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Abstract 

 The microelectronic devices integrate more and more diverse materials in a 

complicated three-dimensional structure with feature size from nanometers to meters.  

The performance leaps of these devices are so attractive; meanwhile the reliability issues 

become more urgent in semiconductor industry.  Among all of the reliability issues, the 

thermal-mechanical aspect is always one major concern.  This dissertation will cover the 

following key issues.   

 One is the stress concentration that leads to many failure modes. In the 

microelectronic devices, the integrated diverse materials are of different 

thermomechanical properties, and usually bonded together to form the sharp features, 

such as trenches, wedges, corners or junctions.  These sharp features can concentrate 

stresses, which in turn fail the devices in the ways of cracking, debonding, or injecting 

dislocations, etc.  Therefore, the study of the singular stress filed around the sharp 

features should draw a lot of attention. Usually, the singular stress field is a linear 

superposition of two modes, one stronger and the other weaker, known as split 

singularities.  A dimensionless parameter, called the local mode mixity, is defined to 

characterize the proportion of the two modes at the length scale where the processes of 

  iii 



fracture occur.  We apply the theory of split singularities to the problems such as crack 

penetration or deflection, dislocation injection into strained silicon, and interfacial 

delamination due to chip-package interaction. In addition, a remedy to reduce the 

singularity and to suppress the debonding is verified in flexible electronics — applying 

coating.  

 Another long-standing failure mode is voiding in interconnects due to the thermal 

strains and electromigration.  This failure mode is exacerbated by the recent introduction 

of low-permittivity dielectrics.  We describe a method to calculate the volume of a 

saturated void, attained in a steady state when each point in a conductor line is in a state 

of hydrostatic pressure, and the pressure gradient balances the electron wind.  The results 

indicate that at operation conditions, both thermal strains and electromigration make 

significant contributions to the void volume.  We discuss these results in the context of 

interconnect design.  
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Chapter 1 Introduction to Reliability Physics in 

Electronics 

 

 Since 1950s, the thermomechanical reliability has been continuing to be one of 

the major concerns in microelectronics industry.  In this chapter, Section 1.1 introduces a 

brief history of the research on the reliability physics, and discusses the current 

challenges that the industry confronts.  Section 1.2 outlines the topics in this dissertation.  

 

1.1 Reliability physics: history and present 

 In early 1950s, the reliability problems drew attention due to the needs to 

understand the failure mechanism of unreliable components in US Air Force equipment.  

And quickly, lots of problems were investigated on a wide front, such as measuring, 

predicting and testing of the parts, equipments, even the system reliabilities.  The historic 

event in reliability physics was the first conference on electrical and electronic 

interconnections, named “Holm Conference”, in 1955.  In this conference, researchers 

reported most of the physical failure mechanisms known to occur in the field of electrical 
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interconnections. At that time, the statistical approaches were widely adopted to 

determine the states of reliability of the devices (Ebel, 1998).  

 However, the microelectronics industry had started booming in late 1950s.  The 

rapid progress of new designs, new materials, manner of fabrications, operation 

conditions, application criteria, etc, negated the existing data and models.  The 

establishment of new reliability data on the new devices required expensive testing and 

was time-consuming. Even further, the improvement of analysis of new data could not 

catch up the development of new devices.  

 Hence, the reliability physics, or “physics of failure”, was created in the early 

1960s.  Researchers tried to establish the quantitative reliability requirements for devices, 

and related the fundamental physical and chemical behavior of materials to reliability 

parameters. The significance, influence, and challenges on reliability studies were just as 

stated by Harry Davis, the deputy for research, office of the assistant secretary of defense 

(R&D) USA, in 1962’s symposium of “physics of failure in electronics”:  

 “The subject of this symposium, ‘The Physics of Failure’ in my opinion is the 

very heart of the reliability effort, and a thorough understanding of mechanism and 

physics of failures will be the principal means by which extreme reliability requirements 

posed by advanced systems will be met. Our failure to understand the basic mechanisms 

which lead to short and long term changes in the properties of electronic parts and 

materials is without a doubt the most important cause of the very serious reliability 

problems which face the nation today. As a result, improvement in part reliability during 

recent years has been incremental compared to the rapid rate of other technological 

progress. Procedures for reliability testing and design control continue to be time-
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consuming and expensive.”  

 There are many aspects about the reliability in electronics, such as electrical, 

thermal, mechanical or chemical reliabilities.  As far as the thermal-mechanical aspects of 

reliability issues are concerned, researchers accomplished great achievements in 60s and 

70s in both modeling and experiments. The important milestones should be mentioned.  

For example, electromigration has been a persistent failure mode ever since integrated 

circuits were mass-produced and the failure mechanism was figured out (Blech and 

Meieran, 1967; Black, 1967).   Anstead (1967) and Bosselaar (1968) presented the work 

on the scanning electron microscope (SEM), the most essential failure analysis tool for 

integrated circuits.  Ebel (1972) presented an approach to wafer testing.  Zakraysek (1973) 

discussed the gold embrittlement of solder joints, which was a recurring problem in the 

electronics industry. Libove (1975) discussed reliability problems related to device 

packages. It covered destructive stresses placed on packages during sealing and testing. 

The author predicted that, during dynamic thermal cycles, compressive glass-to-metal 

seals could temporarily open during rapid temperature changes and then return to a 

hermetic condition once the temperature stabilized. This was later proven by actual 

testing. Trai, Lee, and Wang (1979) used transmission acoustic microscopy in failure 

analysis, and led to methods used today to evaluate die attachment integrity of plastic 

encapsulated integrated circuit.  By the early 1980s, the reliability physics entered the era 

of specialization.  Many annual meetings and workshops were catered to different 

branches of reliability physics. 

 With the rapid development of new devices, one concern was the determination 

the field reliability of these devices with a minimum expenditure of time and money. The 
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most accepted method was the accelerated testing. An important paper from Bell 

Telephone Laboratories by Dodson and Howard (1961), being published in the 1961’s 

Proceedings of the NSRQC---the National Symposium on Reliability and Quality Control, 

formed the basis for much of the accelerated testing efforts in reliability physics. This 

paper justified the Arrhenius model of temperature dependence for semiconductor 

devices.  Later on, the guidelines on accelerated testing were established by a series of 

works (Partridge, 1963; Bretts et al., 1963; Peck, 1971; Zierdt,  1971).  

  Since the integrated circuits became available commercially in 1961, the number 

of transistors doubles every 18~24 months in a single chip, the so-called “Moore’s law”.  

Over the past 40 years, Moore’s law was remarkably true and remains to be true as 

markets continue to demand maximum performance and minimum cost.  The 

miniaturization, new processes, and new materials, among many other means, are 

essential to these demands.  Meanwhile, all those changes result in profound challenges 

to the reliability in all aspects. For example, thin film cracking, interfacial delamination 

of organic and metallic interfaces, solder joints detachment at first and second level 

interconnects, electromigration in conductor lines, vias, bumps, and package traces, 

potential moisture ingress on die edge seal and low-k dielectrics, stress-induced voiding 

in copper lines due to thermal mismatch and electromigration, integrity of package 

assembly, etc.  The advanced semiconductor devices will require increased effort from 

reliability physics practitioners if the industry is to keep Moore’s Law on course.  The 

physical failure mechanisms must be determined in a timely fashion to keep up with the 

pace.  People solve the old problems, but simultaneously create new ones. The reliability 

is a persistent challenge.   
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 In the 21st century, the nanotechnology spurs the development of semiconductor 

industry and brings a broad set of reliability challenges at a pace that has not been seen in 

the past.  Many aspects of semiconductor design and manufacturing will undergo 

dramatic changes that threaten the nearly unlimited lifetime and high level of reliability.  

But, customers still expect maximum performance and minimum cost even though the 

complexity of products has increased.  In the era of nanometer regime, product cost and 

performance requirements will be substantially affected and, in many cases, superseded 

by reliability constraints.  As listed out by SEMATECH (2003) and ITRS (2005), the 

copper/low-k interconnects, packaging, and the associated design and test for reliability 

are among the top reliability concerns in the near future at least to 2010.  As far as 

copper/low-k interconnects concerned, the rapid introduction of new materials, processes 

that are necessary to reduce the resistance-capacitance (RC) delay creates integration and 

material characterization challenges.  Integration complexity, process flow, techniques, 

and tools often create first order reliability challenges. The importance of characterizing 

these materials and processes for reliability as well as for performance cannot be 

overstated.  Packaging in the nanometer regime also raises reliability concerns. The 

increased complexity and performance requirements for packaging these products act as 

an exponential multiplier for many of the failure mechanism besides introducing new 

ones.  Detecting, testing, modeling and control of failure mechanisms will be the key to 

achieve necessary reliability.  

 “As the market demand continues to push product performance to its 

technological limits, the tradeoff between performance and lifetime must be tailored to 

the needs of different market segments. No longer can a single product satisfy all 
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applications with significant reliability and performance margins. This in turn requires 

that accurate reliability models and tools for lifetime estimation must be available during 

the product design stage. A failure mechanism-driven approach must be employed, 

identifying the potential failures and evaluating their kinetics and impact based on the 

specific application conditions and requirements of each market segment. An improved 

understanding of failure mechanisms and models is required.  Together, these trends 

demand that reliability be modeled much more precisely during the product design cycle 

to make the correct performance vs. reliability tradeoffs. This in turn requires that the 

following be in place: (1) well developed physical models for failure mechanisms. (2) the 

variation to apply correct statistical models. (3) test methods and test structures to fully 

characterize each failure mechanism. (4) design tools to transform the test structure 

reliability predictions for individual failure mechanisms to a comprehensive product 

reliability model that fits the application operating conditions and environment.” --- 

quoted from SEMATECH (2003).  

