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Abstract

A 2-d dislocation pile-up model is developed to solve problems with arrays of edge dislocations on one or

multiple slip planes. The model developed in this work has four unique features: 1) As a continuum mechanics

model, it captures the discrete behaviors of dislocations including the region near pile-up boundaries. 2)

It allows for a general distribution of dislocations and applied boundary conditions. 3) The computational

complexity does not quadratically scale with increased number of dislocations. 4) The effect of anisotropy

and stacking fault energy can be naturally modeled. Pile-ups against a lock under shear load are extensively

investigated, which shows the dependence of near-lock piles distribution on the total number of dislocations.

The stacking fault energy effect is found to be positively correlated to the length of an equilibrated pile-

up. The stress intensity near a bi-metallic interface is studied for both isotropic material and anisotropic

materials. The model is validated by reproducing the solutions of problems for which analytical solutions

are available. More complicated phenomena such as interlacing and randomly distributed dislocations are

also simulated.
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1. Introduction

The prediction of plastic deformation of metals has been an important research topic for decades, which

primarily reduces to the question of properly understanding the motions of dislocations as the major cause

of plastic flows in metals. A modern plasticity theory, Field Dislocation Mechanics (FDM), has been devel-

oped to predict the time-dependent mechanical response of bodies containing a distribution of dislocations5

mathematically represented by the dislocation density tensor. FDM has been completed, generalized, and

understood as a rigorous, continuum thermomechanical model of dislocation dynamics and its collective

behaviors ( Acharya (2001, 2003, 2004); Acharya and Roy (2006); Acharya (2010, 2011)). The theory has

been majorly applied to modeling some physically interesting phenomenological plasticity problems, for

instance, size effects and back-stress development (Roy and Acharya (2005); Puri et al. (2010, 2011a,b)).10

Although these works take into account the dislocation generation and motion statistically based on the

dislocation density tensor, the discrete nature of dislocation evolution, which becomes very important when

the characteristic length of internal deformation fields or external sample size is at micron/submicron scale
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(Berdichevsky and Dimiduk (2005)), has not been fully captured. Therefore, one of the objectives of this

work is to demonstrate the capability of FDM in modeling and predicting the motions of dislocation mi-15

crostructures. A well-known benchmark problem that serves such a purpose is the study of dislocation

pile-ups, which, in addition to providing a key mechanism for size effects, (Mesarovic et al. (2015)), also

plays an important role in other phenomena such as work-hardening, yielding, and cleavage.

The solution to the dislocation pile-up problem was first attempted by Eshelby, Frank and Nabarro Es-

helby et al. (1951), who framed the question as follows: considering an array of identical straight dislocations20

on the same slip plane forced against an impenetrable wall, what are the equilibrated positions/distribution

of the dislocations and their corresponding stress fields? It should be clearly noted that the problem stated

as such is mathematically simplified by the assumption of long, straight slip bands despite the fact that such

slip bands are rarely observed experimentally. The impenetrable walls are also mathematically abstracted

from various physical objects in general, such as grain boundaries and bimetallic interfaces (Pacheco and25

Mura (1969)). However, despite such simplifications, solving pile-up problems is difficult in the sense that

the equilibrium state of each dislocation is determined by the combination of mutually repulsive/attractive

dislocation interactions and the externally applied loads. From a numerical point of view, the computational

cost of handling interactions between pairs of dislocations scales quadratically with the number of disloca-

tions, which is known as the major bottleneck for Discrete Dislocation Methodologies in simulating strain30

hardening. Our model does not have this constraint but requires a good quality of mesh refinement near

dislocation cores. So the computational cost scales with the number of grid points.

As a brief review, we list some classical methods that have been developed specifically for solving dislo-

cation pile-up problems.

i The first model developed by Eshelby et al. (1951) is based on the balance of Peach Kohler forces on35

each dislocation, i.e.,
n∑

i=1,i6=j

A

xj − xi
+ P (xj) = 0, j = 1, 2, ....n. (1)

where xi,j are the i, jth dislocation positions to be solved; n is the total number of dislocations; P (xj)

is the applied stress at the jth dislocation; A is a constant depending on the dislocation type with

A = µb/2π(1− ν) for edge dislocations. Eq. (1) is solved by introducing a polynomial,

f(x) =

n∏
i=1

(x− xi) (2)

such that one can equivalently convert it to the following ordinary differential equation,40

f
′′
(x) + 2P (x)f

′
(x) + q(n, x)f(x) = 0 (3)

Eq. (3) is solvable provided that q(n, x) is chosen in a way such that the equation has a nth degree

polynomial solution whose roots are real and distinct; thus xj can be determined as the roots of

a set of orthogonal polynomials subjected to certain constraints. However, this immediately sets a
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limitation to the method since finding proper q(n, x) becomes mathematically difficult for arbitrary

loading/boundary conditions.45

ii Head (1959) considered solving double pile-ups and interlacing problems by numerically exploring

Eshelby‘s method. Here double pile-ups refers to a group of positive dislocations next to a negative

group while both groups are forced to glide in opposite directions and form pile-ups on two sides.

