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Abstract

In this paper we analyze the stress field of a solid torus made of an incompressible isotropic solid with a
toroidal inclusion that is concentric with the solid torus and has a uniform distribution of pure dilatational
finite eigenstrains. We use a perturbation analysis and calculate the residual stresses to the first order
in the thinness ratio (the ratio of the radius of the generating circle and the overall radius of the solid
torus). In particular, we show that the stress field inside the inclusion is not uniform. This is in contrast
with the corresponding results for infinitely-long and finite circular cylindrical bars and spherical balls with
cylindrical and spherical inclusions, respectively. We also show that for a solid torus of any size made of an
incompressible linear elastic solid with an inclusion with uniform (infinitesimal) pure dilatational eigenstrains
the stress inside the inclusion is not uniform.
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1 Introduction

FEigenstrains are the anelastic part of the total strain tensor and represent referential rearrangements, changes,
distortions, etc. When deformations (more precisely displacement gradients) are large different measures of
strain may be considered and an eigenstrain would explicitly depend on the choice of a strain measure. Eigen-
strains model many different phenomena, e.g., plasticity [Bilby et al., 1957, Kroner, 1959], thermal strains
[Stojanovié et al., 1964, Ozakin and Yavari, 2010], swelling [Pence and Tsai, 2005, 2006], and bulk growth
[Takamizawa and Matsuda, 1990, Takamizawa, 1991, Rodriguez et al., 1994, Yavari, 2010]. For a detailed
discussion of finite eigenstrains see Yavari and Goriely [2013] and Golgoon et al. [2016].

In a seminal paper, Eshelby [1957] showed that for an ellipsoidal inclusion in an infinite linear elastic solid,
for uniform eigenstrains the stress inside the inclusion is uniform as well. There have been many investigations
in recent years on the validity of this uniformity property for nonlinear elastic solids and inclusions with finite
eigenstrains. There are several results in 2D in the case of harmonic solids [Kim and Schiavone, 2007, Kim et al.,
2008, Kim and Schiavone, 2008, Ru and Schiavone, 1996, Ru et al., 2005]. In 3D, recently Yavari and Goriely
[2013] showed that in the case of cylindrical bars (finite or infinitely-long) and spherical balls with cylindrical
and spherical inclusions, respectively, with pure dilatational finite eigenstrains, the stress uniformity property
holds for both incompressible isotropic solids and some special classes of compressible isotropic solids. Note
that these geometries are simply-connected. Perhaps the simplest example of a non-simply connected body
is a hollow cylinder. However, in that case one can only have an annular inclusion. Another simple example
of a non-simply connected body is a solid torus. To our best knowledge, finite (or infinitesimal) eigenstrains
in a solid torus and their induced residual stresses have not been studied in the literature. In this paper, we
investigate this problem in the case of incompressible solids (see Fig. 1).

*To appear in the Journal of Elasticity.
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Figure 1: A solid torus with a toroidal inclusion that is concentric with it.

Kydoniefs and Spencer [1965] and Kydoniefs [1966] studied the finite deformation of a torus made of a
homogeneous, isotropic, incompressible elastic solid under inflation by uniform internal pressure and under
inflation and rotation with a constant angular velocity, respectively. They assumed that the torus in its deformed
state is generated by rotating two concentric circles about a line in their plane. Assuming that the radii of the
generating circles are small compared to the overall radius of the torus, they obtained approximate solutions for
the stress and deformation fields in the torus. Their work was further extended to a solid torus inflated from
a torus in its undeformed state by Hill [1980]. He too assumed that the ratio of the radius of the generating
circles and the overall radius of the torus (thinness ratio) is small and obtained the solutions to the first order
of this small ratio. Under the same assumption, Kydoniefs and Spencer [1967] explored the finite inflation of
an elastic toroidal membrane due to uniform internal pressure such that it has a circular cross section in its
reference configuration. They obtained the solutions to the second order in the thinness ratio and presented
some numerical results for a toroidal membrane made of a Mooney-Rivlin material, describing the dependence of
the deformation and the generated stresses on the internal pressure. Krokhmal [2002] studied the displacement
boundary-value problem of a linear elastic torus. He reduced the boundary-value problem to an infinite system
of linear algebraic equations and developed an analytical technique for solving it.

Toroidal inclusions and inhomogeneities have been observed in the microstructures of both natural and
engineered materials [Radi and Sevostianov, 2016]. Onaka et al. [2002] investigated the problem of elastic
toroidal inclusions in an infinite linear elastic medium using an averaged Eshelby tensor. They found that the
averaged Eshelby tensor of toroidal inclusions on an arbitrary plane is nearly the same as the average of the
Eshelby tensors of randomly oriented rod-like inclusions on that plane. Onaka [2003] considered an infinitely
extended body having a doughnut-like inclusion with purely dilatational eigenstrains. He observed that near the
inclusion there are two points at which all the components of the strain tensor vanish. Note that this is not the
case for spherical inclusions with purely dilatational eigenstrains placed in an infinite linear elastic medium, for
which strains become null only at infinitely far distances from the inclusion. In another paper by Onaka [2005],
the strain field generated by elongated toroidal inclusions were studied and compared with that of doughnut-like
and spherical inclusions. It was observed that for an infinitely elongated tubular inclusion, all the strain tensor
components in the matrix region surrounded by the inclusion vanish. The reinforcing effects of rigid toroidal
inhomogeneities in a linear elastic medium was studied by Argatov and Sevostianov [2011]. They observed that
there is no noticeable difference in the reinforcing properties of toroidal and spheroidal inhomogeneities with
the same volume and diameter. Kirilyuk [1988] investigated the effects of a toroidal inhomogeneity on the stress
concentration in an infinite isotropic medium. They considered two cases: perfect bonding and slipping at the
inhomogeneity-matrix interface. As an example, they showed that the difference in the maximum stress could
differ up to 40% for the two cases.

In the setting of linearized elasticity, it is known that for a single inclusion with uniform eigenstrain in an
infinite domain to have a uniform stress field the inclusion must be an ellipsoid [Liu, 2008, Kang and Milton,
2008]. Earlier, Rodin [1996] had shown that the remarkable property of ellipsoidal inclusions is not shared by
polygonal inclusions in 2D or polyhedral inclusions in 3D.

In particular, a toroidal inclusion with uniform eigenstrain in an infinite solid would have a non-uniform
stress field. One may now consider a solid torus with an inclusion whose generating circle is concentric with
the boundary circle of the solid torus (see Fig. 1). Is the stress field inside such an inclusion with uniform and
pure dilatational eigenstrain uniform? We solve this problem for finite dilatational eigenstrains in the case of



a “thin” solid torus made of an incompressible isotropic nonlinear elastic solid. We will show that to the first
order in the thinness ratio, stress inside the inclusion is not uniform. We then study the same problem for a
solid torus made of an incompressible linear elastic solid with a toroidal inclusion with a uniform infinitesimally
small pure dilatational eigenstrain. We show that for any size of the solid torus (not necessarily thin) the stress
inside the inclusion is not uniform.

