discussion of the relation of the theory
developed here to Biot’s classical linear theory of isotropic
poroelasticity.

We close this paper in Sec. 8 by summarizing the specialized
constitutive theory, and stating the complete coupled
deformation—diffusion initial/boundary-value problem.

2 Kinematics and Force and Moment Balances

We consider a deformable body occupying a (fixed) region B.
The deformed body is denoted by B. We restrict attention to iso-
thermal situations and small deformations, and since time scales
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associated with fluid diffusion are usually considerably longer
than those associated with wave propagation, we neglect all iner-
tial effects.

We take as the starting point the kinematical assumptions of the
linear theory of elasticity. As in the theory of linear elasticity, x
denotes a material point in B, V and div denote the gradient and
divergence with respect to x. We use the following notation:

* u(x, ) displacement field of B

Vu(x, t) displacement gradient in B

e(x,1) = (1/2)(Vu(x,?) + (Vu(x, 7)) "), strain in B;

a(x, 1) stress

b(x, 7) (noninertial) body force field on B,

and recall the following standard relations for force and
moment balances from the theory of linear elasticity, which
are also valid for the theory considered here

dive +b=0, c=0' Q.1

3 Balance Law for the Diffusing Fluid

Throughout, we denote by P an arbitrary part of the reference
body B with n the outward unit normal on OP. Let
cr(X,1) 3.1
denote the total number of moles of fluid per unit reference vol-
ume. Changes in cr in a part P are brought about by diffusion
across the boundary 0P, which is characterized by a flux j(x,7),
the number of moles of diffusing fluid measured per unit area per
unit time, so that

7[ j-nda
op

represents the number of moles of the diffusing fluid entering P
across OP per unit time. The balance law for the diffusing fluid
therefore takes the form

J CRdV:—J j-nda (3.2)
P opP

for every part P. Bringing the time derivative in Eq. (3.2) inside
the integral and using the divergence theorem on the integral over
OP, we find that

[ (¢r +divj)dv =0 (3.3)
Jp
Since P is arbitrary, this leads to the following local balance:

(R = —divj (3.4)

4 Free-Energy Imbalance

We develop the theory within a framework that accounts for
the first two laws of thermodynamics. For isothermal processes,
the first two laws collapse into a single dissipation inequality
which asserts that temporal changes in free energy of a part P be
not greater than the power expended on P, plus the flux of energy
carried into P.

Thus, let Y(x,7) denote the free energy density per unit refer-
ence volume. Then, neglecting inertial effects, the free-energy
imbalance under isothermal conditions requires that for each part
P of B.

Jl//dvgj anAI'ldaJrJ b~l'1dv7J uj -nda 4.1
P op P op
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where the left-hand side of Eq. (4.1) represents the rate of change
of the free energy of the part P, and the right-hand side represents
the power expended on P by the surface tractions and body force,
plus the flux of energy carried into P by the flux j of diffusing
fluid, where to characterize the energy carried into part P by fluid
transport, we have introduced a chemical potential field p(x,t). It
is a primitive quantity that enters the theory through the manner in
which it appears in the basic law expressing the balance of energy
(cf. Gurtin et al. [16]).

Bringing the time derivative in Eq. (4.1) inside the integral and
using the divergence theorem on the integrals over P gives

[(t/}fo':éf(diva+b)~l'1+,udivj+j~V,u)dv§0 4.2)
Jp

Thus, Eq. (4.2), balance of forces (2.1),, fluid balance (3.4), and
the arbitrary nature of P together yield the following local form of
the free-energy imbalance

Y—6:é— R +j-Vu<0 4.3)

5 Constitutive Equations

Guided by the free-energy imbalance (4.3), we introduce the
following constitutive response functions for the free energy ¥,
the stress o, and the chemical potential y, when the strain € and
the fluid contentration cg are known.

lﬁ = lﬁ(QCR),
G G (5.1)

To these constitutive equations, we append a simple Fick’s law
[22] for the fluid flux
j=-MVyu, with

M = M(e, cg) (5.2)

the fluid mobility tensor.

