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1 Introduction

Continuum mechanics provides an efficient theoretical &&ork for modeling ma-

terials science phenomena. To characterize the behavioatgrials constitutive re-

lations serve as an input to the continuum theory. These consttutivdels have
functional forms which must be consistent with materiafrfeaindifference and the
laws of thermodynamics and include parameters that are fitteéeproduce exper-
imental observations. With the advent of modern computioggy, atomistic sim-

ulations through “numerical experiments” offer the potainfor studying different

materials and arriving at their constitutive laws from fpghciples. This could make
it possible to design new materials and to improve the pt@seof existing materials
in a systematic fashion. In order to use the data obtained ftmatomistic simulation
to build a constitutive law, which is framed in the languagea@ntinuum mechan-
ics, it is necessary to understand the connection betwestmoam fields and the
underlying microscopic dynamics.

Another arena where the connection between continuum ameisttc concepts
is important is the field ofmultiscale modelingThis discipline involves the develop-
ment of computational tools for studying problems where dwenore length and/or
time scales play a major role in determining macroscopi@biein. A prototypical
example is fracture mechanics where the behavior of a ceantritrolled by atomic-
scale phenomena at the crack-tip, while at the same timerange elastic stress
fields are set up in the body. Many advances have been madeandh of multiscale
modeling in recent years. Some common atomistic/contincempling methods are
guasicontinuum [49,45], coupling of lengthscales [43]stér quasicontinuum [23],
bridging domain [54], and coupled atomistics and discrétldations [46], to name
just a few. Refer to [48] for a comparison of some promineatrastic/continuum
coupling multiscale methods. In a multiscale method, a &sye involves the transfer
of information between the discrete model and the continmadel. It is therefore
of practical interest to understand how to construct déding for continuum fields
for an atomistic system, in order to have a smooth transfémfofmation between
the discrete and continuum domains.

In this paper, we focus on just one aspect of the continuwomiatic connection,
namely the interpretation of the Cauchy stress tensor is@etie system. This ques-
tion has been explored from many different perspectivesdarly two hundred years
and this has led to various definitions that do not appear twobsistent with each
other. As a result, the “correct” definition for the stresssier has been a subject of
great debate and controversy. We begin with a brief hisibsiarvey.

A brief history of microscopic definitions for the stresssian

Interest in microscopic definitions for the stress tenseeslback at least to Cauchy
in the 1820s [3, 4] with his aim to define stress in a crystalinlid. Cauchy’s original
definition emerges from the intuitive idea of identifyingests with the force per unit
area carried by the bonds that cross a given surface. A cdraps&ve derivation
of Cauchy’s approach is given in Note B of Love’s classic bookthe theory of
elasticity [28]. Since this approach is tied to the part@icurface being considered,



it actually constitutes a definition for theaction (or stress vectgrand not for the
stress tensor. The first definition of stress as a tensorehtify follows from the
works of Clausius [6] and Maxwell [33,34] in the form wirial theorem Clausius
states the virial theorem as

The mean vis viva of a system is equal to its virial.

By “vis viva” (literally “living force”), Clausius means kietic energy, while the term
“virial” comes from the Latin “vis” (pl. “vires”) meaning frce. The virial theorem
leads to a definition for pressure in a gas. Maxwell [33,34¢eded Clausius’ work
and showed the existence of a tensorial version of the thi&drem (see Appendix
A). The virial stressresulting from the virial theorem is widely used even today i
many atomistic simulations due to its simple form and eassofputation. Unlike
Cauchy’s original definition for stress, the virial streesludes a contribution due
to the kinetic energy of the particles. This discrepancy addressed by Tsai [51],
who extended the definition given by Cauchy to finite tempeeaby taking into
consideration the momentum flux passing through the surfagteus refer to this
stress vector as thEsai traction

An alternative approach for defining the stress tensor wasggred in the land-
mark paper of Irving and Kirkwood [20]. Irving and Kirkwoocedved the equa-
tions of hydrodynamics from the principles of non-equiliton classical statistical
mechanics and in the process established a pointwise dw&fifidr various contin-
uum fields including the stress tensor. Although their wodsvndeed noteworthy,
the stress tensor obtained involved a series expansiore ditiac delta distribution
which is not mathematically rigorous. Continuing their WoNoll [41] proved two
lemmas, which allowed him to avoid the use of the Dirac dek&itution, and thus
arrive at a closed-form expression for the stress tensocchwdibes not involve a se-
ries expansion. We refer to the procedure introduced bydrénd Kirkwood and
extended by Noll as thiving-Kirkwood-Noll procedureSchofield and Henderson
[44] highlighted the non-uniqueness present in the steessor derived by Irving and
Kirkwood, and pointed out that it could result in a non-syntiicestress tensor. There
have been several attempts to improve on the Irving and Kiddyprocedure. In par-
ticular, Lutsko [29] reformulated this procedure in Fourspace. A more correct
derivation of the Lutsko procedure was given by Cormier e/l

Due to the stochastic nature of the Irving and Kirkwood stresany difficul-
ties arise when one tries to use their expression in atamgstiulations. In order to
avoid these difficulties, Hardy and co-workers [17, 18] amdiependently Murdoch
[36,39,40,37,38] developed a new approach, which bypassesathematical com-
plexity of the Irving and Kirkwood procedure. This is done dgfining continuum
fields as direct spatial averages of the discrete equatiom®tion using weighting
functions with compact support. In particular, this apptoéeads to the so-called
Hardy stresg17] which is often used in molecular dynamics simulatiovisirdoch
in [38] provides an excellent description of the spatiakaging approaches currently
being used and discusses the non-uniqueness of the stness tesulting from the
spatial averaging procedure. We refer to the direct spaviataging approach as the
Murdoch-Hardy procedure



Another approach, which leads to a stress tensor very sital¢hat obtained
by Irving and Kirkwood is the reformulation of elasticityatbry using peridynamics
[47]. Lehoucqg and Silling [25] have recently shown that ’éodlolution is a mini-
mum solution in a variational sense. Morante et al. [35] psgul a new approach
for defining the stress tensor, which uses the invarianceadftipn function under
infinitesimal canonical point transformations. Howevhgit approach is limited to
equilibrium statistical mechanics and involves takingidgives of delta distribu-
tions.

We can summarize the “state of the art” for the microscopiind®mn of the
stress tensor as follows. There are currently at least tteéaitions for the stress
tensor which are commonly used in atomistic simulations:winial stress, the Tsali
traction and the Hardy stress [56]. The importance of thin¢gnand Kirkwood for-
mulation is recognized, however, it is not normally usedractice and its connection
with the other stress definitions is not commonly understdbeé difference between
pointwisestress measures and temporal and/or spatially-averageditigs is often
not fully appreciated. The result is that the connectiomien the Cauchy stress ten-
sor defined in Continuum mechanics and its analogue, deforealdiscrete system,
remains controversial and continues to be a highly-dehataaem.

A unified framework for the microscopic definition for thees tensor

In this paper, a unified framework based on the Irving-KirkeNoll procedure is
established whicleads to all of the major stress definitiodsscussed above, and
identifies additional possible definitions. Since all of dedinitions are obtained from
a common framework the connections between them can berexipdmd analyzed
and the uniqueness of the stress tensor can be establishemiefview of the ap-
proach and the organization of the paper are described below

Before turning to the general framework, we begin in Sec@iovith a derivation
of the virial stress tensor within the framework of equilibn statistical mechanics
using the technique of canonical transformations. Althotlgs derivation is quite
different from the Irving-Kirkwood-Noll procedure, it pvades insight into how the
geometric ideas of mechanics can be used to derive the stress. It also provides a
limiting case to which the general non-equilibrium stressbr must converge under
equilibrium conditions in the thermodynamic limit. Thisused later to establish the
unigueness of the stress tensor obtained from our gendfi@diframework.

Next, we turn to the construction of the new unified framewdmkSection 3, we
extend the Irving-Kirkwood-Noll procedure [20,41], onigilly derived for pair po-
tential interactions, to arbitrary multi-body potentialge establish the key result that
due to the principle of material frame-indifference and lla¢éance of linear and an-
gular momentum, the force on a particle in a discrete systegaydless of the nature
of the interatomic potentialcan always be decomposed as a sumaenftral forces
between patrticles, i.e. forces that are parallel to thedmrenecting the particles. In
other words, thestrong law of action and reactiois always satisfied. The form of
this force decomposition depends on the representatidmeaiotal potential energy
in terms of interatomic distances. We advance the “enengresentation postulate”,
which implies that all representations of a given potermigrgy function lead to the



same force decomposition. In other words, the central fdecemposition isinique
Using the energy representation postulate and the strengflaction and reaction,
we show that the pointwise stress tensor resulting from mhied-Kirkwood-Noll
procedure is unique and always symmetric. We also show,atlygneralization of
Noll's lemmas [41] tonon-straight bondgives a non-symmetric stress tensor, which
may be important for particles with internal structure,tsas liquid crystals.

The macroscopicstress tensor corresponding to the pointwise stress telesor
scribed above is obtained in Section 4 through a procedwspaifal averaging. The
connection between this stress and the stress tensors@ttaa the direct spatial
averaging procedure introduced by Murdoch [36, 39,40,8]aB8d Hardy [17] is ex-
plored and in the process the Murdoch-Hardy procedure tesyized and gener-
alized to multi-body potentials using the results of SetBoThe non-uniqueness of
the stress tensor, inherent in the Murdoch-Hardy procedwstidied and a general
class of possible definitions under this procedure are ifikeoht The connection be-
tween the non-uniqueness in the Murdoch-Hardy procedutdtenon-uniqueness
mentioned in Section 3 is addressed.

In Section 5, various stress definitions including the Hestilgss, the Tsai trac-
tion and the virial stress are shown to be special cases aidiceoscopic stress tensor
derived from the extended Irving-Kirkwood-Noll procedimeSection 4. The origi-
nal definitions for these measures are extended in this mémaebitrary multi-body
potentials. The energy representation postulate whiabéshes the uniqueness of
the pointwise stress tensor, also establishes the unigsefithese definitions. How-
ever it is shown that even if the energy representation peistis not satisfied, the
difference in the macroscopic stress tensor resulting ftdenon-uniqueness tends
to zero in thethermodynamic limit Another source of non-uniqueness explored in
this section is that given a definition for the stress teresagw definition, which also
satisfies the balance of linear momentum, can be obtaineddig@to it an arbitrary
tensor field with zero divergence. It is shown that in the imeadynamic limit the
macroscopic stress tensor obtained in Section 4 converdhs wirial stress derived
in Section 2.

To address practical aspects of the different definitiontiainbd within the unified
framework, Section 6 describes several “numerical expamist involving molecular
dynamics and lattice statics. These simulations are deditmexamine the behavior
of these stress definitions, including their convergendl averaging domain size
and their symmetry properties. Our conclusions and dastfor future research are
presented in Section 7.

Notation

In this paper, vectors are denoted by lower case letters loh oot and tensors of
higher order are denoted by capital letters in bold font. Tresor product of two
vectors is denoted by the symbab™ and the inner product of two vectors is denoted
by a dot “”. The inner product of two second-order tensors is denotett’b A

1 The thermodynamic limit is the state obtained as the numbgeanicles, NV, and the volumey’, of
the system tend to infinity in such a way that the ratigV” is constant.



second-order tensor operating on a vector is denoted bggosttion, e.g.T'v. The

gradient of a vector fieldy(x), is denoted by v (), which in indicial notation
is given by[V,v];; = dv;/0x;. The divergence of a tensor field(x), is denoted
by div, T'(x). The divergence of a vector is defined as the trace of its gnadThe
divergence of a second-order tensor in indicial notatioith(Einstein’s summation
convention) is given bydiv,, T|; = 0T;;/0x;.

2 Stress in an equilibrium system

In this section, we obtain expressions for the Cauchy streas equilibrium sys-
tem using the technique of canonical transformations. Tawctphilosophy behind
canonical transformation is explained in the next section.

2.1 Canonical transformations

Consider a system consisting 8fpoint masses whose behavior is governed by clas-
sical mechanics. Lej, (t) andp,(t) (a = 1,2,..., N) denote the generalized coor-
dinates and momenta of the systéifor brevity, we sometimes uggt) andp(t) to
denote the vector&g (¢), g2(t), ..., gn(t)) and(p1(t), p2(t),...,pN(t)), respec-
tively. The time evolution of the system can be studied tiiothree well-known
approaches, referred to as tNewtonian formulationthe Lagrangian formulation
and theHamiltonian formulation The first approach is used in molecular dynamics
simulations, while the latter two approaches are more eltegyad can sometimes be
used to obtain useful information from systems, which ot could not be solved
exactly.

In the Lagrangian formulation, a system is characterizethbyectorg(¢) and a
Lagrangian functior, given by

L(q,¢;t) = T(q) —V(q), (2.1)

where7 is the kinetic energy of the system,is the potential energy of the system,
andq(t) represents the time derivative @ft). It is useful to think ofg as a point in

a 3N-dimensionatonfiguration spaceThe time evolution of(¢) in configuration
space is described by a variational principle cattailton’s principle Hamilton’s
principle states that the time evolution @ft) corresponds to the extremum of the
action integral defined as a functionalg@by

Alg] = / "Llg, g t) dt, (2.2)

1

wherety, t2, g(t1) andq(t2) are held fixed with respect to the class of variations
being considered [24, Section V.1]. In mathematical temesrequire

SA=0, (2.3)

2In a general theory of canonical transformatiogs,andp., need not denote the actual position and
momentum of particle.



while keeping the ends fixed as described above. The Eulgrabhge equation asso-
ciated with (2.3) is

d (0L oL

Z =) - = —o. 2.4

dt <3qa) 990 @4
The Lagrangian formulation is commonly used as a calculdtol in solving simple

problems.
Next, we note that the Lagrangian is the Legendre transfdrimeoHamiltonian
H, [24, Section V1.2],

L(q,q;t) = St;p[p -q—H(p,q;1)]. (2.5)

The Hamiltonian is the total energy of the system. Using tlenitonian, equa-
tion (2.3) can be rewritten as

5/t 2 [p-q—H(p,q;t)] dt = 0. (2.6)

Note that in (2.3), the variation is only with respectgowhereas in (2.6), the func-
tional depends on the functiogsandp, and the variation is taken in bothandp
independently. In both cases, 2, q(t1) andq(t2) are held fixed. The variational
principle given in (2.6) is commonly referred as tmedified Hamilton’s principle
[16] or simply as the “Hamiltonian formulation”. The advage of the Hamiltonian
formulation lies not in its use as a calculation tool, buheatin the deeper insight it
affords into the formal structure of mechanics. The Eulagilange equations associ-
ated with (2.6) are

OH

qo = ﬁ, (2.7)
. OH
Pa = _@a (28)

commonly called Hamilton’s equations. The above equatinasalso referred to as
the canonical equations of motién

It is important to note that the Hamiltonian formulation iera general than the
Lagrangian formulation, since it accords the coordinatesrmomenta independent
status, thus providing the analyst with far greater freedioselecting generalized
coordinates. We now think dfy, p) as a point in &N -dimensionaphase spaceas
opposed to th& N-dimensional configuration space of the Lagrangian fortiaia
The choice ofg andp is not arbitrary, however, since the selected variablest mus
satisfy the canonical equations of motion. For this reasandp are calleccanonical
variables

The requirement that the generalized coordinates and m@amaust be canoni-
cal, means that new sets of generalized coordinates canrivedi&om a given set
through a special kind of transformation defined below.

3The term “canonical” in this context has nothing to do witlke tanonical ensemble of statistical
mechanics. The terminology was introduced by Jacobi t@atdithat Hamilton’s equations constitute the
simplest form of the equations of motion.



Definition 1 Any transformation of generalized coordinates that pressithe canon-
ical form of Hamilton’s equations is said to be a canonicaktsformatiort:

The construction of canonical transformations is fad#itaby the introduction of
generating functionas explained below.

Generating functions

Consider two sets of canonical variablgd, P) and (q, p), related to each other
through a canonical transformation given by

Since the variables are canonical, they satisfy the modii@ahilton’s principle in
(2.6),

to

6| [p-q—H(p gt) dt=0, (2.10)

t1
5/t2 [P Q- H(P, Q;t)} dt = 0. (2.11)

The integrands of (2.10) and (2.11) can therefore only diffe a quantity whose
variation after integration is identically zero. A possilsblution is

to . R to dG

5 [p-(j—P~Q—(H—H)} dt:5/ & a, (2.12)

t o dt

where G is an arbitrary scalar function of the canonical variabled #ime, with
continuous second derivatives. The integral on the righinily evaluated at fixed
integration bounds and its variation is zero. This is notiobs since there is no
restriction on the variation of the momenta at the ends. Waras this to be true to
avoid the introduction of differential forms. For a matheivally rigorous argument
refer to [1, Section 45] The difference between the integrands of (2.10) and (2.11)
therefore satisfies,

dG —p-dg+ P -dQ + (H —H)dt = 0. (2.13)
Now, consider the case whel®,= G1(q, Q,t). The total differential of is
oG,
dG =V 4Gy -dg+ VoG -dQ + Wdt' (2.14)
Substituting (2.14) into (2.13) gives
0G4 -
(VgG1—p)-dg+ (VgGi1 + P) -dQ + e +H-—H)dt=0. (2.15)

4This definition suffices for our purpose, but a more corrediniion can be found in [1] using
differential forms

5Briefly the proof is based on the symmetry present in the gérgnué any Hamiltonian system
commonly calledsymplectic geometry



Sinceq, Q andt are independent, the above equation is satisfied provided th

_0Gy 0G,y ~ 0G
= P, = 90, H=H+ 5 (2.16)

Pa

The above relations define the canonical transformatiomceSi7; generates the
transformation, it is commonly called tlyenerating functiomf the canonical trans-
formation. Note that if7; does not depend on timethenH = H.

The generating functions of the ford,= G1(q, Q, t), does not generate all pos-
sible canonical transformations. In general, there aregamary classes of generat-
ing functions where the functional dependendgisQ), (¢, P), (p, Q) and(p, P).®
We have already encountered the first class, where G (g, Q, t). The remaining
classes can be obtained from the first through Legendredramations. Consider for
example, the following definition,

G=Gs3(p.Q.t)+q-p. (2.17)

The total differential of this expression is

oG
dG:V,,G3-dp+vQ03-dQ+8—t3dt+q-dp+p-dq. (2.18)
Substituting the above equation into (2.13) gives,

oG .
(VpGs +q) - dp+ (VoGs + P) - dQ + (8—;’ +H - H) dt=0, (2.19)

which leads to the following canonical transformation:

Gy e L 0Gy
Go=—5.%  Pa=-—gat.  H=H+52 (2.20)

The other two classes of transformation can be derived imdasiway. We will use
the transformation given by (2.20) to derive the stressaeimsthe following section.

2.2 A derivation of the stress tensor under equilibrium dtowts

In this section, we use the method of canonical transfoonatio derive an expres-
sion for the Cauchy stress tensor. In continuum mechankbsglgs3 is identified with

a regular region of Euclidean spageeferred to as the reference configuration. Any
point X € Bis referred to as a material point. The bdslys deformed via a smooth,
one-to-one mapping : £ — &, which maps eacX € B to a point,

8In addition to these four classes of transformation, it isgilale to have a mixed dependence, where
each degree of freedom can belong to a different class [16].
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in the current configuratiohwhere we have assumed that the deformation is inde-
pendent of time. The deformation gradidnis defined as

F(X)=Vxep. (2.22)

The mappingp is assumed to satisfy the condition thiat F' is strictly positive. In
this section, since we are only interested in equilibriustems, we admit only those
deformations for whichF' is independent of time. The Cauchy stressjs defined
by [30]

1

T
= VrvF", (2.23)

o(T,F)
wherey) (T, F) is the Helmholtz free energy density function relative te teference
configuration. We are only focusing on a conservative eldsidy.

A system in thermodynamic equilibrithtan by definition only support a uni-
form state of deformation. Therefore, our material systemeformed via the affine
mapping

qo = FQ.. (224)

“We adopt the continuum mechanics convention of denotirighvas in the reference with upper-case
letters, and variables in the current configuration withdowase letters.

8 A system is said to be in a state of thermodynamic equilibrivinen all of its properties are inde-
pendent of time and all of its intensive properties are ietejent of position [53]. To stress this, the term
uniform state of thermodynamic equilibriusisometimes used to describe this state.