Interlacing refers to two groups of dislocations with opposite signs that lie on adjacent slip planes. The

leading dislocations of adjacent planes may interlace and set the whole system equilibrium. Head‘s50

method requires applied stresses large enough so that dislocations cannot annihilate in double pile-ups.

Also, the interlacing of more than three pairs of dislocations is reported to be intractable.

iii Leibfried (1951,1954) shows that one can obtain approximate solutions by treating discrete dislocations

with continuously distributed dislocation density that can be determined from an integral transform.

This methodology is applied in recent works, e.g., Akarapu and Hirth (2013) and Ockendon et al.55

(2007), to study pile-ups and double pile-ups. However, it has been demonstrated that neglecting

short range interaction effects leads to inaccurate results Roy et al. (2008). A semi-continuum version

has to be developed Hall (2011) in an attempt to improve the appropriateness of Leibfried’s model in

approximating discrete microstructure near the pile-up head with continuous functions.

iv Voskoboinikov et al. (2007a) proposes a methodology that accommodates the near-lock behavior of60

pile-ups by discretely representing dislocations in the near-lock field and matching the discrete stress

field with the far field stress (where dislocations are still continuously represented with dislocation

density). The method is applied in solving pile-ups against bimetallic interface Voskoboinikov et al.

(2007b) and Voskoboinikov et al. (2009). However, the method is only valid for constant shear load

and infinite isotropic domain. Some upscaling methods for dynamics of dislocation walls by means65

of Γ convergence on the space of probability measures have been recently developed (van Meurs and

Muntean (2014) Scardia et al. (2014)). Those methods only deal with dislocation walls (pile-ups on

n slip planes with n → ∞) despite the non-physical assumption that dislocations move in the form

of walls. Rezaei Mianroodi et al. (2016) applied Peierls-Nabarro model to solve such problems and

report qualitative agreement with discreteness based methods.70

The methodology proposed in this work stems from the 2-d FDM framework developed in Acharya and

Zhang (2014); Zhang et al. (2015), where the motion of dislocations is governed by a kinematical rule of

the plastic strain implying the conservation law of the Nye tensor (The detailed proof of this geometrical

argument can be traced back to Acharya (2011)). The whole system is governed by a set of partial differential

equations and therefore the computational cost does not explicitly depend on the number of dislocations.75

This differentiates our model from all discrete-based methodologies. In the 2-d FDM approach, modeling dis-

location microstructures is made possible by building multi-well non-convex inelastic energy and dislocation

core energy into the system dissipation, which has the advantage in terms of capturing discreteness behav-

iors, compared to the continuum and semi-continuum approaches derived from Leibfried‘s model. This
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inelastic energy can be analogous to the stacking fault energy accounted for in phase-field (Shen and Wang80

(2003),Wang et al. (2001), Wang and Li (2010)) and Peierls-Nabarro (PN)-based (Hu et al. (2004), Xiang

et al. (2008), Mianroodi et al. (2016)) dislocation models. We should point out that those continuum models

also have potential to model equilibrated discrete dislocations and their interactions. However, none of the

models have yet solved the problems presented in this paper, i.e., explicitly modeling discrete dislocations

(up to 500) with nonlocal stress field in the 2-d domain.85

It should be pointed out that both stacking fault energy and dislocation core energy are physical quantities

and that can be fitted from finer scale calculations. Therefore, our model serves as a multiscale modeling

tool that connects the mesoscale phenomena of dislocation pile-ups to the finer scale of atomic information.