5.1 Thermodynamic Restrictions. The free energy imbal-
ance (4.3) restricts the constitutive equations. By Eq. (5.1),

,_diecw) , Dilecr)

4 Oe "€ Ocr R

(5.3)

Hence, the free-energy imbalance (4.3) is equivalent to the
requirement that

Ale,cr) .,
[T—J(G,LR)

— V- M(e,cg)Vp < 0

. 6 =+ |:—al//(€7 CR) — ,&(e, CR):| (,-‘R

aCR

54

for all strain, fluid concentration, and chemical potential fields.
Given any point X( in B and any time ¢y, it is possible to find a
strain and a fluid concentration field such that

€, €, CRr, and Cg 5.5)
have arbitrarily prescribed values at (X, ). Granted this, the
coefficients of € and ¢g must vanish, for otherwise these rates may

be chosen to violate the inequality (5.4). We therefore have the
thermodynamic restrictions:

* The free energy determines the stress through the stress
relation

(e, cr)

D€ (5.6)

6 =0(ecr) =
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* The free energy determines the chemical potential through
the chemical potential relation

~ 81&(6, CR)
= fi(e, =R 5.7
= i€, cr) x G
* The fluid flux satisfies the fluid-transport inequality
Vi -M(e,cg)Vu >0 forall (e, cg, Vi) (5.8)

thus the mobility tensor M is positive semidefinite.

5.2 Consequences of the Thermodynamic Restrictions. By
Egs. (5.3), (5.6), and (5.7), we have the Gibbs relation

W =6 €+ ucr (5.9)
while Egs. (5.6) and (5.7) yield the Maxwell relation
86(67 CR) _ alu(€7cR) (510)

Ocr Oe

Let €(7) be a time-dependent strain tensor, let cg(7) be a time-
dependent fluid concentration, and write

o(r) = o(e(1), cr(1))

The chain-rule then yields the relation

Jo(€e,cr) .  Oo(€,cr) .
6= € CR
Oe 8CR
which suggests the introduction of two constitutive moduli:

e The fourth-order elasticity tensor C(e, cr) defined by

96 (e, cr) _ PY(e, cr)

Cle,er) = de  0e

(at fixed cg) (5.11)

The elasticity tensor C represents elastic moduli under condi-
tions in which cg is held constant, that is, conditions under
which the fluid is constrained from flowing in or out of the
body during deformation. In the poroelasticity literature con-
ditions under which cg is constant are called undrained (cf.
Rice and Cleary [5]), and accordingly we call C the
undrained elasticity tensor. In practice, undrained conditions
are approached for deformations which are rapid (though
quasi-static) relative to the time-scale for fluid diffusion.

* The second-order stress—chemistry tensor S(€, cr) defined by

do(e,cr) 82!/;(67 CR)

S(e,cr) = dcr  Oedcgr

(5.12)

For each (€, cR), the elasticity tensor C(e, cg)—a linear transfor-
mation that maps symmetric tensors to symmetric tensors—has
the minor symmetry properties

Ciii = Cjii = Cijii (5.13)
as well as the major symmetry property
Cijur = Cuij (5.14)

Further, since the stress ¢ is symmetric, we may conclude from
Eq. (5.12) that the stress—chemistry modulus S(e, cg) is a symmet-
ric tensor; this tensor measures the marginal change in stress due
to a change in concentration holding the strain fixed.

Journal of Applied Mechanics

Proceeding as above, let
u(t) = i(e(r), cr(1))

Then, by the chain rule, Egs. (5.10) and (5.12)

- aﬂ(67cR) . aﬂ(€7cR) :
=0 + Ocgr R
. Ou(e,cr) .
=S(e,cr) : € S R) ((%R ®) (R

This suggests the introduction of

* ascalar chemistry modulus A(e, cr) defined by

o 8ﬁ(€7 CR)

A(e,cr) = Oex (5.15)

Unless specified otherwise, we assume that the chemistry modulus
is strictly positive for all (e, cg )

A(e,cr) >0 (5.16)

5.3 Chemical Potential as Independent Variable. For prob-
lems involving little or no fluid diffusion, the strain € and the con-
centration cg are the natural choice of independent constitutive
variables. However, for processes that occur over long time scales
so that fluid diffusion is important, it is often preferable to replace
constitutive dependence upon cg by constitutive dependence upon
the chemical potential u.

