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Abstract

For a given material, controllable deformations are those deformations that can be maintained in the
absence of body forces and by applying only boundary tractions. For a given class of materials, universal
deformations are those deformations that are controllable for any material within the class. In this
paper, we characterize the universal deformations in compressible isotropic implicit elasticity defined
by solids whose constitutive equations, in terms of the Cauchy stress σ and the left Cauchy-Green
strain b, have the implicit form f(σ,b) = 0. We prove that universal deformations are homogeneous.
However, an important observation is that, unlike Cauchy (and Green) elasticity, not every homogeneous
deformation is constitutively admissible for a given implicit-elastic solid. In other words, the set of
universal deformations is material-dependent, yet it remains a subset of homogeneous deformations.

Keywords: Universal deformation, implicit constitutive equations, Cauchy elasticity, hyperelasticity, Green
elasticity, implicit elasticity, isotropic solids.

1 Introduction

For a specific class of materials, universal deformations are those deformations that can be maintained in
the absence of body forces, solely by applying boundary tractions, for all members of the material class. For
Cauchy elastic (and particularly, hyperelastic) solids, universal deformations are independent of the specific
material within the class. However, the boundary tractions required to maintain a universal deformation
explicitly depend on the particular material. Universal deformations have played a pivotal role in nonlinear
elasticity and anelasticity. The following are some examples:

• They have played a crucial organizational role in the semi-inverse solutions in nonlinear elasticity [Knowles,
1979, Polignone and Horgan, 1991, De Pascalis et al., 2009, Tadmor et al., 2012, Goriely, 2017], and more
recently in anelasticity [Kumar and Yavari, 2023] and viscoelasticity [Sadik and Yavari, 2024].

• They provide guidance for designing experiments aimed at determining the constitutive relations of a
specific material [Rivlin and Saunders, 1951, Doyle and Ericksen, 1956, Saccomandi, 2001a].

• All the existing exact solutions for defects in nonlinear solids are associated with universal deformations
[Wesolowski and Seeger, 1968, Gairola, 1979, Zubov, 1997, Yavari and Goriely, 2012a,b, 2013a, 2014,
Golgoon and Yavari, 2018b].
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• Universal deformations have been crucial in finding exact solutions for the stress fields of distributed finite
eigenstrains in nonlinear solids, as well as in solving the nonlinear analogues of Eshelby’s inclusion problem
[Yavari and Goriely, 2013b, 2015, Golgoon and Yavari, 2018a, Yavari, 2021b].

• Universal deformations are exact solutions that have served as benchmark problems in computational
mechanics [Dragoni, 1996, Saccomandi, 2001a, Chi et al., 2015, Shojaei and Yavari, 2018].

• Universal deformations have been utilized in deriving effective properties for nonlinear composites [Hashin,
1985, Lopez-Pamies et al., 2012, Golgoon and Yavari, 2021].

The systematic investigation of universal deformations for homogeneous compressible and incompressible
isotropic hyperelastic solids began in the 1950s with the seminal works of Jerry Ericksen [Ericksen, 1954,
1955] whose work was inspired by the earlier contributions of Ronald Rivlin [Rivlin, 1948, 1949a,b]. Er-
icksen [1955] demonstrated that in homogeneous compressible isotropic solids, universal deformations are
homogeneous. Characterizing universal deformations in the presence of internal constraints such as incom-
pressibility poses a particularly challenging problem [Saccomandi, 2001a]. Ericksen [1954] identified four
families of universal deformations for incompressible isotropic hyperelastic solids. He conjectured that a
deformation with constant principal invariants is homogeneous, but this conjecture turned out to be in-
correct [Fosdick, 1966]. Later on, a fifth family of universal deformations was found [Singh and Pipkin,
1965, Klingbeil and Shield, 1966]. The fifth family of universal deformations are inhomogeneous, yet these
deformations have constant principal invariants. To this date, the problem of whether there exist additional
inhomogeneous constant-principal invariant universal deformations remains open (Ericksen’s problem).