This paper is organized as follows. In section 2 we briefly review some basic concepts of the geometric
theory of nonlinear elasticity. In section 3 we formulate the governing equilibrium equations of a solid torus
with an axially-symmetric distribution of finite eigenstrains. In section 3.1 we consider a toroidal inclusion that
is concentric with the solid torus and calculate the residual stress field using a perturbation analysis. We then
present some numerical examples for neo-Hookean solids. Finally, we solve the corresponding problem in linear
elasticity in section 3.2. Conclusions are given in section 4.

2 Elements of Geometric Anelasticity

In this section, we tersely review some fundamental elements of the geometric theory of nonlinear elasticity and
anelasticity. For more detailed discussions, see [Marsden and Hughes, 1983, Yavari and Goriely, 2012a].

Kinematics. A body B is assumed to be identified with a Riemannian manifold (B, G), and a configuration
of B is a smooth embedding ¢ : B — S, where (S, g) is also assumed to be a Riemannian manifold. An affine
connection V on a smooth manifold M is a linear map V : X (M) x X(M) — X(M), where X(M) indicates
the set of all smooth vector fields on M, that has to satisfy some specific properties (see do Carmo [1992] for
details). It turns out that there is a unique torsion-free and compatible affine connection associated with any
Riemannian manifold, referred to as Riemannian connection (see, for example, [do Carmo, 1992]; [Petersen,
2006]). We denote the Levi-Civita connection associated with the Riemannian manifold (S,g) by V9. The
set of all configurations of B is denoted by C. A motion is a curve ¢ : RT™ — ¢; € C such that ¢; assigns a
spatial point = ¢(X) = ¢ (X,t) € S to every material point X € B at any time ¢t. It is assumed that the
body is stress-free in its reference configuration, which may have a nontrivial geometry, e.g., in the presence of
eigenstrains. The deformation gradient F is the derivative map of ¢ defined as

F(X,t) = dpi(X) : TxB = T,,(x)S - (2.1)
The adjoint of F is defined as follows
FI(X,t):T,,x)S = TxB, gFV,v)=G(V,F'v), YVeTxB veT, x. (2.2)

The Finger deformation tensor is defined as b(x,t) = F(X,t)FT(X,t) : T, (B) — Typ(B). In compo-
nents, b® = F%,F*5GAB. Another measure of strain is the Lagrangian strain tensor that is defined as
E = %(cpz‘ g — G). The Jacobian of deformation J relates the Riemannian volume elements of the material
manifold dV (X, G) and the spatial manifold dv(¢:(X),g) and is written as

detg
=/ F = . .
J ot detF, dv=JdV (2.3)

Constitutive equations. For isotropic solids the energy function W depends only on the principal invariants
of b, denoted by I, I5, and I3. In the case of incompressible solids, I3 = 1, and hence, W = W(X, I3, I5).
We restrict our attention to isotropic incompressible hyperelastic solids, for which the Cauchy stress has the
following representation [Ogden, 1997, Simo and Marsden, 1984]

o = (—p+2LWy,) g +2W,b* —2W,b ™!, (2.4)
where p is the Lagrange multiplier associated with the internal incompressibility condition, and Wy, := %,

Wy, = %‘:. Note that b and C have the same principal invariants, and b® = ¢, (Gﬁ). We assume that the
body in the absence of eigenstrains is isotropic. Eigenstrains are modeled by a material metric G that explicitly
depends on the distribution of eigenstrains [Yavari and Goriely, 2013, 2015a, Golgoon and Yavari, 2016]. In
other words, stress-free configuration of a body with a distribution of eigenstrains may not be globally realizable
in the Euclidean ambient space.
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Figure 2: A solid torus and its toroidal coordinates in the undeformed configuration.

Equilibrium equations. The localized spatial balance of linear momentum of a body in static equilibrium
in the absence of body forces in terms of the Cauchy stress reads dive = 0. In components

Ho b

(diVO’)a = Jablb = _gxb

+09 e + 0y (2.5)
where 7%, denotes the Christoffel symbols of the connection V& in the local charts {z®}, defined as V&y, 9, =
Y%e0q . Moreover, the Christoffel symbols of the Levi-Civita connection can be directly expressed in terms of
the components of the Riemannian metric as

a 1 ok <8gkb Ogiec 8gbc>

ozx¢ oxb  Oxk

Y e =39 (26)

2

In this paper we model finite eigenstrains in a nonlinear elastic solid by defining a Riemannian material

manifold, which has a metric that explicitly depends on the distribution of eigenstrains. This idea has been
discussed in detail in our previous works [Yavari and Goriely, 2013, 2015b,a, Golgoon et al., 2016]

3 An Incompressible Isotropic Solid Torus with Axially-Symmetric
Finite Eigenstrains

In this section we consider a solid torus generated by rotating a circle with radius R, about a line in its plane
such that the distance from the origin to the center of the circle is B. Let (R, ©,®) and (r, 6, ¢) be the material
and spatial toroidal coordinates as illustrated in Figure 2. In the toroidal coordinates (R, ©, ®), the metric of
the eigenstrain-free torus is written as

1 0 0
G,=| 0 (B+Rcos®?® 0 |. (3.1)
0 0 R?

We assume an axially-symmetric (©-independent) eigenstrain (pre-strain) distribution in the torus. Following
the construction suggested by Yavari and Goriely [2013] to model eigenstrains, we consider the following material
metric!

G =BG, (3.2)

ISimilar constructions have been discussed in [Ozakin and Yavari, 2010, Yavari, 2010, Yavari and Goriely, 2012a,b, 2014, 2015b,
Sadik and Yavari, 2015, Sozio and Yavari, 2017] to address problems in growth mechanics, thermoelasticity, and the nonlinear
mechanics of distributed defects.



where Q(R, @) is an arbitrary function describing the inhomogeneous dilatational eigenstrain distribution in the
torus. The ambient space is endowed with the Euclidean metric, which in the toroidal coordinates (r, 8, ¢) has

the following representation

1 0 0
g=| 0 (b+rcosp)® 0
0 0 72

Let us consider an axially-symmetric class of deformations of the following form
T:T(R,(I)), =0, QSZQS(R?(I))

The deformation gradient for this class of deformations reads

o o
ar 0 o
F= 0 1 0
o¢ (o2}
oz 0 78
We assume an incompressible solid, i.e., J = g;té detF = 1, which gives us?
s s Re32(B®) (B 4 Rcos ®)
7‘ —_— 7’ = .
Y2 T 1eV.R r(b+ rcosd)
The Finger deformation tensor reads
2
TR+ 0 RO+ DLE
—Q(R,® 1
bjj =e€ ( ) 0 (B+Rcos ®)2 0
2
rro R+ D5 0 o R+ 4%
The first two principal invariants of b are (I3 = 1)
1
L=1+p, 1.2:52["‘@;
where ) . o O(R.)
- re” +r°¢0 ReHt
IZEQ(R7<D)(TR2+T2¢R2+ s s >’ ﬁ: .
7 7 R? r(rrp.e —T,00,R)
The inverse of Finger tensor b~! = c is written as
¢.0°+R’¢ R’ 0 _ R’rpé.rtraed.e
(r.rb.o—7 a¢ r)’ r2(r rp.a—7 a0 R)>
-1 _ _Q(R,®) (B+Rcos ®)*?
b =e 0 W 0
R’r ro.r+7 00,0 0 R2%r r%+4r o2

T2 (r rbe—T.ad R) r4(r rb,e—T0b R)

Following (2.4), the non-zero components of the Cauchy stress read

= —p(R,®) + 2 (Wp, + B2W 2 Ta) —ame) , W
o ——p( 3 )+ ( Il+ﬂ 12) TR +ﬁ (& +?,

s

2We use Mathematica [Wolfram Research, 2016] for the symbolic computations.