Note from Egs. (5.15) and (5.16) that we have assumed that

8[1(67 ("R)

0 5.17
Ocr - ( )

This allows us to conclude that, for each fixed ¢, the relation

u = fi(e, cr) (5.18)
is smoothly invertible in cg, so that

cr = cr(€, 1) (5.19)
Let

0y — crp (5.20)

define a grand-canonical energy per unit reference volume [16].
Then

o = le )
= Y€, cr(e, ) — crl(e, Wn (5.21)
while Eq. (5.6) yields
6 =a(e, cr) (5.22)
= a(e, cr(€, 1)) (5.23)

Thus, bearing in mind that a “breve” denotes a function of (e, p)
while a “hat” denotes a function of (€,cr), we find, using
Egs. (5.6) and (5.7), that

3This assumption does not hold for phase-separating materials.
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de  Oe Ocr

and

oo _ (o)  \oew
on \oer M) op RT TR

The stress and the fluid concentration are therefore determined by
the response function w = w(e, u) via the relations

_ do (e,
e (5.24)
cr = Cr(€,pt) = —%

An immediate consequence of Eq. (5.24) is the Gibbs relation

W =6:€—Crll (5.25)
and the Maxwell relation
a&(euu) aéR(enu)
=— 5.26
au Je (5.26)

The undrained elasticity and stress—chemistry tensors C(e, cg)
and S(e, cr) have natural counterparts in the theory with chemical
potential as independent variable; they are the elasticity tensor

da(e, 1)

C¥(e, n) = e (at fixed p) (5.27)
and the stress—chemical potential modulus
96
S¥(e, 1) = "ée’“) (at fixed €) (5.28)
u

The elasticity tensor (o3 represents the elastic moduli under con-
ditions in which the chemical potential is held constant, and the
fluid is not constrained from flowing in or out of the body during
deformation. In the poroelasticity literature, such conditions are
called drained (cf. Rice and Cleary [5]), and accordingly we call
C¥ the drained elasticity tensor. A “drained” response is attained
for deformations that are slow relative to the time scale of fluid
diffusion.
By Egs. (5.24), and (5.27)

(e, u)
dr )
C%e,u) = & (5.29)
while the Maxwell relation (5.26) implies that
Ocr (€, pt)
dr _ R\€,
S (e, ) = - =5 (5.30)

We now determine relations between these various material
functions. Toward this end, we note, by Eq. (5.19), that we may
relate the alternative descriptions of the stress in terms of (e, cg)
and (€, u) via

a(e,u) =a(e cre, n))

111005-4 / Vol. 82, NOVEMBER 2015

Thus, by Eq. (5.28)

oo
o

~ Ocg Ou

Sdr

and, using Egs. (5.12) and (5.15), we conclude that the
stress—chemical potential and stress—chemistry moduli are related
via

S (e, 1) = S(e, cr) (5.31)

A(e, cRr)

for cr = cr(€, w).

The relation between the elasticity tensor C at fixed chemical
potential to the elasticity tensor C at fixed concentration is based
on computing the partial derivative

0o (€, )

“dr _
CHe.n) ==,

with respect to € holding p fixed. Suppressing arguments and
using components, this derivative of & (e, cr (€, 1)) is given by

@), 0@),0cx
aek] 8L'R 66k1

Thus, since the term

% o

0(6);; o¢
( )]ﬁ Jdc ® de
R

6CR 66k1

is the component form of

We find, with the aid of Eqs. (5.11), (5.12), (5.30), and (5.31), that

C¥(e,n) = Cle,cg) — S(e,cr) ®S(e,cr)  (5.32)

1
A(€7 CR)

for cg = cr(€, 1); equivalently, in components, suppressing
arguments
1

dr _ o~
Cijkl - Cukl A

SiiSu (5.33)

The identity (5.32) has two important consequences. First, given
symmetric tensors A and G

(5.34)

A:(S®S)G=(A:S)(S:G)
=G: (5.35)

(S®S)A
Thus, since C is symmetric and since the fourth-order tensor

S ® S is symmetric, the tensor C¥ is also symmetric. Further, by
Egs. (5.32) and (5.34)

1

A:C(e,cr)A — A : C¥(e, p)A = K(A :S)?
for any tensor A, and since A is positive

A:Cle,cr)A > A: C"(e,u)A forall A#0 (5.36)

Thus C is positive-definite whenever CY is positive definite. We
assume henceforth that both C¥ and C are positive definite.*

“Positive-definiteness is a condition sufficient to ensure that these elasticity
tensors are invertible.
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Remark. The elasticity tensors C* and C are directly analo-
gous to the elasticity tensor at fixed temperature and the elasticity
tensor at fixed entropy, respectively, in the theory of thermoelas-
ticity (cf., e.g., Gurtin et al. [16])—an analogy which is well-
known in the poroelasticity literature (cf., e.g., Rice and Cleary
[5]; Lehner [4]).