In this paper, we validate our model by first solving a few classical problems for which analytical solutions

exist. Some more complicated phenomena such as interlacing are thereafter modeled. Specifically, the prob-90

lem of dislocations piled-up against a bi-metallic interface is investigated for both isotropic and anisotropic

materials. It is shown that behaviors of individual dislocations are well captured, including in the near-

interface region. We are able to establish the relationship between the applied stress and the dislocation

spacings near the head of the dislocation pile-up. The capability of modeling a quite general distribution

of many dislocations is shown by simulating a body with randomly distributed dislocations, for which the95

stress-strain response is examined. The problem of dislocations pile-up against a lock under shear load is

addressed in details. We show the near-lock distribution of dislocations depends on the number of disloca-

tions (up to 100). The pile-up length at equilibrium is shown to be negatively correlated to the generalized

stacking fault energy. Note that a recent study (Pan et al. (2015)) of pile-up effect in micro-pillars using

statistic model suggests that low stacking fault energy exhibits more obvious plie-up effect (a longer pile-up100

length). Our findings support their conclusions from the microscopic point of view.

The rest of the paper is organized as follows, in section 2 the formulations of the model are described;

section 3 presents numerical examples where a group of dislocations that

1. lie between two locked dislocations subjected to zero loads.

2. are distributed along the neutral axis of a cantilever beam subjected to transverse loading.105

3. are forced to pile-up against a locked dislocation. (The pile-up effect corresponding to varying stacking

fault energies is presented here as well.)

4. are attracted to a group of free negative dislocations of opposite sign on another parallel slip plane:

interlacing.

5. are forced to pile up against the material interface in a bi-metallic body (isotropy/anisotropy).110

6. are randomly distributed along parallel slip planes.

2. 2-D edge dislocation model derived from FDM

We refer to Acharya and Zhang (2014) for a detailed description of the 2-d edge dislocation model,

including the derivation and the numerical scheme. Here we summarize the governing equations and involved
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geometric and constitutive ingredients. Consider the following geometry as illustrated in Fig. 1:

Ω = {(x, y) : (x, y) ∈ [−W,+W ]× [−H,+H]} ,

L = {(x, y) : (x, y) ∈ [−W,+W ]× [−b,+b]} ,

0 < b < H, W > 0,

where b is the length of Burgers vector, acting as a characteristic length scale. The model may be viewed as

a composite comprising layers whose response is elastic-plastic due to dislocation arrays, and elastic regions,

Ω \ L, whose stress response is purely linear elastic. The thickness of the plastic layer, i.e., the separation115

between the adjacent atomic planes, is assumed to be 2b.

The dissipation of the whole body is defined as the difference in the rate of working of external forces

and the rate of stored energy and only arises from the layers (since everywhere else the body is elastic).

Assuming a stored energy density function of the form

ψ (εe,α) + η (Up) (4)

Figure 1: Schematic of a discrete edge dislocation array.

where εe is the symmetric part of the elastic distortion U e, thus the Cauchy stress tensor is defined as120

T = ∂ψ/∂εe. The function ψ is assumed to be positive-definite quadratic in εe and the function η is multi-

well non-convex, endowing the energy function with slip barriers and conferring preferred energetic status

to certain plastic strains. Together, these two functions enable the robust modeling of overall total strain

distributions in the layer displaying localized, smooth transitions between slipped and unslipped regions (or

between the preferred strain states encoded in η). This crucially requires adding an energetic penalty to125

the development of high values of the dislocation density α, referred to as a core energy. It is numerically

demonstrated in Zhang et al. (2015) that the balance between these thermodynamic forces sets the dislocation
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core width at equilibrium. It is to be noted that the core energy is a fundamental physical ingredient of our

model and not simply a mathematical regularization.

The following assumptions are considered for the derivation of the model:130

1. small deformation;

2. plastic strain Up only has one non-vanished component, defined as φ(x, t), i.e., φ = Up12;

3. all dislocations are of edge type and move along the e1 direction.

The rest of the derivation follows rigorous considerations of the 2nd thermodynamic law in the sense that the

dislocation velocity function is chosen in the direction of the driving force (in the context of crystal plasticity135

theory Rice (1971)) to guarantee positive dissipation rate of the system at any instant. As a result, the

governing equations of the derived model read,
ρü =

∂Tij
∂xj

φt =
1

Bm bm−1

∣∣∣∣ ∂φ∂x1
∣∣∣∣2−m(τ − τ b + ε

∂2φ

∂x12

) (5)

where

τ =
1

2b

∫ b

−b
T12(x, y, t) dy , Tij = Cijkl (uk,l − Upkl)

Cijkl = λδijδkl + µ (δikδjl + δilδjk)

τ b =
∂η

∂φ
=

2µφ̄

π
sin

(
2π
φ

φ̄

)
.