The investigation into universal deformations was expanded to inhomogeneous anisotropic solids in [Yavari
and Goriely, 2021, Yavari, 2021a, Yavari and Goriely, 2023]. Before our studies, there had been limited
research on universal deformations in anisotropic solids [Ericksen and Rivlin, 1954]. The comprehensive
analyses presented in [Yavari and Goriely, 2021, Yavari, 2021a, Yavari and Goriely, 2023] encompassed
both compressible and incompressible isotropic, transversely isotropic, orthotropic, and monoclinic solids.
It was demonstrated that for these three classes of compressible anisotropic solids, universal deformations
are homogeneous, and the preferred material directions are uniform. Moreover, for isotropic solids and
each of the three classes of anisotropic solids, the corresponding universal inhomogeneities, which represent
inhomogeneities in the energy function compatible with the universality constraints, were characterized. For
inhomogeneous incompressible isotropic and the three classes of inhomogeneous incompressible anisotropic
solids, the corresponding universal inhomogeneities for each of the above six known families of universal
deformations were determined.

In linear elasticity, universal displacements are counterparts to universal deformations [Truesdell, 1966,
Gurtin, 1972, Carroll, 1973, Yavari et al., 2020]. Yavari et al. [2020] showed the explicit dependence of
universal displacements on the symmetry class of the material. In particular, the larger the symmetry
group, the larger the corresponding set of universal displacements. The study of universal displacements
has also been expanded to include inhomogeneous solids [Yavari and Goriely, 2022b], linear anelasticity
[Yavari and Goriely, 2022a], and compressible anisotropic linear elastic solids reinforced by a single family
of inextensible fibers [Yavari, 2023].

Recently, there have been extensions of Ericksen’s analysis to include anelasticity. Yavari and Goriely
[2016] proved that in compressible anelasticity, universal deformations are covariantly homogeneous, and
for simply-connected bodies universal eigenstrains are impotent (zero-stress). A partial characterization of
universal deformations and eigenstrains in incompressible anelasticity was given in [Goodbrake et al., 2020].
In particular, it was observed that the six known families of universal deformations for incompressible,
isotropic elastic solids are invariant under specific Lie subgroups of the special Euclidean group. There are
also recent studies on universal deformations and eigenstrains in accreting bodies [Yavari and Pradhan, 2022,
Yavari et al., 2023, Pradhan and Yavari, 2023] and investigations into universal deformations in liquid crystal
elastomers [Lee and Bhattacharya, 2023, Mihai and Goriely, 2023].

In a recent study, Yavari [2024] extended the analysis of universal deformations and inhomogeneities
to inhomogeneous compressible and incompressible isotropic Cauchy elasticity. In Cauchy elasticity, which
includes hyperelasticity (Green elasticity) as a special case, an energy function does not generally exist. It
was demonstrated that somewhat unexpectedly the sets of universal deformations and inhomogeneities of
Cauchy elasticity are identical to those of Green elasticity in both compressible and incompressible cases.
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Here, we study universal deformations in compressible isotropic solids with implicit constitutive equations
of the form f(σ,b) = 0, where σ is the Cauchy stress and b is the left Cauchy-Green strain. This class
of materials was introduced by Morgan [1966] who used a result due to Rivlin and Ericksen [1955] to
simplify such implicit constitutive equations for isotropic solids. This work remained largely unnoticed
until Rajagopal and his collaborators started a major research program on the mechanics of elastic solids
with implicit constitutive equations in the past two decades [Rajagopal, 2003, 2007, Bustamante, 2009,
Bustamante and Rajagopal, 2011]. There have been recent studies exploring universal displacements and
deformations for subclasses of incompressible implicit isotropic elasticity. Bustamante [2020b] considered
incompressible isotropic elastic solids for which the linearized strain is a function of Cauchy stress. He
showed that inflation and uniform extension/compression of a cylindrical annulus is a universal displacement
for this class of implicit elastic solids. Bustamante [2020a] showed that the known universal deformations of
incompressible isotropic hyperelasticity are also universal for the subclass of incompressible isotropic implicit
elastic solids for which the Hencky strain is a function of the Kirchhoff stress.