6 Linear Chemoelasticity

Guided by the discussion in the previous section, we next
consider a linear theory. With the strain—displacement relation
given by

e:%(Vqu(Vu)T) (6.1)

and using the strain € and the concentration cr as the governing
variables, we take the constitutive equations in the linear theory to
be given by

1 1
(p = ﬂo(CR — CR()) —0—56 :Ce+ (CR — CR())S : 6+5A(CR — CR())Z,

6= Ce+S(cr —cro)s
,u:,u0+S : E-i-A(CR—CRo),
j=-MVpu
(6.2)

where C,S, A, and M are, respectively, the undrained elasticity
tensor, the stress—chemistry modulus, the chemistry modulus, and
the fluid mobility tensor at the reference concentration cgrg. Also,
Ho is a reference chemical potential, and the reference configura-
tion is taken to be stress-free.

By Egs. (5.13), (5.14), and (5.36), the undrained elasticity ten-
sor C is symmetric and positive-definite, and by Eq. (5.16) A is
positive. Finally, by Eq. (5.8), the mobility tensor M is positive-
semidefinite; we strengthen this by requiring that M be positive-
definite

a-Ma >0 for all vectors a # 0 (6.3)

The basic equations of the linear theory of chemoelasticity con-
sist of the strain—displacement relation (6.1), the constitutive
equation (6.2), the local force balance

div[Ce + S(cr — cro)] +b =10 6.4)
and the local fluid balance
¢r = div(MVu) 6.5)

6.1 Isotropic Linear Chemoelasticity. If the body is iso-
tropic, then C, S, and M have the specific forms

C =2Glym + M1 ®1,
S =/1,
M =ml

(6.6)

where ]Isym is the fourth-order identity tensor which maps tensors
to their symmetric counterparts, and with G and 4 elastic moduli,
P the stress—chemistry modulus, and m the fluid mobility.>

Next, we determine the restrictions placed on the moduli G and
/. by the requirement that the elasticity tensor C be positive-
definite. Choose an arbitrary symmetric tensor A and let A’ denote
its deviatoric part

“These results follow from standard representation theorems for isotropic
functions.

Journal of Applied Mechanics

1
A=A (r AN
Then tr A’ = 0 and

1 1 1
A = (A’ +3 A)1> : <A’ +3 A)l) = A"} 3 (r A)?

Thus, the positive-definiteness of C and (6.6), requires that

0<A:CA
= 2G|A]* + A(tr A)?

=2G|A')> + K(tr A)? 6.7)
with
2
K=1+3G (6.8)

Choosing A =1 (so that tr A=3 and A’ = 0) yields K > 0;
choosing A=e®f+f®e with e and f orthonormal (so that
tr A =0 and |A’|* = 2) yields G > 0. Thus, the elastic moduli G
and / satisfy

2
G >0, /1+§G>0 (6.9)

The scalars G and A are generally referred to as Lamé moduli. In
view of Eq. (6.8), the relation (6.6); may alternatively be written
in terms of the scalars G and K as

1
C=26(lyn—3101) +K181 (6.10)

Since C is the undrained elasticity tensor, G is the undrained
shear modulus, while K is the undrained bulk modulus.

Further, since, by Eq. (6.3), M is positive-definite, the fluid
mobility m must be positive

m>0 (6.11)

By Egs. (6.2) and (6.6), the defining constitutive equations for an
isotropic linear chemoelastic solid are

= tole — exo) + Glef + (15 € + Ble — cro) i)

1
+§A(CR —CR())Z,
6 =2Ge+ A(tr €)1+ f(cr — cro)1,
f= po+ B(tr €) + Acr — cro),
j=-mVpu

(6.12)

Granted (6.9), the stress—strain relation (6.12), may be inverted
to give

1

A
= — R — 1 ol e — 1
€=5G (a G137 (tr o) ) + x(cr — Cro)

(6.13)
where
(6.14)

is the coefficient of chemical expansion. Thus, using Eq. (6.8), the
stress—chemistry modulus f is related to the undrained bulk modu-
lus K and the coefficient of chemical expansion » by

p = —3Kx (6.15)

NOVEMBER 2015, Vol. 82 / 111005-5

Downloaded From: http://appliedmechanics.asmedigitalcollection.asme.or g/ on 09/16/2015 Terms of Use: http://www.asme.or g/about-asme/ter ms-of-use



Recall from Eq. (5.32) that the drained elasticity tensor C¥ is
related to the undrained elastic tensor C by

. 1
Cd (e,[.l) = C(E,CR) —mS(G7 CR) ®S(€,CR) (616)
Thus, using Eqgs. (6.7) and (6.15)
1
C¥r =26 (Lym -31® 1) +K"1®1 (6.17)
where
2 2
9K x
dr __ I _
K=K A K(l A ) (6.18)

* The undrained and drained shear moduli are therefore identi-
cal, while the drained bulk modulus K% is related to the
undrained bulk modulus K through Eq. (6.18).