9To understand this mapping, consider a systerVgfarticles with positiong, (o = 1,2,..., N)
confined to a parallelepiped container defined by the thretorsl, I> andls, which need not be or-
thogonal. This selection is done for convenience and doedéimib the generality of the derivation as
explained below. The position of a particle in the contairaar be expressed in terms of scaled coordinates
&refo,1]as

qa = &L, *
where Einstein’s summation convention is applied to spatdices. The deformation of the container is
defined relative to a reference configuration where the esitors areL;, L> and L3. The current and
reference cell vectors are related through an affine mapjefiged byF,

l; = FL;. (**

Equations (*) and (**) can be combined to relate the positanof particle« in the current configuration
with its position in the reference configuratip.,,

9o = §(FLi) = F(§ Li) = FQa. )

This is exactly the mapping defined in (2.24). It provides r@cti relationship between the positions of
atoms in the reference configuration and their position énctlrrent configuration. Note that the assumed
(parallelepiped) shape of the container does not entethiteelation g, = F'Q.., which means that this
relation holds for a container of any shape.

Itis important to note that (***) doesotimpose a kinematic constraint that dictates the positicatah
« in the current configuration based on its position in theregfee configuration (as does the Cauchy-
Born rule used in multiscale methods [48]). We will see ldkext this will merely be used as a change of
variables, where instead of integrating over the currentigaration with the variableg, the integration
is carried out over a given reference configuration using/ér@blesQ. In both cases the same result is
obtained. However, by using the referential variables #y@eddence on the deformation gradient is made
explicit.
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It is clear that if we enforce this mapping on our system, withchange in the
momentum coordinates, then the newly obtained variabléshai satisfy Hamil-
ton’s equations. Therefore any change of variables shailgblverned by a canoni-
cal transformation. The following generator function pomss the desired canonical
transformation,

G3(p,Q) == Pa- FQu. (2.25)

Substituting this generating function into (2.20), gives

9Gs e
_apa_FQO” Pa— aQa

The first relation in the above equation is the desired t@ansdtion in (2.24). The
second relation is the corresponding transformation thettomentum degrees of
freedom must satisfy, so that the new set of coordingdesP) are canonical. The
third relation refers to the Hamiltonian of the system, vihig assumed to be given

by

=F"p,, H=H. (2.26)

4o =

N
Hip,q)=> PePo i yig, ... qn), (2.27)

2m
a=1 «

where) denotes the potential energy of the system. Expressediistef the refer-
ence variables, (2.27) becomes

H(P,Q,F) =H(p(Q,P,F),q(Q,P,F))
N F-Tp,.FTP,

FV(FQ1,...,FQu). (2.28)

2Me,

We now proceed to derive the expression for the Cauchy seessr using (2.23).
The Helmholtz free energy density for the canonical ensensigiven by [19]

_kgTInZz

UL, F) =~

(2.29)
wherekp is the Boltzmann'’s constari; is the absolute temperaturg, is the vol-
ume of the body in the reference configuration, aid’, F) is thepartition function
defined as

1 o
Z(T,F) := W/p e T/kBT PdQ, (2.30)

whereh is Planck’s constant anfl, denotes the phase space in the reference con-
figuration. With this definition, the statistical mechanitsse average of a function
A(P, Q) in the canonical ensemble is

(AY(T, F) = / A(P,Q)W.(P.Q.T,F)dP dqQ, (2.31)
Iy
where

1 o
We(P,Q.T, F) = oo HE.Q.F)/kpT (2.32)
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is the canonical distribution function. Substituting @.2nd (2.30) into (2.23), we

obtain
kT o1 -
= "B gpZFT = — (VpH)F 2.33
7T T @et Pz ' F V< FH> ’ (2.33)

where in the last step we have us&d= (det F")Vp, and

_ 9 1 —H/ksT

— W / VeHe 5T 4QdP. (2.34)
B

Next, we comput@H /3 F. In our derivation, we make use of indicial notation and
the Einstein summation rule. To accommodate for the spmtifites, we pushy
representing the particle to the superscript positionlok#ehg this adjustment, we
have

oM PR on o] =] L O, OV g
oF;; 6F1J Z2m0‘ V(q’”.,q ) _Xa: maaFink+6q,‘;‘6FiJ
(2.35)
From (2.26), we have
ki 9
a;f’fj = aF‘J(FkLQ%) =0k QY, (2.36)
ops; 7] 1 el e a
3FE] - aF_J'(FLklpL) = —Fp Fp i = —Fppf, (2.37)

where in (2.37), we have used the following identity:

oF !
an]; =—F;'F;,. (2.38)

Substituting (2.36) and (2.37) into (2.35), we have

aTZJ _ Z |:pz Jk pk fmt a:| (239)

wherefint = —9V/dr,, is the internal force on particle in the current configura-
tion.1% In direct notation, we have

. o ® F1p, )
VeH=-Y {p@mip + g Qa] . (2.40)

«
«

10There is a subtle point here. Since we are using the cancerisgimble, the Hamiltoniak neglects
the interaction term of the system with the surrounding thegh”. This means that the potential energy
V in H only includes thenternal energy of the system and, therefore, its derivative witlpeesto the
position of atomx gives the forcef it on this atom due to its interactions with other atoms in thetesy.
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Substituting the above equation into (2.33) and using (2126 obtain an expression
for the Cauchy stress:

o(T,F) = 2L > <M + i qa> : (2.41)

m
vV~ o

where the phase averaging is now being performed with resptte variablep and
q. The switch from phase averaging ov@rand@ in (2.31) top andq above can be
made due to the fact that canonical transformations pregée/volume element in
phase space (i.e. the Jacobian of the change of variablegy3 16, Page 402].

The expression in (2.41) for the Cauchy stress tensor isctc#ilevirial stress A
simpler derivation of the virial stress, based on time ayesais given in Appendix
A. Although, the derivation here made use of the canonicageble, it is expected to
apply to any ensemble in the thermodynamic limit (see fotrioon page 5) where
all ensembles are equivalent. Continuum mechanics alfuslthat the Cauchy
stress tensor is symmetric, something which is not evidemt the above equation.
The discussion on the symmetry of the stress tensor, whindeBion an important
property of fi*, is postponed to Section 5.

«

The virial stress defined above corresponds to the macrissiogss tensor only
under conditions of thermodynamic equilibrium in the thedynamic limit. We now
show that this expression for the stress tensor, as welllaghar expressions in
common use, can be derived as limiting cases of a more geoenallation which
begins with the Irving-Kirkwood-Noll procedure. We refer this as the “unified
framework” for the stress tensor.

3 Continuum fields as phase averages

In this section, we discuss the Irving and Kirkwood proced0], which laid the
foundation for the microscopic definition of continuum figltbr non-equilibrium
systems. This work was later extended by Walter Noll {41jvho showed how
closed-form analytical solutions can be obtained for thiind®n of certain contin-
uum fields, which otherwise involved a non-rigor&tseries expansion of the Dirac
delta distribution in the original procedure. We refer t@s ths thdrving-Kirkwood-
Noll procedure The derivation presented in this section largely follotattof Noll
[41], but extends it to more general atomistic models.

Consider a system\1 modeled as a collection df point masses/particles, each
particle referred to as (o« = 1,2,..., N). We use the terms “particle” and “atom”
interchangeably. The position, mass and velocity of perticare denoted by,,,
me andwv,, respectively. The complete microscopic state of the syséeknown, at
any instant of time, from the knowledge of position and vijoof each particle in
R3. Hence, the state of the system at timenay be represented by a poi®t(t) in

11An English translation of this article appears in the curissue of thelournal of Elasticity

12The derivation is non-rigorous in the sense that expregbiagtress tensor as a series expansion is
only possible when the probability density function, whistused in the derivation, is an analytic function
of the spatial variables [41].



14

a6N-dimensional phase spdéelLet I” denote the phase space. Therefore any point
Z(t) € I', can be represented as,

(]

(t) = (x1(t), 22(t), ..., &N (t);v1(t), v2(L),...,oN ()
—: (@(t); v (t)). (3.1)

In reality, the microscopic state of the system is never ktmws, and the only ob-
servables identified are the continuum fields as defined itiraum mechanics. We
identify the continuum fields with macroscopic observaldbtained in a two-step
process: (1) a pointwise field is obtained as a statisticalhaeics phase average;
(2) a macroscopic field is obtained as a spatial average begydintwise field. The
phase averaging in step (1) is done with respect to a pratyaiénsity function
W : I x Rt — R* of classC' defined on all phase space for aiV,, defined
in (2.32), is an example of a stationary (time-independertthability density func-
tion defined for the canonical ensemble). The explicit dépece oflV on timet,
indicates that our system need not be in thermodynamicibguih.

As discussed in Section 2, the evolution®ft) in the phase space is given by
the following set o2 N first-order equations (Hamilton’s equations):

p=—-VzH, (3.2a)
T =VpH, (3.2b)
wherep := (p1,p2,...,PN), Po denotes the momentum of each particle, and

H(p, x) is the Hamiltonian of the system.

The basic idea behind the Irving and Kirkwood procedure igrascribe/derive
microscopic definitions for continuum fields, such that tlaeg consistent with the
balance laws given by equations of continuity, momentunartad and the energy
balance. In order to arrive at these definitions, we rep&ateg the following theo-
rem, commonly referred to dsouville’s theoremwhich relates to the conservation
of volume in phase space.

As a system evolves, the phase spates mapped into itself at every instant
of time, and this mapping is governed by (3.2).glf denotes this mapping, then
Liouville’s theorem essentially says that for any suliSedf I”, the volume ofU
remains invariant under the mappigng This can be be formally stated as,

Liouville's Theorem ForanyU C I', volume is preserved under the one-parameter
group of transformations of phase spage; U — I, given by the mapping

(2(0), p(0)) = (z(t), p(1)),

wherex(t) andp(t) are solutions of the Hamilton’s system of equatihg), i.e.,

vol(U) = vol(g:U). (3.3)

13The usual convention is to represent the phase space viiopesind momenta of the particles. For
convenience, in this section, we represent the phase spgapesitions and velocities of the particles.



15

Proof Let vol(étU) denote the material time derivative wfl(g,U) in the sense that
Z(0) is held fixed while performing this differentiation. Then Wwave,

vol(g:U) = / dE(t) = / (dot F)d =,
gtU U

whereF(5y,t) := Vg,2(EZ0,t), E(Ey,t) = ¢:(Zo) and =y = Z(0). Note that
Using the fact that .
det F = (det F) tr(FF™1),
we obtain,
vol(g,U) = / (det F) tr(FF~1)dE,. (3.4)
U

Let
d=

dt

(1]
\[_IJ

(3.5)

Eo=g; '(8)

VeE,=FF ! (3.6)

= 1=
Eo=g; (&)

Thereforeliv = = tr(F F~1). Equation (3.4) can now be rewritten as

vol(g:U) = / (det F)(div E) |E(t):gt(50) d=). (3.7)
U

But from (3.1) and (3.2) we also have,

div'ﬁfi'—pﬂ'— o 3_7‘( +£ _3_7‘( -0
=T o Topt "oz \op) Tap\ 9z )

Thereforezol(étU) = 0 for arbitraryz. Thus (3.3) holds. O

Let W (= t) denote the probability density function defined@l”). Hence, we
have

W(E(t);t)dE(t /W 0)(det F)dZ, (3.8)
gtU

As a consequence of Liouville’s theorem, we hale, F' = 1. Therefore
/ W(E(t);t)d=(t) = 0. (3.9)

Since (3.9) holds for all/ C I, we haveiV’ (Z(t); t) = 0. Hence, the time evolution
of the probability density function is given by

N
5 o Ve, W+ Ba - Vo, W] = 0. (3.10)

a=1

ow
ot
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The above equation can be rewritten as

N
ow
Ta., + |:’Uo¢ : VmaW - vwav : V'UD(VI/Y - Oa (311)
o~ M
where, as beforey(x1,xo,...,xy) denotes the potential energy of the system.

Equation (3.11) is calletiouville’s equation

3.1 Phase averaging

Under the Irving-Kirkwood-Noll procedure, pointwise fislére defined as phase
averages. This phase averaging is expressed via weighteginaladensities. For
example, the pointwise mass density field is defined as

plx,t) := Zma/ Wé(x, — x) dedv, (3.12)
s R3N xR3N

where the integral represents a marginal density definékfody(-) denotes the Dirac
delta function, an@ _ , denotes summation from= 1to V. To avoid the Dirac delta
distribution and for greater clarity we adopt Noll's notatias originally used in [41].
Hence (3.12) can be rewritten as

plx,t) = Zma/del coodxg 1dxyq ... deydv
=Y ma (W | o =1), (3.13)

where(W | ., = «) denotes an integral d¥" over all its arguments excejpt, and
x,, is substituted withe. Now consider the continuum velocity field. Unlike the defi-
nition of pointwise density field, which appears unambiggjdiie pointwise velocity
field can be defined in different ways. It may seem more natardéfine the contin-
uum velocity in an analogous fashion to the density field, i.e

Yoo Wo, | o =)
Yo Wlze=2)

Alternatively, the pointwise velocity field can be defined tihe momentum density
field, p(x, t), as follows:

v(x,t) = (3.14)

p(x,t) = Zma (Wwo, | o = ), (3.15)
_ pl=,1)
v(x,t) = @D (3.16)

Note that definitions (3.14) and (3.16) are equivalent foingle species material,
but are not so in general. The definition given by (3.16) isdhe used in practice.
There are two reasons for this. First, the definition in (Bs/bé&kes more physical
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sense since, following spatial averaging, it associatesdntinuum velocity with the
velocity of the center of mass of the system of particles.o8d¢cthe definition in
(3.16) satisfies the continuity equation as shown in Se@i8nwhereas (3.14) does
not.

3.2 Regularity assumptions for the probability densitydhion

It is clear from the definitions in (3.13), (3.15) and (3.1t the integrals in these
equations converge under appropriate decay conditiondg’ofThe following two
conditions are sufficient for the convergence of all thegraiés and the validity of the
results in this section [41]:

1. There exists a > 0 such that the function
N N
Z:t) [ ol I sl (3.17)
a=1 B=1

and its first derivatives are bounded by a constant which depends on time.
2. V(x1, 2, - -z ) is a bounded function defined on the phase space, and hav-
ing bounded first derivative's.

Conditions (1) and (2) ensure the convergence of all thgrate considered in this
section and swapping of integration and differentiatiautirermore, leG(=; t) be
any vector or tensor-valued function of clags defined on the phase space forall
and which, for suitable functiongt) andh(t), satisfies the condition

N
sup (G, | dive, G, [|dive,, GI)) < g(t H losll* + h(t)

x1€ER3,@2€R3 -+ ;& v ER3

(3.18)
where|| - || refers to the norm defined through the inner product. Sineespace of
all tensors has a natural inner product defined as

S:T =tr(S™T), (3.19)

we havel|S|| = /S : S. Under these conditions a&(=; t), we havé®

G Vo Wdx, =— | Wdive, Gdx,, (3.20a)
R3 R3

G Vo Wdvy =— [ Wdiv,, Gduv,. (3.20b)
R3 R3

The above identities are repeatedly used in deriving thatemu of continuity and
the equation of motion in the following sections.

141f any two particles overlap, we would normally expaét— oo. By specifying additional decay
conditions fori¥, the case of unboundéd can be handled. For simplicity, we assutéo be bounded.

151f G'is a second-order tensor or higher, then the dot produatatet tensor operating on a vector.
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3.3 Equation of continuity

Let us demonstrate that the pointwise fields defined in Se8tibsatisfy the equation
of continuity. The equation of continuity from continuum ohanics is given by [30]

ap

5t + divg(pv) = 0. (3.21)

From (3.13) we have

ap B ow
E(w,t) —;ma<ﬁ

ma=w>.

Using Liouville’s equation in (3.11), we have

ma_:c>.

Now, consider the summand on the right-hand side of the abguation for a fixed
a. From (3.20b), it is clear tha(t wa;V . VvﬁW‘ Ty = :13> =0,fors=1,2,---N,

and from (3.20a), we also haves - V., W | o, = x) = 0, for 8 # a. Therefore
the above equation simplifies to

dp VsV
E(mvt)—%:ma<%:(_vﬁ'vﬂww+ mg 'Vvﬁw)

dp
E(w,t) = —;ma (Vo Ve W |xo =) .

Using the identity,
divg(av) = Vgza - v, (3.22)

wherea(z) is anyC'* scalar function ofe, andw is any vector independent af we
obtain

@(m t) ==Y madiveg (Wv, | 2o = z)

at I ~ « T (07 « .
Using (3.15) and (3.16) for the definition of the pointwisemmentum density field,
we have,

%(m,t) + divg(pv) =0,

which is the continuity equation. We have established thatdefinitions given in
(3.12) and (3.15) identically satisfy conservation of mass
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3.4 Equation of Motion

The equation of motion from continuum mechanics is given3gj [

% + divg(pv ® v) = divgy o + b. (3.23)

Here we identifyo- with the pointwise stress tensor. From (3.15), we have

Again, using (3.11) we obtain,

(9p - va‘:gv
E(m,t) = ;ma <va Z (—VmﬁW -vg + e . vaW)

B

:;mazﬁ:<—(va®vﬁ)vmw+ (va®

ma=w>
wa=m>.

(3.24)

v“ﬁv> Vo, W
3 B

Now, consider the summand on the right-hand side of the abguation for fixedx
andg. Using (3.20a), we havé(va Q@vg)Ve, W | o = :13> =0, for 5 # a. From
(3.20b), we have((vy ® Vi, V)V, W | o =) = 0, for 8 # «, and forg = «,
we have

(Vo @V VIV W | =x) = — (Ve VW | 24 = ),
using the fact thadiv,, (u ® v) = v, for any vectoru and for any vectop indepen-
dent ofu. Therefore (3.24) simplifies to
op
o (@) =~ ;ma (Vo @ V) Ve, W [ @a =) =Y (WVa V|20 =1x).
(3.25)

[e3

Using the identity,
divg aT =TV a, (3.26)

wherea(zx) is anyC! scalar function ofe, andT is any tensor independent of we

can rewrite (3.25) as

Jp .

E(m,t) = —divg ;ma (v @UV)W | o = ) — Z (WVz V]xq =2x).
(3.27)

«

Now, note that the term, ® v, can be written as

Vo @ Vo = (Vo — V) Q (Vo — V) F VR Vs + V4 @V — VRV
= QU vV, + VDV -V R, (3.28)
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wherev!! is the velocity of particlev relative to the pointwise velocity field. Con-
sider the first term on the right-hand side of (3.27). Subistiy (3.28) into this ex-
pression we have,

—dive > ma (Ve @ va)W | T = T)

=— Zma divg <('U};°1 QUIEYW |z, = x) — divg Z [v®@ma (VW | zq =)

+ Mo (VW | o =) @V — Mg (W | 2o = z) v @ V]
= —divy Z Ma <(’U£fl @UW |z = x) — divg(pv ® v), (3.29)

where we have used (3.13), (3.15) and (3.16) in the last Stapstituting (3.29) into
(3.27), we obtain

0
a—?(m, t) + divg(pv @ v) = — Z M divg (V2 @ EYW | 20 = )

> WV V|20 =), (3.30)

The left-hand sides of (3.30) and (3.23) are identical. &fae, the right-hand sides
must also be equal. Hence

diVm o+b=— Zma lem <(’U£‘el ® ’Ugel)W | Ty = w>_z <vaav | To = iB) )

(3.31)
To proceed, we divide the potential eneddic:, x-, . . ., x ) into two parts:

1. Anexternalpart,V.x, associated with long-range interactions such as gravity o
electromagnetic fields.
2. Aninternal part,Vyy;, associated with short-range particle interactions.

Itis natural to associafg., with the body force field in (3.31). We therefore define
b(x,t) as

b(@,t) ==Y (WVe Vet | Ta = ). (3.32)

[e3

Substituting (3.32) into (3.31), we have
divg o = — Y o dive (0 @ VYW | @0 = )~ > (WVa, Vine | €0 = ).

(3.33)
From (3.33), we see that the pointwise stress tensor hasdmtoilsutions:

o(x,t) = ox(x,t) + oy (x,t), (3.34)

whereoy ando, are, respectively, thkinetic and potential parts of the pointwise
stress. The kinetic part is given by

ox(z,t) = — Zma <(v};°1 QUIYW |z = T). (3.35)
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It is evident that the kinetic part of the stress tensor ismsgtnic. The presence of
a kinetic contribution to the stress tensor appears at oditistiie continuum defi-
nition of stress that is stated solely in terms of the foraeithg between different
parts of the body. This discrepancy has led to controversiyarpast about whether
the kinetic term belongs in the stress definition [55]. Thefasion is related to the
difference between absolute velocity and relative veyoaitfined in (3.28) [51]. The
kinetic stress reflects the momentum flux associated witlvithrational kinetic en-
ergy portion of the internal energy.

Continuing with (3.33), the potential part of the stress nsasisfy the following
differential equation:

divg oy (z,t) = Z (W | @y =), (3.36)

[e3

where
fr = —Va, Vin, (3.37)

is the force on particlex due to internal interactions. Equation (3.36) needs to be
solved in order to obtain an explicit form fer,. In the original paper of Irving and
Kirkwood [20], this was done by applying a Taylor expansiontte Dirac delta dis-
tribution appearing in the right-hand side of the equatlarcontrast, Noll showed
that a closed-form solution far, can be obtained by recasting the right-hand side
in a different form and applying a lemma proved in [41]. We q@ed with Noll's
approach, except we place no restriction on the nature ointieeatomic potential
energy,Vi,. The potential energy considered in [20] and [41] is limitegpair po-
tentials.