This paper is organized as follows. In §2, implicit elasticity is briefly reviewed. Universal deformations
of compressible isotropic implicit-elastic solids are characterized in §3. Conclusions are given in §4.

2 Implicit elasticity

Consider a body that in its undeformed configuration is identified with an embedded submanifold B of the
Euclidean ambient space S. The flat metric of the Euclidean ambient space is denoted by g and the induced
metric on the body in its reference configuration is denoted by G = g|B. A deformation is a map from B to
the ambient space, i.e., φ : B → C ⊂ S, where C = φ(B) is the current configuration. The tangent map of
φ is the so-called deformation gradient F = Tφ (a metric-independent map), which at each material point
X ∈ B is a linear map F(X) : TXB → Tφ(X)C. With respect to the coordinate charts {XA} and {xa} for B

and C, respectively, the deformation gradient has components F a
A = ∂φa

∂XA . The transpose of deformation

gradient FT has components (FT)Aa = gab F
b
B GAB . The right Cauchy-Green strain tensor is defined as

C = FTF with components CA
B = (FT)AaF

a
B . Thus, CAB = (gab ◦ φ)F a

A F b
B , which means that the

right Cauchy-Green strain is the pull-back of the spatial metric to the reference configuration, i.e., C♭ = φ∗g,
where ♭ is the flat operator induced by the metric G (which lowers indices). The left Cauchy-Green strain
is defined as B♯ = φ∗(g♯), which has components BAB = F−A

a F
−B

b g
ab, where F−A

a are components of
F−1. The spatial analogue of C♭ is defined as c♭ = φ∗G, which has components cab = F−A

a F
−B

b GAB .
Similarly, the spatial analogue of B♯ is b♯ = φ∗(G

♯), which has components bab = F a
A F b

B GAB . Recall that
b = c−1. The two tensors C and b share the same principal invariants I1, I2, and I3, which are defined as
[Ogden, 1984, Marsden and Hughes, 1994] I1 = trb = bab gab, I2 = 1

2

(
I21 − trb2

)
= 1

2

(
I21 − babbcd gac gbd

)
,

and I3 = detb.
Implicit elasticity is defined by elastic materials that have the following implicit constitutive equation

[Morgan, 1966, Rajagopal, 2003, 2007]1

f(σ,b) = 0 . (2.2)

Cauchy elastic and Green elastic (hyperelastic) solids are special cases of this class of elastic materials. Here,
we confine ourselves to isotropic solids. In this case, the implicit constitutive equation can be rewritten as

1In his study of controllable states of stress, Carroll [1973] considered a special subset of (2.2) constitutive equations in the
form

b♯ = ξ0 g
♯ + ξ1σ + ξ2σ

2 , (2.1)

that he called an invertible stress relation. The response functions ξ0, ξ1, and ξ2 are functions of the principal invariants of the
Cauchy stress. According to Carroll [1973], a state of stress is controllable if it satisfies the equilibrium equations in the absence
of body forces, and its corresponding strain is compatible for any response functions ξ0, ξ1, and ξ2. He proved that for isotropic
elastic solids with constitutive equations of the form (2.1) controllable states of stress are homogeneous. He, however, noted
that for a given elastic material with the constitutive equation (2.1), not all states of homogeneous stress are constitutively
admissible.
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[Rivlin and Ericksen, 1955, Morgan, 1966]2

β0 g
♯ + β1σ + β2σ

2 + β3 b
♯ + β4 c

♯ + β5

(
σb♯ + b♯σ

)
+ β6

(
σ2b♯ + b♯σ2

)
+ β7

(
σc♯ + c♯σ

)
+ β8

(
σ2c♯ + c♯σ2

)
= 0 ,

(2.4)

where βi, i = 0, . . . , 8 are functions of the following ten invariants [Rivlin and Ericksen, 1955, Morgan, 1966,
Rajagopal, 2003, 2007]:

trσ , trσ2 , trσ3 , trb♯ , trb2♯ , trb3♯ , tr
(
σb♯

)
, tr

(
σb2♯

)
, tr

(
σ2b♯

)
, tr

(
σ2b2♯

)
. (2.5)