(3.3)

(3.4)

(3.8)

(3.9)

(3.10)

(3.11a)



0" = 272 (W, + 5PW,) (7” RO.R + .29, @> ;

Joo_ _ p(R®) 27D (W, 4 TW,)
(b+ 7 cos ¢)* (B + Rcos ®)° 7
»(R,® 2Wry,
590 _ (T ) +2 (Wp, + B2W,) (¢R + quq; )e QARD) 4 B27’I2 .

The physical components of the Cauchy stress are calculated using the relation &

1953]. Thus

G =0"", 6" =ro"?, &9 = (b+rcos ¢) . 69 = 2599,

The non-zero components of the first Piola-Kirchhoff stress tensor, i.e., P*4 =

2W,
PTR _ e—Q(R,@) |:2T,R (W11 +62WI2) + Tﬂ¢,<1> ( Iy —p(R,¢)>:| ,

R (2
o—2AR,®) oW,
pPr® = —— [27"@ (Wr, + 8°Wr,) + rRBo r (p(R,(I)) - 52[2” ’
2W
PR = = URD) 90 o (W, + B2W1,) + fre p(R,®) — 2],
’ TR B2
poe _ ;00
o—AR,®) 2W7p,
PO — e {zw,@ (W, + B°W1,) + RBr g ( BQI -p(R, @)] :
The Christoffel symbol matrices of g read (cf. 2.6)
0 0 0 0
Y =[wl=|0 —(bt+rcsd)cosd 0 |, v =[ul=| 52
0 0 —r 0
0 0 1
»ﬁ’ — [»y ab] = 0 (% —l—cosqb) sing 0
% 0 0

(3.11b)

(3.11¢)

(3.11d)

Gaagby [Truesdell,

(3.12)

J(F~H4,0% are written as

(3.13a)
(3.13b)
(3.13¢)
(3.13d)
(3.13¢)

0

_ _rsing
b+r cos ¢ ’

0

(3.14)

In the absence of body forces, the non-trivial equilibrium equations are o"? p = 0 and o®? jp = 0, which after
simplification read (the equilibrium equation in the 6-direction gives p = p (R, ®))

rsin ¢

do™  OQo"? 1 cos ¢ . 00 ré o
5t (5 Tveeg) TGt ) e om0,
do™®  Qo?? 3 cos ¢ re , SINQ 00 rsing 4
5+ g (0 rveg) 7 G rese o — TR <0, 10
Note that
9 _ b 0 ér 0 D _  ra T Y S T
or  ¢aerr—o¢rre R G rre—derroP’ 06  raedr—TROGOR TR¢7‘1’_T7‘1’¢aR6¢). .



Boundary conditions. As we are interested in finding the residual stress field, we assume that the boundary
of the torus is traction-free, i.e.,

pft=0, P®=0, R=R,, —7<®<T. (3.18)

Finding an exact solution of the PDEs (3.15) and (3.16) does not seem feasible. Therefore, we seek approximate
solutions assuming that the radius of the cross section generating the torus is small compared to the radius of
revolution [Kydoniefs and Spencer, 1965, Kydoniefs, 1966, Kydoniefs and Spencer, 1967, Kydoniefs, 1967, Hill,
1980]. Hence, we find the solution assuming that R/B and r/b, which are of the same order, are sufficiently
small so that the second and higher powers of R/B (and r/b) can be neglected. In doing so, the problem
is essentially a perturbation of the problem of finite eigenstrains in an infinitely-long circular cylindrical bar,
which was discussed in [Yavari and Goriely, 2013] for the special case of cylindrically-symmetric distribution of
eigenstrains.

3.1 A nonlinear solid torus with finite eigenstrains and /b < 1 and R/B < 1

In this section, we restrict our attention to the radially-symmetric dilatational eigenstrain distributions, for
which Q@ = Q(R). Moreover, we assume that r/b and R/B are sufficiently small and find the solutions to
the first order in the thinness ratio e = R,/B < 1. For the zero-order problem (¢ — 0), the torus becomes
a cylinder with the cylindrically-symmetric distribution of purely dilatational eigenstrains, for which, in the
cylindrical coordinates, r = r(R), ¢ = &, z = %Z, and p = p(R). Therefore, we consider the following

asymptotic expansions®
r=rO(R) +rV(R, @)+ O(e?), ¢ =2+ ¢V(R,®)+O(), (3.19)
p=p"(R)+pD(R,®) + 0(2), o =0} (R)+ 00 (R,®)+0 (). '
Substituting (3.19) into (3.6) and equating the zero and the first-order terms on both sides one gets
dr®  BR
(0) — T AR)
T e ) (3.20)
dr® 1) ay BR sgq R r© r(1)
>z — 2w (2T~ _
IR b tTg O [(B 5 >cos<I> r(‘))] . (3.21)
Similarly
L=T"R) +1"(R®)+0(), L=I"®R+L"R+0(?). (3.22)
Denoting o = ddr—;g), one has
2 2
[0 |2 T e B2 o _[L, B o, rVa (3.23)
1 R2 7"(0)2@2 ’ 2 aQ 7”(0)2 R2€2Q ’ .
(0)2 R2620 (1) R2629
1 _ r _ ¢ W a ¢ 1)
1 =2~ o <¢>7¢ + r(0)> +2 LQ T(O)Qag] & (3.24)
03242 R2e2 (1) (0)2 Q
(1) r « (& (1) r r (07 € (1)
.[2 =2 7R282Q - 7‘(0)2 <¢)7¢. + T(O)> +2 7R2€29 - g T,R . (325)
Assuming that the material is piecewise homogeneous* one can write
0 0) (1 0) (1 0 0) (1 0) (1
Wr =W+ w1 wl Vo ?),  wL=w+w iV w1V +o(?), (3.26)

3Note that U(Tg; =0and 6% = 609 +6{f) + O(c?).
4For the sake of simplicity of calculations, here we do not consider the dependence of W on X, which would be needed in the
case of an inhomogeneity. Instead, we model inhomogeneities by assuming different energy functions at different regions of the

body.



where Wl(lolllzw = %(I{O),éo)), for (a1, € {0,1,2}). Expanding (3.11) one obtains the following

expressions for the non-zero Cauchy stress components

R2e29 2r(0)2a2
- — 0 0 0
oty =0+ 2t o) T | 2w, (3272
(02 02,2 R2e2
rr V- ) Y« 0) 7(1) (0) (1)
o) =4rg [Wh L B2 T 02 (W L+ Wrnh )
(1) 02,2 R20
W r r o e (0) —a (1O (1) (0) (1) 1
+4(¢> (O)) e~ | Wi+ 2% (Wi + Wi, 50) = p, (3.27h)
2 (U
6 _ o —a g0, B2 WO M
oy =2e {WII + r(0)2 2 } ( ¢ R R2 ) , (3.27¢)
22 (0)?
500 = Be W}f>+e9(a2+TR2 )W}? —pO, (3.27d)

er—ZQ

B2

N 2b26_29 T(O)z 1 0 1
o =~ (a2+ ) [W1<2> O LW <>}

o (0)2 o W ©
ar'y +7R2 ¢ + o) Wy —p

A2~ Pcos® (R O 7 (0)? 0 2b%e % 0) (1 0) (1
- (B = b) Wi e ( + )W}2> + 5 (W + Wi £V], (3.27¢)
(0) 2¢— 9 R2 292 202
o6 _ P € (0) & (0) o (0)
0(0) - T(0)2 + R2 |:W11 + T(O)2a2 WI2 :| + RQeQQ WI2 ’ (327f)
269 Ky o? A (D) p©
b6 _ ©) 7(1) ©) (1) (0) 7(1) ©) (1) (0)
ol = (Wi + wio BV] 42 (T(O)QQQ + R%QQ) (Wi + i) 1] - S
(1)
1 y 2 g drg [o? e (0) ¢ @ (0)
~ o [p( = TP+ o7z | W+ e W+ —W,2 . (3.27¢)

Using (3.17) and (3.19), the non-trivial zero and first-order equilibrium equations are derived by expanding

(3.15) and (3.16) as follows
dof?