Note that τ is defined as the shear stress averaged across a plastic layer. The material properties are

exclusively controlled by Lamé constants λ, µ, the drag coefficient B̃m, the shear wave speed Vs ( calculated

as Vs =
√
µ/ρ,) and the diffusion parameter ε. The exponent m relates to the choice of the drag function140

for the dislocation velocity and is set to m = 1 for all simulations. The system is then scaled by introducing

dimensionless variables,

x̃ =
x

b
, t̃ =

Vst

b
, ũ =

u

b
, T̃ =

T

µ
, τ̃ b =

τ b

µ
, ε̃ =

ε

µb2
, B̃m =

Vs
µ/Bm

(6)

which leads to the following nondimensionalized form of system (5),
∂2ũ

∂t̃2
=
∂T̃ij
∂x̃j

∂φ

∂t̃
=

1

B̃m

∣∣∣∣ ∂φ∂x̃1
∣∣∣∣2−m(τ̃ − τ̃ b + ε̃

∂2φ

∂x̃1
2

) (7)

In the limit of the loading rate Γ going to zero, the time evolutionary system (7) converges to a quasi-static

response. This is realized by introducing a slow time scale145

s = Γ t̃ (8)
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and substituting s into system (7). Γ � 1 gives,
0 =

∂T̃ij
∂x̃j

in Ω

0 =
1

B̃m

∣∣∣∣ ∂φ∂x̃1
∣∣∣∣2−m(τ̃ − τ̃ b + ε̃

∂2φ

∂x̃1
2

)
in L

(9)

FEM is used to solve the equation for balance of linear momentum in a staggered scheme that utilizes

the plastic distortion Up as a given quantity obtained by evolving Up (or φ) in the remaining part of the

scheme. φ is solved from in a gradient flow fashion on slow time scale s until ‖φs‖∞ (considered as the

residual) becomes smaller than a predifined dimensionless tolerance. Namely, we evolve φ from some initial150

conditions φ(x, 0) according to 
0 =

∂T̃ij
∂x̃j

∂φ

∂s
=

1

B̃m

∣∣∣∣ ∂φ∂x1
∣∣∣∣2−m(τ − τ b + ε

∂2φ

∂x12

) (10)

until the dimensionless norm ‖φs‖∞ ≤ 10−6, with balance of linear momentum satisfied at all instants.

It bears an emphasis that the equilibria of (φ,u) obtained as such are not strict, as the determination of

true equilibria usually requires the residual reaches below ∼ 10−10. However, as numerically demonstrated

in Das et al. (2012), the translational motions of dislocations and the change of stress fields both become155

indistinguishable when ‖φs‖∞ ≤ 5 × 10−5. And since dislocation positions and stresses are the only two

unknowns of interest for our pile-up problems, a tolerance of 10−6 serves as a conservative choice. To

be complete about this statement, one might distinguish a minor change in dislocation core shape from

‖φs‖∞ = 10−6 to 10−10. This core change has an approximate 10−5µ effect in determining Peierls stress

problem (Zhang et al. (2015)).160

3. Numerical solutions to some pile-up problems

3.1. Dislocations lying between two locked ends.

Consider an array of n dislocations with the outer two locked. A shear load is applied through the

Neumann boundary condition:

t = τa (n2e1 + n1e2) (11)

where τa denotes the shear load magnitude.165

Recall that the spatial derivative of the plastic strain represents the dislocation density, i.e., −φx(:=

∂φ/∂x) = α13(x). Therefore, one can define the initial distribution of dislocations by making use of a linear

combination of the hyperbolic tangent function

φq(x) =
φ̄

2
tanh(a(x− xq)) +

φ̄

2
, (12)
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where φ̄ is chosen to be the spacing between two neighbouring preferred plastic strain states encoded in (4).

φqx gives a localized dislocation peak at x0. A superposition of φq(x, 0) gives any distribution of dislocations170

along the slip plane at locations xq (the location of a dislocation is defined to be the coordinate of the peak of

φx), whose core width at equilibrium is determined by the combining effects of dislocation density gradient

εφxx and the multi-well energy η. Table 1 lists all material parameters used in the simulation.

Name Physical definition value units

E Young’s modulus 70 GPa

µ shear modulus 26 GPa

Vs shear wave velocity 3130 m/s

B̃m drag coefficient 0.0297 µ/Vs

ε core-energy strength 0.25 µb2

W,H domain width & height 103 × 103 b× b

h layer element width 0.1 b

φ̄ well spacing 0.5 /

|e|φ tolerance for φ equation 10−6 µ/B̃mb

Table 1: Simulation parameters.