 Two other trends raise new requirements in the approaches to assure product 

reliability. First, the gap between normal operating condition and accelerated testing 

condition becomes narrower and narrower. Second, increased device complexity makes it 

impossible or prohibitively expensive to obtain sufficient fault coverage in accelerated 

life tests. As a result, the efficiency and even the ability to test reliability meaningfully at 

the product level are rapidly diminishing.  

 The introduction of new materials with more limited operating margins further 

accelerates this shift and requires that the potential failure mechanisms, the test structures, 

and the corresponding models be identified and developed well in advance of the 
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technology qualification.   

 

 In this section, we briefly reviewed the history and present of reliability physics.  

For more details, there are many review articles or industrial publications, such as Patrick 

et al (1991), Murarka (1997), Ebel (1998), Abtew and Selvaduray (2000), Ogawa (2002), 

Zeng and Tu (2002), Suo (2003), Tu (2003), among others.  Lloyd and Thompson (1993), 

and Reuss and Chalamala (2003) have edited multi-author reviews of the reliability 

physics of microelectronics in MRS bulletins.  The societies, such as International 

SEMATECH and Semiconductor Industry Association, usually update technology 

roadmaps and/or reports about the technology trends and the current and future reliability 

challenges. More information can be found at www.itrs.net and www.sematech.org.  

 

1.2 Plan of the dissertation  

 In this dissertation, several key issues are investigated, such as cracking path 

selection, dislocation injection, chip-package interaction, suppression of debonding by 

coating, and voiding due to thermal strain and electromigration.  

 In Chapter 2, we study a very fundamental fracture problem without the 

complexity of real structures used in microelectronics. Since the stress concentration 

leads many failure modes, we set up a framework to study the concentrated stress field. 

The simplified geometry is a crack impinging upon a bimaterial interface at an angle.  

The stress field around the crack tip is a linear superposition of two singular modes, 

usually of unequal exponents, either a pair of complex conjugates, or two unequal real 
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numbers.  In the latter case, a stronger and a weaker singularity coexist, known as split 

singularities.  We define a dimensionless parameter, called the local mode mixity, to 

characterize the proportion of the two modes at the length scale where the processes of 

fracture occur.  We show that the weaker singularity can readily affect whether the crack 

will penetrate, or debond, the interface. In the following chapters, we apply this 

framework to study other stress-induced failure phenomena.  

 The mobility of charge carriers in silicon can be significantly increased when 

silicon is subject to a field of strain.  Hence, strained silicon technology is prosperous in 

the future to enhance the performance of microelectronics.  However, a microelectronic 

device usually contains sharp features, e.g., edges and corners, which may intensify 

stresses, inject dislocations into silicon, and ultimately fail the device.  In Chapter 3, we 

use the framework of split singularities and mode mixity to investigate the dislocation 

injection into strained silicon.  After studying the general case, we focus on the material 

system of SiN/silicon since it is a commonly adopted structure in semiconductor industry. 

For this specific material combination, we simplify the singular stress field to a single 

mode, and therefore, simplify the criterion of dislocation injection.  In addition, we use 

our analysis to interpret available experiments.  

 In Chapter 4, we extend the framework of split singularities and local mode 

mixity to investigate the interfacial delamination due to chip-packaging interaction. In 

flip-chip packages, the mismatch in thermal expansion coefficients between the silicon 

die and packaging substrate induces concentrated stress field around the edges and 

corners of die during assembly, testing and services.  The concentrated stresses result in 

delamination on many interfaces on several levels of structures, in various length scales 
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from tens of nanometers to hundreds of micrometers.  A major challenge to model flip-

chip packages is the huge variation of length scales, the complexity of microstructures, 

and diverse materials properties.  In this chapter, we simplify the structure to be 

silicon/substrate with 900 wedge configuration, and neglect the small local features of 

integrated circuits.  This macroscopic analysis on package level is generic with whatever 

small local features, as long as the physical processes of interest occur in the region 

where the concentrated stress field due to chip-packaging interaction dominates.  It is the 

same driving force that motivates all of the flaws.  Therefore, the different interface 

cracks with same size and same orientation but on different interfaces should have similar 

energy release rates provided that the cracks are much smaller than the macroscopic 

length.  We calculate the energy release rate and the mode angle of crack on the chip-

package interface based on the asymptotic linear elastic stress field.  The asymptotic 

solution agrees with finite element calculation very well for crack length varying several 

orders of magnitude.  We discuss the simplified model and results in context of real 

applications.   

 In Chapter 5, a remedy to reduce the singularity and to suppress the debonding in 

flexible electronics is proposed—applying coating. A flexible electronic system may 

consist of a polymeric substrate and an array of stiff islands, on which devices are 

fabricated.  When the substrate is stretched, the devices on the islands experience small 

strains, but the islands may debond if they exceed a critical size.  We show that a thin 

layer of polymer coating, covering the islands and the substrate, can markedly increase 

the critical island size.  

 In Chapter 6, we turn our direction to study the voiding in conductor lines in 

  9 



 

interconnects of copper/low-permittivity dielectrics.  Both the electromigration and 

thermal strains due to mismatch in coefficients of thermal expansion can cause voids to 

grow in conductor lines.  This long-standing failure mode is exacerbated by the recent 

introduction of low-permittivity dielectrics.  We describe a method to calculate the 

volume of a saturated void, attained in a steady state when each point in a conductor line 

is in a state of hydrostatic pressure, and the gradient of the pressure along the conductor 

line balances the electron wind.  Moreover, the effects of porous dielectrics and ultrathin 

liners are also investigated.  We discuss the results in the context of interconnect design.   

 The last chapter gives concluding remarks and suggests possible future work. 
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Chapter 2 Split Singularities and Cracking Path 

Selection  

 

 For a crack impinging upon a bimaterial interface at an angle, the singular stress 

field is a linear superposition of two modes, usually of unequal exponents, either a pair of 

complex conjugates, or two unequal real numbers.  In the latter case, a stronger and a 

weaker singularity coexist, known as split singularities.  We define a dimensionless 

parameter, called the local mode mixity, to characterize the proportion of the two modes 

at the length scale where the processes of fracture occur.  We show that the weaker 

singularity can readily affect whether the crack will penetrate, or debond, the interface.  

 

2.1 Introduction  

 It is well known that, for a crack in a homogeneous elastic material under the 

plane strain conditions, the singular stress field is a linear superposition of two modes, 

both having the exponent of ½.  Despite its central importance in fracture mechanics, a 

crack in a homogeneous material is a particular case among many configurations of 
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bonded wedges of dissimilar elastic materials; see Akisanya and Fleck (1997), Reedy 

(2000), Mohammed and Liechti (2000) and Labossiere et al. (2002) for reviews of 

literature.  For such a configuration, the singular stress field may still consist of two 

modes, but usually of unequal exponents, either a pair of complex conjugates, or two 

unequal real numbers.  The two exponents may degenerate to one real number for special 

choices of the materials and the geometry, but a perturbation in the parameters 

characterizing the materials and the geometry often lifts the degeneracy, leading to two 

unequal exponents.  Thus, unequal exponents are a rule rather than an exception.    

 The case of complex-conjugate exponents has been extensively discussed within 

the context of a crack lying on a bimaterial interface (e.g., Rice, 1988).  This chapter will 

focus on the case that the two modes have unequal real exponents.  That is, a stronger and 

a weaker singularity coexist, a situation known as the split singularities.  It is sometimes 

suggested that the stronger singularity should be used to formulate failure criteria.  

However, Liu et al. (1999) have shown that the stronger singularity may dominate only 

within an exceedingly small zone, and argued that both singularities can be important.  

Labossiere et al. (2002) have included both modes in studying fracture initiated from a 

bimaterial corner.   

 This chapter aims to show the significance of the split singularities in a particular 

context.  Figure 2-1 illustrates two elastic materials bonded at an interface, and a crack 

impinging upon the interface at angle ω , with the edge of the crack lying on the interface.  

For many combinations of the materials and the impinging angle, the two modes of the 

singular stress field have unequal real exponents (e.g., Bogy, 1971; Asbaugh, 1975; 

Fenner, 1976; Chen and Wang, 1996; Li et al., 1997).  The impinging crack may either 
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penetrate across or debond the interface (Figure 2-2), a competition that has been 

extensively studied (e.g., Cook and Gordon, 1964; He and Hutchinson, 1989a; Thouless 

et al., 1989; Gupta et al., 1992; Martinez and Gupta, 1994; Lemaitre et al., 1996; Kovar et 

al., 1998; Davis et al., 2000; Leguillon et al., 2000 and 2001; Joyce et al., 2003; Roham et 

al., 2004; Parmigiani and Thouless, 2006).  The effects of the split singularities on this 

competition, however, have never been considered.  This chapter will show that the 

weaker singularity can readily alter the outcome of the penetration-debond competition.      

 

 

 

 

Figure 2-1:Two materials, #1 and #2, occupy two half spaces and are bonded at an 

interface.  A crack pre-exists in material #2, impinging upon the interface at angle ω .  

The edge of the crack lies on the interface, and coincides with the z-axis of a polar 

coordinate system ,( )zr ,θ . 
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(a) (b) 

 

Figure 2-2:After a primary crack in material #2 hits the interface, the crack may go on to 

either (a) penetrate into material #1, or (b) debond the interface.  The angle of 

penetration, φ , may be determined by the criterion that the penetrating crack is purely 

mode I.  The length of the small cracks, a, may represent the size of flaws in material # 1 

and on the interface. 