(0) (0) (0) ;90 _
o T T 00 = 0, (3.28)
o'T ( ) do’ T (1)

M,r J(O) ré U(l) r T cos @ T ~ 00 (O) (1) ¢ _

o ? dr " Me T @ T T(o)20(0) T (U(O) - U(O)) -r (1) —rog =0, (3.29)
ro .
0(1),3 da?}(f; 3 o7 7(0) sin ® 0(0(?) o) o 3.30
a o dr 7 (1) 7% F b 7(0)? o) = (3:30)
Assuming that r(0) = 0, (3.20) has the following solution

1
2

2B (!
r(o)(R):<b/0 gezQ<<>d§> : (3.31)



It follows from (3.28) that % = h(R), where

2ReUR)
k()2

h(R) = —

(02 R2e39(R)

k2 R2c5UR) (0)2
{ 0 : 2% ¢ (W2 PW O (R) + WP (R)) — K RPOW (R)

: 2, 2(R) 170 O\ o) B0\ oy
kYRR (22 OWDR) + | 1+ =y | W (R) | = kR 14+ = | WP (R) [, (332)
and k = B/b. Note that

0

W @®R) _dn” o dnY o)
dR dr " hhT o dR I (3.33)

WL R) a4l o)
dR dR 'RR T gR Vnl

Example: A toroidal inclusion with uniform pure dilatational eigenstrains in a neo-Hookean solid
torus. Let us consider the following distribution of eigenstrains

{ o’ =S (3.34)

0, R, <R<R,

We assume that the torus is made of an incompressible homogeneous neo-Hookean solid, i.e., W = & (I; — 3),
where p is the shear modulus at the ground state. Therefore, it follows from (3.31) that

3Q,
T R, 0< R<R;
rO(R) = k¥ " . == (3.35)
(R2+’YOR1'2)2 ) RZSRSRO
where 7, = ¢”3* — 1. Using (3.32), we find the zero-order pressure field as®
HCi 0< R<R;
(0) - bl
P (R) = i | v 2 : (3.36)
HCo — 5 'Yo+%§+1n ’Yo+%§ 5 R1<R§RO

where ¢, and ¢; are constants to be determined after enforcing the boundary conditions (3.18) and the continuity
of the traction vector on the inclusion-matrix interface. The continuity of the traction vector on the boundary
of the inclusion implies that J(Tg must be continuous at R = R;. Therefore, ¢, and ¢; are computed as

R2
k i) k7o 3kQ, k 0 o
cO:k’—i—ln( i 2)— 7 , ci:co—ki—f(l—i—e_%)—i—ke%. (3.37)
2 iy R2 4 2
Yo + R2 2 (’)/O + ﬁ)
The zero-order stress components are simplified to read
. ke —¢; 0<R<R,
o .
0 _ R2
1 = k+ gln R?RQ o kYo —~ — Co s Ri < R < Ro y (3.38a)
70+?% 2(,704,%)
S 0<R<R
6’000) 52 Ci ) > i
O _ ) wl | ng R <R<R.’ (3.38b)
1% kﬁ_co+§ 70+%§+n 70+%§ s i < > fie

5Here, using (3.32), we find the zero-order pressure field in the inclusion and the matrix separately. Alternatively, the discontinu-
ous eigenstrain distribution (3.34) may be treated as a step function defined in the entire region, and the pressure field is found from
(3.32). In both cases, continuity of the traction vector on the inclusion-matrix interface is needed to find the unknown constants.



(17—6 *) 0<R<R,

R2 ol
2 2
20 z . B . (3.38¢)
I - ———1¢c—5|—%= +n s , R, <R<R,
k<70+%§> ’Yo'f‘?lg 'Yo'i‘??
Substituting (3.35) into (3.21), one obtains the following relations in the inclusion and the matrix
(/5(1)-&-16_%6_3207“(1) _B (1—k%e%)cosfl>—L 0<R<R;
K R _B k%e3sZDR7 = = I,
R2\3 R : R2\ (1) (3.39)
oy —I-k_(1+%R;)2r,11%):B(l—kg(l—i—'yoR;)Q)cos(I)— ! . Ri<R<R,.
RER (14 7075)
The expressions (3.27) for the first-order stress components are simplified to read
| okte~ () 2 0<R<R
(1) v R
I e et Ri<R<R, (3.402)
<1+’Yo 22>
1 o ’I"(l)
o [e (ke o 4 ), 0<R<R
o _ 1. (D 4
I k2¢;; - Rq; 7 Ri <R_RO s (3. Ob)
(1+’YOFE)
2Re 0 cos ® 39 (1
5 e o (1 e ) — 22 0<R<R
T _2Rcos® R2\Z| ) (3.40c)
v o 17k2<1+’}/0R2> - R;<R<R,
a2 2k~ % ciem "1 T 4 2emogy) — kle " 0<R<R
g 2
(1) R2
T 2¢%) _ P<1) — + 2, — <Co _ /2C|: ’YoR2 +1n ( R?RQ ):|>7 Ri <R < Ro ' (340d)
’ "”““(1+%?3> k%R<1+%%> : otz Yot Rz
We now seek a solution of the following form (see Appendix B for a proof of this representation)®
RO fi(R)cos®, O0<R<R;
fo(R)cos®, R;<R<R,
50 = gi(R)sin®, O0<R<R; ’ (3.41)
go(R)sin®, R;<R<R,
)

p(l) hi(R)cos®, O0<R<R;
ho(R)cos®, R; < R<R,
One should also note that this solution is consistent with the symmetry of the problem and the governing

equations, i.e., (3.39) and the equations found when (3.38) and (3.40) are substituted into (3.29) and (3.30).
Substituting (3.41) into (3.39) gives

R 3 32 _1 39 / ft(R)
. - _ k2 4 — 2 1 / < < R; .
9i(R) = % (1 kie ) kie (fl(R)Jr =) 0<R<R;, (3.42a)
2\ 7 ) 2\ 7
w@ =21t (1 BV et (1) LB R < R<R,. (3.420)
B R2 R2 R2\ 2
RER (147075 )