The parameter values are not exactly for one specific material. The modulus and Poisson ratio are in

accordance with Aluminum. The core energy strength has the unit of µb2 whose dimensionless value is175

adopted from Acharya (2010) and adjusted accordingly. The drag coefficient is taken from Kubin et al.

(1992). The FE mesh can largely affect the overall computational complexity. Fig. 2 shows the FE mesh

used where only elements within and near the layer are highly refined by using a transition-layer meshing

technique. The mesh dependence study of the model performed in Zhang et al. (2015) has demonstrated a

good convergence, especially when the mesh size in the layer is below b/3. All the problems presented in180

this paper are solved on a mesh which has layer elements of size 0.1b. As the first examples, we generate 5

and 7 dislocations with initial positions (s = 0) shown in the first row of Fig. 4(a) and 4(b).
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Figure 2: Transition-layer technology is used to generate a

layer-refined mesh.
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51e 5

 |φs |∞ (µ/Bm b)

tolerance for equilibrium

Figure 3: ‖φs‖∞ evolution on dimensionless quasi-static time

scale s. The dotted line denotes the predefined tolerance for

equilibrium.

We consider the loading free case which can be solved analytically (Eshelby et al. (1951)). The analytical

positions are found by calculating the roots of the first derivative of the (n− 1)th Legendre polynomial. To

solve this problem with our approach, system (10) is evolved until equilibrium is numerically achieved, i.e.,185

‖φs‖∞ < |e|φ, where ‖φs‖∞ is the L∞ norm of |φs|. The outer two dislocations are locked by enforcing

‖φs‖∞ = 0 within their cores. During the evolution, it is observed that ‖φs‖∞ asymptotically goes to zero

(Fig. 3) and the dislocations move towards their equilibrated positions as shown in Fig. 4(a) and 4(b). Our

numerical results are found to quantitatively agree with the analytical solutions which are marked by dotted

lines.190
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(a) n = 5 dislocations
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(b) n = 7 dislocations

Figure 4: Under zero applied stress, positions of dislocation array (with outer two locked) predicted by the model agree with

the analytical solution proposed by Eshelby et al. (1951) (marked by dotted lines). Top: initial condition of pile up. Bottom:

equilibrated dislocation array.
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3.2. A group of free dislocations in a transversely loaded beam

Consider n free dislocations lining up along the neutral plane of a transversely loaded beam supported

at double ends. This problem was originally proposed and solved in Eshelby et al. (1951) and consequently

studied in Chakravarthy and Curtin (2010) and Akarapu and Hirth (2013). Those works needed to assume

a load of linear gradient form, i.e., x(dP/dx) due to the 1-d set up of their models. Here we can model the195

loaded beam directly in 2-d, which allows for a more realistic representation of the stress field. Consider the

geometry of the domain as

Ω = {(x, y) : (x, y) ∈ [−500b,+500b]× [−25b,+25b]} (13)

A transverse pressure is applied on the y = 25b surface. The n free dislocations are initially distributed

arbitrarily along the neutral plane. One cannot analytically obtain the locations of each dislocation, but

only a upper and lower bound for the final distributions. According to Eshelby et al. (1951), the equilibrated200

locations of dislocations are expected to lie in the region of

|x| <

√
(2n+ 1)A

dP/dx
(14)

which is marked by the black dotted lines in Fig. 5(a) and 5(b). Numerical results from our model is shown

in Fig. 5(a). Even when initial distributions of dislocations are far away on the right end, all dislocations

move to the left with both core widths and dislocation spacings constantly being compressed during the

evolution of the system. The territory of the final dislocation clusters falls exactly in the upper and lower205

bounds of Eq. (14). The corresponding shear stress field τ on the slip plane is shown in Fig. 5(b).
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(a) Dislocation evolution.
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Figure 5: Dislocations redistribution at equilibrium in the middle of a transversely loaded beam. Vertical lines denote the

analytically predicted bounds that all dislocations fall in at equilibrium.

This example reveals the fact that dislocations can be found in the low stress region (middle of the beam)

10



of a body while leaving the high stress region (boundaries) dislocation-free, which is in contradiction to what

is commonly believed.