Also, from Egs. (6.6), and (5.31)

p
ST =="1 6.19
N (6.19)
so that
o= C%+ 8" (1 — o),
i (6.20)
=2Ge + % (tr €)1 + A (1 — pp)1
with
o 2
Jar el pear 36 (6.21)
a drained Lame modulus. Also, from Eq. (6.12);
W= kgt 62
CR Cro = A T € A u Ho .

Thus, the constitutive equations for isotropic linear chemoelastic-
ity, with € and p as independent variables, are given by

7dr

pl
0= —exo(— 1) +Glef + (e 4 (u— e e
11 ,
) .
6 =2Ge+ 1% (tr €)1 —|—£(,u—u0)l, '
1
CR = CRo —%(tr €) +X(H — Ho),
j=—mVpu

Next, when B is homogeneous and isotropic, then G, A%, f, A,
and m are constants. In this case, since

2dive = div(Vu + (Vu) ") = Au + Vdivu
and
div[(tr €)1] = div[(div u)1] = Vdiv u
the force balances (2.1) and (6.23), yield

p

GAu+ (¥ + G)Vdiv u + AVitb=0 (6.24)

111005-6 / Vol. 82, NOVEMBER 2015

Further, the fluid balances (3.4) and (6.23); yield

1
K/l = mAp + ﬁdiVl:l (6.25)

A

Remark. The system of coupled partial differential equations
(6.24) and (6.25) for isotropic linear chemoelasticity are formally
equivalent to those for the classical coupled theory of isotropic
linear thermoelasticity (cf., e.g., Gurtin et al. [16]). In that context,
u denotes the temperature, (1/A) > 0 is the heat capacity, and
m >0 is the thermal conductivity. There, the term (f/A)Vpu
arises from the thermal stress, and the term (f/A)div u corre-
sponds to the internal heating due to the dilatation rate. In ther-
moelasticity, a simplifying approximation, which is often adopted
to facilitate the solution of problems, is to neglect the coupling
term (f/A)div u in the partial differential equation (6.25). Under
this approximation, the resulting theory is referred to as the
weakly coupled theory of isotropic linear thermoelasticity.

7 Isotropic Linear Poroelasticity

In this section, we specialize the linear chemoelasticity theory
discussed in the previous section to model linear poroelastic
materials. Thus, B now represents a deformable porous medium.
For a porous body a “material point” x € B is an infinitesimal ele-
ment of volume which is assumed to be large enough to be repre-
sentative of the material, but small enough so that the strains and
stresses in this infinitesimal volume are adequately approximated
to be homogeneous.

We begin by introducing some definitions essential to the
theory of linear poroelasticity:

* Volume fraction of porosity:
An infinitesimal volume element dvg of the reference porous
body B is mapped to a volume

dv=Jdvg inB (7.1)
where, as is standard, for small deformations
J=1+tre (7.2)

Let dvpore denote the volume of the connected pores in dv,6
and let

et Ppore 3 (1.3)
dv

denote the volume fraction of porosity in the deformed body;

note that ¢ € [0, 1).

Using Eq. (7.1), we define a referential measure of the poros-

ity by

v
R DR = g (74)
dVR
and denote its initial value by
Pro = Po (1.5)

* Molar mass, mass density, molar volume of fluid:
We denote the molar mass of the fluid by M, its mass den-
sity by ¢/, and its molar volume by @ = M/ /0. Corre-
spondingly, the constant referential molar volume % is the
molar mass M’ divided by the constant referential mass den-

sity p’l;.
®Not occluded pores.
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* Concentration of fluid:
In poroelasticity, the fine-scale pores pace of the material is
typically assumed to be fully saturated with the fluid.
Under this assumption, the amount of fluid in terms of num-
ber of moles of the fluid per unit volume of the deformed
body is

c= % mol/m3 in B (7.6)
Then
R e = LR (1.7

o

represents the number of moles of the fluid per unit reference
volume. The initial value of cg is

Pro _ Do
CRO = —F = —¢+ (78)
xR %
* Mass content of fluid:
The referential fluid mass content is defined by
- def :
iy = Mg = o/ Ver = o/ g (7.9)

The initial value of m’l; is

Cdef : :
mlyy = M cro = phQhcro = phPro (7.10)
* Variation of fluid content:
The dimensionless quantity
g dif <m)l; - m{{())
Pk
f (7.11)

represents a normalized measure of the variation of the fluid
mass content. Consistent with the terminology in the poro-
elasticity literature, we call { the variation of fluid content.