 

2.2 Split singularities 

 To set the stage, this section describes the salient features of the singularities of a 

crack impinging on a bimaterial interface (Figure 2-1).  The detailed solving procedure 

will be described in Section 2.7.  When both materials are elastic and isotropic, for 

problems of this type Dundurs (1969) has shown that the stress field depends on elastic 

constants through two dimensionless parameters: 

 
( ) (
( ) (

)
)1221

1221

11
11

νµνµ
νµνµ

α
−+−
−−−

= .  (2.1) 

( ) ( ) ( ) ( ) ⎥⎢= 1221β .  (2.2) 
⎤⎡ −−− 21211 νµνµ

⎦⎣ −+− 1221 112 νµνµ

where µ  is the shear modulus, and ν  Poisson’s ratio.  The subscripts 1 and 2 refer to the 
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two materials, respectively.  By requiring 5.00 ≤≤ν  and > 0µ , Du durs 

 are conf

the n

parameters ined within a parallelogram in the ( )βα ,  plane, with vertices at ( )0,1 , 

( ) , ( )0,1−  and ( )5.0,1 −− .   

 For the singular stress field around the edge of the crack, a component of the 

stress tensor, say θθ

5.0,1

σ , takes the form of λ
θθσ −r~ .  The exponent λ  is a root of a 

transcendental equation given by Bogy (1971).  The root is restricted as ( ) 1Re0 << λ , a 

restriction commonly adopted, with justifications critiqued by Hui and Ruina (1995) and 

Dunn et al. (2001).    Depending on the Dundurs parameters α  and β , as well as on the 

impinging angle ω , the solution of the exponent can be either two real numbers 1λ  and 

2λ , εξλ i±=2,1 or sa pair of complex conjugate  , where 1−=i .   

 For the impinging angle 045=ω , for example, Figure 2-3 plots the contours of 

the exponents on the ( )βα ,  plane.  The parallelogram is divided into four regions by dark 

curves meeting at the center 0== βα .  In the upper-left and lower-right regions, the 

exponents are real and unequal.  The contours of larger exponent ( 1λ ) are labeled 

orizontally, and the contours of the smaller exph onent ( 2λ ) a vre labeled ertically.  When 

0<α , material #2 is stiffer than m  #1, and 5.0≥>aterial 21 λλ .  When  0>α , material 

#1 is stiffer than material #2, and 0 5.12 ≤< λλ .  In the upper-right and lower-left regions, 

the exponents are a pair of complex conjugates, εξλ i±=2,1 .  The contours of the real 

part ξ  are solid lines, and are strongly α -dependent.  The contours of the imaginary part 

ε  are dashed lines, and are strongly β -dependent.  These four regions are separated by 

the four boundaries (i.e., the dark curves).  At each point on the boundaries, the two 
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exponents degenerate to one number:  when the point is approached from a region of real 

exponents, the two exponents become identical; when the point is approached from a 

region of complex-conjugate exponents, the imaginary part vanishes.  At 0

 

== βα , the 

two materials have the same elastic constants, and the two exponents are degenerate, 

= 5.02 =λ1λ , corresponding to the familiar two modes at the edge of a crack in a 

homogeneous material.   

 These contours change as the impinging angle ω  varies. As a lim

tudied by Williams (1959), w terface (

iting case, first 

0=ω )s hen the crack lies on the in , the expo

are a pair of complex conjugates: 

nents 

 
β
β

π +
±

122
i .  (2.3) 

In this case, the regions of complex conjugates expan

λ −
=

1ln11
2,1

d to the whole ( )βα ,  plane, except 

r thefo  line 0=β , where 5.021 == λλ .  The interfacial crack has been extensively 

studied; see reviews by Rice (1988) and by Hutchinson and Suo (1992).   

 As another limiting case, first studied by Zak and Williams (1963), when the 

te to one 

 

crack is perpendicular to the interface ( 090=ω ), the two exponents degenera

real number, governed by the equation 

( )( ) ( ) ( ) 2

2

11
2

β
βα

β
αβ

−
+

+
−

 Figure 2-4 plots the

21cos λλπ +−= .(2.4) 

 contours of λ  on the ( )βα ,  plane.  In particular, the contour 

of 5.0=λ  is the straight line βα −= .  The crack perpendicularly impinges upon the 

interface has also been studied by other authors (e.g., Lu and Erdogan, 1983; Chen 1994; 

Kang and Lu, 2002; Nuller et al., 2006). 
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Figure 2-3:Contours of the exponents of the singular stress field around the tip of a crack 

impinging on the interface at angle , plotted on the plane of the Dundurs 

parameters )

045=ω

( βα , , restricted in the parallelogram.  The parallelogram is divided into four 

regions with the boundaries denoted by the dark curves. In the upper-left and lower-right 

regions, the exponents are two unequal real numbers, with the larger exponent 1λ  labeled 

horizontally, and the smaller exponent 2λ  labeled vertically.  In the upper-right and 

lower-left regions, the exponents are a pair of complex conjugates, with the real part ξ  

plotted as solid lines, and the imaginary part ε  as dashed lines.  On the boundaries (the 

dark curves), the exponents of the two modes degenerate to one number.  

 

 

 When 0=β , the exponents are a pair of real numbers, regardless the values of α  

and ω .    Figure 2-5 plots the exponent 1s λ  and 2 λ  as functions of the impinging angle 

ω , for two values of α .  As ω  changes from 0 to 090 , the exponents degenerate to ½ 
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when the crack lies on the interface, are two unequal numbers when the crack impinges 

upon the interface at an oblique angle, and degenerate again when the crack is 

perpendicular to the interface. Observe that the exponents vary significantly with the 

elastic mismatch and the impinging angle.  As will become evident, the importance of the 

ultiple modes should be assessed on a case-by case basis.  

l ponent. Contours of the exponent are plotted on 

e plane of the Dundurs parameters 

m

 

 

 

 

Figure 2-4:For a crack impinging perpendicularly on the interface, the two modes of the 

singular stress field have an identica ex

th ( )βα , . 
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Figure 2-5:When 0=β , and for all values of α  and the impinging angle ω , the two 

modes of the singular stress field are characterized by two real numbers, 1λ  and 2λ .  The 

two exponents are plotted as functions of ω , for α  = 0.9 and α  = -0.9.  The two 

exponents degenerate when the crack lies on the interface ( )0=ω  and when the crack 

impinges perpendicularly to the interface ( )090=ω . 

 

2.3 Local mode mixity 

 In the remainder of this chapter, we will focus on the case of two unequal real 

exponents. As a reference, first recall the best-studied degenerate case: a crack in a 

homogeneous elastic material, for which the singular stress field is a linear superposition 

of two modes (e.g., Lawn, 1993): 

 ( ) ( ) ( )θ
π

θ
π

θσ II
ij

III
ij

I
ij r

K
r

Kr Σ+Σ=
22

, . (2.5) 

The plane of the crack is a plane of symmetry, with respect to which the mode I field is 
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symmetric and the mode II field is anti-symmetric. We adopt the conventional 

normalization: 1=Σ= II
r

I
θθθ  directly ahead of the crack.  The two modes have the same 

exponents, so that the proportion of the two modes is constant, independent of the 

distance from the edge of the crack, and can be specified by the ratio of the stress 

Σ

in ty factors, III KK / .  

 For a crack impinging at an angle pon a imaterial interface (Figure 2-1), when 

the exponents are unequal real numbers 1

tensi

u b

λ  and 2λ , the singular stress field around the 

 

edge of the crack is still a linear superposition of two modes:    

( )
( )

( )
( )

( )θ
π 21 22 rr

θ
π

θσ λλ
21, ijijij r Σ+Σ= . (2.6) 

(2.7) 

hen 

21 kk

We adopt the normalization that directly ahead of the crack,  

 ( ) 1=Σ ωθθ ,  ( ) 1=Σ ωθr .  1 2

W the two materials have different elastic constants, however, the plane of the crack 

is not a plane of symmetry, so that in general ( ) 01 ≠Σ ωθr  and ( ) 02 ≠Σ ωθθ . 

 Note that one has to be careful to assess the suitability of the two-mode 

description, i.e., Equation (2.6), especially when the second mode is so weak that it may 

pursued in this c

not be much different from the contribution of the non-singular modes.  This aspect is not 

hapter. 

 The two stress intensity factors, 1k  and 2k , have different dimensions, being 

( )( ) 1lenghstress λ  and ( )( ) 2lenghstress λ , respectively.  Figure 2-6 illustrates a representative 

boundary value problem, with T  describing th lied stress, and the length scale of 

e macroscopic geome ions dictate that th

stress intensity factors should take the form  

e app L  

th try.  Linearity and dimensional considerat e two 
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 1
11

λκ TL= ,    2
22

λκ TLk = .  k (2.8) 

herew 1 κ  and 2κ  are dimensionless coefficients.  

 Equation (2.6) suggests that, as the distance r from the edge of the crack varies, 

the proportion of the two modes also varies and can be specified by the dimensionless 

parameter ( ) 21
12 / λλ −rkk  (Liu et al., 1999).  This parameter is suitable to describe the 

mode mixity of the singular stress field, so long as an arbitrary length r is chosen, in the 

same spirit as Rice’s (1988) suggestion for a crack lying on a bimaterial interface.  Indeed, 

Labossiere et al. (2002) have used this mode mixity in describing their experimental data.  

 The singular stress field [Equation (2.6)] is obtained by assuming that the 

materials are elastic, and the geometry is perfect (Figure 2-1).  Such assumptions are 

invalid in a process zone around the edge of the crack, either because the materials 

deforms plastically, or because the geometry is imperfect.  Let Λ  be the size of the 

process zone, within which the singular stress field is invalid.  Also, the singular stress 

field is invalid at size scale L, where the external boundary conditions will change the 

stress distribution.  However, provided the process zone is significantly smaller than the 

macroscopic length, L<<Λ , the singular stress field [Equation (2.6)] prevails within an 

annulus, known as the k-annulus, of some radii bounded between Λ  and L.  