Equivalently, we can use the following invariants3

I1 = trσ , I2 = trσ2 , I3 = trσ3 , I4 = trb♯ , I5 =
1

2

[
I24 − trb2♯

]
, I6 = detb♯ ,

I7 = tr
(
σb♯

)
, I8 = tr

(
σb2♯

)
, I9 = tr

(
σ2b♯

)
, I10 = tr

(
σ2b2♯

)
.

(2.6)

Hence, the implicit constitutive equations are rewritten as4

f(σ,b) = α0 g
♯ + α1σ + α2σ

2 + α3 b
♯ + α4 c

♯ + α5

(
σb♯ + b♯σ

)
+ α6

(
σ2b♯ + b♯σ2

)
+ α7

(
σc♯ + c♯σ

)
+ α8

(
σ2c♯ + c♯σ2

)
= 0 ,

(2.7)

where αi = αi(I1, . . . , I10), i = 0, . . . , 8. Note that with respect to a coordinate chart {xa}, (2.7) is written
as (a, b = 1, 2, 3)

α0 g
ab + α1σ

ab + α2 σ
2ab + α3 b

ab + α4 c
ab + α5

(
σam bbm + bam σmb

)
+ α6

(
σ2am bbm + bam σ2mb

)
+ α7

(
σam cbm + cam σmb

)
+ α8

(
σ2am cbm + cam σ2mb

)
= 0 ,

(2.8)

where σ2ab = σam gmn σ
nb.

Definition 2.1. The implicit-elasticity stress-strain space S is a twelve-dimensional submanifold of R12

defined as

S =
{
s ∈ R12 : s = (bab, σcd) , a ≤ b = 1, 2, 3 , c ≤ d = 1, 2, 3 , b positive-definite and compatible

}
. (2.9)

The implicit-elasticity stress-strain manifold S of an implicit-elastic material is the six-dimensional subman-
ifold of S defined by the six equations f(σ,b) = 0.

Definition 2.2. In implicit elasticity, a homogeneous deformation (that has a constant b) is constitutively
admissible if (b,σ) ∈ S, i.e., if there exists σ such that f(σ,b) = 0.

Example 2.3. In (2.7) suppose α5 = α6 = α7 = α8 = 0, i.e.,

α2σ
2 + α1σ = −α0 g

♯ − α3 b
♯ − α4 c

♯ . (2.10)

We denote the eigenvalues of σ and b♯ by σi and λ2
i , i = 1, 2, 3, respectively. For this class of materials, σ

and b♯ have the same eigenvectors and can be diagonalized simultaneously.5 Therefore, with respect to the
eigenbasis one has

α2σ
2
i + α1σi + (α0 + α3 λ

2
i + α4 λ

−2
i ) = 0 , i = 1, 2, 3 . (2.11)

2In [Rivlin and Ericksen, 1955, Morgan, 1966], this is written as

β0 g
♯ + β1σ + β2σ

2 + β3 b
♯ + β4 b

2♯ + β5

(
σb♯ + b♯σ

)
+ β6

(
σ2b♯ + b♯σ2

)
+ β7

(
σb2♯ + b2♯σ

)
+ β8

(
σ2b2♯ + b2♯σ2

)
= 0 .