3.3. A group of dislocations piled-up against a lock under constant shear load210

We first consider a set of n = 7 dislocations forced against a leading locked dislocation at x = 0 under

shear load τa = 0.015µ. The same parameters of Table 1 are used. We are interested in comparing our

results to the analytical inequalities obtained from Eshelby‘s model, i.e.,

1. L, the length of the slip plane occupied by dislocations, is bounded by

L ≤ 2nA/τa = 113.6 b (15)

2. d, the distance between the locked and nearest free dislocation, is bounded by215

d ≤ 1.84A/nτa = 2.15 b (16)

As a comparison to the discrete-based solutions above, our method yields L = 103.1 b and d = 2.1 b, both

consistent with the analytical evaluations. This demonstrate that the short range effect near the pile-up

head is well captured by our model, as can be seen from the inset of Fig. 6(a). By fitting the shear stress

field in the layer, it is also shown that the stress diverges as 1/x away from the pile-up head (blue line in

Fig. 6(b)):220

τ∗(x) =
−0.4887

x− 4.1345
+ τa , x ≤ 0 . (17)

which suggests that the pile-up of equilibrium can be represented as a super-dislocation of Burgers vector

0.4887/A = 4.29 b centered at x = 4.1345 b.
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(a) Dislocations are forced to pile up. Microstructure details

near the pile-up head at bottom is shown by inset plot.
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Figure 6: Dislocation pile-ups under constant shear loads. Stress concentration in front of the pile-up head.
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Now we gradually increase the number of dislocations in the pile-up, from 30 to 100, as shown in Fig. 7.

We compare our solutions to that obtained from Voskoboinikov et al. (2007a). It is found that the agreement

is qualitative but not quantitative, especially for the first three dislocations. The near lock dislocations in225

our results are found to be more closely packed. This is because the repulsive forces in Voskobonikov et al

’s model are singular at the dislocation cores, which imposes huge penalties for two dislocations trying to

get closer than 1b. Such restriction is not contained in our model. In fact, allowing infinite stress within

the core is not physically meaningful. The similar discrepancy is observed in Rezaei Mianroodi et al. (2016),

where Peierls-Nabarro model is applied to solve dislocation wall pile-ups and results in lower dislocation230

density distribution near the pile-up boundary compared to discreteness-based models.

Figure 7: Variance of dislocation distribution near lock, depending on the total number of dislocations.

3.3.1. Stacking fault energy affect on the pile-up length

Up until now, we have been using η that represents a homogeneous material. In general, η can be fitted

to ab initio calculations to represent more realistic stacking fault energy profiles (Gbemou et al. (2016)).

Here we choose η to have a local minimum energy to mimic the generalized stacking fault energy (GSFE). By235

using this technique, it is possible for a perfect dislocation to dissociate. Now we are interested in studying

the effect of the stacking fault energy on the pile-up length at equilibrium. In a recently developed statistical

pile-up model based on single-arm source (Pan et al. (2015)), the ratio of the length of the pile-up and the

constant statistical value of the dislocation source length is studied as the primary parameter to measure

pile-up effect in micropillars. Our results support their conclusion from a microscopic point of view since we240

take the behavior of each dislocation into consideration.

Fig. 8(a) shows the profile of the stacking fault energy η. Notice that now η has two global minima at
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φ = 0 and φ = 0.5, but also has a local minimum at φ = 0.25. The local minimum represents the stacking

fault energy, denoted by GSFE. We choose four different GSFE and solve the pile-up problem in Fig. 7

for 40 dislocations. It is observed in Fig. 8(b) that our model predicts a negative correlation between the245

stacking fault energy and the pile-up length. This is consistent with what has been found by the statistical

model (Pan et al. (2015)).
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Figure 8: Dislocation distribution near pile-up head depending on the total number of dislocations in the pile-up (from 30 to

100)

3.4. Interlace: A group of positive dislocations attracted by a group of negative on a parallel adjacent slip

plane

Fujita (1958) and Head (1959) brought forward the problem of interlacing, where n mobile positive250

edge dislocations are attracted by n mobile negative dislocations on an adjacent parallel slip-plane. Fujita

argues that there exists an equilibrated arrangement of such distributions called interlacing. Head solved

this problem in details and postulates that a stable array could be formed when the dislocations are partially

interlaced, i.e., a number of dislocations pairs would be formed but prevented from drifting apart by the

attraction between the outer unpaired dislocations. The equilibrium is broken by applying sufficient shear255

load. This problem is investigated with our pile-up model. The geometry of Fig. 1 needs to be amended

since we now need two parallel plastic layers. The domain is of the size 100b × 100b for this case, with a

spacing of 2b between the two layers. The domain is uniformly discretized and refined to h = 0.2b (h is the

element dimension in x). Other simulation parameters are listed in Table 1.