General interatomic potentials

In general, the internal part of the potential energy, atdted theinteratomic poten-
tial energy depends on the positions of all particles in the system:

~

Vint = Vint(T1, T2, ..., TN), (3.38)

where the “hat” indicates that the functional dependenamiabsolute particle po-
sitions (as opposed to distances later on). This functiostmpatisfy theprinciple of
material frame-indifference

The internal energy of a material system is invariant wigpezt to translation
and the proper orthogonal groj®)(3).16

Due to this invariance, it can be shown that; is a function of3N — 6 independent
coordinates [32]. It can also be shown that the potentiatggnean only depend on
the dot products of the relative position vectors of paggdisee [27]). This includes

18] fact, from quantum mechanics this invariance is with egspo the translation group and the full
orthogonal group)(3), but we do not use this result here.
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(b)

Fig. 3.1 A set of 4 particles in two-dimensional space. The distam&t&een the particles are not inde-
pendent. The distaneg 2 (shown dashed) can be expressed as a functionsfri4, r23, r24, andrsa.
However, there are two possible solutions. Frame (a) showspossibility. Frame (b) is obtained from
frame (a) by reflecting the triangle 234 about the line defimggarticles 3 and 4. The distances;, r14,
r23, T24, T34 Femain the same, butt o is different.

information on the distances between atoms and the anglesée triplets of atoms.
Hence, Vi, can be expressedds

Vint = Vine (712,713, - -+, T(N=1),N ) (3.39)

wherer,s := ||z, — ]| is the distance between atomsindj.

It is very important to note that the argumentsif; in the above representation
are not independent.Since there are onlyN — 6 independent coordinate,,,; in
(3.39)is only defined on 8N —6) dimensional manifold, in th&/ (N —1)/2 dimen-
sional space defined by its arguments. This manifold is contyrreferred to as the
“shape space” [27]. We refer to thé(/N —1) /2 dimensional space as tHestance co-
ordinates spaceTherefore the representation given in (3.39) is an extensi Vi,
defined on the shape space, to a continuously differentfabletion on a higher-
dimensional Euclidean space. Also note thatfor< 4,3N — 6 = N(N — 1)/2.
Therefore, forN < 4, all of the arguments in (3.39) can be assumed to be locally
independent. However, fav > 4, there may be multiple representations¥ay; de-
pending on the form of the potential energy, and the choided&fpendent variables.

We next address the possibility of having multiple représtons for the poten-
tial energy. We discuss through various examples on howipheitepresentations for
potential energy, if they exist, can lead to a non-uniquéraéforce decomposition.

17Angles between a triplet of atoms can always be expressedritstof the three distances that define
the triangle that the atoms form. Therefore, the interatopatential energy can always be expressed in
terms of distances alone. See [27] for a detailed discussitiis and why triple products between relative
position vectors need not be considered.

18We thank Richard D. James for pointing this out. This facttheesn over-looked in the past (see for
example [9]), which leads to the conclusion that the stressdr is always symmetric. It turns out that
this conclusion is correct (at least for point masses withi@rnal structure), but the reasoning is more
involved as we show below.
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Central force decomposition and the possibility of altéen@presentations

We will now show that the force on a particle can always be dgmmsed as a sum of
central forces. The force on a particle due to internal adtons is defined in (3.37).
Substituting (3.39) into (3.37) gives

f(ixnt = _vacavint = § faﬁa (340)
B
BFa
where oy
int L@ — Lo
g = _ 3.41
fap Dres o (3.41)

is the contribution to the force on partictedue to the presence of partigte The
derivativedVi,t /Orqp is understood to be a “formal” partial derivative, i.e. thegida-
tive of Vi, with respect tor,s as if all arguments were independent. It is well-
defined, since the representation is assumed to be consiyutitierentiable® Note
that f, s is parallel to the directior s — =, and satisfief,3 = — fs.. We therefore
note the important result that tiv@ernal force on a particle, regardless of the nature
of the interatomic potential, can always be decomposed asracf central forces,
i.e., forces parallel to directions connecting the pastitb its neighborg® We will
see later in Section 3.5 that the central force decompasigidghe only physically-
meaningful partitioning of the force.

An important question is whether the central force decontiposdefined in
(3.40) and (3.41) is unique. We will now demonstrate how thisstion is directly
related to the extension of the potential energy defined@sllape space to its neigh-
borhood in the higher dimensional distance coordinatesespiss an example, con-
sider thestandardpair potential representatic®?*:

1
VS, = 5 § :vag(raﬁ), (3.42)
a,B
a#f

Lactually, it is sufficient that the representation definedtumdistance coordinates space, is continu-
ously differentiable on the shape space.

20The result that the force on a particle, modeled using argratbmic model, can be decomposed
as sum of central forces may seem strange to some readessmakibe due to the common confusion
in the literature of using the term “central force model” &er to simple pair potentials. In fact, we see
that due the requirement of material frame-indiffereralé jnteratomic potentials (including those with
explicit bond angle dependence) are central force modglshiB we mean that the force on any particle
(say ) can always be decomposed as a sum of terfpsg, aligned with the vectors joining particle
with its neighbors and satisfying action and action andtreac

The difference between the general case and that of a painfiatis that for a pair potential the central

term, f. 3, dependsonly on the distance .z between the particles, whereas for a general potential, the
dependence is on a larger set of distanges; = fo (712,713, .-, 7(N—_1),N), I-8., fap depends on
the environmenbf the “bond” betweenx and 3. For this reasonf,, s for a pair potential is a property of
particlesa and 8 alone and can be physically interpreted as the “force exateparticlea by particle
3". Whereas, in the more general case of arbitrary interatgrotentials, the physical significance of the
interatomic force is less clear and at best we can sayfthatis the “contribution to the force on particle
« due to the presence of partigh.

21The representatio8 is being introduced here as a function’sf N — 1) variables instead oW (N —
1)/2 variables, as noted earlier only as a matter of convention.
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whereV,s is the interatomic potential energy of the isolated clustersisting of par-
ticlesa andg, and)_ , g represents a double sum. This notation for multiple sums

«
will be followed throuéﬁout the paper. For simplicity, le$ vestrict the discussion
to two dimensions. It is easy to see that in two dimensioresntimber of indepen-
dent coordinates ar2N — 3 and for N > 3 the number of interatomic distances
exceeds the number of independent coordinates. Therdéotbe material system
M consist of four point masses interacting in two dimensites.us now focus our
attention at one poinP on the shape space, which is described by the configuration
shown in Fig. 3.1(a). We have deliberately chosen this carditipn so that no three
point masses are collinear. The standard pair potentia¢septation for this system
is given by

V3 = Via(r12) + Via(r13) + Via(r14) + Vaz(ras) + Vaa(rea) + Vaa(rzs). (3.43)
The internal forcefit, on particle 1 is decomposed as
M= —Va, Vi, = —Va,Vi2 — Vo, Viz — Vo, Vi
Lo — & Xr3 — &L
= Viy(r12) ——= + Vig(r13) ——— + V{4 (r1a)
T12 T13 T14
=: fiz + fi3 + fia- (3.44)

Let us now try to alter the standard pair potential repreg@nt given in (3.44), in
the neighborhood of’ in the distance coordinates space. We do this by identify-
ing that for the configuration shown in Fig. 3.1(a); can be expressed ag, =
712(7r13, r14, 723, T24, 734 ). Using this, the pair potential representation can be cbang
to an alternate representatigh in the neighborhood of the configuration shown in
Fig. 3.1(a)%?

Ly — &1

VA = Vio(r1s, 714, 723, 24, 34) + Vis(r13) + Via(r14) + Va3 (r23)
+ Vau(raa) + V3a(r34), (3.45)

The internal force on particlg, using this representation is decomposed as

fint = —leVi’:}t = _vml )}12 - vml V13 - le V14
Wiz, — Wi, —
__WVom 3 OVipx L4 fiat fua
oriz 113 oruu T4
- OVis T3 — 1 Vo 4 — T
= (f13 + FI—— ) + (f14 + Ors )
=: fi13 + fia. (3.46)

From (3.46) it is clear that using the representation ging3i45), the decomposition
of fint along thex, — x; direction is necessarily zero. In other words, the fofce
appearing in (3.44) in the standard representation is dposed in the directions

22The functioni12 (r13, 714,723,724, 734) USed in the definition of this representation is one solution
out of two possible roots for;2 as shown in Fig. 3.1. We address this indefiniteness by atipgl that
the representation in (3.45) is defined in tredghborhoodf P shown in Fig. 3.1(a).
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x3 — x1; andxy — x1. Thus, the two different representations in (3.42) and5B.4
lead to two different central force decompositions.

A similar argument can be undertaken for any multi-body ptiéé For example,
consider thestandardrepresentation for an embedded-atom method (EAM) potentia

[8]:

1
VEEAM = 5 Z Vaﬁ(raﬁ) + Zua(pa)a Pao = Z fﬁ(r(yﬁ)- (347)
o, « B
a#p BFa

Herel4, (-), called theembedding functiaris the energy required to embed particle
« in the electron densityy,,, due to the surrounding particles, ayig(r.g) is the
electron density of particlg at x,. The force decomposition corresponding to the
standard representation is

s = (“)VE?M T3 — Tq
"y = —
87’(15 Taﬁ

T3 — Ty
= [Vip(ras) + Uslpa) fh(ras) + Up(ps) falras) | =2 (3.48)
Using this relation for the case of four particles intenagtin two-dimensional space,
the force between particles 1 and 2 is
o — XL

Ji2= [Viz(ﬁz) + Ui (p1) f2(r12) +Us(p2) fi (7“12)} (3.49)

12

Now instead, consider the alternate representation dedinéue neighborhood a?,
where the embedding functiob§ andi/, appearing in the standard representation
are altered by expressing, as a function of13, r14, 723, 24, r34. Hencelt; and

U, are no longer functions of;s. Using this new representation, the force between
particlesl and2 is given by

L2 — L1

fi2 = Viy(r12) (3.50)

12
Thus, again the two representations lead to two differentrakforce decomposi-
tions.

We have seen in the above two examples that altering theast@nepresentations
in the neighborhood of a point in shape space, leads to a nojue central force
decomposition for that configuration. We note, howevelr, tha alternate represen-
tations investigated above do not qualify as complete sgprations for the potential
energy since they are only defined over portions of shapeesBgcacompleteaepre-
sentation, we mean a representation expressed in termstafdé coordinates which
is defined, and continuously differentiable, at all pointsihape space.

It is an important question whether there exist any compéernate represen-
tations to thestandard representationssed in practice that lead to different central
force decompositions. Mathematically, the constructibeuzh a representation in-
volves the extension of a potential energy function definethe shape space to the
neighborhood of the shape space in a manner that ensurdgbeéha@presentation is
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continuously differentiable. A complete alternate repreation constructed in this
manner would return the same energy as the standard retagerand be contin-
uously differentiable at all points in shape space, and yetlevlead to a different
central force decomposition from the standard representat

In practice, interatomic potentials are not constructethis/extension procedure.
They are defined from the start as continuously differetgiilnctions of distance
coordinates (or equivalently of bond angles). We are ctigr@nt aware of any exam-
ples of complete alternate representations to these sthrefaresentations along the
lines described above. For this reason, we state the falppostulate and assume it
to be true:

Energy representation postulate: The class of functions, defined as an extension
of the interatomic potential energy of a material systenmfrshape space to the
higher-dimensional distance coordinates space, whicltarginuously differentiable
on shape space, have identical formal partial derivativegweery point on shape

space.
(3.51)

In other words, the above postulate claims that all pos@ktensions of the inter-
atomic potential energy from the shape space, yield a urdgongal force decompo-
sition. We refer to this as thenergy representation postulate

Next, we derive the pointwise stress tensor using the ddotie decomposition.
Since it was shown that the central force decomposition iguaif the energy rep-
resentation postulate is true, it follows that the poinerstress tensor derived from it
has the same property.

Derivation of the pointwise stress tensor

We now return to the differential equation in (3.36) for thatgntial part of the point-
wise stress tensor. Substituting the force decompositivengn (3.40) into (3.36),
we obtain

divg oy (@, ) = Y (Whap | 0 = ). (3.52)
s
Using the identity
(fapW | o =) = / (fapW | X0 =z, x5 = y) dy, (3.53)
R3

equation (3.52) takes the form

divg oy (z,t) = Z / (Wfap | o =x, 23 =y) dy. (3.54)
o, R?
a#p
We now note that the integrand in the right-hand side of ttevalequation is anti-

symmetric, thus satisfying all the necessary conditionsife application of Lemma
B.1 given in Appendix A. Conditions (1) and (2) in Appendix Peasatisfied through
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Fig. 3.2 A schematic diagram helping to explain the vectors appegarirthe pointwise potential stress
expression in (3.55). The bond-3 is defined by the vectaz. Whens = 0, atome is located at pointe,
and whens = 1, atomg is located ate.

the regularity conditions ofil’. Therefore, using Lemma B.1, which was proved by
Nollin [41], we have

ov(,1) (3.55)
1 1
:EZ/ / <_focﬁW|ma:$+827$5:m—(1—5)z>d5®zdz
a8 R3 Js=0
a#p
1 / zZ®z /1 <8Vim >
3 W o =ax+sz,05=x—(1-s)z) dsdz,
2 QZ,B R3 ||ZH s=0 87’&5 A
aFp
(3.56)

where in passing to the second line, we have used (3.41randxs = = + sz —
[ — (1—s)z] = 2. For the special case of a pair potenti#¥;.../0ras = V/,5(rap),
and (3.55) reduces to the expression originally given in.[41

The expression for the potential part of the pointwise sttessor in (3.55) is
a general result applicable to all interatomic potentisife. make some important
observations regarding this expressions below:

1. Although, the expression fer, appears complex, it is actually conceptually quite
simple.o, at a pointe is the superposition of the expectation values of the forces
in all possible bonds passing through The variablez selects a bond length
and direction and the variableslides the bond through from end to end (see
Fig. 3.2).

2. o, is symmetric. This is clear because the tezr® z is symmetric. Since the
kinetic part of the stress in (3.35) is also symmetric, thectasion is that the
pointwise stress tensor is symmetric for all interatomitepdials

3. o is unique for all interatomic potentials if the energy resaetation postulate in
(3.51) is true. Even if the energy representation postigatet true, we show in
Section 5.5 that the difference due to any two pointwisessttensors, resulting
from alternate representations for the interatomic paaeahergy, tends to zero
as the volume of the domain over which these pointwise qtiesitire spatially
averaged tends to infinity. Therefore, as expected, theasegpic stress tensor,
which is defined in the thermodynamic limit (see footnote Jage 5), is always
unique and is independent of the energy representationlptest
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4. Another source of non-uniqueness is that any expresditredorm, o, + &,
wherediv, & = 0, also satisfies the balance of linear momentum and is there-
fore also a solution. We address this issue in Section 5.&revive show that
in the thermodynamic limit under equilibrium conditionsetspatially averaged
counterpart tar, converges to the virial stress derived in Section 2.

The above results hinge on the use of the central force degsitign in (3.40).
One may wonder whether otheon-centraldecompositions exist, and if yes, why
are these discarded. This is discussed in the next section.

3.5 Non-central force decompositions and the strong lavetida and reaction

In the previous section, we showed that as a consequence pfititiple of material
frame-indifference, the force on any atom, regardless ®fdihm of the interatomic
potential, can always be represented as a sum of centrasfoit this section, we
show that othenon-centralforce decompositions are possible, however that these
violate thestrong law of action and reactigrwhich we prove below, and therefore
do not constitute physically-meaningful force decompost.

A proposal for a non-symmetric stress tensor for a threeytaatential

As an example, let us now consider the case of a three-bodwpiait For simplicity,
we assume that the potential only has three-body terms apdréitles are identical.
Under these conditions, the internal potential energy is

Vi = Y V(@a, Tp,T), (3.57)

o, B,y
a<fF<y

Whereﬁ(ma,mﬁ,mv) is the potential energy of an isolated clustgw, 3,~}, and

> a3,y fepresents a triple sum. The representatiol;gf in terms of interatomic
a<fB<y
distance is given by

Vint = Z V(raﬁarﬁ'ya r'ya)- (358)

B,y
a<f<y

We know that a central force decomposition can be obtaineflbywing the pro-
cedure outlined in the previous section and that this leadsgymmetric pointwise
stress tensor in (3.55). Alternativelynan-symmetrichree-body stress tensor is de-
rived as follows. To keep things simple, we derive the sttessor for a system
containing only three particles. Rewriting (3.57) for thase, we have

3
Vit = V(1 2, T3) = Y _ Pa, (3.59)
a=1

where

~

o = gV(iB1,iB2,iB3) (3.60)



29

is the potential energy assigned to partieleequal to one-third of the total potential
energy. Substituting (3.59) into (3.36), we obtain

divg oy (x,t) = — Z WV g, 05 | o = )
a,p

==Y (WVa g |Ta=a) =Y (WVa, 60 |20 =),

a,B
a#f

(3.61)

Since the cluster of three particles is isolated, the netefan the cluster due to
internal interactions is zero. Therefore, from (3.59), vage

Vaoba =— 3 Va,da- (3.62)
BF#a

Using this relation, equation (3.61) simplifies to

divg oy (@, ) = = Y (W(Va, ¢ — Vayba) | Ta = ). (3.63)
b
Let B
.focﬁ = vm5¢a - V:z:a ¢ﬁ (364)

Now, using the identity

<faﬁW|wa:w>:/ <faBW|wa:wawB:y> dy7

R3

and the definition given in (3.64), equation (3.63) takes i

divg oy (x,t) = Z/ <Wfag |z =, 25 = y> dy. (3.65)
a3 R?
a8

Let us now study the definition gf, 5 given in (3.64). From (3.60) we have

.f_ocﬁ - _vmcﬂsﬁ + Vmg¢a =

1]_ov oV
3

o 1 int _ pint

The above equation suggests how the fof¥é is decomposed. For examplgt is
decomposed as

. _ _ 1 . . 1 . .
int — f12 + f13 — g( int _ 511‘5) + g( int _ ént). (367)
Rearranging this relation gives
int 4 f;nt 4 f;ignt _ 0’ (368)

which is true since the clustét, 2, 3} is isolated.
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Fig. 3.3 (a) shows the force on each patrticle in a system consistifgpairticles which interact through
a 3-body potential given in (3.59). Since the potential isvéel from an energy decomposition, we have
Fint 4 gint 4 flnt — 0. (b) shows the force decomposition of eaff#® such thatf,s = — faa. but
not necessarily parallel to the line joining particlesnd3.

From (3.66) it is clear thaf, s is anti-symmetric with respect to its arguments.
Therefore, the integrand on the right-hand side of (3.683fges all the necessary
conditions for the application of Lemma B.1 given in Appen8i. Conditions (1)
and (2) in Appendix B are satisfied through the regularityditons on W. Therefore,
using Lemma B.1, we have

1 1
oy(z,t) = 5 / /
2 azﬁ R3 Js=0

a#fB
<—(Vm5¢a — Ve, o)W |Zo =+ sz, x5 =2 — (1 — s)z> ds ® zdz.
(3.69)

The stressr, is non-symmetric in general becaufgs, defined in (3.66), need not
be parallel to the line joining particles and 8 as shown in Fig. 3.3. We therefore
have two expressions for the stress for the same three-tmidptal. The symmetric
expression in (3.55) and the non-symmetric expression.B9§3We show next that
the non-central force decomposition that led to the nonrsgiric stress tensor is not
physically meaningful since it violates the strong law dfi@t and reaction.

Weak and strong laws of action and reacfidn

The following derivation hinges on the fact that in a matesjstem the balance laws
of linear and angular momentum must be satisfied for any fjdinedoody.

Consider a system oV particles with massesi, (o = 1,..., N). The total
force on patrticlev is

fo=F2 4 fap, (3.70)
o

23This derivation is due to Roger Fosdick [14].
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where f&*' is the external force on particte, and, as abovef, s is the contribution
to the force on particler due to the presence of partighe No assumptions are made
regarding the termg,, s or the interatomic potential from which they are derived.

A “part” g, of the system consists & < N particles. We suppose, is a fixed
point in space. LeF***(y,) denote the total force on the pait external to the part.
Let M**(p;; z¢) denote the total external moment pp aboutz. Let L(gp;) be
the linear momentum of the papt and H (p;; ) be the angular momentum pf
aboutx.