(2.3)

However, from the Cayley-Hamilton theorem we know that b2♯ is fuctionally dependent on b♯ and b−♯ = c♯.
3Clearly, one can use the pair I4 and I5 instead of I4 and trb2♯. Using the Calyley-Hamilton theorem, one can show that

trb3♯ = I34 − 3I4I5 + 3I6 [Spencer, 1971].
4Assuming that the initial configuration is stress free, α0 + α3 + α4 = 0 when (I1, . . . , I10) = (0, 0, 0, 3, 3, 1, 0, 0, 0, 0).
5It should be emphasized that for the more general class of elastic solids with constitutive equations (2.7), σ and b♯ do not

have the same eigenvectors, in general.
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These quadratic equations (in σi) have real solutions if and only if α2
1 − 4α2(α0 + α3 λ

2
i + α4 λ

−2
i ) ≥ 0,

i = 1, 2, 3. Thus, b♯ is constitutively inadmissible if for at least one value of i one has

α2
1 − 4α2

(
α0 + α3 λ

2
i + α4 λ

−2
i

)
< 0 . (2.12)

We observe that not every homogeneous deformation is constitutively admissible.

Example 2.4. Consider the particular case of (2.7) for which α1 = α2 = α6 = α7 = α8 = 0 and α5 ̸= 0 ,
i.e.,

σb♯ + b♯σ = η0 g
♯ + η1 b

♯ + η2 c
♯ . (2.13)

For a homogeneous deformation and constant η0, η1, η2 (these are constant when stress is homogeneous as
well), (2.13) is a Sylvester equation [Sylvester, 1884, Bhatia and Rosenthal, 1997, Gantmakher, 2000]. There
is a unique solution for stress if and only if b♯ and −b♯ do not share any eigenvalues. This is the case
because all the eigenvalues of b♯ are positive and consequently those of −b♯ are all negative. Therefore, any
homogeneous b♯ has a unique corresponding homogeneous stress.

3 Universal Deformations in Compressible Isotropic Implicit Elas-
ticy

Universal deformations for Cauchy-elastic solids. Before considering the general case of implicit
elasticity, we start by characterizing the universal deformations of isotropic Cauchy-elastic solids. This class
of materials is defined by an explicit constitutive equations of the form:

σ = β0 g
♯ + β1 b

♯ + β2 c
♯ , (3.1)

where βi = βi(I1, I2, I3), i = 1, 2, 3. Equilibrium equations in the absence of body forces are written as (note
that metric is covariantly constant, and hence, div g♯ = 0)

0 = divσ = div
[
β0 g

♯ + β1 b
♯ + β2 c

♯
]
= β1 divb

♯ + β2 div c
♯ +∇β0 + b♯ · ∇β1 + c♯ · ∇β2 . (3.2)

Then, it is noted that

∇βi =

3∑
j=1

βij∇Ij , βij =
∂βi

∂Ij
, i = 1, 2, 3 . (3.3)

Thus, we have

β1 divb
♯ + β2 div c

♯ +

3∑
j=1

β0j∇Ij +

3∑
j=1

β1jb
♯ · ∇Ij +

3∑
j=1

β2jc
♯ · ∇Ij = 0 . (3.4)

This identity must hold for arbitrary response functions β0, β1, and β2. Knowing that any derivative of a
response function is functionally independent from the response functions and all the other derivatives, one
concludes that in (3.4) the coefficient of each response function and its partial derivatives must be identically
zero. This immediately implies that [Yavari, 2024]

divb♯ = div c♯ = 0 , and grad Ij = 0 , i = 1, 2, 3 . (3.5)

These constraints are identical to the universality constraints of isotropic hyperelasticity and imply that the
universal deformations are homogeneous [Ericksen, 1955]. It should be emphasized that universal deforma-
tions are independent of the response functions β0, β1, and β2. However, for a homogeneous body with a
given triplet of response functions (β0, β1, β2), stress explicitly depends on the response functions, but is
nevertheless uniform.
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Equilibrium stress with constant principal invariants is homogeneous. To extend this analysis to
the more general case of isotropic implicit elasticity given by constitutive equations (2.7) we will need the
following general result.

Lemma 3.1. If σ is an equilibrium stress, i.e. divσ = 0, with constant principal invariants, then it is
homogeneous.