This interlacing forming-breaking process is modeled. Without applying any load, the leading dislocations260

of adjacent planes attract each other until they get to the red equilibrated configuration, where an interlaced

lock is formed between the first three pairs of dislocations. The dislocation core shapes of the interlaced
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configuration are shown in Fig. 9(a). The corresponding stress pattern near the interlacing region is shown

in Fig. 9(b). At this moment, we apply a large enough shear load to break the interlacing lock, which leads

to the formation of double pile-ups (colored in green).265

(a) interlacing core structures (b) σ12 pattern close-up

Figure 9: Dislocation core shapes of the interlacing dislocation arrays; the circled 3 leading pairs form the interlacing lock that

stablizes the system. Stress pattern close-up at the interlacing pairs.

Fig. 10 shows the stress associated with the interlacing process. A shear load τa = 0.065µ is applied

to the configuration of Fig. 10(b) to break the “interlacing bonds”. The dislocations completely pass each

other and form double pile ups (the end locks are manually put in by setting the dislocation velocity to

zero), causing stress concentration on the boundaries. Note that the dislocations on the lower plane behave

symmetrically with respect to those on the top.270

(a) σ12 of initial configuration (b) σ12 of interlacing equilibrium. (c) σ12 of double pile-ups

Figure 10: Interlaced dislocations on parallel adjacent slip planes form due to attraction. The lock is then broken by applying

a shear load τa = 0.065µ Under an externally applied shear load and form double pile-up eventually.

It is also interesting to point out that ‖φs‖∞ in this example differs from that of Fig. 3. ‖φs‖∞ in the

interlacing simulations still asymptotically goes to zero but oscillates rapidly due to the much more complex

driving force change in the system during the interlacing process.
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3.5. A group of dislocations piles up against the interface of a bi-metallic body

Consider the problem of a group of dislocations piles up against the interface of a bi-metallic body. The275

interface could bond either two isotropic or anisotropic materials with very different material properties.

One of the interesting questions raised is how the stress is distributed in the dislocation-free body, which

is of engineering importance for studying precipitation strengthening mechanism, mechanical stability, and

interfacial cohesion with the matrix. This problem was originally proposed and analytically solved by Head

(1953) using potential theory. The same problem was later studied by Chou (1966) who turned the problem280

into a singular integral equation of Cauchy type. Barnett (1967) extended the method to involve different

Poisson’s ratios and shear moduli between the two phases, leading to a complicated integral equation.

Kuang and Mura (1968) considered edge dislocations that pile-up against a bimetallic interface using the

same method. On the other hand, Roy et al. (2008) showed that neglecting the discrete effect leads to

inaccurate results. Voskoboinikov et al. (2007b) resolves this issue by discretely modeling dislocations near285

the lock and matching the stress field with that of the far field, considering only isotropic materials. Those

issues are naturally taken care of with our methodology: the short-range interactions are automatically

sorted out via microscopically accurate kinematics. The stress field near a bi-material interface is shown in

Fig. 11.

With our method, we are able to model the discrete behavior near the bimetallic interface. Fig. 12 shows290

the relationship between different applied shear stresses and the average spacing near the interface. (The

average spacing is defined as the average spacing of the first three dislocations). We notice that the curve

tends to flatten out with increasing load due to the fact that the repulsive forces in between the leading

dislocations start to balance out the shear load and keep them from moving closer. Such an effect arises only

when the discreteness is well captured. The inset plot shows the near interface dislocation behaviors, where295

we see that the cores of the two dislocations at the head of the pile-up have begun to overlap.

Figure 11: σ12 pattern near interface-isotropic. Vertical

dashed line denotes bimaterial interface.
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Figure 12: stress-spacing relations.

It is of engineering interest to understand how the bi-material difference affects the stress distribution of
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the dislocation-free body. For clarity, we denote the shear modulus and Poisson ratio of the left domain as

µ1 and ν1; and that of the right as µ2 and ν2. µ2 and ν2 are taken from Table 1 and held fixed. The interface

of the bimetallic body is set to be impenetrable. A shear load is applied such that all dislocations of the300

right domain are forced to pile-up against the interface. A parametric study of 1) ν1/ν2 and 2) µ1/µ2 on

the stress divergence and magnitude is performed below as shown in Fig. 13(a) and 13(b). The conclusion

is that an increase in ν1 or µ1 over the neighboring ν2 and µ2 makes shear stress diverges slowly from the

origin (x = 0) and thus lead to a higher stress on the dislocation-free side.
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Figure 13: Parametric study of stress divergence trend.