The quantity { may alternatively be expressed as

- (575)- (o

Hence, note that

(7.12)

— ( accounts for a change in the volume fraction of pores, as
well as a change in the density of the fluid.
Remark. The quantity

I E1 4+ 0 (cr — cro) (7.13)
represents a volumetric swelling-ratio due to the change in
concentration of the fluid molecules in the body. Note that
in general J is different from J* due to additional mechani-
cal deformation. Thus,

(T —1 =0 (cr — cro) (7.14)

also represents a measure of volumetric strain caused by the
insertion of the fluid molecules in the body.

7.1 Biot’s Theory. In this section, we show that Biot’s classi-
cal theory of linear isotropic poroelasticity [1-3], may be obtained
as a special case of the linear isotropic chemoelasticity theory

Journal of Applied Mechanics

detailed in the previous section. Thus, consider a free energy func-
tion of the form

1 1
¥ = uo(cr — cg,) + Gl€)* + EK(tr €)’ — aM(tr €)¢ +§MCZ
(7.15)

For the free energy (7.15), Egs. (5.6) and (5.7) give the stress and
chemical potential as

6 =2Ge+ (K — (2/3)G)(tr €)1 — aM(1, } (7.16)

= i + Qg (—aM(tr €) + M()
Comparing Egs. (7.15) and (7.16) to Eq. (6.12), the undrained
elasticity tensor has the same form as discussed previously in

Eq. (6.10), while the stress—chemistry modulus f and chemistry
modulus A are given by

f=—aMQ and A=M(Q) (7.17)

respectively, where

* M is a Biot modulus and
* ¢ is a Biot coefficient.

As before, positive-definiteness of the elasticity tensor C
requires that

G>0 and K>0 (7.18)
and positivity of the chemistry modulus A requires that
M>0 (7.19)

Next, recalling Eq. (6.18), the drained bulk modulus is given by

def

K"SK —o’M (7.20)
and positive-definiteness of co requires that
K">0 (7.21)

Hence, using (e, i) as the independent variables, Egs. (6.23) and
(7.17) give the constitutive equations for ¢ and  as

6 =2Ge+ (K — (2/3)G)(tr €)1 — a<" ."°> 1,

%

(7.22)
L(p—to
M\ of

(=o(tre)+—

From Eq. (7.22),

(7.23)

U=constant

Thus, the Biot coefficient « determines the ratio of the change in
the fluid content to the change in the macroscopic volumetric
strain when the chemical potential p is held constant. If o =0 then
the fluid content does not change due to a prescribed volumetric
strain, while if =1 the variation in the fluid content is equal the
volumetric strain. We assume that (cf. Eq. (A.16))

0<a<l (7124
Finally, let
p& (7.25)
%
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define a pore-pressure. Then the constitutive equations (7.16) and
(7.22) may be written as

6 =2Ge+ (K — (2/3)G)(tr €)1 — aM(1, }
(7.26)
p—po=—oM(tr €) + M({

and

0= 2Ge + (K ~ (2/3)G)(1r €)1 ~a(p — po)1.
{=ualtre)+ % (p —po) } (7.27)

These constitutive equations are identical to the classical constitu-
tive equations of Biot’s linear theory of isotropic poroelasticity.’
The stress—strain relation (7.27); may be equivalently written
as
Ocff — 2Ge + (Kdr —

(2/3)G)(tr €)1 (7.28)

where

def
Geit = 6 + apl (7.29)
defines an effective stress. The Biot coefficient o is also known as
the effective stress coefficient in the literature. The concept of
effective stress is due to Terzaghi and Froolicj [23], and is of great
importance in poroelasticity.