Proof. The Cauchy stress can be written in the following spectral representation [Ogden, 1984]:

σ = σ1 a⊗ a+ σ2 b⊗ b+ σ3 c⊗ c , (3.6)

where σ1, σ2, σ3 and a,b, c are the principal stresses and their corresponding principal directions. Note that
a⊗ a+ b⊗ b+ c⊗ c = g♯. Thus, the Cauchy stress can be written

σ = (σ1 − σ3) a⊗ a+ (σ2 − σ3)b⊗ b+ σ3 g
♯ . (3.7)

If it has constant invariants then it has constant eigenvalues. Moreover, being an equilibrium stress, it
is divergence-free. Therefore, there are three possibilities for the eigenvalues: (i) σ1 = σ2 = σ3, (ii)
σ2 = σ3 ̸= σ1, and (iii) the three eigenvalues are distinct.
Case (i): When the three eigenvalues of σ are equal, we have σ = σ1 g

♯, which is a covariantly constant
tensor, i.e., a homogeneous tensor in the Euclidean space.
Case (ii): when σ2 = σ3 ̸= σ1, the stress has the following representation

σ = (σ1 − σ3) a⊗ a+ σ3 g
♯ . (3.8)

Thus, divσ = (σ1 − σ3) div(a⊗ a) = 0, and hence div(a⊗ a) = 0. Note that

div(a⊗ a) = ∇a a+ (div a) a , or in components (aman)|n = am|na
n + an|n a

m . (3.9)

Therefore, equilibrium dictates that

∇a a+ (div a) a = 0 , or in components am|na
n + an|n a

m = 0 . (3.10)

Knowing that amam = 1, one has 0 = (amam)|b = am|bam + amam|b = am|bam + amam|b = 2am|bam. Thus,
for any unit vector a

amam|b = 0 . (3.11)

Taking the dot product of the vector equation (3.10) with a and using (3.11), one obtains

0 = amam|na
n + an|n a

mam = an|n . (3.12)

Thus, we have
div a = 0 . (3.13)

Using (3.13) in (3.10), one concludes that
∇a a = 0 . (3.14)

This is the geodesic equation that tells us that the integral curves of a are geodesics. But we know that in
the Euclidean space geodesics are straight lines. This in turn implies that the stress is homogeneous.
Case (iii): The three eigenvalues are distinct. In this case, the stress has the following representation (3.7)
and we have

divσ = (σ1 − σ3)∇a a+ (σ2 − σ3)∇b b = 0 . (3.15)

In components
(σ1 − σ3) a

m
|na

n + (σ2 − σ3) b
m

|nb
n = 0 . (3.16)

Hence, by taking the dot product of both sides of the above identity with a, one obtains

0 = (σ1 − σ3) am am|na
n + (σ2 − σ3) am bm|nb

n = (σ2 − σ3) am bm|nb
n = 0 , (3.17)
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and hence
am bm|nb

n = 0 or a · ∇b b = 0 . (3.18)

Similarly
b · ∇a a = 0 . (3.19)

In summary, a · ∇a a = b · ∇a a = a · ∇b b = b · ∇b b = 0. Therefore

∇a a = k1 c , ∇b b = k2 c . (3.20)

Instead of the spectral representation (3.7) one can equivalently write

σ = (σ1 − σ2) a⊗ a+ (σ3 − σ2) c⊗ c+ σ2 g
♯ . (3.21)

Using this representation and following a similar argument that led to the identity (3.19), one can show that
c · ∇a a = 0, and hence k1 = 0, i.e., ∇a a = 0. One can also use the following spectral representation

σ = (σ2 − σ1)b⊗ b+ (σ3 − σ1) c⊗ c+ σ1 g
♯ . (3.22)

Using this representation and following a similar argument that led to the identity (3.18), one can show that
c · ∇b b = 0, and hence k2 = 0, i.e., ∇b b = 0. From ∇a a = ∇b b = 0 we conclude that the integral curves
of a and b are orthogonal straight lines. This implies that the integral curves of c are straights lines as well
and orthogonal to those of a and b. This again implies that the Cauchy stress is homogeneous.