To quantify the stress intensity, we fit the numerical data with a reciprocal function of the form305

τ =
Am

xβ +Bm
, (18)

where Am is defined as the stress intensity factor, following Liu et al. (2014). Matlab cftool tool box is used

for the fitting, which gives β = 0.01. Am and Bm are fitted accordingly. Notice that β = 1 in Eq. 17. Fig.

14 shows the different trends between the intensity factor and the µ and ν ratios. Notice that there exists

an intersecting point at Am ≈ 0.41. For stress intensity Am < 0.41, the ratio of µ1/µ2 has a dominating

effect on the stress intensity factor, while the ratio of ν1/ν2 is more affected when Am > 0.41.310
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Figure 14: Stress intensity corresponding to different material strengths of bi-materials.

3.5.1. Bimetallic interface in anisotropic materials

Next we consider an anisotropic FCC crystal. As illustrated by Fig. 15, we take a typical FCC slip

system (111)[101], and transform the coordinates to the global reference system [101] × [121] × [111], such

that the slip plane normal aligns with y axis and slip direction with the x−axis. A shear load of magnitude

τa = 0.065µ is applied to force an array of dislocations to pile up against the bimetallic interface.315

Figure 15: Coordinate transform illustration.

The anisotropic material properties are set to C12 = 12.5GPa, C11 = 14.8GPa, C44 = 10.8GPa on

the right (corresponding to Aluminum) and C12 = 61.9GPa, C11 = 114.3GPa, C44 = 31.6GPa on the left

(corresponding to Copper). Fig. 16(a) shows the equilibrated shear stress field, which exhibits a different

stress pattern than that from isotropic materials, and the equilibrated microstructure near the bi-metallic
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interface. The same form of function (18) is used to fit the stress divergence. For the chosen parameters,320

the isotropic case exhibits a slightly larger Am as shown in Fig. 16(b). However, a solid conclusion on the

effect of anisotropy on stress intensity requires a thorough parametric study.

(a) σ12 pattern near interface-anisotropic.
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Figure 16: Dislocations pile up against anisotropic bimetallic interface. Vertical dashed line denotes bimaterial interface.

3.6. Stress strain response of a single crystal body with randomly distributed edge dislocations

Our model allows more general initial conditions, as dislocations are in reality seldomly regularly dis-

tributed. Fig. 17(a) shows a number of dislocations randomly initialized along five parallel slip planes. The325

slip planes have equal spacings of 180 b in the y-direction and the Finite Element mesh is locally refined

around those layer areas. Fig. 17(b) shows the stress strain curve obtained from the body when subjected

to a Dirichlet shear load. The shear stress , normalized by shear modulus, is calculated as the summation of

reaction forces on the top face divided by the face area. The plastic flow associated with the motions of the

randomly disributed dislocations, especially the annihilations of dislocations of opposite signs, gives rise to330

the nonlinear stress-strain response. Such short range interactions are often neglected in other continuum

theories. In the pileup case, the mechanism that leads to hardening effect can be described as following:

as the load increases and dislocations evolve and form pile-ups, the average spacing between dislocations

decreases, which put up resistance to further dislocation motions. For random distributed dislocations of

two signs, this process is more complicated because dislocations can annihilate during the evolution and that335

explains why the corresponding stress strain curve has more oscillations and also a smaller hardening rate.
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(a) random dislocations across 5 layers.
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(b) stress strain curve

Figure 17: Stress strain curve for randomly distributed dislocations.

4. Conclusions

A 2-d dislocation pile-up model derived from the 3-d framework of Field Dislocation Mechanics is de-

veloped. The numerical examples presented in this work demonstrate the following characteristics of the

new model: 1) we produce results consistent with analytical solutions; 2) problems that involving complex340

dislocation interactions such as dislocation coalescing and interlacing are well resolved; 3) dislocations are

represented with a Nye tensor field so that the dislocation structures can be evolved by solving a time-

dependent partial differential equation of Hamilton-Jacobian form, and that the computational expense does

not explicitly depend on the number of dislocations; 4) the dislocation velocity is constitutively chosen out

of thermodynamical considerations such that the dissipation is guaranteed to be positive. A more accurate345

constitutive assumption can be achieved by fitting e.g., drag coefficients and stacking fault energy from finer

scale simulations; Finally, since the model is essentially derived within the continuum mechanics context,

anisotropy (induced from realistic FCC slip systems), inertia under high strain rate loading (such as shock

impact) are naturally accounted for.
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