 The microscopic processes of fracture occur within the process zone, but are 

driven by the singular stress field in the k-annulus.  In discussing the effect of the mode 

mixity on failure processes, it is intuitive to select the length characterizing the size of the 

process zone, i.e., setting Λ=r .  Thus, we specify a dimensionless parameter  

 ( ) ( )( ) 2121 /// λλλλ κκη −− Λ=Λ= Lkk . (2.9) 

This parameter, to be called the local mode mixity, measures the relative contribution of 

1212
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the two modes to the stress field at length scale Λ .  The parameter η  combines the 

effects of th  load g me in ixity 12 /κκ , the length ratio L/Λ , and the difference of the two 

exponents 1λ  and 2λ .    

 As an illustration, consider a loading condition that 1/ 12 =κκ , so e loc l 

mode mixity reduces to 

 that th a

( ) 21/ λλη −Λ= L , which is plotted in Figure 2-6 for the case 

045=ω and 0=β .  When the elastic mismatch is small (e.g., 0=α ), the tw s 

make comparable contributions for all values of

o mode

 L/Λ .  When the elastic mismatch is 

modest (e.g., 5.0=α ), the two m ake comparable contributions if L/Λ  is modest, 

but the weaker singularity makes a smaller contribution if L/

odes m

Λ  << 1. When the elastic 

mismatch is large (e.g., 9.0=α ), the weaker singularity ma

 As another example, consider a well-bonded interface of two brittle materials, e.g., 

a thin film epitaxially grown on a substrate.  The process zone is taken to be some 

kes negligible contribution so 

long as Λ  is reasonably small compared to L. 

multiple of atomic dimension, say nm1=Λ .  Take m, say L = L as the thickness of a fil

100 nm.  For a modest elastic mis ay take match, we m 2.021 =− λλ  and L .  

Consequently, a modest value of 

( )λ 4.0/ 21 =Λ −λ

12 /κκ  will bring the local mode mixity η  to the order 

of unity. 
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Figure 2-6:Inset illustrates a representative boundary value problem, with a macroscopic 

length L, an applied stress T, and a microscopic length Λ  that characterizes the size of a 

zone in which processes of fracture occur.  The proportion of the two modes of the 

singular stress field at length scale Λ  is characterized by the local mode mixity, 

; see the body of the chapter for interpretation.  The parameter ( )( ) 21// 12
λλκκη −Λ= L η  is 

plotted as a function of  for three values of L/Λ α . 

 

2.4 The competition between penetration and debond 

 We now analyze the effects of the split singularities on the penetrating and 

debonding cracks.  For simplicity, we will take 0=β , so that the singular stress field for 

the crack impinging upon the interface is a superposition of two modes of unequal real 

exponents, i.e., Equation (2.6), with the stress intensity factors  and k  given by 

Equation (2.8).  The length 

1k 2

Λ  now is identified with the length a of the small cracks in 
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Figure 2-2, so that the local mode mixity is defined as  ( )( ) 21// 12
λλκκη −= La .   

2.4.1 Penetration  

 Consider the case that the impinging crack penetrates across the interface (Figure 

2-2a).  The size of the penetrating crack, a, is taken to be small compared to the 

macroscopic length scale L.  The stress field around the edge of the penetrating crack is 

square-root singular, with the regular stress intensity factors pK  and p .  At a distance 

much larger than a, in the k-annulus, the singular stress field [Equation (2.6)] prevails, 

with the stress intensity factors  and .  Linearity and dimensional considerations 

relate the two sets of the stress intensity factors, 

I IIK

1k 2k

( )p
II

p
I K,  K  and ( )21,kk , as  

 
21

2
12

1
11 λλ a

kkp
I b

a
b

a
K

⋅+⋅= .  (2.10) 

 
21

2
22

1
21 λλ aaa

he coefficients 11b , 12b , 21b  and 22b  are dimensionless functions of the Dundurs 

parameter 

kbkbK p
II ⋅+⋅= .  (2.11) 

T

α , the impinging angle ω , and the penetrating angle φ .   These coefficients 

lated using the nite element metho tion 2.9), and arare calcu d (Sec e listed in Table 2-1 

r =

fi

fo 5.0−α , Table 2-2 for 0=α  and Table 2-3 for 5.0=α , respectively.  

 Taking the atio of Equar tions (2.11) and (2.10), we obtain the mode angle of the 

penetrating crack, pψ , given by  

 
η1211

tan
bbK p

I +
.  

Figure 2-7 plots he mode angle p

ηψ 2221 bbK p
IIp +

== (2.12) 

t  ψ  as a function of the penetrating angle, φ , for 
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somevalues of η  and α , with 0=β  and 045=ω .  We require that 0>p
IK , i.e., 

( ) 01211
2/1

1
1 >⋅+− ηλ bbak .  When the two materials have dissimilar elastic constants, 1k  no 

longer stands for the stress intensity factor of opening mode, so it may be either positive 

or negative.  In this chapter, we adopt 01 >k  for the presentation of the results.     

  If the tough ess of material #1 is anisotropic, a cleavage plane may set the 

penetrating angle 

n

φ .  If the toughness of material #1 is isotropic, however, the 

penetrating angle φ  may be selected by requiring that the penetrating crack be purely 

mode I, namely, 0=p
IIK .  Such a penetrating angle, denoted by *φ , corresponds to the 

intersection of a curve in Figure 2-7 w horizontal line 0=pith the ψ .  For example, if the  

contribution of 02k  is neglected, i.e., =η , the impinging crack prefers to deflect onto the 

interface when 5.0≥α  (Figure 2-7c), as stated in He and Hutchinson (1989a). When 

is included, however, the crack may pe

 Figure 2-8 plots penetrating angle as a function of the local mode mixity 

2k  

netrate across the interface.     

*φ  η .  

For the curve that the two materials have the same elastic constants, our results ma  

well with those of Hayashi and Nemat-Nasser (1981) and He and Hutchinson (1988, 

1989b).   When 

tch

0=η , the impinging crack is under mode I loading and penetrates 

straight ahead, .  When, 0* 45=φ 0>η  the impinging crack is under a mixed mode 

condition and may penetrate across the interface at an angle .  When 0* 45<φ 545.0>η , 

however, φ  be* comes negative, so that the impinging crack can no longer penetrate 

across the interface.  This feature is also observed for the case of 5.0=α , where 

becomes negative when 

*φ  

05.0>η .  
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Table 2-1:  Coefficients b11, b12, b21, b22 in the range of 0 ≤ φ or 5.0=01705 ≤  f −α  with 

0=β  an .   d 045=ω

 5.0−=α 　 

φ (deg) 11b 12b 21b  22b

5 -0.640 3.525 -1.268 -0.798

10 -0.486 3.617 -1.359 -0.642

20 -0.153 3.737 -1.488 -0.282

30 0.205 3.759 -1.548 0.114

40 0.568 3.679 -1.537 0.517

45 0.747 3.601 -1.506 0.712

50 0.920 3.498 -1.458 0.900

60 1.246 3.224 -1.314 1.240

70 1.530 2.874 -1.115 1.516

80 1.761 2.466 -0.873 1.713

90 1.931 2.022 -0.600 1.823

100 2.035 1.565 -0.311 1.844

110 2.072 1.121 -0.024 1.780

120 2.044 0.707 0.251 1.642

130 1.957 0.338 0.501 1.445

140 1.818 0.028 0.715 1.209

150 1.630 -0.222 0.889 0.947

160 1.411 -0.405 1.015 0.690

170 1.161 -0.531 1.090 0.446
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Table 2-2:  Coefficients b11, b12, b21, b22 in the range of 00 ≤ φ  for 0=1705 ≤ α  with 

0=β  an .   d 045=ω

 0=α 　 

φ (deg) 11b 12b 21b  22b

5 0.840 0.921 -0.291 0.652

10 0.876 0.831 -0.264 0.728

20 0.935 0.624 -0.199 0.856

30 0.978 0.387 -0.124 0.948

40 0.999 0.131 -0.042 0.995

45 1.002 0.000 0.000 1.002

50 0.999 -0.131 0.042 0.996

60 0.978 -0.387 0.124 0.949

70 0.935 -0.625 0.199 0.859

80 0.876 -0.832 0.264 0.731

90 0.801 -1.003 0.315 0.574

100 0.715 -1.128 0.350 0.399

110 0.623 -1.206 0.369 0.217

120 0.528 -1.236 0.371 0.039

130 0.435 -1.221 0.358 -0.124

140 0.347 -1.165 0.331 -0.264

150 0.266 -1.075 0.294 -0.375

160 0.197 -0.960 0.250 -0.449

170 0.138 -0.828 0.202 -0.486
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Table 2-3:  Coefficients b11, b12, b21, b22 in the range of 0 ≤ φ  for 5.001705 ≤ =α  with 