We adopt the following balance laws, valid for all parts af #ystent?

dL

F™(py) = E(@t)a (3.71)
M (py; 20) = - (15 20). 372)

We now show that by applying these balance laws to partiq4ats of the system,
that the strong law of action and reaction can be establishea first observation,
let o, consist of the single particle. The external force and linear momentum for

Ot = {OL} is
F({a}) = £ + D far(b), (3.73)
170
L{a}) = maza(t) (no sum) (3.74)

The balance of linear momentum in (3.71) requires

4N foy = madia. (3.75)
Yo

The external moment and angular momenturp ois

M= ({a};mo) = (zalt) — 20) X (£ + Z fay) = ma(xa(t) — o) X Ea(t),
20
(3.76)
where we have used (3.75), and

H({a};xo) = (Lo — x0) X Maa(t). (3.77)
The balance of angular momentum in (3.72) is satisfied idelhyi since

Ma(Ta(t) — xo) X Tal(t) = % [(a(t) — x0) X MaZa(t)]
=Zo(t) X Ma@a(t) + (o (t) — o) X MaZa(t)

= ma(xa(t) — o) X o (t).

24The view that the balance of linear momentum and the balahe@gular momentum are funda-
mental laws of mechanics lies at the basis of continuum nmechaSee, for example, Truesdell’s article
“Whence the Law of Moment and Momentum?” in [50].
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As a second observation, lgt consist of the union of the two particlesand/.
The external force and linear momentum are

F({o, ) = &+ 55+ D (Fay + £59), (3.78)

aB
L({a, 5}) = mao + mpds. (3.79)

The balance of linear momentum in (3.71) requires
f;’“ + fgxc + Z (fa'y + fﬁ'y) = Ma&a + mﬁ-'iﬁ- (3-80)
v#g#ﬁ

Subtracting (3.75) for particles andj gives

Z (fa'y"’fﬁ'y)_z.fa'y_z.fﬁ'y:oa (3-81)
»y;ég;éﬁ 'y;a 7;5
from which
Jap + fpa = 0. (3.82)

This relation is called theveak law of action and reactiofi6]. It shows thatf,s =
— fsa, but does not guarantee thfts lies along the line connecting particlesand

B.
Next, the external moment and angular momentum,aé
M ({a, B}; @0)
= (@ — x0) X (FX+ Y far) + (xs—x0) x (FF+ Y. fay)
af v Bta
= (ma - :Eo) X (maﬁia - faﬁ) + (mﬁ - :Eo) X (mﬁjﬁ - fﬁa)a (383)

where we have used (3.75), and
H({a, B};20) = (o — o) X Moo + (Tg — To) X Maks. (3.84)
The balance of angular momentum in (3.72) requires,

(o — o) X (Maia — fap) + (x5 — @) X (MpEs — foa)
d ) .
== (o — x0) X Moo + (X5 — o) X MpEg]
=By X Moo + (o — To) X MaEa + g X Mas + (g — o) X mads
= (To — o) X Moo + (T3 — To) X Mpads, (3.85)

which simplifies to

(o — o) X fap+ (3 — o) X foa =0,
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and after using (3.82), we obtain
(:Ba — :Bﬁ) X faﬁ =0. (386)

This shows thatf,s must beparallel to the line joining particlesy and 5. This is
thestrong law of action and reactioWe have shown that this law must hold for any
force decomposition, derived from any interatomic potnin order for the balance
of linear and angular momentum to hold for any subset of a&esysif particles.

The possibility of non-symmetric stress

Based on the proof given above for the strong law of actiorraaction, we argue that
only force decompositions that satisfy the strong law ofoacand reaction provide
a physically-meaningful definition fof,s. For example, the definition in (3.64) is
not physical because if it were used to compute the exteroaient acting on a sub-
system of particles, as is done above, the balance of angudarentum would be
violated. For this reason, this decomposition and the spoeding non-symmetric
stress in (3.69) are discarded. The conclusion istti@pointwise stress tensor for a
discrete system of point masses without internal strudtaseto be symmetric

In the next section, we discuss the possibility of expandhegclass of solutions
resulting from Irving-Kirkwood-Noll procedure in a way tiraakes it possible to ob-
tain non-symmetric stress tensors for systems where tht paiticles have internal
structure. This involves a relaxation of the assumption thea “bonds” connecting
two particles are necessarily straight.

3.6 Generalized non-symmetric pointwise stress for degiwith internal structure

In Section 3.4, we saw that the Irving-Kirkwood-Noll proced, when applied to
multi-body potentials, results in a symmetric stress tende now seek to find addi-
tional solutions to (3.54), which are not obtained usingstta@dard Irving-Kirkwood-
Noll procedure. In arriving at (3.55) using Lemma B.1, we sae that the contri-
bution to the potential part of the stress at positiors due to all possible bonds,
assumed to be straight lingthat pass through. The question that naturally arises is
to what extent can this assumption be weakened. In othersyoash Lemma B.1 be
generalized in a suitable manner so that non-straight boad$e accommodated?
Such a possibility was first discussed by Schofield and Haodgh4], who used the
Irving and Kirkwood approach with a series expansion of thre®delta distribution.

It will be shown in this section, using Noll's more rigorougpaoach, that solutions
giving rise to non-straight bonds are possible.

From a physical standpoint, non-straight bonds are pasgiblsystems with in-
ternal degrees of freedom. An example would be the dipgetdiinteractions be-
tween water molecules resulting from the electrical dipafleeach molecule. The
possibility of internal degrees of freedom was alreadyegiby Kirkwood in his
1946 paper [22]. The idea is to relate the shape of the naighktrbonds to the ad-
ditional physics associated with the internal degreeseddom. This issue will be
further explored in future work. For now, we only investigéhe possible existence
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of additional solutions other than that given by (3.55). Végib by describing the
shape of a bond in a more precise way through the followingnieifin.

Definition 2 The “path of interaction” between any two interacting patés« and
£ is the unique contour that conneetsand 3, such that there is a non-zero contri-
bution to the potential part of the pointwise stress, at any point on this contour.

In this section, the termisond and path of interactionare used synonymously.
Therefore, for the case of the pointwise stress tensor Bbj3this path of interac-
tion is given by the straight line joining and 3. It is shown in Appendix B, that
under certain restrictions on the path of interaction, LenBril can be generalized
to Lemma B.2 given in Appendix B. Roughly speaking theseriagins are given
by the following conditions:

1. The shape of the bond connecting particleend3 only depends on the distance
betweerny andg. 2

2. For any two pairs of particle@y, 5) and (v, ) separated by the same distance,
the bondsy — 3 and~ — § are related by a rigid body motion. In addition, if
T, — T3 = x4 — x5 then this rigid body motion involves only translation.

From condition 1, it is clear that the shape of the bonds catelseribed by contours
Y, :[0,1] — R3, forl > 0, with 77(0) = (0,0,0), 23(1) = (1,0, 0) along with some
mild restrictions. Hence, defining the contodfsfor [ > 0 is equivalent to defining
the paths of interaction between any two point®ih For a precise definition df;
and the paths of interaction see Appendix B. Since all thessary conditions for
the application of Lemma B.2 are same as those for Lemma B2 tam use Lemma
B.2 in the Irving-Kirkwood-Noll procedure instead of LemrBal. In doing so, we
arrive at a definition for the generalized pointwise stressoro$, for given paths
of interaction with the above mentioned properties. Thigiven by

ol (x,t) =

v

1 1
52/ / (FfapW | o =1 + 52,25 =21 — (1 - 5)2) ® QX (s) ds dz.
a.f R3 Js=0

a#fB
(3.87)

where f, 5 is defined in (3.41), and (s,z,2) = = — sz — Q.Y)(5),Qx €
SO(3). Here,x, represents the projection efonto the line joining the endpoints,
ro = x) +szandxg =z, — (1 — s)z, of the path of interaction being considered.
Q. represents the rotation part of the rigid body motion désctin condition 2 that
maps the contoul ., ., to the path of interaction that conneats andx.

Equation (3.87) is a general expression for the potentietl gfathe pointwise
stress tensor, of which (3.55) is a special case. We disewssa key features of this
expression below:

25 This is in essence a constitutive postulate similar to tisemption in pair potentials that the energy
depends on only the distance between particles. A more gledependence of the shape of the path of
interaction on the environment of a pair of particles may bssjble, but is not pursued here. See also
Definition 3 in Appendix B and following discussion.
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1. Equation (3.87) is unique only up to given paths of intBaacfor a given rep-
resentation for the potential energy. It is a more geneslltehan (3.55), since
(3.55) can be obtained from (3.87) by assuming that the piithteraction be-
tween any two points is the straight line connecting thenn tRis special case it
is easy to see that, =z andQ. Y (s) = —=.

2. 0% isin general non-symmetric, whereas the stress obtaimedgh the standard
Irving-Kirkwood-Noll procedure is always symmetric foryamulti-body poten-
tial. Since the kinetic part of the stress tensqr (see (3.35)) is symmetric, it
follows that the total pointwise stress tensor obtainethftbe generalized stress
tensor is usually non-symmetric. Therefore, under thegmiesetting, the balance
of angular momentum is satisfied only through the presen@®wple stresses.
This suggests that non-straight bonds may correspond tersgswith particles
having internal degrees of freedom.

3. Since both (3.55) and (3.87) are valid definitions for tla¢eptial part of the
pointwise stress, the question of which one to choose dejpamthe presence of
internal degrees of freedom in each patrticle. In the absehagernal degrees
of freedom only straight bonds are possible due to symmetrg.issue of the
pointwise stress being unique only up to a divergence fresotevalued function
is partially addressed here, since the expression givehéylifference between
the two definitions is divergence-free.

4. The expression in (3.87) is very similar to (3.55). Thenpwise stress at is
a superposition of the expectations of the force of all giediondgpaths of
interactionpassing through:. The vectorz selects an orientation and the size of
the vector connecting the two ends of the bond, amstldes it throughr from
end to end as shown in Fig. 3.4.

3.7 Definition of the pointwise traction vector

In this section, we derive the formula for the pointwise ti@t vectort(x, n;t)
defined on the surface passing throughwith normaln at time¢. The following
derivation is based on [41] and it can be easily extendedrigecipaths of interaction.
As usual, letM denote our material system. L& C R? be a domain in three-
dimensional space with continuously differentiable stef&, representing a part of
the body. By this definition, each of thé point masses described W either belong
to £2 or in the space surroundin@, denoted by2°. Let f denote the force exerted
by the particles in2¢ on particles inf2. We note that in continuum mechanigss
related tot by

f(t):/st(:c,n,t) ds(x), (3.88)

wheren(x) is the outer normal at € S. Using the Cauchy relatiort(x, n,t) =
o(xz,t)n, we obtain

f(t) = /S ondS(z). (3.89)
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Fig. 3.4 A schematic diagram helping to explain the vectors appganitthe inner integral of (3.87) for a
given pointz. The integral in (3.87) in an integral over all possible gahinteraction that pass through
the pointz. The inner integral with respect tg with z fixed, is an integral over those paths, wheres
the vector joining its endpoints. Frame (a) shows a pathtefaction whers = 0. As s is increased the
path “slides” throughe. Frame (b) shows the path for an arbitrarin the interval[0, 1]. The end points
are represented by, + sz andx; — (1 — s)z. Frame (c) shows the position of the path for 1.

Now, note that the net force exerted B on (2 due to particle interaction, denoted
by f,(t), is given by

ro=3 [ / oW [ @o —wmy = v) dudv, (390)

a,B
o
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wheref,z is defined in (3.41). Since the integrand in (3.90) satistiehe@conditions
for the application of the lemmas in Appendix B, we can now aspecial case of
Lemma B.3 by restricting to straight bontfsWe therefore have,

a,B
a#p
1
/ / / (—fapW | zo =z +sz,zg=a— (1 —5)z) (2-n)dsdzdS(x).
S JR3 Js=0
(3.91)
We now note thajf, in (3.91) exactly satisfies
fo(t) = / oyndS(x), (3.92)
s

whereo, is given by (3.55). It is therefore clear thAt describes the potential part of
the interaction forcegf. Hence, it is natural to assign a potential part of the pasgw
traction vectort, to f,, given by

ty(z,n;t) == oy

n
1 1
:52/ / (—fapW | za =z +sz,zg=2— (1 —s)z) (2-n)dsdz.
a.f R3 Js=0
a#p
(3.93)

The above formula is conceptually quite simpliegives the measure of the force
per unit area of all the bonds that cross the surface, wheeeftiice is calculated
with respect to a surface measure (§8€91). Using this viewpoint, we motivate
the definitions for the macroscopic traction vector and thess tensor, when we
incorporate spatial averaging in the next section.

It is now natural to assign the kinetic contribution to thecibacross the surface
to the kinetic part of the pointwise stress tensor. SubtrgdB.92) from (3.89), we
obtain the kinetic contribution to the force across a sufac

Sfi(t) = /(0' —oy)ndS(x) = / oxndS(x).
s s
Therefore the kinetic contribution to the pointwise trantvectorty, is given by

ti(x,m;t) := oxn
= =S (U )W | @ = ). (3.94)
Finally, we note that the definitions ¢f andt, are functions ofe andn alone.

Hence, this result is related to the work of Fosdick and Vjidd, who give a varia-
tional proof for the stress theorem of Cauchy in the continwersion. In that work

26gpecifically, for straight bonds, we set; = x andQZT"‘ZH (s) = —=.
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the traction vector is allowed to depend on the unit normdlthe surface gradient
and is shown to be independent of the surface gradient.

The fields defined and derived in this section are pointwisatties. In the next
section, expressions for macroscopic fields are obtainesphgially averaging the
pointwise fields over an appropriate macroscopic domain.

4 Spatial averaging

In the previous section, the Irving-Kirkwood-Noll proceduvas used to construct
pointwise fields from the underlying discrete microscopistem using the princi-
ples of classical statistical mechanics. Although theltiegyfields resemble the con-
tinuum mechanics fields and satisfy the continuum conservaguations, they are
not macroscopic continuum fields. For example, the poirwstsess field in (3.55),
at sufficiently low temperature, will be highly non-uniforexhibiting a criss-cross
pattern with higher stresses along bond directions, eveenwhacroscopically the
material is nominally under uniform or even zero stress.

To measure the fields derived in the previous section in arr@xent, one needs
a probe which can extract data only from a single point ofregkein space. Since
this is not possible practically, there is no way we can dateghe experimental data
with theoretical predictions. Therefore a true macroscopintity is by necessity an
average over some spatial region surrounding the contimaint where it is nomi-
nally definec?’ Thus, if f(x, t) is an Irving-Kirkwood-Noll pointwise field, such as
density or stress, the corresponding macroscopic figlet, t) is given by

fulart) = [ wly —@)f(w.t) dy, @1)

wherew(r) is a weighting function representing the properties of thabp and its
lengthscale.

The important thing to note is that due to the linearity of fiiese averaging
in the Irving-Kirkwood-Noll procedure, the averaged mawapic functionf,, (x, t)
satisfies the same balance equations as does the pointwasereg(x, t).

Weighting function
The weighting functiono(r) is anR*-valued function with compact support so that

w(r) = 0 for ||r] > A, where\ is a microstructural lengthscale. The weighting
function has units ofolume ' and must satisfy the normalization condition

/RS w(r)dr = 1. (4.2)

2"'We do not include time averaging, because this is indirgogifformed due to the presence 1af.
The reasoning for this, comes from tfiequentist’sinterpretation of probability, where the probability of
a state is equal to the fraction of the total time spent by yis¢éesn in that state.
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Fig. 4.1 Three weighting functions for spatial averaging: uniformighting (solid line) in (4.3); Gaussian
weighting (dashed line) in (4.4); Quartic spline weight{dgsh-dot line) in (4.5). Note that the areas under
the curves are not equal because the normalization in @&jdording to volume.

This condition ensures that the correct macroscopic ssedstained when the point-
wise stress is uniform. For a spherically-symmetric distiion,w(r) = @w(r), where
r = ||r]|. The normalization condition in this case is

/ w(r)drridr = 1.
0

The simplest choice foi)(r) is a spherically-symmetric uniform distribution over a
specified radius,,, given by

~ _ I/Vw If r S va
w(r) = {0 otherwise (4-3)

whereV,, = %wrfu is the volume of the sphere. This function is discontinuaus a
r = ry,. If thisis a concern, a "mollifying” function that smoothigkesw(r) to zero
atr,, over some desired range can be added {38Jnother possible choice fab(r)

is a Gaussian function [17],

w(r) = 777%7’;3 exp [—TQ/TfU} . (4.4)

This function does not have compact support, however itydeeidly with distance
so that a numerical cutoff can be imposed where its valuesdbeow a specified
tolerance. Another possibility is a quartic spline used @shiess method applications
(where it is called &ernel functior{2]),

0 otherwise (4.5)

W(r) = { oz (L+3:5)(1 = =) i r <7y,
This spline has the advantage that it goes smoothly to zere-at,,, i.e.,w(r,) =
0, @' (ry) = 0, and” (ry) = 0. Fig. 4.1 shows the plots of the three weighting
functions given above.

28An example of a mollifying function is given later in equati¢6.11).
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4.1 Spatial averaging and macroscopic fields

Continuum fields such as density and momentum density figklslefined using
(4.1) as the ensemble average via the probability densitgtion 177, followed by a
spatial average via the weight functianas follows:

pw(iL‘,t) = Zma /R% w(y —x)(W | Lo = y) dy, (4.6)
Pw(x,t) = Zma /R3 w(y —x)(Wuo, | o = y) dy. 4.7)

[e3

It is straightforward to show that using definitions, (4.6544.7), the macroscopic
version of the generalized pointwise stress tensor give318y7) divides into poten-
tial and kinetic parts as,

1 1
rurtet =3 T [ [ ],
B =
a#f

(FfapW | o =y1 + 52,25 =y1 — (1 - 5)z) ® QX (s) ds dz dy,
(4.8)

wheref,s is defined in (3.41)y. =y — sz — Q.7 (s), Q. € SO(3), and
owx(z,t) Z/ — )Mo (v @ UIYW |z, = y) dy. (4.9)
R3

We now intend to express the potential part of stress in a wmmeenient form. This
is done by two consecutive changes of variables. Under themgstion that) . and
Y| are differentiable with respect to and||z||, respectively, the Jacobian of the
transformatior(s, y, z) — (s,y., z) is unity. Therefore,

1
owv(x,t) / —:13)//
wl Z R3 ’? Js=0

ailh

(fasW | @o =y1 + 52,25 =y1 — (1 —5)2) @ QT dsdzdy.,
(4.10)

wherey = y(s,y.1, z). A second change of variables is introduced as follows
Yy, + sz = u, Yy, —(1—s)z=w, (4.11)

which implies,
z=u—w, Yy, = (1 —s)u+ sv. (4.12)

The Jacobian of the transformation is

Vuz Vez | I -1\ _
J = det |:Vuyl VDyL} = det [(1 ey SI] =1. (4.13)
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w((l—s)u+ sv—x)

Fig. 4.2 The bond functiorb(x; u, v) is the integral of the weighting function centeredaatlong the
line connecting pointa: andv. The graph shows the result for a quartic spline weightingction. The
bond function is the area under the curve.

Using (4.11), (4.12) and (4.13) to rewrite (4.10), we obtain

1
owv(T,t) == Z / (—fapW | o =u,z3 =v) @ b(x;u,v)dudv,
2 .3 R3 xR3

a3
(4.14)
where )
b(x;u,v) = — /5:0 W(Y — ) Qu-—vT [y 5, (4.15)
is called thebond vectoywith
’g(S, u, ’U) = y(S, yl(sv u, ’U)a Z(’U,, ’U))
For the special case of straight bonds, we have
g=1-s)u+tsv and Qu-oT|, ,|(s) = —(u—w).
Therefore the bond vector simplifies to
1
b(x;u,v) = (u— v)/ w((1 = s)u+ sv—x)ds
s=0
= (u — v)b(x;u,v), (4.16)

whereb(x; u, v) is commonly referred to as th®nd function The geometrical sig-
nificance of the bond function is explained in Fig. 4.2.
For the special case of straight bonds, equation (4.14)lgiegto

owv(x,t) = 1 Z / (—fapW | o = u, x5 = v)@(u—v)b(x; U, v) du dv.
2 .3 R3 xR3
a#p

(4.17)
The expressions for the potential and kinetic parts of ttegially-averaged stress
tensor in equations (4.9) and (4.17) are our main result amdtitute the general
definitions for the macroscopic stress computed for a dissgestem. It will be shown
in Section 5 that these relations reduce to the Hardy stees®t [17] under suitable
approximations. The issue of the uniqueness of the streseitén the sense that any
divergence-free field can be added to it) is deferred to Se&tis.
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4.2 Comparison with the Murdoch-Hardy procedure

An alternative procedure of defining continuum fields to the described above, due
to Murdoch [36,39,40] and Hardy [17], only involves spatakraging. We refer to
this approach as th&lurdoch-Hardy procedureUnder the Murdoch-Hardy proce-
dure, continuum fields are defined as direct spatial aver@gagroscopic variables
without incorporating statistical mechanics ideas. Fameple, the density and mo-
mentum density fields at a particular instant of time, cqroesling to a given weight-
ing functionw, are defined as

Pw(x,t) = Zmaw(ma —x), (4.18a)

Pw(x,t) = Zmavaw(ma —x), (4.18b)

respectively. We denote spatially-averaged variablesiogét from the Murdoch-
Hardy procedure with a superposed tilde to distinguish trem quantities obtained
in Section 4.1. Equation (4.18) is used to “smear” a discsgstem to form a contin-
uum. The reasoning for abandoning statistical mechaniteikck of knowledge of
the ensemble of the system as explained by Murdoch and BedeEg9]:

Physical interpretations of any given ensemble averagalglelepends
on the definition of the ensemble. for example, if a container is filled to a
given level with water and then poured onto a surface, thie ¢diprecision
with which the pouring is effected may result in many diffe@renacroscopic
flows. Here no single description is available within detigistic continuum
mechanics: in this case the ensemble (defined in terms ofdter wiolecules
and limited knowledge of how the pouring takes place) reteginvolve aver-
ages associated with all possible flows. Clearly relatiomslizing ensemble
averages are associated with a much greater variety of lneththean is de-
scribable in terms of deterministic continuum mechanics.