6Solutions with a similar form were discussed in [Kydoniefs and Spencer, 1965, Kydoniefs, 1966].
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Substituting (3.41) into (3.29) and (3.30) one obtains

wop o SR BR(R)  eFH(R) |y osee (i(R)  gi(R)\ 1 (5 80\
BB+ 5"~ 0~ g +kTet (2 - 5 >+23k(/€3e —1)_0, (3.43a)
4
2RY(R® + ) f) (R) + (2R* = 1) fo(R) — R <RQR+ +2(R? + n)) fo(R) = k™2 R*(R® + )2l (R)

1 1 1 3 R3 <
+k2RYR?* +1)2g.(R) — 2k2R(R? + n)2go(R) + B (K*—1)R*—n) =0, (3.43b)

3fi(R) e hi(R)

i (R%g!(R) + 3Rg}(R) — 2¢:(R)) + % (kﬁe“i” - 1) =0, (3.44a)

2R(R? +1)go(R) — R* (3R +1)g,(R) — R*(R® + n)gl(R) — k™' R*h,(R) + k™% (R? + )2 f.(R)
R(R® +1)*
Bk3

2

+k-%R(3<R2 T - (Rgimg)fo(m N

where n = R27,. Using (3.42), (3.43), and (3.44), one finds the following third-order linear ODEs for f!(R)
and f}(R)

((k*—1) R* +kp) =0, (3.44b)

1Ry + SEE <ff"(R> - ff(R)) —o, 0<R<R, (3450)

R R2 R3
(4) /// "
(RQ+n)2OT(m 2(R* +1) (3R* — 1) f + (3R* + 27 )f}; ) —3f/(R)
kzn? k2n* (R? + 2n)

- _ , R;<R<R,. (3.45b
BR?(R? +n)2  BR*(R*+1) (3.45)

It then follows that (3.45a) has the following solution

fi(R)=ci, R+ 22 4 ¢, nR+c;, - (3.46)

R2

Enforcing f;(0) = 0 implies that ¢;, = ¢;; = ¢;, = 0. f;(R) is now substituted into (3.42a) to obtain g;(R), from
which h;(R) is calculated using (3.44a) as

R
B

3Q,

R, (3.47)

gi(R) = (1 - k%6320) — 3¢, ke

hi(R) = 8c; ke © R+ % (Qk%e“? ke g ze*“%) . (3.48)

After some simplifications, the boundary conditions (3.18) give one the following relations

K (R24n)®

fo(Ro) = R go(Ro) ) (349)
oo (BT
fo(Ro) = TR, ho(Ro) - (3.50)

The continuity of the displacement field at the inclusion-matrix interface implies that

fi(Ri) = fo(Ri) 9i(Ri) = go(Ry) - (3.51)

11



The traction vector is defined as t = (o, ), , which in components reads t*(z,n) = %°gpen®. The unit normal
vector to the inclusion-matrix interface to the first order in € reads n = 7 + n?l)qg, where
13 fz (Rl) sin o

n(l) = 320 Rl . (352)

1
kze
T

The continuity of the first-order terms of the traction vector on the inclusion-matrix boundary implies that o)

and &(T% + nzﬁl)&zigi; must be continuous at R = R; ,—m < ® < 7. These conditions yield

ho(Ri) = hi(R,) = 2kbe™ 5 (f)(R)) — e ¥ fi(R) . (3.53)
RER2CTE (% gl(Ri) = gh(R:)) = FilRo) (2% 1) . (3.54)

We first find the homogeneous solution of (3.45b) using the power series expansion of f/(R) centered at R = 0,
under the assumption that f/(R) can be analytically extended to the interval [0, R,]. Note that depending on
whether 7 is positive or negative, or equivalently, 2, is positive or negative, (3.45b) has different solutions. We
have the following solutions for the homogeneous part of the differential equation, denoted by ff hom 204 [ 1 om
for the positive and negative pure dilatational eigenstrain €2, respectively, in the interval [R;, R,] as follows”

N

R s R R R
ohom (1) = €, ——— + ¢, {R (R*+n)* +nsinh™" } +@ {R - T sinh b e
’ (B2 +1n) 2 (

R 1 R R R
g‘,,wm(R) =cp —— + ¢, {R(R2+n)é +ncosh™! T } +cg, {RQ— 7771008h71 }
(R +mn)2 (=n)? (R2 +m)* (=n)
+en . (3.56)

[N

We now use the method of variation of parameters to find the particular solution of (3.45b), which is denoted
by f2,qr and f3 ., for the positive and negative values of €2, respectively. After some calculations, the general
solution of the differential equation for the positive and negative values of the pure dilatational eigenstrain are
obtained as®

R 1 R R R
P(R)=ch ——— + b, {R (R*+n)? + nsinh ™! 1} +cb {R*— 77715inh71 — ¢ +cb,
(B2 +m)? n2 (R? +m)? Uk
1 3 inh~' & 3
k2 2k§’l73RJp R) ™ 5 | k2 3 1 R2
+167B 2 2Jf(R)— 2(1 )— 77; 7+(k2R+(R2+n)2>ln7R2
(R? +1n)? (R? +n) MK
1 3 Rn n 3 1 R?
—2R(R*+n)®> —8k>R* - —— —In— + (k2R— (R*+7)? ) Rln ———
(R +n) Gt (F R (R +0)*) RIn g
fokinin—"— —opm (R+ (R2+n)) Y= ®+r (R 3.57
n nR2+77 nin +( +n) - o7hom( )+fo,pa7'( )’ ( . )

"Note that one can easily verify that (3.55) and (3.56) are indeed the homogeneous solutions of (3.45b) for R € [R;, Ro], and
therefore, using the power series method is justified.

o n
8The dilogarithm function is defined as: Liz(2) = > Iy =— Jo In(1 — C)d—g for |z|< 1.

n=1
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J(R):CZILL-FCOQ {R(R2+n) —H]cosh_1 R T ¢+ Co, {R2—ancosh_1 R 1}
(B2 +1n)? (=n)? (R? +1n)? (=n)?
—1 R
K k3P RIP meosh = = r k3 . : 2
B 2,’72J’1FL(R)_ WRJQSR)_ ( 17) n+(k§R+(R2+n)2>ln2R7
3 3 R -1 5 3 2
OR(R2+n)® —8k2R2— — 1 ' 4 (k*R— (R*+71)?)Rln ———
(R +n) ot R (F R (R +0)*) RIn g
+2kinln —— —2pln <R+ (R2+77)%> + b = [ hom(R) + [0 (R), (3.58)
RQ +n 04 o,hom o,par
where
sinh~* % 1 R2 R
J”R:/inzd:—L'— R)) — Lis(u(R 1<>'h11, 3.59
= e ® 27}[12( W)~ L (el ) e gy s s (3.59)
sinh™' & 2 3
3 1 | (R*+n)® n 2 L
PPy _ n _ n 1 v
J5(R) = / T +77)d< BT 7 + <R2 +In f2 sinh T
+ Lis(—u(R)) — Lia(u(R)) | , (3.60)
cosh™! ( C)L 2 R |
n _ —1n)?2 _ . 1
JI'(R) 1) d¢ o [ng(—u(R)) — Liz(w(R)) +1n (RQ ) cosh —77)% ) (3.61)
cosh™ ( )2 1 (RQJFU)% n 2 R
/ @iy ©= o R+(R?+IHR2 )h I
¢+ n —n)?
+ Lis(—u(R)) — Lis(u(R)) | , (3.62)
and u(R) = 5.2 The function g,(R) may now be calculated for the positive and negative values of