0=β  an .   d 045=ω

 5.0=α 　 

φ (deg) 11b 12b 21b  22b

5 1.418 1.098 -0.007 0.886

10 1.412 0.954 0.054 0.970

20 1.381 0.631 0.159 1.121

30 1.322 0.269 0.252 1.221

40 1.240 -0.112 0.331 1.258

45 1.191 -0.302 0.364 1.252

50 1.138 -0.490 0.393 1.229

60 1.022 -0.848 0.438 1.137

70 0.897 -1.166 0.465 0.989

80 0.769 -1.430 0.474 0.798

90 0.642 -1.630 0.466 0.578

100 0.519 -1.761 0.442 0.345

110 0.406 -1.821 0.406 0.119

120 0.303 -1.815 0.360 -0.089

130 0.213 -1.750 0.307 -0.263

140 0.137 -1.638 0.250 -0.392

150 0.076 -1.491 0.190 -0.470

160 0.030 -1.327 0.133 -0.491

170 -0.002 -1.157 0.080 -0.461
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Figure 2-7(a):Mode angle of a penetrating crack, pψ , is plotted as a function of the 

penetrating angle φ , for several values of the local mode mixity η  for 5.0−=α .      
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Figure 2-7(b):Mode angle of a penetrating crack, pψ , is plotted as a function of the 

penetrating angle φ , for several values of the local mode mixity η  for 0=α .  
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Figure 2-7(c):Mode angle of a penetrating crack, pψ , is plotted as a function of the 

penetrating angle φ , for several values of the local mode mixity η  for 5.0+=α .  
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Figure 2-8:Penetrating angle *  corresponding to  is plotted as a function of the 

local mode mixity 

φ 0=p
IIK

η .  For the case of 0=α , the results by Hayashi and Nemat-Nasser 

(1981) are marked by crosses, and those by He and Hutchinson (1988,1989b) by open 

circles.  
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2.4.2 Debond 

 We next consider the case that the impinging crack causes the interface to debond 

(Figure 2-2b).  When 0=β , the stress field at the edge of the interfacial crack is square-

root singular, with the regular stress intensity factors, ( )d
II .  They relate to the stress 

intensity factors of the impinging crack 

d
I KK ,

( )21,kk  as 

 
21

2
12

1
11 λλ a

kc
a
kc

a
K d

I ⋅+⋅= .  (2.13) 

 
21 2221 λλ aaa

The dimensionless parameters 11c , 12c , 21c and 22c  are functions of

21 ccKII ⋅+⋅= .  (2.14) kkd

α  and ω .  The r s 

calculated using the finite element method are listed in Table 2-4.  For the case of 0

esult

=α , 

we can compare our results with those of He and Hutchinson (1988), and the difference is 

ithin 

 ons (2.14) d (2.13), we obtain the mode angle of the 

w 2%.    

 Taking the ratio of Equati an

debonding crack, dψ , as given by   

 
η

ψ
1211

tan
ccK d

I +
== .  (2.15) 

Figure 2-9 plots the mode an  the d bo

η2221 ccK d
IId +

gle of e nd crack, dψ  as a function of the local mode 

ixity m η  for 5.0−=α , 0, 0.5, with 0=β  and 

 

045=ω . 
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Table 2-4:  Coefficients , 12 21  and 22c  for differen  11c c , c  t α  wi  =th 0β  and . 045=ω

α  -0.5 0 0.5
11c  -0.859 0.801 0.989
12c  4.248 0.999 0.924
21c  -1.466 -0.315 -0.166
22c  -0.852 0.571 0.493
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Figure 2-9:Mode angle of the debond crack, dψ , is plotted as a function of local mode 

mixity η . 
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2.4.3 The competition between penetration and debond 

 For the penetrating crack, the energy release rate relates to the stress intensity 

factors as (Irwin 1957) 

 ( ) ( ) ( )[ ]22

1

1

2
1 p

II
p
I

p KKG +
−

=
µ
ν .  (2.16) 

For the interfacial crack, the energy release rate relates to the stress intensity factors as 

(Malyshev and Salganik, 1965) 

( ) ( )[ ]2221 11 ddd +⎟
⎞

⎜
⎛ −

+
−

=
νν 

21 44 ⎠⎝ µµ

 The ratio of

III KKG ⎟⎜ .(2.17) 

 the energy release rate of the debonding crack to that of the 

penetrating crack is 

 ( ) ( ) ( )
( ) ( ) ( ) 22

2212222112112111 21 ηηα bbbbbbbbG +++++−

Here we have assumed that the sizes of flaws in material #1 and on the interface tak  the 

same value a.  The mode angle of the penetra ck is selected by quiri 0 , 

as discussed above.  Figure 2-10 plots the ratio pd GG /  as a function of 

222

22
22

2
1222211211

2
21

2
11 21 ηη ccccccccG

p

d +++++
⋅=  . (2.18) 

e

tion cra re ng =p
IIK 

η  for 5.0−=α , 

0, 0.5 with 0=β  and 045=ω .  For each value of α , the curve is limited in an interval 

of η  to ensure that both he penetrating crack and the debonding crack are open, i.e., 

0>p
IK  and 0>d

IK .  For the case 0

 t

=α , we have confirmed our resu ith those of 

ayash  N

lts w

H i and emat-Nasser (1981) and He and Hutchinson (1988, 1989b).  

  Let 1Γ  be the fracture energy of material #1 under the mode I condition, and iΓ  

be the fracture energy of the interface at the mode angle dψ .  If pd
i GG // 1 >ΓΓ , the 

impinging crack will penetrate across the interface, rather than debond the interface.  
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Otherwise, the impinging crack will debond the interface, rather than penetrate across the 

terface. 

F

al mode mixity 

in

 

 

 

 

 

igure 2-10:Ratio of the energy release rate of the debond crack, dG , to the energy 

release rate of the penetration crack, pG , is plotted as a function of the loc

η .  For the case of 0=α , the results by Hayashi and Nemat-Nasser (1981) are marked 

by crosses, and those by He and Hutchinson (1988,1989b) by open circles. 
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2.5 Discussions 

2.5.1 Will the weaker singularity affect the competition between 

penetration and debond? 

 The relative magnitude of the two modes of singularities is characterized by the 

local mode mixity ( )( ) 21// 12
λλκκη −= La .  Thus, the effect of the weaker singularity on 

the penetration-debond competition will depend on how sensitive the competition 

depends on η , and on how large η  is.  We next address these two questions. 

 The local mode mixity η  affects the penetration-debond competition in two ways.  

First, η  affects the mode angle of the debonding crack (Figure 2-9).  The mode angle, in 

its turn, affects the fracture energy of the interface (e.g., Hutchinson and Suo, 1992).  

Second, η  affects the ratio  (Figure 2-10).  Consequently, the weaker singularity 

may readily alter the outcome of the penetration-debond competition, provided the local 

mode mixity 

pd GG /

η  is not too small. 

 The value of η  will depend on the ratio / 12 κκ , which in turn depends on the 

external geometry and loads.  In practice, the ratio / 12 κκ  can be anywhere from  - ∞  to ∞ . 

When the elastic constants of the two materials are not too different, the two exponents 

 

will be nearly the same, so that ( ) ( ) 1// 021 =≈− LaLa λλ , and the local m i

reduces to the mode m aterial, 

ode m xity 

ixity for a crack in a homogeneous m 12 /κκη =

aller than L

.  When the 

elastic constants of the two materials are very different, however, the local mode mixity 

will vary with a/L, as illustrated in Figure 2-6.  If a is much sm , so that 1<<η , 

then the weaker singularity should have little effect on the penetration-debond 
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competition, in which case the value of a is irrelevant.  On the other hand, if η  is large, 

then the value of a influences the outcome of the competition.  In this case, because the 

flaw size is statistical, we expect that the outcome of the competition is also st tical.  atis

 

2.5.2 Alternative models and interpretations of Λ  

 Following He and Hutchinson (1989a), we have assumed that (i) small cracks, of 

some length a, pre-exists on the interface and in material #1, and (ii) the materials are 

elastic to the scale somewhat below a, so that fracture mechanics can be applied to the 

small cracks.  These assumptions may not be valid in applications.  For example, the 

material and the bonding may be of such a high quality that no small cracks are present in 

the zone of influence of the impinging crack.  In such a case, if the materials are elastic to 

some size scale, we may directly use the stress field [Equation (6)] to estimate the 

stresses just outside the inelastic zone.  Thus, the parameter  still 

characterizes the mode mixity at the length scale of the inelastic zone, but with 

( )( ) 21// 12
λλκκη −Λ= L

Λ  

interpreted as the size of the inelastic zone.  To determine whether the crack will 

penetrate across, or debond, the interface, the ratio of the strength of the interface and the 

strength of the material may be compared with the ratio of the corresponding stresses 

predicted from Equation (6) at distance Λ=r .  Such a stress-based model has long been 

used (e.g., Cook and Gordon, 1964, Gupta et al., 1992), and can be extended to include 

the effect of the split singularities.  

 As another example, the inelastic zone may be large compared to the small cracks, 

but still small compared to the macroscopic length L. In such a case, one may include 
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inelastic process explicitly in the model.  One approach is to use cohesive laws to 

represent the fracture process in materials and on the interface (Mohammed and Liechti, 

2000; Parmigiani and Thouless, 2006).  In such a model, Λ  may be identified as 

, where E is Young’s modulus of a material, 2/ SEΓ=Λ Γ  the fracture energy, and S  

the theoretical strength.  Even in such a case, the notion of split singularities is still 

important, as they set the mode mixity at the relevant length scale. 

 

 

2.5.3 The size of the flaw on the interface may be different from that in 

the material. 

 In reaching Equation (18), we have assumed that the flaws on the interface and in 

material #1 have an equal size.  In reality, these flaws may have different sizes, say, a  

and , respectively.  Consequently, Equations (16) and (17) leads to 

d

pa

( ) ( ) ( )( )
( ) ( ) ( )( )

12122222 21
λ

ηη
−

⎞⎛+++++ dddd acccccccc
22

22
2

1222211211
2
21

2
11 21 ηηα ⎟

⎠+++++− pppp abbbbbbbbG

If the elastic mismatch of the two materials is not extremely large, 1

2212222112112111 ⎟⎜⎜
⎝

⋅=
G

. (2.19) 

λ  will be not too far 

from ½  and the difference in 1λ  and 2λ  is not too large; see Fig .  