We share the same concern regarding the ambiguity in theititafiof an ensemble.
For example, in an experiment where an austenite-maréepkése transformation
occurs, the resulting micro-structure consists of a cormppmtial configuration of
martensitic variants, and this depends largely on the regopic details of the sys-
tem, such as cracks, lattice defects, etc. Therefore, ndse, macroscopic vari-
ables cannot completely describe the ensemble of inténemstder to avoid this diffi-
culty, Murdoch proposes a time average in place of ensemblage. Nevertheless,
it should be noted that from classical statistical mechartite ensemble of inter-
est and its corresponding distribution existsprinciple. Therefore the framework
described in Section 4.1 is a correct framework in which tcaph the problem. A
practical calculation can then be performed, for examplegplacing the ensemble
averages with time averages in a molecular dynamics caicnlésee Section 5). We
stress the importance of writing a continuum field varialdeaa ensemble average
followed by spatial average, rather than a spatial averaltperfed by a time average,
as is done in the Murdoch-Hardy procedure, because it helpise a unified picture
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of all the previous definitions for continuum fields and strés particular. This is
discussed in the next section.

It is interesting to note that by relaxing the connectionhvgtatistical mechan-
ics, the Murdoch-Hardy procedure allows for a much widesglaf definitions for
the stress tensor [38]. In this section we intend to systemdlis procedure. The
source of non-uniqueness resulting from multiple defingiof the stress tensor is
studied, thus helping us to identify a much larger class sbjtade definitions. In this
new systematic approach, the steps involved in the Murdtettly procedure are as
follows:

1. Develop a continuum system by smearing out the discrasteisyusing (4.18).

2. Introduce anon-localconstitutive law for the continuum that is consistent with
the discrete version of force balance given later in (4.19).

3. For each constitutive law, define a stress tensor, whitisfies the equation of
motion for the continuum.

To understand the above three steps, we explore the Muridactily procedure
in more detail. The continuity equation is satisfied in aiédiway [37]. We now look
at the equation of motion.

Equation of motion

The motion of particler is governed by Newton’s second law,

> fap + ba = Mata, (4.19)
B
B#a

wheref,z are the terms in the central force decomposition obtainem & general
multi-body potential (see Section 3.4) alydis defined as

bo = —Va, Vext-
Equation (4.19) is a force balance equation for the disagtem. We now design an
analogous force balance equation for the smeared contidefimed by (4.18), such
that (4.19) always holds.
Force balance for the smeared continuum

Multiplying (4.19) byw(x; — ) and summing over all particles, we have

fw + Bw = Zma’baw(wa - w)a (420)
where
fo(@t) = fapt)w(xa(t) — ), (4.21)
a.f
a#B

bu(z,t) = > by(t)w(zs(t) — ). (4.22)
B



44

To arrive at a form similar to the equation of motion of contim mechanics given
in (3.23), equation (4.20) is rewritten as

~ ~ 0
fw —+ b’u) = E Zmaw(ma — m)'va - ;ma'va(vw(ma - w) . UOL)
apw
= —— +divy, Z MaW(To — T)Vo @ Vg (4.23)

Similar to (3.16), we define the continuum velocity as

Pw(x, 1)
Puw (:1}, t)
and the relative velocity of a particle with respect to thatemuum velocity as

Oy (a2, t) :=

(4.24)

0N, t) = va(t) — Dy (. 1). (4.25)
Using (4.18) and (4.25), we obtain
Zmavrelw (£o(t) — ) = Puw(x,t) — pu(x, t) 0y (x, 1)
= ()7

the last equality being true, by the definition (4.24). Fr@n26) and the above equa-
tion, it follows that

§ MaW(To — T) Vo @ Vo = E Maw(To — )0 @ ™ 4 foBy @ Doy

Substituting this into (4.23) and rearranging, we have

fw — divg Z ma(f;fl ® f;;el)w(ma —x)+ b, = 8?;: + divg (PuwDw @ Dy)-

Comparing the above equation with the equation of motio23)3 we have

dive &u(@,t) = fu(@,t) — dive Y ma(0! @ o w(@a — ),  (4.26)

wherea,, is the stress tensor corresponding to the weighting funetid-rom (4.26)
itis clear that the kinetic part and the potential part ofstress tensoé,, xk ande, v,
respectively, are given by

Gwx(@,t) = Zma (0 @ " w(wy — ), (4.27a)

divg 6y (2, 1) = fw(m,t). (4.27b)

Any solution to (4.27b) is a valid candidate for the defimitiof &, ... Murdoch [38]
proposes several possible candidates, and highlightogs#lity of having multiple
definitions. To understand the connection between therdiftgpossible definitions,
we look back at (4.20) and (4.21). Equation (4.20) is a forakatice equation for
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any “continuum particle” at, andf,,, defined in (4.21), is the force per unit volume
acting on it. It is not immediately clear from (4.21), how twontinuum particles at
positionsz andy interact with each other. This interaction can be given by®a-n
local constitutive law. The main idea is to recast (4.21) as

fuw(z,t) = /RS g(xz,y,t)dy, (4.28)

for someg(x, y,t), which we call thegenerator of the non-local constitutive law
This function describes the interaction between the caontimparticles atc andy.

To satisfy Newton'’s third law, we also negdo be anti-symmetric with respect to its
argumentsg andy. Unfortunately the representation given in (4.28) is nagua,
and since every choice @f leads to a different stress definition, this is one of the
sources of non-uniqueness in the definition for the stresoten the Murdoch-Hardy
procedure. We describe two different constitutive lawsgchiread to the Hardy stress
and the doubly-averaged stress (DA str&Sg)0].

For the case of Hardy stress, the genergtbis given by the equation

(@,y,t Z fopw(@a —2)d(25 — Ta + 2 — Y), (4.29)
a#ﬁ
whered(-) denotes the Dirac delta distribution.

The generatog® for the DA stress is given by

(z,y,t Z fopw(za —x)w(xs —y). (4.30)
a#ﬁ

Fig. 4.3 shows the interaction between two continuum pagiwith positionse
andy, that are in the neighborhood of two interacting particieand 3 respectively
and not in the neighborhood of any other particle in the sgsia this setup, it is
clear from the generator for the Hardy stress, given in (4.2t two continuum
particles atc andy interact only whery — 3 = « — x,, as shown in Fig. 4.3(a).
On the other hand, there is no such restriction on the georefi@mt the DA stress,
described by (4.30) (see Fig. 4.3(BY)Although at this point there is no systematic
way of suggesting additional possible generators, we cggesi a third generator,
g"P, which has properties that lie in betwegH andg®. As shown in Fig. 4.3(c),
when interaction is governed lgy'P, a continuum particle: interacts withy only
wheny lies on the line passing throughand parallel tac, — z3. In all the three
cases, the interaction force is always directed along tie®ve, — x. Therefore

29Murdoch [38] refers to this stress as “Noll's choice”. To meonfusion with the stress derived
through the Irving-Kirkwood-Noll procedure in Section 3gwame it the “DA stress”.

3ONote that for the DA stress, the force between two continuantigles atz andy is not parallel to
x — y in general. This is not a violation of the strong law of actamd reaction, because the strong law
only applies to discrete system. It has been used in thisatiem by requiring thatf,s = — fg. and
faﬁ X (:I:a — :BB) =0.
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_g(a:vyvt)/// 7g($,y7t),/ —g(.’E,y,t)///

@) (b) (c)

Fig. 4.3 A continuum particlex interacts with: (a) only that continuum particleggtwhich is identically
oriented toxg asx is oriented tox,,, when the interaction is given hy™; (b) any continuum particle
in the shaded region, when the interaction is giveryby (c) any continuum particle on the shaded line,
when the interaction is given by P,

by (4.28) we have three different integral representationg,, with generatorg®,
H _HD
g.,g . .

Now, in each of the integral representationgfgfgiven by (4.29) and (4.30), the
integrand satisfies all the necessary conditions for théiagtipn of Lemma B.1 or
Lemma B.2 in Appendix B! For instance, using Lemma B.1 we obtain an expression
for the potential part of the stress tensor, given by

Cwv(z,t) = —% /R3 {/iog(:v +sz,x— (1 —5)z,t) ds} ® zdz. (4.31)

Substituting (4.29) into (4.31), we have the potential pathe Hardy stress:

1
&BN:—%Z/ [/ faﬁw(:ca—m—sz)d(mﬁ—ma—i—z)ds} ®zdz
a. R3 s=0
s
1 1
3 Z / —fapw((1 = 8)xo + sxg — ) @ (xy — xg) ds. (4.32)
a8 s=0

a#f

Substituting (4.30) into (4.31) we have the potential pathe DA stress:

1 1
&B,‘i =5 Z / / —fapw(@e —x — sz)w(zsg —x+ (1 — 5)2) ® zdsdz,
o.B z€R3 Js=0

a#f3
(4.33)

31The integrand should be continuously differentiable folsltemma to be applicable. Althougi
is not continuously differentiable due to the presence efirac delta distribution, this does not hinder
us from applying the lemma since we can replace the Diraa didtribution by an appropriate infinitely
differentiable function and take a limit. See Appendix Cdaigorous derivation of this.
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which was derived by Murdoch [40]. The conclusion is thatrtba-uniqueness of the
generator in the systematized Murdoch-Hardy procedudsléaa non-unique def-
inition for the stress tensor. A further source of non-ueigess could be introduced
by using curved paths of interaction instead of straightdscend applying Lemma
B.2, which is a generalization of Lemma B.1 in Appendix B. Vet pursue this
generalization further here.

It is important to point out that the systematized Murdochrdy procedure pre-
sented here doasot described all possible solutions to (4.27b). An example of a
solution that cannot be obtained via our systematized Mihrddardy procedure is
the following definition suggested in [38]:

Go (1) =D fap @ (& — ma)a(|@ — za), (4.34)
a3
a#3
wherea(u) := % [1' s*i(s) ds. As pointed out in [38], the expansion in (4.34) is

not a physically-relevant definition for stress due to tHWing test case. Consider
a stationary deformed body at zero temperature (i.e., wherparticles occupy fixed
positions without vibrating). In this case, the net forceragon any particle is zero.
Since f,3 is the only term in the summand of (4.34) which dependgp(#.34) is
equivalent to

G (@)= (O fap) @ (& — ma)a(|@ — za). (4.35)
a B
pa

In our casezﬁ fas = fo = 0, for each particlex in theinterior of the body which
is considerably away from the surface compared to the itttaria distance. Hence,
the only non-zero contribution to the stress is due to thestqgbes close to the sur-
face on which the net force due to other particles is non-2dareover, although
a(u) decays to zero agincreasesj(u) # 0 for all u # 0. Thus, there is a non-zero
stress at every poiat € R? (even outside the body!) due to particles close to the sur-
face of the body, which is obviously not physically reasdeableverthelessy, .,

is mathematically still a valid definition since it satisfia force balance equation
[38]. However, it cannot be derived using the systematizegtddch-Hardy proce-
dure proposed here. Thus, the systematized Murdoch-Haodgg@ure does not lead
to all possible definitions that satisfy the force balanogagign.

Finally, it is also worth noting that the fact that all balankews are satisfied
under the Murdoch-Hardy procedure should not come as aiseygimcew in (4.18)
serves the same purposel#sin (3.13). In this viewuw is seen as a function defined
on a phase space, although one that does not evolve acctwdirftpw described by
Hamilton’s equations of motion, but still satisfies (3.20)he corresponding flow
in phase space is described as follows. Continuing with atation introduced in

32This is only a mathematical argument. No physical signifieashould be drawn from this analogy.
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Section 3, [et=(0) denote any arbitrary point in phase space. Consider the flow i
phase space given by the mapping

= (z(t),v(t)) = E(¢), (4.36)

where the quantitieg(t) = (z1(t),--- ,Zn(t)),0(t) = (01(t),--- ,on(t)) denote
the position and velocity of the particle and these are assiimbe known. (Typically
these quantities are obtained from a molecular dynamicslation.) Therefore the
Murdoch-Hardy procedure can be interpreted as a probtbitisodel constructed
from the dataz(t) ando(t), obtained from a deterministic model — a molecular
dynamics simulation. Note thatandwv in (4.36) denote the positions and velocities
of the particles in the probabilistic model. Then it is easgée that ifV (= (t);¢) is
given by

W(E;t) =w(xy — &1) - w(lxy — TN), (4.37)

then the definitions given by (3.13), (3.15) and (4.18) amestgient with each other
andW given by the above formula satisfies Liouville’s equatiose($3.10)), which
was used in deriving the balance equations in Section 3. tateunlike Section 3,
W(Z;t) defined in (4.37) imot a probability density function. (Its integral over
phase space diverges, since it is independet)of he key difference between the
two approaches is that all quantities in the Irving-KirkwdeNoll procedure are prob-
abilistic, while this is not true for the Murdoch-Hardy peasture, if the above prob-
abilistic interpretation is adopted. For exampfas in the Murdoch-Hardy proce-
dure is deterministic. Therefore the structure inherer(8if4) through the marginal
densities is absent in the Murdoch-Hardy procedure, thumgiadditional non-
unigueness. It is shown in Section 5 that the Hardy stres®eaterived using both
approaches, while the DA stress is a result of the MurdocttiHarocedure alone.

4.3 Definition of the spatially-averaged traction vector

We close this section by defining the spatially-averagettitra vector.t,, (x, n; t),
for a weighting functionw, at a pointz relative to a plane with normat(x). One
possibility is to adopt the Cauchy relation using the sfigt@veraged stress tensor,

ty(x,n;t) := oz, t)n. (4.38)

However, sincer,, is defined as a volume average, we immediately see that with
this definition,t,, depends not only on the bonds that cross the surface, bubalso
nearby bonds that do not cross it [37]. Hence, equation J4l88s not appear to be
consistent with Cauchy’s definition of traction.

We therefore seek an alternative definition for the spatialleraged traction vec-
tor. In Section 3.7, we showed that the pointwise tractiariaeat a point on a surface
is the expectation of the force per unit area of all the bohd#dross the surface, mak-
ing it a property of the surface. We would like the spatialiyeraged traction to have
the same property. We therefore define it as an average oserf@cerather than
over a volume as for the stress. For simplicity, we consitderweighting function
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wy,, defined to be constant on the averaging domain, which ismitekée a gener-
alized cylinder of height, with its axis parallel tar and enclosinge. The traction
t,(x,n;t) is defined as

ty(x,n;t) = %in% o, (x,t)n, (4.39)

whereo,, is the stress associated with the weighting functign,In a more general
case, an arbitrary averaging domain can be collapsed ontidace passing through
x, in many ways. Although this can be made mathematically mogeise, we do not
pursue that in this work. Definition (4.39) has a two-fold adtage over the definition
in (4.38):

1. The traction vector is defined to be non-local on a surfidaees making it a prop-
erty of the surface. This is physically more meaningful, aluger to the contin-
uum definition.

2. The above definition differs from the traction definition(#.38), because only
the bonds which cross the surface contribute to the tra&igtoh

In Section 5.2, we use definition (4.39) to define the Tsatiwacstarting with the
spatial averaging discussed in Section 4.1 and in this weapksh a link between
the Tsai traction and the Irving-Kirkwood-Noll procedure.

5 Derivation of different stress definitions and the issue ofiniqueness

In this section, we systematically derive various stressdes commonly found in the
literature from the methods developed in Section 3 and &edti The stress tensors
discussed in this section are the Hardy, virial and DA stteasors and the Tsai
traction.

5.1 Hardy stress tensor

The Murdoch-Hardy procedure described in Section 4 wagiedéently developed
by Murdoch [36] and Hardy [17]. The motivation for Hardy'sidy, was to test the
validity of the continuum description of phenomena in shaekves. The formulas
suggested by Irving and Kirkwood were not useful due to tkok & knowledge re-

garding the probability density function and the infiniteiss expansion in the defini-
tion of the stress. As an alternative, Hardy used what we eom &is the “Murdoch-

Hardy procedure” to propose an instantaneous definitiorsti@ss, for the special
case of pair potential, given by

ol (@, 1) = % yo (el - mﬁ”(? - ;Z‘ﬁ(t) “25 )y baiwa,ay), (5.10)
ot
ofl(x,t) = =Y w(xa(t) — T)mavi(t) ® Vi (t), (5.1b)

[e3
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whereb(-) is the bond function defined in (4.16), angf! is the velocity of particle

« with respect to the continuum velocity, defined in (4.24) siraplify the notation,
the explicit dependence af, andv:*! on time is dropped from here onwards. Equa-
tions (5.1a) and (5.1b) may look familiar. They are simiathe spatially-averaged
generalized stress in (4.9) and (4.17) (for the special oasepair potential). If in
these relations, the ensemble average is replaced by avarage, we obtain a time-
averaged Hardy stress. However, in performing such an tperave must note the
following:

1. Under conditions of thermodynamic equilibrium (see fadé 8 on page 10),
ensemble averages can be replaced by time averages provaddbe system is
assumed to be ergodic. Strictly speaking this time averhgald be done for
infinite time, but for practical reasons we are restrictefirtite time.

2. The Hardy stress tensor is valid under non-equilibriumdétions assuming that
the system is iocal thermodynamic equilibriufd at all points at every instant
of time. This is plausible only when there is a clear sepanatif time scales
between the microscopic equilibration time scakend macroscopic times. Here,
7 is not being defined rigorously. Roughly speakingnust be sufficiently small
so that macroscopic observables do not vary appreciabhyjibve

Under these assumptions, we may replace ensemble averdlyasne averages in
(4.9) and (4.17) to obtain

1 t+71
owi(@,t) =—=) / w(xe — x)Mmav™ @ v, (5.2a)
T . t
1 t+71
Fu (1) = 5 Z;/t fop © (@ — x)b(@; e, Tp)dl,  (5.2D)
a#f

where f, 5 is defined in (3.41), and represents a microscopic time scale. We see
that the Hardy stress is obtained through a rigorous prdmsianing with the statis-
tical mechanics concepts introduced in Section 3. From beyeve will denote the
stress in (5.2) as the “Hardy stress”, although we note tiatdefinition constitutes

a generalization the original Hardy stress to arbitraryeptéls and includes time
averaging. Incidentally, the Hardy stress can also be éérikom the systematized
Murdoch-Hardy procedure described in Section 4.2. Thetidrpart of the Hardy
stress is the same as that obtained in the Murdoch-Hardegue. The potential
part of the Hardy stress is derived using the genergfogiven in (4.29). This was
done in Section 4 (see (4.32)).

Note that the Hardy stress tensor is symmetric. One couldfgnthds to a general
form by choosing an arbitrary path of interaction, thus legdo a non-symmetric
form (see Section 4.2). Also note that the stress tensoltirggrom the generator
g"P (see Fig. 4.3) would be symmetric, because the interactiorefbetween two

33 ocal thermodynamic equilibrium is a weaker condition thaermodynamic equilibrium. The as-
sumption is that the microscopic domain associated witlh eaotinuum particle is locally in a state of
thermodynamic (or at least metastable) equilibrium. Thige reason why concepts like temperature can
be defined as field variables in continuum mechanics. Seeéongle [11].
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continuum particles is always aligned with line connectimgm. It is very important
to observe that under non-equilibrium conditions, whereaggume a local thermo-
dynamic equilibrium at every instant of macroscopic time, way assume that the
averaging domain centered at a positiomoves with the continuum velocity(x, t).
This fact will be used in Section 5.2.