__n
(Rt(R24m)7)
the eigenstrain by substituting (3.57) and (3.58) for f,, respectively, into (3.42b). We can then find h,(R) b
substituting for f, and g, into (3.44b) (see Appendix A for details). Using (3.40) and (3.41), along with the

expressions (3.46), (3.47), and (3.48), the first-order physical components of the Cauchy stress are written as
— Lo 3 39 3 39
. B <4Bkci1—kze4 4 2kBes —1)Rcosc1>, 0<R<R;
(” B (3.63a)
{Mf“(f%) - hO(R)} cos P, R, <R<R,
(R?+n)2
1 _ 9
_hle (4Bcn+ke‘§ —kzei’)Rsincb, 0<R<R;
, , (3.63b)
K {kéRgg(R) - W} Sin®, Ri<R<R,
R =0 90,
o [ (8BKEci, ™ 28" — 3pde™t — g 0<R<R 630
wo |- [BE (18 (1)) + he(R)] cos @, R <R<R,

9Note that |u(R)|< 1 for R € [R;, Ro], and therefore, Liz(+u(R)) is well-defined.
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_ Q0o a0 -
ot [ (123/«% _3k3e% 4 ak3e T — 1) Recos® 0<R<R;
MO , . (3.63d)
i | e (2K (B2 4 0)® fo(R) + 20 (R2 4 1) go(R) — R2ho(R)) cos®,  Ri< R<R,

Remark 3.1. Note that when R; = R,, i.e., when the entire solid torus has a uniform pure dilatational
eigenstrain, no residual stresses are generated. In this case, we recover the exact solution, for which r/R =
b/B = ¢%. Note that this is indeed the exact solution, as it is stress-free, and thus, the equilibrium equations
are trivially satisfied. Also, it satisfies the incompressibility condition (3.6).

Remark 3.2. One can simply check that in the first-order approximation with respect to the thinness ratio
the deformed shapes of the outer boundaries of the inclusion and the matrix remain circular with radii equal
to those of their corresponding zero-order approximations, but they become eccentric with eccentricity £ =
fo(Ro) — fi(R;). Note that the inclusion and the matrix outer boundary points rotate with respect to one
another after deformation such that their relative rotation is A (®) = (go(Rs) — g:(R;))sin ® for any pair of
points located at an angle ® in the initial configuration on the outer boundaries of the inclusion and the matrix.

Next, we proceed to numerically calculate the values of the constants k, ci,, Co,s Cops Cos, and co, using
the expressions (3.49), (3.50), (3.51), (3.53), and (3.54) for a neo-Hookean solid torus with a given negative or
positive pure dilatational eigentrain.

Numerical results. We now consider some numerical examples and examine the first-order residual stress
field (3.63) for inclusions with different values of pure dilatational eigenstrains and various torus geometries.
Figures 3 and 4 show the variation of the radial part of the first-order stress components for a torus with
R,/B = 0.1, containing inclusions with several values of R;/R,, and Q, = £0.5. Notice that all the first-
order stress components vary linearly with the material radial coordinate in the inclusion. As expected all
the stress components undergo a jump at the inclusion-matrix boundary except the radial stress component,
which is continuous at the interface. For the positive eigenstrain case (Figure 3), the maximum shear stress
in the inclusion and matrix is first increasing, then decreasing as R;/R, increases from zero (a torus without
eigenstrain) such that the maximum shear stress for a torus with R;/R, = 0.4 is greater than that of a torus with
R;/R, = 0.2 and R;/R, = 0.6 in both the inclusion and the matrix. For the case of negative eigenstrain, the
maximum shear stress in the torus increases with the increase in R;/ R, ratio from 0 to 0.8. After that, however,
as R;/R, increases the maximum shear stress decreases until it becomes zero when R;/R, = 1 (Figure 4). Note
that R;/R, = 1 corresponds to the entire torus having a uniform pure dilatational eigenstrain distribution,
which is stress-free as was discussed earlier in Remark 3.1.

The contour plots of the first-order residual stress components for a torus with R,/B = 0.1 are depicted
in Figures 5 to 7. A torus with an inclusion with a negative pure dilatational eigenstrain and R;/R, = 0.4 is
shown in Figure 5. One observes that the shear stress concentrates across the inclusion-matrix interface with
its maximum attained at the top and the bottom. For the selected parameters, the first-order circumferential
stress component 6?14)) /v is negligible in the inclusion, and hence, the circumferential stress component remains
uniform to the first order in the inclusion. This is also true for the positive eigenstrain cases 2, = 0.5 and
0, = 0.7 with R;/R, = 0.4 and 0.2, respectively (Figures 6 and 7).

Figure 8a illustrates the dependence of b/ B on the pure dilatational eigenstrain value Q, for different values
of R;/R, (Note that B and b represent the distance of the center of the inclusion from the origin in the initial
and deformed configurations, respectively (see Figure 2).). For positive eigenstrain values, b/ B monotonically
increases as (2, increases, and as expected, the higher the R;/R, ratio, the more rapid the increase. For negative
eigenstrains, nevertheless, b/ B reaches a minimum, which decreases as R; /R, increases, and is attained at lower
eigestrain values. As was mentioned earlier for both negative and positive eigenstains, as R;/R, approaches
1, the b/B curve gets closer to eF (see Remark 3.1). The variation of the eccentricity ratio E/R,, where
E = f,(R,) — fi(R;), with respect to €, is shown in Figure 8b for several values of R;/R,. As €, increases
from 0, the eccentricity decreases until it reaches its minimum, which increases as R;/R, increases, and is
attained at lower values of Q,.!' For Q, < 0, the eccentricity ratio is first increasing, then decreasing as

10Note that the system of equations for the unknown constants is nonlinear in k and linear with respect to the other constants.
HNote that positive and negative eccentricity values correspond to the inclusion moving to the left and right relative to the
matrix, respectively.
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Q, decreases starting from zero. The maximum eccentricity corresponds to the lower values of eigesntrains
as R;/R, increases. Moreover, the maximum eccentricity first increases as R;/R, increases, then it decreases.
For instance, the maximum eccentricity for a torus with R;/R, = 0.7 is greater than that of a torus with
R;/R, = 0.5 and R;/R, = 0.9 when Q, < 0. As R;/R, approaches 1, the eccentricity ratio tends to zero for
any value of the eigenstrain €2,.

3.2 A linear elastic solid torus with small eigenstrains
In this section we derive the governing equations of a solid torus made of an incompressible linear elastic mate-
rial that has a distribution of small eigenstrains. In geometric elasticity, in order to linearize one starts with a

reference motion <O,0 and a one-parameter family of motions ¢, such that p.—g :s% [Marsden and Hughes, 1983,
Yavari and Ozakin, 2008]. Let us consider a one-parameter family of motions ¢, such that ¢.(R,©,®) =

(re(R,®),0,¢0:(R,®)). We will linearize about the stress-free configuration ¢ (R,0,®) = (R,0,9), ie,
Te=o(R,®) = R and ¢.—o(R, ®) = ®. The variation field is defined as

do(R,0,P) = dﬂ ©e(R,0,®) = (u(R,®),0,w(R, D)), (3.64)

€ le=0

where u and w are the non-zero displacement components.