7.1.1 Fluid Flux. Recall from Eq. (6.12),, that for isotropic
linear materials the fluid flux is given by

j=-mVu with m>0 (7.30)

Also, from Eq. (7.25) we have that p = QfR , use of which in
Eq. (7.30) gives the molar fluid flux as

j=—(mQ)gradp (mol/(m>s)) (7.31)
The volumetric fluid flux is given by
qEQj (m/(m’s)) (732)
Using Eq. (7.31) in Eq. (7.32), gives Darcy’s law [24]
q = —k grad p (7.33)
where
K= m(Qf)? (7.34)

is the permeability of the porous solid. Because the permeability
of the fluid through a porous solid depends on the fluid viscosity
and the geometry of the fluid pathways, in the poroelasticity litera-
ture k is often expressed as®

>~

k

~da 7.35
p (7.35)

“In the Appendix, we discuss an alternative form of the constitutive equation
(7.26) in terms of a change in the porosity ¢y, rather than in terms of the variation of
fluid content (.

8In the poroelasticity literature one also finds use of a quantity ¢ called the
hydraulic diffusivity. It is related to the permeability & and the other material
parameters of the theory by

e k(K — KK + (4/3)G)
‘T2 K+ (4/3)G (7.36)
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where
» 1f is the viscosity of the pore fluid (Pa-s) and
* k4o 18 a permeability coefficient with dimensions of length
squared. Values of kg, are often given in darcies (1 darcy =
1072 m?).

Hence, from Egs. (7.34) and (7.35) the relation between the
mobility 7 and the quantities (kg,, 1), which are typically used in
the poroelasticity literature, is

B (Qlf)2 (%)

8 Summary of the Theory of Linear
Isotropic Poroelasticity

(7.37)

As derived here, the theory of isotropic linear poroelasticity
relates the following basic fields:

u Displacement field

€=3 (Vu— (Vu)T) Strain

4 Cauchy stress

CR Referential fluid concentration

CRO Initial value of cg

% Referential molar volume of the fluid
(= %(C’R — CRro) Variation in fluid content

u Chemical potential

j Fluid molar flux

8.1 Constitutive Equations. The set of constitutive equations
are:

* Equations for the stress and chemical potential

6 =2Ge + (K — (2/3)G)(tr €)1 — aM(1, }
(8.1)
1= tg + Qe (—xM(ir €) + M)

¢ Fluid flux:
The fluid molar flux is given by

j=-—mgradpu (8.2)

To complete the constitutive model for a particular material the
material parameters that need to be specified are

<G7K7 o, M, m)

together with a reference value i for the chemical potential. The
Biot modulus M is related to the undrained bulk modulus K, the
drained bulk modulus K%, and the Biot coefficient o by

K— K"

M
o2

(8.3)

Also, the scalar mobility m is related to the viscosity of the pore-
fluid #" and the permeability coefficient kg, by

"= (v)
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8.2 Governing Partial Differential Equations, Boundary
and Initial Conditions. The governing partial differential equa-
tions consist of:

(1) The local force balance

dive+b =20 (8.5)

where the stress ¢ is given by Eq. (8.1);, and b is the non-
inertial body force.
(2) The fluid balance equation is
r = —divj (8.6)
with the fluid flux j given by Eq. (8.2), and the chemical
potential i by Eq. (8.1),.

With S, and S; denoting complementary subsurfaces of the
boundary OB of the deformed body B, as boundary conditions we
consider a pair of simple boundary conditions in which the dis-
placement u is specified on Sy and the surface traction on S¢

u=u on Sux[07T}7} 87

on=t on S x[0,T]

With S,, and S another pair of complementary subsurfaces of the
boundary 0B;, we also consider boundary conditions in which the
chemical potential is specified on S, and the spatial fluid flux
on Sj

n=Q

= (8.8)
j-n=j

on S, x[0,T],
on §jx[0,7]

The initial data is taken as

u(x,0) =0, and u(x,0)=y, in B (8.9

The coupled set of Egs. (8.5) and (8.6), together with Eqgs.
(8.7)—(8.9), yields an initial/boundary-value problem for the dis-
placement u(x, 7) and the chemical potential p(x, ).

Finally, the constitutive equations, governing partial differential
equations, and the initial/boundary conditions may of course be
equivalently stated in terms of the pore-pressure p, simply by

replacing u by ,u/Q’l;.