Consequently, for a modest difference in da  and pa , 

ures 2-3, 2-4 and 2-5

( ) 1/ 121
≈

− λpd aa   and 

( ) 1/ 1 ≈=
−ληη pdpd aa , so that (2.19) reduces to (2.18).  On the other hand, when the 

elastic mismatch or the difference in da  and pa  is large, one should use Equation (2.19) 

instead of (2.18).  In this case, becau

/ 2λ

se the flaw sizes are usually unknown, the outcome 

n-debond competition should be statistical. 
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2.5.4 The case of exponents being a pair of complex conjugates  

 In the above, we have focused on the case that the exponents are two distinct real 

numbers.  When the exponents are complex conjugates, εξλ i±=2,1 , we write the stress 

field around the crack tip as 

 ( ) ( )
( )

( ) ( )
( )

( )θ
π

θ
π

θσ ξ

ε

ξ

ε
21

2
Im

2
Re, ij

i

ij

i

ij r
kr

r
krr Σ+Σ= . (2.20) 

where the complex stress intensity factor k, of the dimension [ ][ ] εξ

defined such that the angular functions 

ilengthstress − , is 

( )θ1
ijΣ  and ( )θ2

ijΣ  satisfy Equation (2.6).  For a 

representative boundary value problem illustrated in the inset of Figure 2-6, linearity and 

dimensional considerations dictate that the two stress intensity factors should take the 

m  

ξ

where 

for

 ( )Ψ= − iTL i expεκ .  (2.21) k

κ  and are dimensionless real numbers.  Inspecting (2.20) and (2.21), we may 

measure the relative contribution of the two modes to the stress field at the scale of the 

process zone size a by the ratio 

Ψ  

( )
( ) ⎟

⎠
⎜
⎝

+Ψ==
Lkai

i

lntan
Re

' εη ε

ε

.  (2.22) 

Treatment along this line would be analogous to that of Rice (1988) for a crack lying on 

an interface.  Many of his comments, including those on the solution of Comninou (1977), 

should apply.  It is possible to 

⎞⎛ akaIm

study the significance of this local mode mixity on the 

enetration-debond completion by following the approach developed in this chapter, 

which we will not pursue here. 

 

p
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2.6 Summary  

 The singular stress field around the edge of a crack impinging on a bimaterial 

interface is a linear superposition of two modes, often of unequal exponents, 1λ  and 2λ .  

So long as the process zone size Λ  is small compared with the macroscopic length L, the 

singular field prevails in an annulus of some radii bounded between  and L.  We 

characterize the proportion of the two modes at the size scale Λ  by a dimensionless 

parameter, 

Λ

( )( ) 21// 12
λλκκ −Λ= L , called the local mode mixity.  We show that the 

weaker singularity may readily affect whether the crack will penetrate across, or debond, 

the interface.  Because the split singularities occur in many configurations of cracks and 

wedges, the approach outlined in this chapter may find

η

 broad applications.   

 

2.7 Appendix A:  Solving procedure of eigenvalue problem  

 

Figure 2-11: A semi-infinite crack impinging on the bimaterial interface.   
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 Airy stress functions are used to solve this linear elastic problem.  Let ),( θr  be 

polar coordinates centered at the crack tip.  The Airy function φ  is biharmonic, i.e., 

.  And then the stresses can be expressed by  022 =∇∇ φ

rrrrr ∂
∂∂ φ +

∂
=

θ
φ 11 2

σ 22   (2.23) 

 2

2

r∂
∂

=
φσθθ   (2.24) 

 ⎟
⎞

⎜
⎛ ∂∂

−=
φτ θr

1    
⎠⎝ ∂∂ θrr

(2.25) 

The function ψ  is harmonic, i.e. , and relates to 02 =∇ ψ φ  by  

⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

∂
∂

=∇
θ
ψφ r

r
2   (2.26)    

And the displacements can be expressed by  

 φµ ( )
θ
ψκ

∂
∂

+ r1   (2.27  +
∂
∂

−=
r

ur 4
12 )

 ( )
rr ∂

ru ∂
++−=

∂ ψφ
∂

κ
θ

µ 212   (2.28) 

here

θ 4
11

w ) ( ) (  for plane stress and νκ 43−=  for plane str ols ain.  The symb µ  ννκ +−= 1/3

and ν  ar

hosen of a separable form: 

2+−   (2.29) 

nd  

e shear modulus and Poisson’s ratio.  

 The Airy stress functions are c

 ( )θφ Fr= λ

( )θψ λGr −=A   (2.30) 

ote that Laplacian operator is ( ) ( ) 222222 //1//1/ θ∂∂+∂∂+∂∂=∇ rrrrN  in 

coordinates, and so  

polar 
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( ) ( ) 02 2

2
2

2

2
2222 =⎥

⎦

⎤
⎢
⎣

⎡
+−⎥

⎦

⎤
⎢
⎣

⎡
+=∇∇ −− θ

θ
λ

θ
λφ λ F

d
d (2.31) 

d
dr .   

( ) 02

2
222 =

⎤⎡
+= −− θλψ λ Gdr  (2.32) (2.32)  ⎥⎢

⎣
∇

⎦θd

Eqs.(6) and (7) satisfy for arbitrary r , so  

( ) ( ) 02 2

2
2

2

2
2 =⎥

⎦

⎤
⎢
⎣

⎡
+−⎥

⎦

⎤
⎢
⎣

⎡
+ θ

θ
λ

θ
λ F

d
d

d
d   (2.33) 

 ( ) 02
2 =⎥

⎦
⎢
⎣

θ
θ

λ G
d

 
2 ⎤⎡

+
d  (2.34) 

ssumeA  ( ) ( )ξθθ exp=F , and so the e e λξ i±=  and ) ( 2−±= λξ i ,igenvalues ar  and so 

the solution of ( )θF  can be expressed as follows: 

 ( ) ( ) ( ) λθλθθλθλθ cossin2 DCcos2sin BAF −+−= ++  (2.35) 

ssume A ( ) ( )ζθθ exp=G , and so the eigenvalues are λζ i±= , and on account of 

Equation  of(2), the solution  ( )θG  can be expressed as follows: 

 ( ) ( )λθλθ
λ

G

The constants A, B, C and D are to be determined by boundary conditions.  The stresses 

late to the Airy function as follows: 

θ cossin4 CD −=   (2.36) 

re

 ( ) ( ) ( )[ ]θλθλ FFrrr 2'' −−= −   (2.37) σ

( )( ) ( )θλλσ λ
θθ Fr 21 −−= −   (2.38) 

)   

The displacements are given by  

 

 (2.39) ( ) (θλτ λ
θ '1 Frr −= −

( ) ( ) ( )⎥⎦
⎤

⎢⎣
⎡ +

+−= +− θκθλµ λ '
4

122 1 GFrur  (2.40) 
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( ) ( )⎥⎦
⎤

⎢⎣
⎡ +

−−= +− θλκθµ λ
θ GFru

4
1'2 1   

hat is, 

(2.41)  

T

( )
( ) ( ) ( )[ ]

( )[ ]
⎪⎫

⎪⎩

⎪
⎨
⎧

+++

−+−−
−−= −

λθλθλ

θλθλλ
λσ λ

cossin2

...2cos2sin2
1

DC

BA
rrr  (2.42)  

⎪⎭
⎬

 ( )( )
( ) ( )

⎥
⎦

⎤
⎢
⎣

⎡ −+−
−−= −

θλθλ
λλσ λ

...2cos2sin
12

BA
r  (2.43) 

 ( )

⎢ ++ λθλθθθ cossin DC ⎥

( ) ( ) ( )[ ]
[ ] ⎪

⎪
⎬

⎪
⎪
⎨ −+

−= −

λθλθλ
λτ λ

θ sincos
1

DC
rr  (2.44) 

 

⎭

⎫

⎩

⎧ −−−− θλθλλ ...2sin2cos2 BA

( ) ( ) ( )[ ]
( )[⎪

⎪
⎨ −++

=
κλµ 12 C

ur ] ⎪⎭

⎪
⎬
⎫

⎩

⎧

+

−+−−+−

λθλθ

θλθλλλ

cossin

..2cos2sin21

D

BAr  (2.45) 

 
( ) ( ) ( )[ ]

( )[ ] ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+−−
=

λθκθ siD−+

−+−−−+−

λθλ

θλθλλ

µ

λ

ncos1

...2sin2cos2

2

1

C

BAru  (2.46) 

 The interface and the crack divi hole plane into three regions.  In each 

reg re four coeff , and , where  denotes 

the gio  number.  S rigin to infinity, 

the angular range is 

de the w

ion, the  are icients )( jA , )( jB , C )( j )( jD 3,2,1=j

re n’s elect the branch cut along the crack from o and so 

ωπθωπ +≤≤+− .  Then the twelve coefficients are determined by 

the following boundary conditions:  

1). On 0=θ  and πθ = , tractions and displacements are continuous,   

( ) ( )
0

21 ( ) ( ) ( ) ( )
=

=
θθθθθ σσ , 

0=
=

θθθ ττ rr 0=
=

θθθ uu , 21 ( ) ( )
0

, 21 21

( )

=
=

θrr uu  (2.47) 

 ( )
πθθθθθ σσ

=
= 31 , ( ) ( )

πθθθ ττ
=

= 31
rr , ( ) ( )

πθθθ =
= 31 uu , ( ) ( )

πθ =
= 31

rr uu  (2.48) 

2). On ωπθ +=  and ωπθ +−= , tractions are free,  

 ( ) 03 =
+= ωπθθθσ , ( ) 03 =

+= ωπθθτ r   (2.49) 
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( ) 02 =
+−= ωπθθθσ , ( ) 02 =