Linearization of the incompressibility constraint. For any motion in the given one-parameter family we

have b Or 0b.  Or.d
Jo = — Te( e T 7Te COS¢E) re OPe 0T Ge -1 (365)
egﬂs(Rﬁi’)R(B + Rcos (I)) 8R 8<I> 8@ 8R
Taking derivative with respect to € of both sides and evaluating at ¢ = 0, one obtains
R[6b+ ucos® — wRsin P 3
= —RQ. .
B+ Roosd +R(upr+ws) 2R (3.66)
Similarly, from (3.9), one obtains the variation of I and f as
51 = ~266 =2 (=60 + % +un+wa) (3.67)
= = R U R we | - .

Therefore, it follows from (3.67) that 6I; = 61, = 0. To simplify the calculations, we assume that the material is
piecewise homogeneous and use (3.11) and (3.67) to find the linearized components of the Cauchy stress tensor
as

do"" = —=6p+2(Wp, + W) 2ur —69) , (3.68a)
U
500 =2 (Wi, + W) (wr+ 55) | (3.68b)
4 2

507 = — op S (Wn, + szg) [6b + ucos @ — wRsin @]

(B + Rcos®) (B + Rcos®)

2 U
* B ey [V (it me) = 0007+ )] (3659

op AW +W U 69

. % (R wa— 2) _ (3.684)
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shown in (a) and (b), respectively.

Linearization of the equilibrium equations.
and (3.16) one obtains

Using (3.17), linearizing the equilibrium equations (3.15)

1 cos ® Rsin @
ST 4 §a" — T ) — ® (B D)o — 0" 557 — RSa®P — )
o' +o0y + <R+B+Rcos<1>) o cos ® (B + Rcos @) oo Bt Reosd” Réo 0, (3.69)
3 cos ® sin ® Rsin @
60"8 + 00+ (S o ) G0 B D)0 - ———_§0%? =0. (3.
TRt T R+B+Rcos¢> o (B + Rcos®)do B+ Rcos® 7 0. (3.70)

Substituting the linearized stress components given by (3.68) into the above equations one finds

AW +Wi) [u uoe Rwge ROQ g
6P,R+# E_U,R_RU,RR_ R 5 we +—
cos u 2R(Wr, + Wp,)sin® ru g
B+ Rcos® [ AWnur+ AW, (R * w,q>> GWIQ(SQ} + B+ Rcos® ( R2 * w’R)
4(Wr, +2Wp,) €SP (5b+ ucos® — Ruwsin®) =0, (3.71)
(B+ Rcos®)
Rép o Rsin @
B Bt Reosd [QW[l (u + Rw7<p) + RW7p, (35Q — 2u73)}
2 .
n 2R?*sin® (Wy, + 22W12) [Rwsin @ — ucos d — 6b] — (Wi, + W1,) (3B + 4R cos D) (.0 + R2w g
(B+ Rcos®) B+ Rcos®
—R (Wh + WIQ) [Uﬁch + RQM’RR + 2w7<1><1> — 5Q7q>} =0. (3.72)

Linearization of the boundary conditions.
written as

Similarly, boundary conditions (3.18) are linearized and are

2(Wy, +Wp)(2ug—6Q) —6p=0, R=R,, -r<®<m, (3.73a)
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=0, R=R,, —7<®d<m. (3.73b)

Example: A toroidal inclusion with uniform pure dilatational eigenstrains in an incompressible
linear elastic solid torus. Let us consider the following distribution of eigenstrains in the torus

SQ(R) = o’ ss (3.74)
0, R, <R<R,
Pressure and displacement fields in the torus are written as
) < .
u(R, @) = u;(R,®), O0<R<R; ’
uo(R,®), R;<R<R,
(R, ® 0< R< R,
w(R, ®) = wi(R, @), Shs i (3.75)
wo(R,®), R;<R<R,
pi(R,®), O0<R<R;
sp(R, @) = | P ®) R
Ipo(R,®), R;<R<R,
Therefore, from (3.66) it follows that
R[6b + u; cos ® — w; Rsin D] 3
T i 4 = = 590, .
u BT Roosd + R(u; g + wi o) 2R (3.76a)
Uy (B 4 Rcos @) + R [0b + u, cos @ — w,Rsin @] + R(B + Rcos ®)(uo g +wo ¢) = 0. (3.76b)
From the continuity of the displacement field at the inclusion-matrix interface, we know that
ui(Ri, CD) = UO(RZ‘, (I)) 5 wl(RZ, (I)) = ’U)O(Ri, (I)) . (377)

Also, we eliminate the rigid body motion by setting w; (0, ®) = 0 and w (R,0) = 0.

We next show that for a torus made of an isotropic incompressible linear elastic solid with a toroidal inclusion
having a non-zero uniform pure dilatational eigenstrain distribution, the stress field inside the inclusion cannot
be uniform. Let us assume that the stress field inside the inclusion is uniform, i.e., each physical Cauchy stress
component is constant. Thus

S0 =c1, R6c"® =cy, (B+ Rcos <I>)2 66 = ¢y, R*60%% = ¢4, (3.78)
where ¢; to ¢4 are some constants. After some simplifications, it follows from (3.69) that

Cl—C4+ 1
R B+ Rcos®

(c1cos® —cg3cos P — casin®) =0, (3.79)

which implies that ¢; = ¢3 = ¢4 = C and ¢ = 0. Therefore (note that the equilibrium equation (3.70) has
already been satisfied)

60" = (B + Rcos ®)* 60 = R?60?* =C, 0<R<R;, (3.80)
§o" =0, 0<R<R;. (3.81)

From (3.68) and 60" — R2§0*® = 0, one obtains

=t we =t (3.82)

Using the above relation in §0"" — (B + Rcos ®)*do? = 0, one finds

2U,R (VV[1 — W[z) -+ 3W12(5Qo

db+ucos® — Rwsin® = (B + Rcos ®) 2 (Wr, +2W3,)
Il 12

(3.83)
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Similarly, (3.81) implies that

U
w R+ 2 =0. (3.84)
We then use (3.83) and the incompressibility condition (3.76a), along with u (0, ®) = 0 to conclude that
IR
u(R,®) = 5 R. (3.85)

Substituting the above relation into (3.82) and (3.84), one concludes that w = 0. Now going back to (3.83) one
finally finds that

_ 09,
2

This is a contradiction because db has to depend on the radius of the inclusion R;. In other words, the above
relation is telling us that the change in the overall radius of the solid torus after deformation is independent of
the size of the inclusion. In particular, when R; — 0 we expect 6b — 0, which is not what (3.86) predicts. This
contradiction shows that the stress field inside the inclusion cannot be uniform.