Universal deformations for a special class of implicit-elastic solids. Next, we consider the special
subclass of materials with constitutive equations (2.1), i.e.,

b♯ = ξ0 g
♯ + ξ1σ + ξ2σ

2 . (3.23)

We take the divergence of both sides and use the fact that divσ = 0 (equilibrium equations in the absence
of body forces) and div g♯ = 0 (metric is covariantly constant):

∇ξ0 + σ∇ξ1 + σ2∇ξ2 + ξ2 divσ
2 − divb♯ = 0 . (3.24)

The above identity holds for arbitrary response functions ξ0, ξ1, ξ2. Let us replace ξ0 by ζξ0:
6 ζ∇ξ0 +

σ∇ξ1 + σ2∇ξ2 + ξ2 divσ
2 − divb♯ = 0. Differentiating both sides of the above identity with respect to ζ

one obtains ∇ξ0 = 0, and hence the principal invariants of Cauchy stress are constant. Thus, Cauchy stress
is homogeneous and ξ0, ξ1, ξ2 are constant. Hence, b♯ is homogeneous. Therefore, universal deformations are
homogeneous. In Example 2.3 we saw that not every homogeneous deformation is constitutively admissible
for this class of elastic materials. In other words, unlike Cauchy (and Green) elasticity, the set of universal
deformations depends on the response functions. All we know is that for any material within this class the
set of universal deformations is a subset of homogeneous deformations.

Remark 3.2. To prove that universal deformations in homogeneous compressible isotropic hyperelastic
solids are homogeneous, Ericksen [1955] used the equilibrium equations in the absence of body forces, the
necessity for these equations to hold for any energy function, and the compatibility equations of the left
Cauchy-Green strain. A simpler proof was presented in [Saccomandi, 2001b] by employing the following
two specific energy functions: W (I1, I2, I3) = µ1I1 + µ2I2 + µ3I3 and Ŵ (I1, I2, I3) = µ̂1I

2
1 + µ̂2I

2
2 + µ̂3I

2
3 ,

where µi and µ̂i, i = 1, 2, 3, are arbitrary constants. Casey [2004] demonstrated that Ericksen’s result can
be proved using the simpler energy functions W = µ1I1 and Ŵ = µ̂1I

2
1 . Furthermore, he concluded that

universal deformations for “all homogeneous elastic materials” must be homogeneous. While this is true, it
is important to note that, in general, not every homogeneous deformation is constitutively admissible for a
given elastic material, as demonstrated in Example 2.3.

6ζ is an arbitrary scaling factor, i.e., ζ ∈ R
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Universal deformations in implicit-elastic solids. Universal deformations correspond to those defor-
mations that satisfy the equilibrium equations in the absence of body forces for arbitrary response functions
αi, i = 0, . . . , 8. We pick an arbitrary deformation, which has a left Cauchy-Green strain b♯ (and its cor-
responding c♯). The implicit constitutive equation (2.7) determines the corresponding stress σ (that may
not be unique) if b♯ is constitutively admissible. Note that for this fixed deformation, σ = σ(α0, . . . , α8).
This means that when we choose different materials within the class of materials (2.7), σ changes. In other
words, a given deformation has, in general, infinitely many corresponding stresses within the material class.
Any stress σ corresponding to the fixed b♯ and c♯ must satisfy (2.7) everywhere in the body. We take the
(spatial) divergence of both sides of (2.7) and note that divσ = 0 (equilibrium equations in the absence of
body forces) and div g♯ = 0 (metric is covariantly constant):

∇α0 + σ · ∇α1 + σ2 · ∇α2 + α2 divσ
2 + α3 divb

♯ + b♯ · ∇α3 + α4 div c
♯ + c♯ · ∇α4

+ α5

[
∇σ · b♯ +∇b♯ · σ + σ divb♯

]
+
(
σb♯ + b♯σ

)
· ∇α5

+ α6

[
∇σ2 · b♯ +∇b♯ · σ2 + σ2 divb♯ + b♯ divσ2

]
+
(
σ2b♯ + b♯σ2

)
· ∇α6

+ α7

[
∇σ · c♯ +∇c♯ · σ + σ div c♯

]
+

(
σc♯ + c♯σ

)
· ∇α7

+ α8

[
∇σ2 · c♯ +∇c♯ · σ2 + σ2 div c♯ + c♯ divσ2

]
+
(
σ2c♯ + c♯σ2

)
· ∇α8 = 0 .