+−= ωπθθτ r   (2.50) 

The above bounda  nditions consist of a system of homogeneous linear 

quations and is wri n s

 ry co

 0=⋅ xMe tte  a , where vector x is composed of the twelve 

oefficients by means of c ( )TDCBADCBADCBA(=x )3()3()3()3()2()2()2()2()1()1()1()1 ,,,,,,,,,,,  

superscript T means transpose) and the components of 1212× matrix M are: (

  112 =M , 114 =M , 116 −=M 118 −=M , , 

 221 −= λM , λ , ( )225 −−= λMM λ−==23 , 27M , 

( ) 1232 /2 µµλ −=M , ( ) 1213 4 =M /1 µµκλ −+ ,  

( )236 −−= λM , ( )1238 −+−= κλM ,   

( ) 1213 /14( ) 1241 /2 µµλ −=M , µµκλ −−=M ,  

245 −−=

 

( ), ( )12λM −= −− 47 κλM ,  

( )λπsin51 =M , ( )λπcos52 =M ( )λπsin53 =M , ( )λπcos54 =M , ,  

( )λπsin59 −=M , ( )λ ( )λπsin11,5 −=M , ( )λπcos12,5 −=M , πcos10,5 −=M ,  

( ) ( ), ( ) ( )λπλ sin262 −−=λπλ cos261 −=M M ,   

( )λπλ cos63 =M , ( )λπλ sin64 −=M ,  

( ) ( ) ( ) ( )λπλπλ cos269 −−=M λ sin1,6 20 −=M ,  ,  

( )( )λπλ cos11,6 −=M , λπλ sin12,6 =M ,  

( ) ( ) 1271 /sin2 , ( ) ( ) 1272 /cos2 µµλπλ −=Mλπλ −=M µµ ,  

2173 sin1

 

 1/( ) ( ) ( ) ( ) 12174 /cos1 µµλπκλ −+=Mµµλπκλ −+=M , , 

( ) ( ), ( ) ( )λπλ cos2λπλ sin279 −−=M 10,7 −−=M ,  

  46 



 

( ) ( ) , ( ) ( )λπκλ cos1212,7 −+−=Mκλ sin1211,7 −+−=M λπ , 

( ) ( ) 1281 /cos2 µµλπλ −−=M , ( ) ( ) 12 /sin2 µµλπλ −= 82M ,   

( ) ( ) 1 , ( ) ( ) 12184 /sin1 µµλπκλ −−=M 2183 /cos1 µκλ −−−=M µλπ , 

( ) ( ) , ( ) ( )λπλ sin210λπλ cos289 −=M = −− ,8M ,  

( ) ( )λ , ( ) ( )λπκλ sin1212,8 −−−=Mκλ co1211,8 −−=M s π , 

( )[ ] , ( )[ ]λπωλ +−λπωλ +−= 2sin99M = 2co10,9M ,  s 

( )[ ] , ( )[ ]πωλ +πωλ += sin11,9M = cos1,9M ,  2 

( ) ( )[ ]λπωλλ +−−= 2cos , ( ) ( )[ ]λπωλλ +−−−= 2sin210,10M21M ,  9,0

 ( )[ ]πωλλ += cos11,10M , ( )[ ]πωλλ +−= sin12,10M ,  

 ( )[ ]λπωλ −−= 2sin5,11M , ( )[ ]λπωλ −−= 2cos6,11M ,  

 ( )[ ]πωλ −= sinM , ( )[ ]πωλ −= cosM ,  

( ) ( )[ ]

7,11 8,11

( ) ( )[ ]λπωλλ −−−= 2cos25,12M , λπωλλ −−−−= 2sin26,12M ,  

 ( )[ ]πωλλ −= cos7,12M , ( )[ ]πωλλ −−= sin8,12M ,  

All others .  

F

0=ijM

( or nontrivial solution of x, the determinant of M must vanish, i.e., ) 0det =M

hich 

, 

 λ  with parameters 12 / µµ , 1κ , w is a nonlinear equation of 2κ , ω , e the 

subscripte 1 and 2 denote l’s number.  Due t ndurs’ theory, th  

dependence on t

wher

the materia o Du e

hree dimensionless materials properties 12 / µµ , 1κ , 2κ  can be converted 

to two dimensionless parameters α  nd a β , which are defined as: 

( ) ( )
( ) ( )11

11

221 ++ 1

1221

+
+−+

κµκµ
=

κµκµα   (2.51) 
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( ) (
( ) (

)
)11

11

1221

1221

+++
−−−

=
κµκµ
κµκµβ   

For a plain strain problem,

(2.52)  

 νκ 43−= ; if 3/121 ==νν , then 4/αβ = ; if 

21 == 2/

 

, then 1νν 0=β .  For a plain stress problem, )( ) ( ννκ +−= 1/3 ; if 

2/121 ==ν , then 4/αβ = ; the case of 0=β  is possible since 121 ==ννν  is ot 

llowed. 

The singularity exponents 

n

a  

λ , with restriction ( ) 1Re 0 ≤≤ λ , are the root of the 

quation et =M .   After algebraic calculation (Bogy 1971), the determinant e d ( ) 0 ( )Mdet  

can be expressed in the following: 

   
( ) ( ) ( )

( ) ( 1211
2

1098
2

7

2
65

2
4

3
32

4
1 ...det

cccccc

ccccccM

++++++

+++++=

ααβαα

βααβαβ

)  (2.53) 

here w

 
( ) ( ) ( ) ( )( )[ ] ( )[ ]

( )[ ] ( )( )[ ] ( )[ ]{ }11sin1sin1sin1222

...1sin21sinsin14sin14,
2222

222244
1

−−+−−−−−+

−−−−−−−−=

ωλωπλωλ

πλωπλωλωλωλc
 

( ) ( ) ( ) ( )( )[ ] ( )[ ]{ }ωλωπλωλωλωλ 1sin1sinsin12sin14, 222222
2 −+−−+−−−=c   

( ) 23 , cc =ωλ   

 ( ) ( ) ( )( )[ ]ωπλωλωλ 21sinsin14,4 −−+−=c  

 ( ) ( )[ ]

244

( ) ( )( )[ ]
( )[ ]

2
11sin

...1sinsin14
sin1212, 22 ⎪

⎨
⎧−

−−= ωλωλc
2

222

5 +
⎪⎭

⎪
⎬
⎫

⎪⎩ −−+

−−+−

ωλ

ωπλωλ
 

 
( ) ( ) ( )( )[ ] ( )[ ]{ }

( )[ ] ( )( )[ ] ( )[ ]{ }11sin1sin1sin122

...1sin121sinsin14,
2222

2244
6

−−+−−−−+

−−−−−+−=

ωλωπλωλ

πλωπλωλωλc
 

( ) ( ) ( )[ ]ωλωλωλ 2222
7 sin121sin14, −−−=c   
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 ( ) ( ) ( ) ( )( )[ ] ( )[ ]{ }ωλπλωλωλωλ n1sinsin122sin14, 222222
8 −−−−−−−−=c

( ) ( )

ω 1si  

 ( )( )[ ] ( )[ ]{ }ωλωπλωλλ 4, 2=ω 1sin1sin1sin1 222
9 −−−−−−c  

 ( ) ( ) ( ) ( )( )[ ] 121sinsin14sin14, 22244
10 +−−−−−−= ωπλωλωλωλc  

( ) ( )[ ] ( )( )[ ] ( )[ ]{ }11sin1sin1sin122, 2222 11

 ( ) ( )[ ]πλλ 1sin112 −−=c  

Implementing the above equations in Matlab code, the eigenvalues and the associated 

eigenvectors can be obtained numerically.  

 

2.8 Appendix B: Determination of coefficients b , b , b , b , 

 We solve four boundary value problems sketched in Figure 2-12 and Figure 2-13, 

using the finite element code ABAQUS 6.5.  Plane strain conditions are assumed, and 

Poisson’s ratios of both materials are set to be 0.5 so th

−−+−−−−= ωλωπλωλωλc  

, , and 

,  at

2

11 12 21 22

11c 12c 21c 22c  

 0=β .  The stress intensity 

factors of the primary crack,  and , are obtained by fitting Equation (2.6) with the 

tresses calculated for problems in Figure 2-12, along 

1k 2k

s ωθ =  within .   

or the problems in Figure 2-13, the size of the penetrating crack a is set to be R/1000. 

he stress intensity factors of the penetrating crack, , are read from the outputs 

f contour integrals.  Two kinds of loading conditions (biaxial tension and pair-force 

stretch) give out two sets of ( , ) and ( ).  These stress intensity factors, along 

with the linear relations (2.10) and (2.11), allo  us to solve the coefficients 

23 10/10 −− << Rr

F

p
IK , p

IIKT

o

1k 2k p
IK , p

IIK

w 11b , 12b , 21b  
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and 22b .  Similarly, we use the finite element code to solve the boundary value problems 

in Figure 2-12 and Figure 2-14, which allow us to determine the coefficients , 

and  in (2.13) and (2.14).  

 

 

 

 

 

 

Figure 2-12:The geometry and loading conditions for the primary crack.  (a) Biaxial 

tension.  (b) Stretch by a pair of forces.    

 

11c 12c , 

21c 22c
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Figure 2-13:The two loading cases for the primary crack to penetrate across the interface.   

(a) Biaxial tension.  (b) Stretch by a pair of forces.   