5.2 Tsai traction

Cauchy’s original definition of stress emerges from the ephof traction acting
across the internal surfaces of a solid via the bonds thasdre surface. It is there-
fore natural to attempt to define traction at the atomic lavel similar vein in terms
of the force in bonds intersecting a given plane. This apgraectually goes back
to Cauchy himself as part of his effort in the 1820s to defiredtness in crystalline
systems [3,4], which is described in detail in Note B in Levelassical book on the
theory of elasticity [28]. Cauchy’s derivation is limited zero temperature equilib-
rium where the atoms are stationary. This approach was @stehy Tsai [51] to
the dynamical setting by also accounting for the momentumdfuatoms moving
across the plane. The expression for the traction givenlihgppears to be based on
intuition.

In this section, we show how the Tsai traction can be systeaigtderived from
the Hardy stress tensor, which itself was derived from theegaized stress tensor
defined in Section 4.1. We will see that the potential partsai® original definition
agrees with the results of our unified framework. HoweveajS&xpression for the
kinetic part of the traction depends on the absolute veladithe particles and there-
fore is not invariant with respect to Galilean transforroas. We show below that the
correct expression for the Tsai traction vedt@e, n; t) across a plan® with normal
nis

ma,vrcl . ,Urcl )n
L g ma ) o) ) 53

wherer indicates the microscopic time scale, , 5, » indicates the summation over
all bondsa — 3 crossing the plan®, > . indicates summation over all particles
that crossP in the time intervalt, t + 7],3* v=°! denotes the local relative velocity
of particlea, andt., indicates the time at which the particle crosses the plahe. T
correct form forv’®! is notimmediately obvious. Below, we derive equation (Bu3)
obtain an explicit expression faere.

We start with the Hardy stress in (5.2). Recall from Sectic@tHat if the averag-
ing domain is taken to be a generalized cylindgof heighth, the spatially-averaged

34A particle is counted multiple times if it crosses the plandtiple times.
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traction field,t,, (x, n; t), on a surface passing throughwith normaln is
ty(x,n;t) = %in%) Oy, N = }1Limo(0'w,“‘,n + oy, kM) (5.4)
=: tw,v =+ tw,k-

Using (5.2), we rewrite the potential part and kinetic pdifo4) as

1 t+7
ty (T, mt) = o %13%) t Zﬁ —fap ® (o —x3)bp(2; 20, xp)dt,  (5.5a)
a#B
1 t+7 ) .
tyx(z,n;t) = - }113% t Zmaw(wa —x; h)vis (t h) (v (t h) - n)dt,

(5.5b)

whereb;, denotes the bond function for a generalized cylinder oftgig Also note
the dependence af:®!' on A in (5.5b). Let us first consider the potential part of the
traction in (5.5a). As approaches zero, the generalized cylinder will no longer co
tain complete bonds. Assuming a constant weighting functivze bond functiom,,
equals the fraction of the length of the bond lying within tfemeralized cylinder per
unit volume:

1 h B 1
WA (@a —ap)-n| A (@0 — @) 1]

b (T; T, ) = (5.6)

for any bondx — 3 crossing the cylinder. Therefore (5.5a) takes the form

tuo(@,m5t) = / 3 f% —m) dt. (5.7)

afBnP ) |

Note that thel /2 factor is dropped because of the definition of the summation i
the above equation. This is the first term in (5.3). Turninghi® kinetic part of the
traction in (5.5b), we interchange the summation and iatidgrobtain

1 tg(ot h)
tyx(x,n;t) = —— lim / Mew(Te — 3 h) v (t; h) (Ve (t; h) - n)dt,
’ T h=0 2, Jtash)

(5.8)
wheret; (a; h) andta(«; h) are the times of entry and exit of particle respectively,
from a cylinder of height. The summation in the above equation is over all particles
that are in the generalized cylinder during the time intefa + 7|, with a particle
countedk times if it enters and exits the cylindértimes. Multiplying and dividing
the above equation by (a; k) — ¢1(«; k) and substituting inv, we have

a;h) re re
¢ ( ) I Z tQ(OL h — tl o h ftf((a ) ma'val(t; /’L)(’Ua l(t; h) : n)dt
w kT AT b = h to(a; h) —t1(os h)
[e4 h
_ Ly g Bl hlash) e iy n), (5.9)
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where we have used the Lebesgue differentiation theoreirriltBe last equality.
Note that the interchange of limit and summation in the atstgep is valid since we
can assume that the summation for &pyis a finite summation which is physically
meaningful. Since the averaging domain moves with a contmuelocity we note

that,
lim 2(03h) — ti(ash) _ L (5.10)
h—0 h |vrel(t,) - n
In words, this equality states that the net time spent byiglard in the cylinder,
divided by its height, is equal to the inverse of the veloatyparticle « along the
axis of the cylinder. This is correctin the limit,— 0, where particles only enter and

exit the cylinder at its ends. Substituting (5.10) into {5ve have,

mavrcl . ,Urcl J)n
() = - L 3 M) 1) m)

AT = lvrel(t) - m
- —Ai Z mavi (t-)signvi!(t) - n). (5.11)
T
a(—)P

This is the second term in (5.3). Note that

rel 1 rel /g, _ L .
va (t) - }1111110 va (tvh’) - va(t) %{}I%)’U(:E,h) (512)

Hence, we have implicitly assumed that, .o v(x; k) is well defined for our av-
eraging domain (plan€’) which is a limit of the generalized cylindék,. In the
following calculation, we show thai(x; i) is well defined and its exact form is de-
rived.

We know that for a generalized cylinder

LTS maw(@a(t) — @ h)oa (E)dt
v(x;h) == e
) Xgmpw(xs(t) — x)dt

" pta(ash
. Za ftf((a;h)) MaVy (t)dt

Tt (Gih)
228 Je(ainy madt

_ s Ma [@a(t2(0: 1)) = Ta(tr(a: )] 7 (5.13)
25 mg [t2(B; h) — t1(B; h)]

whereY indicates summation over those particles that c/dss the time interval
[t,t 4+ 7], including multiple entries and exits.

Considering the limit, — 0 of the first partial fraction of the last equation we
have,

Ta(t2(a3h)) =®a (t1(a3h))

lim Ma to(a;h)—t1 (a;h) _ ma”a(t—») (514)
=0 S mg RO Y mglva(te) - n/jvs(t) - nl

using the fact that in the limit — 0, (t2(6;h) — t1(B; h))/(ta(a; h) — t1(as b)),
which is the ratio of the times spent by particleand« in one of their sojourns into
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the cylinder, is equal to the inverse ratio of their normdbedies. Using (5.14) and
taking the limith — 0 of (5.13), we obtain

Mava(t-) (5.15)

v(x) = limv(x; h) = 7
( ) h—0 ( ) =, Zﬁmﬁ|'va(t<—>)n/vﬁ(t‘_))n|

Note that the above expression for the continuum velocifsuigrom intuitive. One
might expect the continuum velocity to be the average veiagiparticles crossing
the surface, but this is not true. It is clear from the aboveagiqn that the averaging
is not trivial.

From the relationship between the Tsai traction in (5.3) trelHardy stress
tensor in (5.2), it is apparent that the Tsai traction is aeriocal quantity than the
Hardy stress tensor. The Tsai traction performs bettertti@hlardy stress in systems
with free surfaces. This was studied by Cheung and Yip [Sjfane-dimensional
case, in which virial stress and Hardy stress are compédredifial stress is a special
case of Hardy stress as shown in the next section).

The Tsai traction definition can be used to evaluate thesstegsor at a point by
evaluating the traction on three perpendicular plafi¢sowever, it is not clear from
the perspective put forward by Tsai [51], whether the r@sgilstress tensor would
be symmetric or even well-defined, i.e., it is not clear if toeo choice of planes
will give suitably transformed components of the same sttessor. Our derivation
suggests that a stress tensor constructed from the Ts@otrabould be well-defined
and symmetric, at least in a weak sense, since it is a limh@Hardy stress, which
has these properties. The numerical experiments presengsttion 6, suggest that
the Tsai traction is invariant with respect to the positidthe Tsai plane” and the
resulting stress tensor is symmetric.

5.3 Virial stress tensor

In this section, we show that the virial stress tensor ddrimeSection 2 and in Ap-

pendix A can be re-derived from the time-averaged versiche@Hardy stress given
in (5.2). The expression for the virial stress tensor is iolehfrom (5.2) as a special
case for a weighting function which is constant on its supgdre bond functionj,

in (5.2) is evaluated approximately using its definitiorl@).by only counting those
bondsa — 3 that lie entirely within the averaging domain and neglegtime bonds

that cross the averaging domain. Herige;; .., x3) is given by

. [ 1/vol(£2) ifbonda — 3 € (25,
b(®@; Ta, Bp) = {O otherwise (5.16)

35For example, if the normals to the planes are aligned withattess of a Cartesian coordinate sys-
tem with basis vectorg;, thent(e1) would give the components;1, 021, 031, t(e2) would give the
components iz, 022, 032, andt(es) would give the components; s, 023, 033.
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where(2,, denotes the averaging domain centered.s&gubstituting (5.16) into (5.2),
we have

1 T 1
r,t) = —— — 'UrCl 'UrCl — — XoH— dt
o(x,t) TVOl(Qw)/t [ agn MV QU +2a.5§€_(2 Fap®(xa—2xs)| dt,
S 0n

(5.17)
which is identical to (A.27) in Appendix A. It is clear fromiththat the virial stress
tensor is only an approximation and tends to the Hardy sasgbe volume of the
averaging domain is increased. This is because the ratieeafhieasure of bonds that
cross the surface to those which are inside the averagingidodecreases as the
size of the domain increases. The difference between tra stress tensor and the
Tsai traction was analytically calculated for a one-dimenal chain by Tsai (see
[51]). Since, taking the averaging domain size to infinitgdgiivalent to taking the
thermodynamic limit in this context, the Hardy and virialests expressions become
identical in this limit. Since the virial theorem was alsaided in Section 2 for the
case of equilibrium statistical mechanics, it follows thta Irving-Kirkwood-Noll
procedure is consistent with the results of equilibriuntisti@al mechanics in the
thermodynamic limit.

5.4 DA stress tensor

It was seen in Section 4.2, that the DA stress tensor, defim@d33), is derived using
an appropriate generator in the systematized MurdochyHarolcedure. However,
unlike the Hardy stress, the DA stress cannot be derived thenirving-Kirkwood-

Noll procedure. It is also worth noting that the stress temgeen by (4.33) is in

general non-symmetric, and only under very special comulitiyields a symmetric
tensor [38].

5.5 Uniqueness of the macroscopic stress tensor

Three possible sources of non-uniqueness for the stressrteave been identified in
our discussion:

1. If the “energy representation postulate” in (3.51) is satisfied, then different
force decompositions are possible and hence differenthpisa stress tensors
can be obtained.

2. For a given pointwise stress tensor, a new pointwisesstrsich also satisfies
the balance of linear momentum, can be obtained by adding anétrary tensor
field with zero divergence.

3. The generalization of the Irving-Kirkwood-Noll proceéun Section 3.6 to arbi-
trary “paths of interaction” leads to the possibility of reymmetric expressions
for the pointwise stress tensor.

We address the first two issues in this section. The thirdcgoofrnon-uniqueness
is only possible in systems where the discrete particlesmgakp the system pos-
sess internal structure, such as internal polarizatiompior. $or systems of discrete
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particles without internal structure only straight bonds jpossible due to symmetry
arguments. We leave the discussion of particles with ilafestnucture to future work.

Uniqueness and the energy representation postulate

The first source of non-uniqueness of the stress tensoratetketo the veracity of
the energy representation postulate given in (3.51). Wevdiadow that the macro-
scopic stress tensor, calculated as a spatial average pbithigvise stress tensor with
constant weighting function, is always unique in the thedgmamic limit (see foot-
note 1 on page 5), i.e., the difference between the spatialyaged pointwise stress
tensors resulting from two different representations setodzero, as the volume of
the averaging domain is increased.

The discussion below is limited to 5-body potentials sirtcean be easily ex-
tended to any interatomic potential. We first show that thetrioution due to any
cluster of5 particles within the averaging domain is zero. Without lokgenerality,
we may assume that our system consistsdirticles interacting with an interatomic
potential energy given by

~

Vint = V(ml,...,m5). (518)

Let Vi, and Vi, be two different representations of,; in terms of interatomic
distances and let

. Wit T3 — To

5= St T T Ta 5.19
Jap Tp—— (5.19)
— OVint T3 — To

aB = _— 5.20
Jap Tp—— (5.20)

be their corresponding force decompositions.&einda denote the resulting point-
wise stress tensors in the Irving-Kirkwood-Noll procediuoen Vint andVipe, respec-
tively. Let 2, denote the averaging doméircentered at: that is used to calculate
the Hardy stress tensor. Using (5.2b) and noting that albtiveds lie within(?2, the
difference between the Hardy stress tensors resulting these two representations,
for the special case of a constant weighting function, isigiby

1 t+1
A = Gy — By = —Af, W —zp)dt, (5.21
o(2,t) =5, — & mw);/t For ® (T — wp)dt, (5.21)

- 27 vol
a#f3

whereAf.z := fas — fas-

We would like to show thall\enn; = 0, wheren, is the normal vector as shown
in Fig. 5.1. The essential idea to is to interchange the mteégn and summation in
(5.21) and split the terms appearing in the summation irgotions, such that each
fraction yields a zero contribution tdon . In order to show this, we partition the av-
eraging domain into regions such that no region containgtafain its interior and

36For simplicity assume that the averaging domain is convex.
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Fig. 5.1 A cluster of5 particles that lie completely inside the averaging dom@ags not contribute to the
ambiguity in the stress tensor.

the partition surfaces are perpendicular to the normal Esge5.1). Lethp denote
the width of the partitionP. Using (5.21), we can now writdon, as

1 t+1 hP

P apnP o = @p) |’

1 t+1
= hpAF, 5.22
27 vol(2z) /t ; pese ( )

where} ;- denotes the summation over the bonds crossing partiticand

(o —xpg) M1
(o —xp) 11|’

AFp =Y —Afap

afBNP

(5.23)

is thenetforce on particles on one side of the partition due to pasicn the other
side. Since both representations give the same total foreaoh particle, the force
difference, or net force, on each particle is zero and tloeeef\ Fr = 0. For exam-
ple, for the partition shown in the figure

AFp = =2(Afs1 + Afuz). (5.24)
SinceAfy5 = —Afs4, Wwe have

AFp = =2(Afs1 + Afaz + Afas + Afsa)
= —2(Afa3+ Afas) — 2(Afs1 + Afsa)
= 2Afi" —2AfiM =040 =0. (5.25)

Hence,Aon, = 0. Undertaking a similar argument in the other directions see
that Aon,; = 0. These results together imply thd- = 0. Given this, we can con-
clude that any cluster of particles that lies entirely witthie averaging domain does
not contribute to the spatial average of the difference betwtwo stress definitions.
Consequently, the only non-zero contribution comes froas¢hclusters for which
the bonds connecting its particles cross the averaging toiace this contribution
scales as surface area, it tends to zero as volume tendstityinfi
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Uniqueness and the addition of a divergence-free field tstiess

The second source of non-uniqueness of the stress tensdvesvthe addition to
it of a divergence-free field. This issue is partly addredsedhe result (shown in
Section 5.3) that the spatially-averaged pointwise steaserges to the virial stress
in the thermodynamic limit (see footnote 1 on page 5). Cardite pointwise stress,
o, obtained through the Irving-Kirkwood-Noll procedure,iaihsatisfies the balance
of linear momentum, and a new pointwise stress= o + &, wherediv, & = 0.
Clearly,s also satisfies the balance of linear momentum and is therafso a valid
solution. The spatially-averaged stress obtained fronmévedefinition is

&w(fmt)=Asw(y—w)&(y,t)dy=/RSw(y—w)(a(y,t)Jr&(y,t))du (5.26)

We showed in Section 5.3 that in the thermodynamic limit, spatially-averaged
pointwise stressg, converges to the virial stress. We also expegtto equal the
virial stress in this limit (since any macroscopic stressstraonverge to this value
under equilibrium conditions). Therefore, (5.26) reduites

lim | w(y —x)o(y,t)dy =0, (5.27)
TD RS
wherelimp refers to the thermodynamic limit. Equation (5.27) placerang con-
straint on allowable forms fad, the implications of which are left for future work.

6 Numerical Experiments

In this section, we describe several numerical experiméntslving molecular dy-
namics and lattice statics simulations, conducted to capliferences in the spatially-
averaged stress measures derived in Section 5. We cons@eatdy stress defined
in (5.2), the Tsai traction defined in (5.3), the virial sgekfined in (5.17) and the
DA stress defined in (4.33). We will sometimes refer to thes¢ha “microscopic
definitions” or the “microscopically-based stress tensors

6.1 Experiment 1

We begin with the study of the kinetic part of the stress terfsmm the discussion
in Section 5, it is clear that unlike the definition for the gutial part of the stress
tensor, there is no ambiguity in the definition for the kingdart of stress. However,
the kinetic part of the stress may appear to be at odds witbdh#nuum definition
of stress that is stated solely in terms of the forces actetg/den different parts of
the body. The need for the kinetic part of stress becomesappahen considering
an ideal gas, where the potential interaction term is zerddfinition and therefore
it is the kinetic term that is wholly responsible for the tsamission of pressure.

To demonstrate that the kinetic term in the stress tenscs ohmkeed exist, we
perform the following constant energy molecular dynamiosiation of an isolated
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Fig. 6.1 The virial pressure as a function of time is plotted for aeted cube of aluminum &00K. The
total pressurel/virial pressure is the sum of the kinetic @oténtial pressures.

cube. The cube, consisting @000 aluminum atoms in a face-centered cubic (fcc)
arrangementl( x 10 x 10 unit cells), is floating freely in a vacuum. The atoms
interact according to an EAM potential for aluminum due tedessi and Adams
[10]. The initial positions of the atoms are randomly pdrad by a small amount
relative to their zero temperature equilibrium positioms! dhe system is evolved
by integrating the equations of motion. The initial pertafibn is adjusted so that
the temperature of the cube is ab®OK (small fluctuations in temperature are
expected since temperature is not controlled in the sinamptSince the block is
unconstrained, we expect the stress,in the box and consequently the pressure,
defined byp = —% tr o, to be zero. The virial expression for calculating the puess
follows from (A.23) as

p= 0| S maloal — 5 3 Tfasliras 6.1)
o a3
a#fB
wheref,z is given by (3.48).

The three curves shown in Fig. 6.1 are the potential andikipatts of the pres-
sure and the total pressure as a function of time, calculsted) (6.1). As expected
the total pressure tends to zero as the system equilibtdtegever, the potential
and kinetic parts areon-zerg converging to values that are equal and opposite, such
that their sum is zero. More interestingly, the kinetic pamot insignificant for our
system. This clearly shows that kinetic part cannot be mégdeeven when consid-
ering solid systems. This can be quantified by noting thatkthetic part in (6.1)
is simply the temperature per unit volume given by the eqtiten theorem [19],
kgT = 27 /3N, whereT is the kinetic energy. Therefore (6.1) reduces to

1 1 _
P=y NkpT — 5 E V(;B"’aﬂ . (6.2)
a,f3

a#p
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Fig. 6.2 The effect of the position of the Tsai plane on the potentia kinetic parts of stress. Frames (a)
and (b) show schematic diagrams of a two-dimensional tukmdattice with (a) the Tsai plane positioned
midway between the lattice planes and (b) the Tsai plandiposd almost on top of a lattice plane. The
open circles correspond to the ideal lattice positions. Alaek circles are atoms that are shown in mid-
vibration relative to the lattice site as indicated by thear The Tsai plane is indicated by a vertical
dashed line. The bonds crossing it appear as dotted lineme=(c) shows the plot of the kinetic part of
stresso’k,, potential part of stress}, and the total stress;1, as a function of the normalized position
sp = (xp —x1)/Ax of the Tsai plane P, whetep is the position ofP, =, is the position of the lattice
plane, andAz is the spacing between the lattice planes.

For example at 300 Kk T' = 0.02585 eV. The lattice spacing for the system consid-
ered is equal td.032A. Hence, the volume per atomi§/N = 4.0233 /4 = 16.387A
and the kinetic pressure1s577 meV /A. This translates t852.394 MPa, which is a
considerable stress.

6.2 Experiment 2

Itis clear from Section 6.1, that the kinetic stress is atd&zguantity and cannot be
neglected. In this experiment, we further explore the pler between the potential
and kinetic parts of the stress.