(3.25)

For fixed b♯ and c♯, σ = σ(α0, . . . , α8), and the above identity must hold everywhere in the deformed
body for arbitrary response functions αi = αi(I1, . . . , I10), i = 0, . . . , 8. The response functions and their
derivatives can vary independently of each other. Specifically, ∇α0 can vary independently from α0, αj

(j = 1, . . . , 8), and ∇αj (j = 1, . . . , 8). Note that σ and σ2 do not depend on the derivative of α0 with
respect to any of the ten invariants. Therefore, one concludes that

∇α0 =

10∑
j=1

∂α0

∂Ij
∇Ij = 0 . (3.26)

Therefore, the arbitrariness of the derivatives of α0 with respect to the ten invariants implies that

I1, . . . , I10 are constant . (3.27)

I1, I2, I3 being constant tells us that the Cauchy stress is homogeneous. Thus, (3.25) is simplified to read

α3 divb
♯ + α4 div c

♯ + α5 σ divb♯ + α6

[
∇b♯ · σ2 + σ2 divb♯

]
+ α7

[
∇c♯ · σ + σ div c♯

]
+ α8

[
∇c♯ · σ2 + σ2 div c♯

]
= 0 .

(3.28)

In the constitutive equation (2.7) let us assume that α0, α1, α3, and α4 are the only nonzero response
functions (this corresponds to Cauchy elasticity). Thus, in the above identity the response function α3 and
α4 can be chosen arbitrarily, and hence divb♯ = div c♯ = 0. We observe that the universality constraints
of implicit elasticity include those of Cauchy elasticity, i.e., (3.5). Therefore, universal deformations are
homogeneous, and (3.28) is now trivially satisfied. Therefore we have proved the following result.

Proposition 3.3. In compressible isotropic implicit elasticity, all universal deformations are homogeneous.

Remark 3.4. It should be emphasized that for a given implicit-elastic material not every homogeneous
deformation is constitutively admissible. In other words, the set of universal deformations is material de-
pendent, in general. All one knows is that for a given material within the class of implicit-elastic materials,
the set of universal deformations is a subset of homogeneous deformations. This suggests that homogeneous
deformations remain useful for characterizing material properties of implicit-elastic materials.

4 Conclusions

Universal deformations have been extensively studied for compressible and incompressible hyperelastic solids.
In recent years, the study of universal deformations has been expanded to encompass anelasticity, as well
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as anisotropic and inhomogeneous hyperelastic bodies. More recently, universal deformations have been
studied for compressible and incompressible Cauchy elasticity, which includes hyperelasticity as a subset. It
is known that there are larger classes of elastic solids that include, for instance, Cauchy elasticity. One such
class of solids was introduced by Morgan [1966] characterized by implicit constitutive equations of the form
f(σ,b) = 0. The study of this class of elastic solids has been revived in the past twenty years by Rajagopal
and his collaborators [Rajagopal, 2003, 2007, Bustamante, 2009, Bustamante and Rajagopal, 2011]. In this
paper we investigated the problem of finding the universal deformations of compressible isotropic solids
with the implicit constitutive equations f(σ,b) = 0. We showed that the universal deformations for these
materials are homogeneous. However, we observed that, in general, not every homogeneous deformation is
constitutively admissible for a given implicit-elastic material. This implies that in implicit elasticity the set
of universal deformations is material dependent. However, for any given implicit-elastic material, the set of
universal deformations is a subset of the set of homogeneous deformations. This suggests that homogenous
deformations can still be used to characterize the material properties of such solids.
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