9 Concluding Remarks

We have presented a new derivation of Biot’s theory of linear
poroelasticity, and shown that it may be deduced as a special
case of a more general theory of chemoelasticity. This corre-
spondence between poroelasticity and chemoelasticity should
be useful in generalizing the linear theory of poroelasticity to
the nonlinear finite deformation regime—a regime in which the
nonlinear theory of chemoelasticity [16] has already found
recent success in modeling the response of elastomeric gels
[18-21].
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Appendix: An Alternative Form of the Constitutive
Equation (7.26) in Terms of the Change in Porosity:
Estimates for the Material Parameters o, K, and M

In this section, we consider an alternative form of the constitu-
tive equations in terms of the change in porosity. We also discuss
how, under certain circumstances, the material constants o, K, and

M may be estimated in terms of the bulk moduli of the fluid and
solid constituents. Henceforth, for ease of notation, we write

P=DP—DPo

From Eq. (7.12)

LAV
(p{)d)R Pro>

~
RN

-k
(d) d)RO ( p}l;

A “linearized” version of (A.1) which only retains terms to first
order in the changes (p/ — P{z and (pg — Pgo) gives

{=(¢r — Pro) + <pf /7{{> Pro

PR

(A.1)

) $ro + (Pr — Pro))

(A2)

For small changes in fluid density, we adopt a simple constitutive
equation of the form

L/ (A3)

A K

with p the pore-pressure and K/ > 0 a bulk modulus for the fluid.
Use of Eq. (A.3) in Eq. (A.2) gives

¢
{=(¢r — Pro) + _KI}OP (A.4)
Substituting Eq. (A.4) in Eq. (7.27),, viz.,
v_ 12
{=uatre) +M
gives
_ P
(Pr — dro) = a(tr €) + A (A.5)
b

where we have introduced another Biot modulus M), defined as

Larl  ¢ro
——— A.6
M, M K (A-6)
For later use, from Egs. (A.6) and (7.20), note that
1 gt o
e Pro (A7)

M, K-—K&% K

Thus using Eq. (A.5), the constitutive equation (7.27) may be
rewritten as
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o= 2Gé€,

1
Jtro = K% (tr €) — ap, (A.8)

p = —aM(tr €) + M, (¢pg — Pro)

Al. Estimates for the Material Parameters o, K,
and M. The discussion in this section is taken directly from Rice
and Cleary [5] and Rice’s unpublished notes. There is a simple
but often applicable situation in which the constants o, K, and M
may be estimated in terms of the bulk moduli of the fluid and solid
constituents. Suppose that all the pore space is fluid infiltrated,
and all the solid phase consists of material elements which
respond isotropically to pure pressure states, with the same bulk
modulus K°. Suppose we simultaneously apply a pore-pressure

p=r' (A9)
as well as a macroscopic stress amounting to
6=—pi1

at each point in the solid phase, so that each point in the solid part
of the porous material is subjected to the same isotropic pressure

f%tm:pf (A.10)

Because of the homogeneous state of pressure in the saturated
porous material, the fluid phase could be replaced by the solid
phase without any modification of the stress state. The medium
behaves exactly as it was composed of single phase of bulk modu-
lus K*. This means that all linear dimensions of the material—
including those characterizing the void size—reduce by the frac-
tional amount p' /3K*, causing the macroscopic volumetric strain

n
p
tre =—— A1l
re Kf ( )
and change in porosity
— il
M S (A.12)
Pro K
or
p’r
Pr — Pro = Pro <_IF) (A.13)

The stress—strain—pressure relation (A.8),, viz.,
1 dr
gtro' =K"(tre) —ap

must be consistent with the special state just discussed, and by
substituting Egs. (A.9)—(A.11) in it we obtain

T
T —P
—pl =K (?> —op'

which upon rearranging yields the following estimate for the Biot
coefficient

(A.14)

Kdr
t0=1—-—

< (A.15)
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Since K9 < K*, Eq. (A.15) implies that

O0<a<l1 (A.16)
The parameter o will be near its upper limit o =1 for very porous
materials since for such materials K% < K.

Next, the constitutive equation (A.8)3, viz.,

(9 — o) = o ©) + 11

must also be consistent with the special state just discussed, and

by substituting Egs. (A.9), (A.11), (A.12), and (A.7) in it we
obtain

i i 2
i W v dro
wolie) =o() (e )

from which we obtain the following estimate for the undrained
bulk modulus:

(A.17)

KK

K = Kdr +—
K5 o + KT (o0 — ¢ro)

(A.18)

This equation relates K to K, the porosity ¢, and the bulk mod-
uli of the solid and fluid phases, K* and K, respectively. As
expected intuitively, when the fluid cannot flow out of the porous
material, the porous material is stiffer so that

K > K

Finally, from Eq. (A.18) we obtain the following estimate for M

1 _¢R0 % — Pro

=— Al
M Kf Ks (A-19)
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