8b B. (3.86)

4 Conclusions

In this paper, we studied the residual stress and deformation fields of a solid torus containing a toroidal inclusion
with finite eigenstrains that is concentric with the solid torus. We used a perturbation analysis and obtained
the stress and displacement fields to the first order in the thinness ratio. We showed that the stress field
in the toroidal inclusion is nonuniform, unlike cylindrical and spherical inclusions in infinitely-long and finite
circular cylindrical bars and spherical balls, respectively, in which the stress field inside the inclusion is uniform.
We presented some numerical results for a neo-Hookean solid torus having an inclusion with a uniform pure
dilatational eigenstrain distribution. In particular, we observed that all the first-order stress components in the
inclusion have a linear dependence on the referential radial coordinate. Moreover, the maximum shear stress
in the torus is first increasing, then decreasing as the relative size of the inclusion increases from zero. We
observed shear stress concentration regions across the inclusion-matrix interface for a torus with a negative
pure dilatational eigenstrain distribution. Interestingly, the torus exhibits different responses for positive and
negative eigenstrain values. It was observed that for the positive eigenstrians, b/B monotonically increases
as the eigenstrain (), increases, and the increase is more rapid for inclusions with larger relative sizes. For
negative eigesntrains, nonetheless, b/B reaches a minimum, the value of which decreases as the relative size
of the inclusion becomes larger. We noticed that in the first-order approximation with respect to the thinness
ratio the deformed shapes of the outer boundaries of the matrix and the inclusion are eccentric circles with
radii equal to those of their corresponding zero-order approximations. Finally, we proved that the stress field
inside a toroidal inclusion with nonzero uniform pure dilatational (infinitesimal) eigenstrains in an isotropic
incompressible linear elastic solid torus is always nonuniform for any size of the solid torus.
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Appendix A Analytical expressions for the functions g,(R) and h,(R)

1
kiR (R? +p)*

b (R* + n)% + b ((R2 + n)% (3R* +2n) + Rysinh™! f) + Re?,

1
1

k2R (38R + 2Ry + n?)
16BR? (R2 +n)?

+ b, (R (3R*+n) —n(R*+ n)% sinh ™! R)
’)72

1 2R (R? 4+ n)* (1R 4 ) + 2k (B2 + )% sinh~! 25— 13 B3 In(R%n)

775

2 2 (P2 N1 B Rr?
+Rn( R+ k2 (R —|—T])2>slnh 77—%111]%2_~_17

—|—771n17> + R (gk%R— 2 (R? +n)%) In(R? + 1) +2R2n2{];ln (R+ (R2 +n)%) ~ RJP(R)

+ B ((R?+n)* ~ kR) (332 n

+ k¥ (R2+1)? Jg(R)} . (A)

N

) + Rey,

e (R +n)* + <(R2 +1)* (3R? +20) + Rycosh™! )
-1

k>R (SR'+ 2R + n?)

1
)|+ :
16BR3 (R? +1)°

—n)3
+2R2 (R 4 )? (11R2 + ) + 2k? (R +n)* cosh™" T- k¥ nR® In(— R%)
—n)2
2 3 p2 3 1 R R? 2 2 R 2 R’
+ B2 (R4 kE (R 4+ )" cosh TR ((R2+n)* —k*R) (3R In

+ nln(—n)) + R <3k%R —2(R*+ n)%) In(R® + ) + 232772{1: In (R + (R + n)%) — RJMR)

+ k¥ (R2+1)? J;(R)} . (A2)
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1
hg(R) = T D)
16Bkz R3 (R? +n)

1

— (R*+n)?

{16R3 (R?+n)” + KR (2R? + 1) (16R* (R? + 1) — %) }

+ R%k3 {23 (4R* + TR?n + 21%) (k;§ (R +1)% — R) +kEn? (3R (R2+1)*

2
+ nsinh™? El) } In 2R7 — 2k2 R? (Rz + 77) (16R4 + 14R%*n — 772) + QUSIC%RZ In —!
nz R?2+1n

R2 4+
R
+ k3t {277R2J§’(R) + sinh ™ n} + 16BkR2{ — & P42, (R +1n)° (4R? — 1)

1 R
+c? R(R*+1n)® (8R* + 14R%*n + ™) + & n’ sinh " }1 ,

Nl

(A.3)
775
1 1 2
™ (R) = — (R*4+1)2 {16R* (R* + )" + K*R (2R* +n) (16R* (R* 4+ 1) —»*
SR = opmrm |~ ) {168 (B )+ R R £ 0) (16R (R +0) = ") }
+R2k3{2R (4R + TR+ 27) (k3 (B2 + )" — R) + k30 (3R (R? + )
4 R R2_§22 4 2 .2 322(_77)%
+ 7 cosh (_n)§>}lnR2+n 2k2R? (R® +n) (16R" + 14R?*n — n*) + 2°k= R 1nR2+n
+ k3t {277R2J§L(R) + cosh™* (R)l} + 163kR2{ — i m*+2c), (R*+ 77)2 (4R* —n)
Y
+ ¢ R(R? +1)? (SR + 14R%) + T?) + ™. cosh™" ( R)l } (A4)
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Appendix B Proof of the separability of the first-order deformation
and pressure fields in the form given in (3.41)

Let us represent (1), ¢(1) and p(») /e by appropriate Fourier series expansions, given that they are even, odd,
and even 27-periodic functions,'? respectively, as

(1) o0

w_To (R) (1)

r 5 + ;::1 Ty (R) cos (n®),
oM =>" ¢V (R)sin (n®) , (B.1)

n=1

(1) (1) o (1)
P _ B Y (%) pa(R) cos (n®) ,

1% 2 = u

where for n € NU {0}, r$P, ot

(1 . . .
%, ¢n, and % are the real-valued Fourier coefficients given by

AR = / (1, ¢) cos(n)c.

—T

SO = [ 60 (Rsinno)d, (B.2)
(1)

™ (1)

—T

12This immediately follows from the symmetry of the problem for radially-symmetric eigenstrain distributions.
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We now show that all the Fourier coefficients vanish except those with n = 1, giving one what one has in (3.41).

Substituting (B.1) into (3.39), one obtains the following ODEs in the inclusion and the matrix

(1)
n¢£,,1)k§esif°<r$)/+72>, 0<R<LR;, n>2,
n —1 " ,r(l)
(1)
0o —0, 0<R<R.

(1)

(B.3)

where ) = R?7,. Similarly, we substitute (B.1) into (3.29) and (3.30) to find the following ODEs for n > 2 and

n=0:
W (g 2y, 2 (1) W'
a8 @)D R (6 g0 Chen
rn) 7 P o +nk2e 1 5 I 0, 0<R<R,;,
R4
2R} (R +nyrV" + (2R —i2)rD' — R <R2 — t n?) (R® + 77)) rt)

LD’ ,
CEPRARE 4+ )R kR RARE 4 )R — 2nkPR(R2 4+ )iV =0, Ri<R<R,,
"

and for n > 2:

(1) 1,30

1) 20 1
Tél)/ + 3rn _ gpL _ ’“674 (R2¢$Ll)/l + 3R¢’I('Ll)/ _ 2n2¢7(11)) =0, 0<R<R;,
R k= n
2 2 (1) 20 P2 (1)’ 3/ D2 1" nR? pg)
2n°R(R° + )¢, — R°(BR” +n)¢,,” — R*(R° +n)¢,,” — o
2
kB (R24 )i 4k AR(3(R2 4+ ) — —1—)rM =0, R <R<R,.
(R? 4 )2

(B.4a)

(B.4b)

(B.5a)

(B.5b)

Clearly, r%l) = ngLl) = p%l)/ u=0,n=0and n > 2is a solution of the system of linear ordinary differential
equations (B.3), (B.4), and (B.5), and hence it is the unique solution satisfying the required boundary conditions

(3.18) and the continuity of the displacement and traction fields at the inclusion-matrix interface.
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