Consider a crystalline solid at a relatively low temperatunder uniform stress.
The atoms will vibrate about their mean positions with an Eonge that is small rel-
ative to the nearest-neighbor spacing. Now imagine plaaimgai plane” between
two crystal lattice planes and measuring the traction adtol$ P is midway between
the lattice planes (see Fig. 6.2(a)), we expect that relgtiiew atoms will cross”
and that consequently the kinetic stress will be small oneagxo. In contrast, i?
is close to the lattice plane there will be many such crossargl the kinetic stress
will be large in magnitude. This seems to suggest that tretiorawill change as a
function of the position of?, which would be incorrect since the system is under uni-
form stress. The reason that this does not occur is that évneeyan atom crosses,
the bonds connected with it reverse directions with resfpeBt changing a positive
contribution to the contact stress to a negative one andveisa (see the bonds con-
nected with atomd in Fig. 6.2(a) and Fig. 6.2(b)). This effect on the potenpiaft
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of the stress exactly compensates for the change in magnitiithe kinetic stress
leaving the total stress constant. This is demonstratecerioally in Fig. 6.2(c). This
graph shows the results obtained from a molecular dynarriogation of the sys-
tem described in Section 6.1, with periodic boundary caost. The periodic length
of the box is set based on the zero temperature lattice gpaconsequently upon
heating by a temperature change4t’, a compressive stress is built up in the box
according to
e=s:0+IapAT =0, (6.3)

wheres is the elastic compliance tensor ang is the coefficient of thermal expan-
sion. Inverting this relation for an fcc crystal with cubiymsmetry oriented along the
crystallographic axes, we have

011 = 099 = 033 = —(011 + 2012)AT =0, (64)

with the rest of the stress components zero. In (&,4)are the elastic constants of the
material. Substituting in the appropriate values for Egssi-Adams EAM aluminum
[10] (c11 = 118.1 GPa,c15 = 62.3 GPa,ap = 1.6 x 107°K~!) and AT = 310K,
givesoc = —1.2 GPa. We see that the total stress in Fig. 6.2(c) is constgatdiess of
the position of the Tsai plane and equal to the expected wdlud .2 GPa computed
above. However, the kinetic and potential parts change atiaedly. When the Tsai
plane is away from the lattice planess(= +0.1), the kinetic stress is zero and the
entire stress is given by the potential part of the stresshé&3 sai plane moves closer
to a lattice plane|épr| — 0), the kinetic stress becomes more negative (increasing
in magnitude) and the potential part of stress increasesgantly the right amount
to compensate for this effect. When the Tsai plane is rightopnof a lattice plane
(sp = 0), both the kinetic stress and potential stress are maximumeignitude, but
their sum remains equal to the constant total stress. Thisigking demonstration
of the interplay between the kinetic and potential parthefdtress tensor.

6.3 Experiment 3 and 4

In this section, the predictions of the microscopicall\s®a@ stress tensors are com-
pared with analytical solutions from elasticity theory fao simple boundary-value
problems. This is a revealing test, since stress is a camntintconcept and therefore
the microscopic definitions should reproduce the resulésafntinuum theory under
the same conditions. We perform two numerical experimémisach experiment, an
atomistic boundary-value problem is set up, and the valoepated from the dis-
crete system are compared with the “exact” result computad Elasticity theory
for the same problem using material properties predictetiéynteratomic potential
used in the atomistic calculations. The numerical expeanisiare conducted at zero-
temperature since there is no controversy regarding the &rof the kinetic stress
which is the same for all stress definitions. Therefore, apamison at zero tempera-
ture is sufficient to probe the differences between the stre=asures, at least under
equilibrium conditions. The properties we are interestestuidying are:

1. Symmetry of the stress tensor.
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2. Convergence of the stress tensor to the continuum valietiag size of the av-
eraging domain (a three-dimensional volume in the caseriaflviHardy and DA
stresses and a plane in the case of the Tsai traction).

Inter-atomic Model

The numerical experiments in this section are carried oungus Lennard-Jones po-
tential. The exact choice of material parameters is unitaodr since the objective
of the experiment is to compare the values obtained from ticeostopically-based
stress for the discrete system with the “exact” values abthifrom the continuum
elasticity theory for the same material. The Lennard-J@aeameters; ando, are
therefore arbitrarily set to 1. The potential has the follayform:

11
o(r) =4 LW - T—G} —0.0078r% +0.0651. (6.5)

As seen in the above equation, the Lennard-Jones potermialdified by the addition
of a quadratic term. This is done to ensure ih@t.,;) = 0 and¢’(r..:) = 0, where
reus = 2.5, denotes the cutoff radius for the potential. We refer te #s the “modi-
fied Lennard-Jones potential”. The ground state of thismitks an fcc crystal with
a lattice constant of = 1.556 and elastic constants;; = 87.652,¢12 = cyq =
50.379. The conventional elastic moduli associated with the celastic constants
are [26]:

E = (0%1 + c11C12 — 20?2)/(011 + 012) = 50.877, (66)
1= cas = 50.379, 6.7)
V= 012/(011 + 012) = 0.365, (68)

whereFE is Young's modulusy is the shear modulus, amds Poisson’s ratio. (In the
above, lengths are given in units@find elastic constants in unitsofo>. Poisson’s
ratio is dimensionless.)

Experiment 3: Dependence of the microscopically-basedston the averaging do-
main size

The main aim of this experiment is to study the dependendeeddiress given by var-
ious definitions (Hardy, Tsai, virial and DA) on the size of lveraging domain. We
consider the special case of uniform uniaxial loading with = 1 (all other stress
components zero). Our system is a cubé@k 10 x 10 unit cells @000 atoms) with
periodic boundary conditions applied in all directions.iffigpose the uniaxial load-
ing, the periodic lengths (i = 1,2, 3) in the three directions are modified according
to the linear elastic solution for uniform straining:

ll = 10&(1 + 0'11/E) = 10197, (69)
l2 == lg = 10a(1 - VO'll/E) = 9.928. (610)
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Fig. 6.3 Plot showing the dependence ®f, calculated using different definitions on the averaging do
main size. The variable represents the ratio of the domain size to the length of thesy (0 unit cells).

We then compute the stress at the center of the periodionddlk increasing the size
of the averaging domain. In comparing the different stresfindions, the domain
size is set by the Tsai plane which is taken to be a square hoorttze 1-direction
with the same dimension in the 2 and 3-directions. The averaging domain for the
Hardy, virial and DA stresses is a sphere of diaméterw. The weighting function,
w(r), for the Hardy stress is taken to be constant with a suitalbléfging function,

ifr<R—c¢
C[l—COS(R:TF)} fR—e<r<R, (6.11)
otherwise

w(r) =

Ownol= O

wherec is chosen appropriately to normalize The results are presented in Fig. 6.3,
where the stressy; is plotted as a function of the normalized domain sizes
w/10a. (Recall that the applied valueds; = 1.) We make the following qualitative
observations based on these results:

1. The Hardy stress converges to the exact value most quicklystress definitions
and has the least noise.

2. The normal stress computed from the Tsai traction osedllabout the exact value
with a fluctuation amplitude that decays rather slowly withdhin size. The os-
cillations reflect the symmetry of the crystal as new bondsrethe calculation
with increasing plane size.

3. The virial stress is always smaller than the Hardy and 3sasses since it does
not take into account the bonds that cross out of the avegalgimain. It appears
to be converging towards the exact value, but convergersievisand even at the
maximum domain size studied, the virial stress still hagaicant error.

4. The DA stress is much smaller than all other stresses dyreater averaging.

Experiment 4: A plate with a hole under tension

We now consider one of the classical elasticity boundatyesproblems: an infinite
plate with a hole subjected to uniaxial tensieg at infinity. This is traditionally
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named theKirsch problem for an isotropic material model. Our objective istmn-
pare the microscopically-based stresses computed foceethssystem set up for the
Kirsch problem with the exact solution. A complication in kireg this comparison
is that the fcc Lennard-Jones material we are considerigyistalline with cubic
symmetry and is not isotropic. We must therefore comparditaete solution with
the more general solution for the Kirsch problem from theotlieof elasticity for
anisotropic media [26]. For anisotropic materials, thesgrconcentratich at the
hole is no longeB (as it is for an isotropic material), but depends on the elasin-
stants of the material. For the elastic constants of the &etidones model in (6.5),
we obtain a stress concentration20£08. In addition to the overall stress concentra-
tion, the analytical solution provides the complete stfestd about the hole. We can
therefore compare the microscopically-based stress figttishe continuum result.

In order to model an infinite elastic space, we consider alaggare plate ori-
ented along the crystallographic axes consisting@if,590 atoms, with a hole of
radius 25a, whereq is the lattice constant. The plate is constructed by stackin
100 x 100 x 10 unit cells and excluding the atoms that lie withing the radifithe
hole. The relatively large system size helps to ensure tigavariation of the contin-
uum stress is small on the lengthscale of the lattice spaidgminimizes boundary
effects near the hole. The atoms interact according to thdifrad Lennard-Jones
potential given in (6.5).

As before, the averaging domain size is set by the length adthwf the Tsai
plane, with the Hardy, virial and DA stress using a sphereiahéter equal to the
length of the Tsai plane. The system is loadedohy = o, by displacing the
atoms according to the exact solution from continuum meicls&or linear elastic
anisotropic media [26]. The applied stress is sufficienthal, so that the assump-
tion of material linearity and the small strain approximatinherent in the elasticity
theory provide a good approximation for the behavior of §ystem. After the atoms
are displaced, the stress tensor is evaluated on a unifatistiibuted grid of points
on the mid-plane of the plate locatedwat= 0. A grid of 100 x 100 points is chosen
to evaluate the virial, Tsai and Hardy expressions and aatril x 30 is chosen
to evaluate the DA stress tensor. A coarser grid is used &oobth stress due to the
higher computational cost of this calculation.

First, we consider the;; component of the stress along the = 0 line, where
we expect the maximum value at the hole surface. The reseltslatted in Fig. 6.4,
which shows a comparison between the exact value and therficgoscopic stress
definitions (Hardy, Tsai and virial) for four different aeging domains ranging from
1% to 10% of the heighth of the atomistic model. We see that the Hardy and virial
stresses faithfully follow the exact solution, but thenghaff as their averaging do-
main overlaps with the hole. This drop-off reflects the faetttthe microscopically-
based stress measures are bulk expressions. The smalkrettagjing domain, the
closer the microscopic measures can approach the exags$ swacentration at the
hole surface, however, this increased fidelity comes atdlseaf significantly large
fluctuation about the exact value. The virial stress is iidafly zero for the smallest

3"The stress concentration is defined as the ratio of the mamisitess to the applied stress.. The
maximum stress for the Kirsch problem occurs at the circuenfee of the hole.
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Fig. 6.4 Normalizedo11 component of the stress along the = 0 line for an anisotropic plate with
a hole subjected to uniaxial tension in the 1-direction. Ehecoordinate is normalized by the height
of the atomistic model. The exact solution for an infinitetplabtained from anisotropic linear elasticity
(black solid line) is compared with the results obtaineanfithe three microscopic definitions in the three
columns: Hardy, Tsai and virial. The four rows corresponfibto different averaging domains constituting
1%, 2.5%, 5% and10% of h.

averaging domain because it is too small to contain comjpletels. For the same
reason, the Hardy stress experiences very large fluctisadioth a nearly constant av-
erage value. For larger averaging domains, the Hardy sti@ssmaller fluctuations
than the other stress definitions.

The reason that the drop-off effect described above is sogueced in this sim-
ulation, is that the system is very small by continuum staasldf instead of a hole
with a radius of25a, we studied a plate with a hol&0 or 1000 times larger, using
the same-sized averaging domain, the spatially-averagedssions would get much
closer to the correct value before dropping off over the skangthscale as seen in
Fig. 6.4. However, microscopic stress measures are oftarpated for small sys-
tem sizes and therefore the difficulties presented in thedigte typical of realistic
atomistic simulation
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(b) (d) (e)

Fig. 6.5 Color density plots o1, are plotted on a common scale: (a) exact (b) virial (c) TspHardy
(e) DA. Results plotted for an averaging domain size @ of the height of the model.

Next, we explore the stress field over the entire plane. Ther ctensity plots
given in Fig. 6.5, show variation af;; in the mid-plane of the plate. It can be seen
that the stress within the hole is zero. Comparing the ptots{; of the virial stress
(Fig. 6.5(b)), Tsai stress (Fig. 6.5(c)), Hardy stress (Bi§(d)) and the DA stress
(Fig. 6.5(e)) with the exact solution (Fig. 6.5(a)), we shkattall three definitions
capture the overall variations ;. However, it is clear that the microscopically-
based stress in all of the cases is smeared relative to #&sggiven by the exact
solution and none reach the exact stress concentrati@ni@8. This is a result of
the averaging procedure involved in all the definitions gdared above. Although,
the DA stress tensor, plotted in Fig. 6.5%gaptures the variations in the field, it
is much smaller in magnitude compared to the exact solulibis. is because of the
greater degree of averaging involved in the DA stress te@sarall, the Hardy stress
is less noisy than the virial or Tsai definitions due to the sthimg afforded by the
weighting function. (This is hard to see in the figure.) Thest computed from the
Tsai traction, in particular, is more noisy since the avarggs limited to a plane
compared with the volume averaging of the Hardy and viridiniteons. However,
this more localized definition enables the Tsai stress toagmh the exact stress
concentration most closely of all of the microscopic defmis. Similar results were
observed by Cheung and Yip [5] for the stress near a freecirfa

The relative error i, for the three microscopic definitions is shown in Fig. 6.6.
Of the three definitions, the stress computed from the Taetitm is generally more
accurate, followed by the Hardy stress and then the viniakst As noted above, the

38Fig. 6.5(e) and Fig. 6.8 are generated from a much coarsércgmpared to the other plots due to
the computational expense of the DA stress definition.
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Fig. 6.7 Color density plots of the shear stress components comiuatedthe Tsai traction, (ag12 and
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Fig. 6.8 Color density plots of the DA shear stress componentss{gand (b)o21, plotted on a common
scale.

Tsai stress does particularly well in capturing the vaoiagiin the stress field close
to the hole where the fact that it is localized in one dirati®particularly helpful.

It is also interesting to examine the shear stress compsnigt 6.7 shows the
exact result from the continuum solution and ¢he ando»; components of the stress
tensor computed from the Tsai traction from two differemtrigs, one normal to the
1 direction and the other normal to tBalirection. We see that the Tsai stress repro-
duces the exact distribution and appears generally syrunéhis suggests that the
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symmetry of the Hardy stress is preserved while taking thé tio arrive at the Tsai
traction. The DA stress tensor is in general non-symme3ag, pbut from Fig. 6.8(a)
and Fig. 6.8(b) we observe that in this casg, andos; appear similar. Interestingly,
in contrast to the normal stress, the magnitude of sheassisecaptured by the DA
stress definition, at least for the case studied here. Tis®near this is not obvious.

Overall, we can summarize our results as follows. Of thetkdedinitions studied,
the Hardy stress is generally preferred. It tends to be tlumtmest and provides good
accuracy away from surfaces as long as the lengthscale dviehwthe continuum
fields vary is large relative to the atomic spacing. In situat where either of those
conditions break down, the Tsai traction provides a bedtalized measure of stress.
The virial stress is less accurate than both. From a conmipo#dtstandpoint, the
virial stress has the advantage of being easiest to comphbteevaluation of the
bond function in the Hardy stress makes it slightly more espe to compute, but
comparable to the virial stress. The Tsai traction is mdftdIt and time consuming
to compute, since it requires the detection of bonds andstbat cross a given plane
during the averaging process. Furthermore, this evaluatiast be performed for
three separate planes in order to obtain the full stresstémshree dimensions.

7 Summary and future work

In this paper, we provide a unified interpretation and pdsgiieneralization of all
commonly used definitions for the stress tensor for a dis@gstem of particles. The
macroscopic stress in a system under conditions of thernadic equilibrium are
derived using the ideas of canonical transformations witté framework of classical
statistical mechanics. The stress in non-equilibriumesyistis obtained in a two-step
procedure:

1. Thelrving-Kirkwood-Nollprocedure [20,41]is appliedlabtain goointwise(mi-
croscopic) stress tensor. The stress consists of a kinatiep and a potential
parto,. The potential part of the stress is obtained for arbitranjtinbody po-
tentials, which generalizes the original Irving-Kirkwoedbbll approach that was
limited to pair potentials. This generalization is obtaifmsed on the important
result that the force on a particle in a discrete system caaya be expressed as
a sum ofcentral forces regardless of the nature of the interatomic potertia
other words thestrong law of action and reactiois always satisfied.

2. The pointwise stress obtained in the first step is spat@airaged to obtain the
macroscopic stress.

This two-step procedure provides a general unified framedrom which various
stress definitions can be derived includalgof the main definitions commonly used
in practice. In particular, it is shown that the two-stepqadure leads directly to the
stress tensor derived by Hardy in [17]. The traction of Cguahd Tsai [3,4,51] is
obtained from the Hardy stress in the limit that the averggliomain is collapsed to
a plane. The virial stress of Clausius and Maxwell [6, 33,i84n approximation of
the Hardy stress tensor for a uniform weighting function rehgonds that cross the
averaging domain are neglected. The Hardy stress and siresds become identical
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in the thermodynamic limit. In this manner, clear connetdiare established between
all of the major stress definitions in use today.

The unified framework described above yieldsymmetricstress tensor foall
interatomic potentials when used with the standard InKiggwood-Noll procedure.
However, there are materials in nature, such as liquid aly;stvhich can have non-
symmetric stress tensors. In order to explore the podsilbilinon-symmetric stress,
the Irving-Kirkwood-Noll procedure is generalizeddarved paths of interactioas
suggested in [44]. This involves the generalization of Ndémmas in [41], orig-
inally derived for straight bonds, to arbitrary curved ga#ts defined in this paper.
These generalized lemmas, lead to a non-symmetric stresst@hen applied within
the Irving-Kirkwood-Noll procedure. It is postulated thatrved paths of interaction
may be important in systems with internal degrees of freedoich as liquid crystals
and objective structures [21]. This is left for future work.

One of the key points addressed in this paper is the unigearid¢ke stress ten-
sor. Three possible sources of non-uniqueness of the s&essr are identified and
addressed:

1. Different pointwise stress definitions can be obtainethaevent that the rep-
resentation of the interatomic potential energy in termthefdistances between
particles is not unique. We advance #reergy representation postulgteee equa-
tion (3.51)) that implies that all representations of theeptial energy lead to the
same force decomposition and hence to the same pointwess semsor. We also
show that regardless of the uniqueness of the pointwisssstemsor, thenacro-
scopicstress tensor obtained through a procedure of spatial gingrés unique
since the difference resulting from alternative pointwéseess tensors tends to
zero as the volume of the averaging domain is increased.

2. The pointwise stress tensor is obtained by solving thaerea of linear momen-
tum,div, o, = h(x), whereo is the potential part of the stress tensor, &fid)
is a known function. The Irving-Kirkwood-Noll procedurelgs to a closed-form
solution to this problem. However, an arbitrary tensor figldvith zero diver-
gence can be added tn, without violating the balance of linear momentum.
We argue that in the thermodynamic limit, the non-equilibristress obtained
through our unified two-step process must converge to tla gtress of equilib-
rium statistical mechanics. This is similar to the argunmeatie by Wajnryb et al.
[52]. This condition is satisfied by the general stress esgiom that we obtain.

Any divergence-free stress added to this stress must therefore also disappear

under equilibrium conditions. This greatly restricts ttlewable forms ofG.

3. The generalization of the Irving-Kirkwood-Noll procaéurom straight bonds
to arbitrary curved paths of interaction implies the existe of multiple stress
tensors for a given system. However, the existence of cupeeds implies the
existence of internal structure for the discrete particdgsossibility already dis-
cussed by Kirkwood in [22]. For a system of point masses witlraternal struc-
ture, only straight bonds are possible due to symmetry aegisnand therefore
this source of non-uniqueness is removed. The general dasenesymmetric
stress must be addressed within the context of an apprepnaltipolar theory
as discussed by Pitteri [42]. We leave this to future work.
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In addition to the unified framework described above whidiaised on the Irving-
Kirkwood-Noll procedure, we also investigated the Murdatérdy procedure [17,
36] of defining continuum fields as direct spatial averagesiofoscopic quantities.
We demonstrate that this approach can be systematized ptirgla non-local con-
tinuum perspective and introducing suitable generatoctfans. The various stress
definitions resulting from the Murdoch-Hardy procedurestsas the Hardy, virial
and the “double-averaged” stress (suggested by MurdocHQi) fan be derived
from this unified framework. Although we share the concegarding the ambigu-
ity of the probability density functions used in the Irvikgrkwood-Noll procedure
that led Murdoch to develop the direct spatial averaging@ggh [39], we feel that
since these probability density functions exisprinciple, the Irving-Kirkwood-Noll
formalism is the correct framework to phrase the problem it \&pproximations
introduced later to derive practical expressions.

Finally, numerical experiments involving molecular dyriesnand lattice statics
simulations are conducted to study the various stress tefiaiderived in this paper.
It is generally observed that the Hardy stress definitioreappto be most accurate
and converges most quickly with the averaging domain sizesitlations where a
more localized measure of stress is needed, such as nearesudr defects, the Tsai
traction can be used instead. The virial stress is less aftectivan the other two def-
initions and converges most slowly with averaging domaie sits main advantage
is its simple form and low computational cost. One of the niotgresting results,
which requires further study, comes from Experiment 2 ofyatalline system under
uniform hydrostatic stress. Fig. 6.2(c) shows that althotge potential and kinetic
parts of the Tsai traction largely depend on the positioheflisai plane between two
adjacent lattice planes, the total stress remains congthis calculation provides a
striking demonstration of the interplay between the kinafid potential parts of the
stress tensor.
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A Derivation of the virial stress tensor

The original virial theorem was a scalar equation credige@lausius [6], which gives a definition for the
pressure in a gas. Maxwell [33] extended this result to aoteversion which gives a definition for stress.
We present here a more modern version of the virial theoretiygzased on the derivation by Marc and
McMillan [31].

Consider a system a¥ interacting point masses. The position of each point magisés by

Lo =X+ o, (A1)

wherexz is the position of the center of mass of the system of pastialedr,, is the position of each point
mass relative to the center of mass. From Newton’s secondiewave

fa = Pa, (A.2)
where f,, is the force acting on particle, andp,, is its linear momentum given by
Pa = ma(& + 7a) = ma(@ + ). (A.3)

In (A.3), mq is the mass of particle: andve! = 7, is its relative velocity with respect to the center of
mass. Since the position of the center of mass given by

®= % (A.4)
we have the following identities which will be used later:
Zmara =0, Z ma'ugfl =0. (A.5)
a o
Next, we apply a tensor product with, to both sides of (A.2),
Ta ® fa = Ta ® Pa- (A.6)
Using the identity,
%(Ta ® Pa) = V5 @ Pa + Ta @ Pa, (A7)
equation (A.6) becomes
i(ra ® Pa) = Wa + 27T 4, (A.8)

dt

whereW, = ro ® fo is thevirial tensorand 7, = %(v{fl ® pa) is thekinetic tensorof particle

«. Equation (A.8) is called thelynamical tensor virial theoreniThis “theorem”, which is simply an
alternative form for the balance of linear momentum, bemmeful in a modified form after making
the assumption that the atoms in the system amgdtionary motion This means that there exists a time
scaler, which is short relative to macroscopic processes but letagive to the characteristic time of the
atomic system, over which the atoms remain close to thejirai positions with bounded positions and
velocities. This condition is satisfied for a system of atemdergoing thermal vibrations about their mean
positions as expected in a solid at moderate temperaturexplioit this property of the system, we define
the time average of any quantifyover the timer as

_ 1 T
F= [ s (9)

and apply this averaging to (A.8),

=W +27,. (A.10)

1
—(ra ® Pa)
T 0

Assuming thatr, ® p. is bounded, and a separation of time scales between migiosawed continuum
processes exists, the term on the left-hand side can be nsagtaal as desired by taking sufficiently
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large. Therefore the above equation is reduce¥Wo, = —27 . Summing over all particles gives the
tensor virial theorem
W= -2T, (A.11)

whereW is the time-averaged virial tensor of the system,

W= 74 ® fa, (A.12)

and7 is the time-averaged kinetic tensor of the system,
T =13 mov @ a. (A13)
2 & @

The expression fo” can be simplified by substituting in (A.1) and noting that ¢iseparation of time
scalest is constant on the atomistic time scaleso that

— 1 - =
T=, D> maviT @i + | > mavie! | @ . (A.14)
«@ «@
The term in the square brackets is zero due to (A.5), and thus
-1 S ma v @ v (A.15)
2 — «@ «@

It is important to note that the virial theorem in (A.11) applequally to continuum systems at rest as
well as those that are not in macroscopic equilibrium andheeefore in a state of motion. This statement
hinges on the separation of scales assumption accordingittwontinuum motion occurs so slowly rel-
ative to atomistic processes so as to be essentially cdrmidhat time scale.

The virial theorem leads to a definition for stress by corréidethe idea that the forces on the particles
in the system can be divided into two parts: an internal p&iftt, resulting from the interaction of particle
« with other particles in the system and an external pft’, due to its interaction with atoms outside
the system and due to external fields,

.fa — ént + cxt. (Al6)

o

In terms of continuum variables, the external part of thedaran be identified with the tractiot,that the
surrounding medium applies to the system of particles aadduly force pb, acting on it, where is the
mass density antl is body force per unit mas¥.Substituting (A.16) into (A.12), divides the virial tensor
for the system into internal and external parts,

W:Wint +Wext :Zr(x@fént‘f‘z’ra@fg)(t- (A-17)

Rewriting the external virial 48

Wext = > 1o @ £ ::/ w®pbd\/+/ x @ tdA, (A.18)
a n 082

where(? is the domain occupied by the system of particles@fds a continuous closed surface bounding
the particles and separating them from surrounding pesticlhe variabler is a position vector within

39These density, traction and body forces paintwisecontinuum fields, i.e. they are defined at all
points but do not include the spatial averaging implicit ke ftmacroscopic continuum description. See
Section 3.1 for more details on pointwise fields.

40We accept this step as an ansatz due to the many assumptioh&d) one of which being tha? is
large enough to express the external forces acting amthe form of the continuum tractiot



73

£2 and on the surfacé(?2. Substituting the Cauchy relation,= on, whereo is the pointwise Cauchy
stress, into the above equation and applying the divergéremeem we have,

Wext = / [x® pb+dive (x® o)] dV = / [o’T + 2 ® (dive o+ pb)] dv. (A.19)
2 2

We assume that the pointwise fields satisfy the same balamseds the macroscopic continuum fields.
Therefore, the ternjdivy o + pb) is zero under equilibrium conditions (see (3.23)). We tfeerehave
that

Wext = VO'Tv (AZO)
where we have defined the continuum stress field as the avesiageofo over the domairf2:

1
Cav = — odV, (A.22)
Ve

HereV is the volume off2.# Substituting (A.20) into (A.17) and then into the virial trem in (A.11)
gives,

oo == W +27]" (A22)

Substituting in (A.15) and the definition 3V, from (A.17), we have
1 _ _
Tav = 3 Xa: fint @ rq + Xa: mave! @ viel | . (A.23)

This is the virial stress tensor. It is an expression for thedy stress tensor given entirely in terms of
atomistic quantities. Finally to demonstrate the symmefrhe virial stress, we rewritgf:* as the sum
over its decomposition:

=" fas, (A.24)
B
Ba

where f, 5 are the terms in the central force decomposition correspgrtd a potential energy represen-
tation as explained in Section 3.4. Substituting (A.249 i(&.23), we obtain

1 -
Oav = v Z fop @ Ta + Zmavael @ vrel . (A.25)
o, el
a#B
Now recalling thatf, 3 = — fz«, we have the following identity
1 1
D fas®@ra=53 (fap®ra+ fa®@rs) =5 D> fap® (ra —7p). (A.26)
a,B a,f a,B
a#p a#B a#B

Substituting (A.26) into (A.25), we have

1)1 - JE—
OCav = _v 5 E faﬁ ® (ra - "‘ﬁ) + § mavael ® ,Uael . (A.27)
a,B a
a#B

This expression shows that the virial stress is symmeiricesf,, 5 is parallel toro, — 3.

41The definition of this volume is somewhat arbitrary. One cassibly definel as the total volume
of the Voronoi cells of the atoms lying withif?.
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B Useful lemmas

In his 1955 paper on the "Derivation of the fundamental eiquatof continuum thermodynamics from
statistical mechanics” [41], Walter Noll proves two lemntlaat play an important role in his derivation.
In this section, for completeness, we derive Noll's firstfeanand then extend it to arbitrary curved “paths
of interaction”. We then derive Noll’s second lemma for thisre generalized case.
Let f (v, w) be a tensor-valued function of two vectarsandw, which satisfies the following three

conditions:

1. f(v,w) is defined for allv andw and is continuously differentiable .

2. There exists & > 0, such that the auxiliary functiog(v, w), defined through

9(v, w) = f (v, w)||v]|*F°[|w|**°, (B8.1)

and its gradient8/,, g andV ., g are bounded.
3. f(v,w) is antisymmetric, i.e.,
f(’l), ’ll)) = _f(w7 ’U). (Bz)

Lemma B.1 Under the conditions mentioned above, the following eguattiolds*2

1. 1
/yeJR3 flx,y)dy = 5 divg /zE]R3 {/S:O fe+sz,xz—(1—-s)z)ds| ® zdz. (B.3)

Proof Conditions (1) and (2) guarantee absolute convergence liovd the order of integration to be
swapped. From (B.2) we have,

[ fewdy=-[ i (B.4)
yERS yERS
Introduce new integration variables: on the left replgogith = = @ — y and on the right replacg with
z =1y — x. Thus,
fle, e — z)dz = — / f(xe+ z,x)d=. (B.5)

z€R3 2€R3
Note that a minus sign on the left-hand side is dropped by ddlymeversing the integration bounds. The
two terms in (B.5) are equal tﬁyemg f(x, y)dy, we can therefore write,

1
[ tewi=3 [ fee-2-fatzo)de ®6)
yER3 2 Jzer3
Next, from the chain rule, we have
Vef(e+sz,x—(1—-8)2) =Vof+Vulf, (B.7)
wheres € R. Similarly,
d
Ef(a:—l—sz,a:—(l—s)z):(va—i-vwf)z. (B.8)
Combining (B.7) and (B.8), we have
Vaf(x+sz,x— (1 —s)z)z= dif(a: +sz,x— (1—3s)z). (B.9)
S
Integrating the above equation with respecs foom 0 to 1 gives
1
{Vz fl®+sz,x— (1 —s)z)ds| z= f(x+ z, ) — f(z,z — 2). (B.10)
s=0
Substituting (B.10) into (B.6), and using the identity
(VzT)a =dive (T ® a), (B.11)
whereT'(x) is a tensor of any order andis a vector which is not a function ef, gives (B.3). O

42The expression in Noll's paper appears transposed rekati(.3). This is because the gradient and
divergence operations used by Noll are the transpose ofefinitibns. See end of Section 1.
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Fig. B.1 The property of gath of interactionas mentioned in the definition is illustrated in this figure.
Two paths of interaction for the pai(s:, v) and(w@, ©) are shown in the figure.

Lemma B.1 provides us a solutidfi(x), to the equation
/ f(x,y)dy = dive F(x). (B.12)
yER3

It is clear thatF'() is only a single solution out of an infinite set of solutionattkliffer from it by a
divergenceless rank two tensor field. The following lemmtereds Lemma B.1 to accommodate other
possible solutions of which the solution given in (B.3) igpecal case. Before that we give the following
definition.

Definition 3 For anyw andv € R3, the “the path of interaction” ofu and v is a contour that joinsu
andw such that for anyiz and® in R3, where||w — v|| = ||@— ©||, the path of interaction of pairgu, v)
and (4@, ©) are related by a rigid body transformatiof@ | ¢), for someQ € SO(3) andc € R3, with
Q(u —v) =u—vandQ = I, whenever, — v = @ — ». See Fig. B.1.

Basically, this definition enforces the condition that tipath of interaction” is a contour whose shape is
only a function of the distance between the points that ineats. The shape of the contour for a given
distance is assumed to be dictated by the nature of bondithg imaterial. Here we assume this shape to
be known. (See also footnote 25 on page 34).
Let (e1, e2, e3) be a basis oR3. For everyl > 0, let ] : [0, 1] — R? be a continuously differen-
tiable contour irR? such that
Yi(s)-e1=sl, 0<s<1, (B.13a)

2,(0) = (0,0,0); 1(1) = (1,0,0). (B.13b)
Fig. B.2 describes the properties of the cont@fumentioned above.

By the definition of thepath of interaction it is clear that the shape of any path of interaction can be
described by the contol;. Moreover, from its properties it is possible to explicithgfine the path of
interaction as a function df;, a given pointe through which it passes, and a vectowhich connects its
end points. More precisely, foraty< 5 < 1,z € R3 andz € R3, letI'(-; 5,2, 2) : [0,1] — R3
denote a path of interaction 2, such that

I(s;5,x,2) =+ Qz [X)2(s) — X2 (5)] (B.14)
for someQ. € SO(3), satisfying
Q.e1 = _H_ZH’ (B.15)
z

as shown in Fig. B.3. Let us now verify that qualifies as a path of interaction. It is clear from (B.14xtha
the contourdl'(s; 5, x, z) and ]| (s) are related through a rigid body transformation, such that

I's s,z z2) =, (B.16a)

s,z z) — I'0;5,a,2) =—=. (B.16b)
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(@ (b)

Fig. B.2 Frame (a) shows an admissible contour and frame (b) showmaamissible contour which
violates property (B.13a) df;.

Fig. B.3 The contourI(.; 5, , z) passes througte and the vectok is the difference between the two
end points of the contour. It is related to the contagy, |, such that any poin®j . (s) is mapped to
I'(s; 3, x, z) (shown above as a hollow dot) by a rigid body mot{@. |c), whereQ.. represents rotation
ande =« — Q-7 - (5), represents translation.

Fig. B.3 describes the properties mentioned above.

From (B.16a), it follows thaf” passes through the poimtand from (B.16b) it is cleag is the vec-
tor joining its endpoints. Moreove®. in (B.14) is made independent &fto ensure that the condition
Q. = I wheneverz — y = u — v, in the definition of the path of interaction, is satisfied.

For anyx € R3, let )
T :{I‘(';g’m7z) :0<5< lszRd}7 (Bl7)

denote the set of all paths of interaction that pass thraudtiow for everyy on a contoud” € Cg, lety |
denote the projection @j on the line joining the end points of the path. Itis easy totkaty (s; 3, z, z)
is given by
yi(s;5,@,2) =+ Qz [sllz]ler — 1) (5)] . (B.18)
Therefore, from (B.16a) we have
z) (5,®,2) =y (55 ®,2) =2+ Q= [5]|z]ler — 1) (5)] - (B.19)
Using (B.15) this simplifies to
z) (5,x,2) =z — 32— QT (5) (B.20)

We now generalize Noll's Lemma B.1 to arbitrary paths ofriat¢ion.
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Lemma B.2 For given paths of interaction oR3 x R3, and under conditions 1-3 ofi(v, w) given at
the start of this appendix, the following equation holds

1 1 _ _ ;o
/yeR3 f(x,y)dy = 3 divg /zeR3 {/5:0 flel +5z,2z; —(1-9)2)|® QzTHZH(s) dsdz,

(B.21)
wherex | (3, z, z) is given by (B.20).
Proof From (B.6) we have
1
[ tewi =3[ f@e-2-ftz)d (B.22)
y€ER3 2 Jzemrs
Next, from the chain rule, we have
Vaf(e, +5z,21 —(1-5)2) = (Vo f + Vw f)Vaz, (B.23)
wheres € R. From (B.20) we hav&/,x, = I. Therefore
Vof(ey +3z,2; —(1—35)2)=Vof+ Vuf. (B.24)
Similarly,
d _ _ d(I!J_
d—gf(wl—i-sz,wj_—(1—5)z):(va+wa) g—i-z . (B.25)
From (B.20), we have
dx
T; =—-z- QZTﬁz”(E). (B.26)
Substituting (B.26) into (B.25), we have
d
zgf(wL +5z,z1 — (1-5)2) = — (Vo f + Vu f) QZ‘T\?zH (3). (B.27)

Combining (B.24) and (B.27), we have

L @+ 5z~ (1-9)2) = ~ Vafl@ 455,21 —(1-92)] @], () ©.29)
Integrating both sides over the intenk [0, 1], we have
flei(lLae z)+zz (lz,2) - fl®L(0,2,2),2.0,2,2) — 2) =
[ et tsmes — (- 92Q:. (5)d5
(B.29)
Using (B.20), (B.15), and property (B.13b) #f, we have
z, (0,z,2) = ; z, (1, z,2) = (B.30)
Substituting, (B.30) into (B.29) and using the identity XB), we have
fle+zx)— flx,x—2) = —dive /Tl . fl@i+5z,2, —(1-5)2)® QY| (5)ds. (B:31)

Substituting the above equation into (B.22), the lemmadsga. O

Lemma B.3 Let2 C R3, with a piecewise smooth surfase For given paths of interaction dR® x R3,
and under the conditions 1-3 gfi(v, w) given at the start of this appendix, the following equatiofds

/meg/yem f(z,y) dyde
1
= %/S/ . / Of(wJ_ +3z,x1 — (1-35)2)(Q=7|,(5) - n)d5dzdS(x), (B.32)
z€R3 J5=

wherex | (5, x, z) is given by (B.20) and2® := R3\ (2.
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Proof We immediately see that due to antisymmetryfgb, w), we have

/ / f(=,y)dyde =0. (B.33)
ze Jyen2

Therefore, we have

/men /yem Ff(z,y) dyde = /:;e()/yeR3 Flx, y) dy da. (B.34)

From Lemma B.2, we have

=z, y) dy = dive g(x), (B.35)
yER3
with L
g(@) = l/ / Fl@ +5z@ - (1-9)2) 8 QY] (5)dsdz,  (B.36)
2 Jzers Js=0

wherex | (3, «, z) is given by (B.20). From the divergence theorem we have,

/ dive g(x) de = / g(zx) - n(x) dS(x). (B.37)
xe N S

Using (B.34)-(B.37), we obtain (B.32). 0O

C Derivation of the Hardy stress from the Murdoch-Hardy procedure
The Hardy stress7! ,, was derived in Section 4.2 subject to the condition:

divg 63 (@, 1) = > fapw(Ta — ). (c.1)
o,
a#f
Recall that the expression fafr,ijv given in (4.32) was obtained by using the generator functjtin
(see (4.29)), which is actually a distribution. Due to thiearent obstacles present in this procedure (see

footnote 31 on page 46), we now derive the expression for #rel\Hstress given in (4.32), by avoiding
the use of the Dirac delta distribution.

Definition C.1 Consider the following definitions for the functiof(az) and associated functions taken
from [12]:
1. Define a mollifiem; € C°°(R?) by

N
n(r) = § CP (Hr\\?—l) il <1, C.2)
0 it v > 1,

where the constar®’ > 0 is selected so thaj@Rg ndr = 1.
2. Foreach > 0, set

Te(r) = E%n (5). (C.3)

€
The family of functionsy. areC° and satisfy

/ nedr = 1. (C.4)
R3

The support of)c is contained in a ball of radiuscentered a0.
3. Ifthe functionh : R3 — R is locally integrable, define its mollificatiohe () as

he(r) = [ nelr = w)h(w) dy. c5)
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We use the following property of mollifiers in our derivation
he — h almost everywhere as — 0. (C.6)
For the proof of (C.6), refer to [12]. Equation (C.1) can benitten as
dive &y, (.1) = Y fapV/w(za — 2)w(za — ), ()
Ly

sincew(xa — ) > 0. Now, sincey/w(xg — v) is locally integrable, using property (C.6), we have

Vw(za —x) = lim o Jw(zg — Y)ne(xs — o + x — y) dy, (C.8)

e—0

where referring to (C.5)k(y) = Jw(xg —y) andr = xg — o + . Using (C.8), (C.7) can be
rewritten as

dive 611y (@.0) = limy 3= [ fusy (@ — @)ules — ) ne@s =m0 +o - ) dy
a,B
a#p

dim 3 /R (@ w0) dy. C9)
o,B
a#B

Now, note that the functioggﬁ is anti-symmetric with respect to its argumentsandy, for eache > 0

and satisfies all the necessary conditions for the applicatf Lemma B.1 in Appendix B. Therefore, from
B.3 it follows that

. ~H .
divg Gy, (@, ) = 61% Z
a,B
a#f
1 1
_7divz/ [/ faﬁ\/w(ma—:z:—sz)w(azﬁ—a:+(1—s)z)77€(a:5—a:a+z)ds ® zdz
2 R3 L/s=0

= lim
e—0
o,
a#p

1
_ %/}R% /s:o Ve (faﬁ\/w(:z:a —x—sz)w(xg —x+ (1 - s)z)) Ne(xg — T + 2)2zds dz,
(C.10)

where in the last equality we have used the identity giverBid1) and the fact thaje is independent of
a in the above equation. Sineeis positive, and ifw is a continuously differentiable function, it follows
that

Vo (faﬁ\/w(wa — @ — sz)w(xg — @+ (1— s)z)) z (C.11)
is a locally integrable function of. Therefore, by property C.6 and using the propefjtyr) = n.(—r),
we have
e oll (@) =3 3 [V [fapulma - o~ s(a —2p))] (20— 5)ds
=

1 1
=divz | o > / —Fopw((1 = 8)Ta + s25 — ) ® (X0 — 5)ds |,
5 7 s=0
By
(C.12)

where refering to (C.5n = o — x3, y = 2, andh(z) is given in (C.11). Comparing both sides of
(C.12), we arrive at the expression for the Hardy stresotagisen in (4.32).
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