 

 

Figure 2-14:The two loading cases for the primary crack to deflect and debond the 

interface.    (a) Biaxial tension.  (b) Stretch by a pair of forces.  
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Chapter 3 Dislocation Injection from Sharp 

Features in Strained Silicon Structures  

 

   The mobility of charge carriers in silicon can be significantly increased when 

silicon is subject to a field of strain.  However, a microelectronic device usually contains 

sharp features, e.g., edges and corners, which may intensify stresses, inject dislocations 

into silicon, and ultimately fail the device.  The stress field at an edge is singular, and is 

often a linear superposition of two modes of different exponents. We characterize the 

relative contribution of the two modes by a mode angle, and determine the critical slip 

systems as the amplitude of the load increases.  We calculate the critical residual stress in 

a thin-film stripe bonded on a silicon substrate.  

 The material system of SiN/silicon is a commonly adopted structure in 

semiconductor industry to manufacture strained silicon. For this specific material 

combination, we simplify the singular stress field to a single mode, and therefore, 

simplify the criterion of dislocation injection. In addition, we interpret available 

experiments of SiN pads on silicon substrates.  
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3.1 Introduction 

 Stresses inevitably arise in a microelectronic device due to mismatch in 

coefficients of thermal expansion, mismatch in lattice constants, and growth of materials.  

Moreover, in the technology of strained silicon devices, stresses have been deliberately 

introduced to increase mobility of electrons and holes; see Ieong et al. (2004) for a review.  

The strains, however, may cause mechanical failure.  In particular, the devices usually 

contain sharp features like edges and corners, which may intensify stresses, inject 

dislocations into silicon, and fail the device (Dellith et al., 1996; Miyake and Takahashi, 

1997).  On the basis of singular stress fields near the sharp features, this chapter describes 

a method to predict conditions under which such sharp features do not emit dislocations 

(Zhang et al., 2006; Liu et al., 1999; Zhang and Suo, 2007).  

 We illustrate the method using an idealized structure shown in Figure 3-1.  A 

blanket film, of thickness h and residual stress σ , is grown on the (001) surface of a 

single-crystal silicon substrate.  The film is then patterned into a stripe of width L, with 

the side surfaces parallel to the )110(  plane of silicon.  When the film covers the entire 

surface of the substrate, the film is in a state of uniform stress, and the substrate is stress-

free.  When the film is patterned into a stripe, a field of stress builds up in the substrate, 

and concentrates at the root of each edge. It is this concentrated stress that injects 

dislocations into silicon substrate.  
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Figure 3-1:(a) A blanket thin film, of thickness h and residual stressσ , is grown on the 

(001) surface of a single-crystal silicon substrate.  The film is then patterned into a stripe 

of width L, with the side surfaces parallel to the )110(  plane of silicon.  (b) The pyramid 

shows the crystal orientation.  (c) Slip systems.  
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 Early models of the stress field near an edge of a film have been reviewed in Hu 

(1991) and Jain et al. (1996).  One model, for example, replaces the edge with a 

concentrated force acting on the surface of the substrate (Hu, 1978; Isomae, 1981; 

Vanhellemont et al., 1987a).  Not surprisingly, the resulting stress field is inaccurate at a 

distance smaller than the film thickness, as demonstrated by a finite element analysis 

(Schwarz and Chidambarrao, 1999).  

 We will study the stress field using a method developed by Williams (1952), 

Bogy (1971) and others.  The method has also been used to analyze the nucleation of a 

misfit dislocation from the edge of an epitaxial island (Johnson and Freund, 1997).   

 The structure in Figure 3-1 is similar to those studied in Kammler et al. (2005), 

Hu (1978, 1979, 1991), Isomae (1981), Vanhellemont et al (1987a, 1987b, 1988), Jain et 

al (1996), and Schwarz and Chidambarrao (1999).  Here we use a long stripe, rather than 

a square pad, so that we can focus on the essentials of the method without the 

complication of three-dimensional corners of the pad.  The latter will be considered 

elsewhere.   

 This chapter will examine a specific aspect: split singularities.  It is well known 

that, at the tip of a crack in a homogeneous elastic material, under the plane strain 

conditions, the singular stress field is a linear superposition of two modes, the tensile 

mode and the shearing mode, both modes having the exponent of ½.  More generally, at 

the tip of bonded wedges of dissimilar materials, the singular stress field may still consist 

of two modes, but usually of unequal exponents, either a pair of complex conjugates, or 

two unequal real numbers (Akisanya and Fleck, 1997; Mohammed and Liechti, 2000; 

Reedy, 2000; Labossiere et al., 2002; Zhang and Suo, 2007).  The case of complex-
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conjugate exponents has been extensively discussed within the context of a crack lying 

on a bimaterial interface (e.g., Rice, 1988).  The present chapter will focus on the case 

that the two modes have unequal real exponents.  That is, a stronger and a weaker 

singularity coexist.  It has been shown that both singularities can be important in causing 

failure (Liu et al., 1999; Labossiere et al., 2002; Zhang and Suo, 2007).  Section 3.2 will 

describe the linear superposition of two modes of singular stress fields.  Section 3.3 will 

investigate which slip systems will be activated.  Section 3.4 will calculate the critical 

residual stress in the thin-film stripe for injecting dislocations into the silicon substrate.  

Section 3.5 will consider the specific material system of SiN/silicon.  The concluding 

remarks are given in Section 3.6. 

 

3.2 Split singularities and measure of mode mixity  

 The inset of Figure 3-2 illustrates an edge of the thin film bonded on the substrate, 

along with a system of polar coordinates ( )zr ,,θ .  In this view focused on the root of the 

edge, the film takes the quarter space, 00 900 ≤≤ , and the substrate takes the half space, 

.  The two materials are bonded along the interface, 00=θ .  Both 

materials are taken to be elastic and isotropic.  For problems of this type,  Dundurs (1969)

θ

00 0180 ≤≤− θ

 

showed that the stress field depends on elastic constants through two dimensionless 

arameters: 

 

p

( ) ( )
( ) ( )fssf νµνµ

fssf νµνµ
α

−+−
−−−

=
11

.  (3.1) 

 

11

( ) ( )
( ) ( ) ⎥

⎥
⎦⎢

⎢
⎣ −+−

=
fssf

f

νµνµ
ν

β
112

.  (3.2) 
⎤⎡ −−− ssf µνµ 21211
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where µ  is the shear modulus, and ν  Poisson’s ratio.  The subscripts f and s refer to the 

film and the silicon substrate, respectively.  By requir 5.0≤ing 0 ≤ν  and 0>µ , t e h

eters are confined within a parallelogram in the Dundurs param ( )βα ,  plane, with 

ertices at ( )0,1 , ( )5.0,1 , ( )0,1−  and ( )5.0,1 −− .   v

 

 

 

Figure 3-2:The inset shows the root of an edge of a thin film bonded on a substrate.  

Contours of the singular exponents are plotted on the plane of the Dundurs parameters 

(α , β ).  The parallelogram is divided into two regions by a dark curve. In the lower-left 

region, the exponents are two unequal real numbers, with the larger one labeled 

horizontally and the smaller one labeled vertically. In the upper-right region, the 

exponents are a pair of complex conjugates, with real part depicted by solid lines and 

labeled ho
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 For a singular field around the root of the edge, each component of the stress 

tensor, say θθσ , takes the form of λ
θθσ −r~ .  This singular stress field is determined by 

 eigenvalue problem, resulting in a transcendental equation that determines the an

exponent λ  (Williams, 1952; Bogy, 1971; Liu et al., 1999).  The exponent is restricted as 

( ) 1Re0 << λ , a restriction commonly adopted, with justifications critiqued in Hui and 

Ruina (1995) and Dunn et al. (2001).  For the specific geometry illustrated in the inset, 

Figure 3-2 plots the contours of the exponents on the ( )βα ,  plane.  The parallelogram is 

divided into two regions by a dark curve.  In the lower-left region, the exponents are two 

unequal real numbers, one stronger ( 1λ ) and the other weaker ( 2λ ). The values for 1λ  are 

ontally, and those for 2labeled horiz λ  are labeled vertically.  In the whole region, 

5.012 ≤< λλ .  In the upper-right region, the exponents are a pair of complex conjugates, 

εξλ i±= . The real part is depicted by solid lines and labeled horizontally, while the 2,1

imaginary part is depicted by dashed lines and labeled vertically.  At each point o  the 

boundary (i.e., the dark curve), the two exponents degenerate to one number:  when the 

point is approached from a region of real real exponents become 

identical; when the point is approached from a lex-conjugate exponents, 

the imaginary part vanishes.  When 

n

 exponents, the two 

 region of comp

1=α , i.e, the film is rigid, the singularity exponents 

e as those fo terfacial crack, are the sam r an in ελ i±= 5.02,1 , with 

)( ) ([ ]ββπε +−= 1/1ln)2/(1  (Lu et al., 2007).  

constants, i.e., when 

 As noted in Liu et al. (1999), when the two materials have similar elastic 

0== βα , the two modes of singular fields can be interpreted 

readily.  In this case, the line bisecting the angle of the wedge is a line of symmetry.  The 
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stronger mode corresponds to a stress field symmetric about this line (i.e., the tensile 

mode).  The weaker mode corresponds to a stress field anti-symmetric about this line (i.e., 

e she

m reted in such

ill use

th aring mode).  When the two materials have dissimilar elastic constants, however, 

the symmetry is broken, and the two modes ay not be interp  a simple way. 

 Following a common practice, in this chapter we w  α  to represent the 

astic el mismatch, and neglect the effect of β  by setting 0=β .  When 0=β , the 

exponents are two unequal real numbers, regardless the values of α .   

 We next paraphrase several fundamental ideas in fracture mechanics (Lawn, 

ot of the 

ition  tw

1993).  Once we retain the two unequal exponents, the stress field around the ro

edge is a linear superpos of the o modes: 

  ( )
( )

( )
( )

( )θθθσ λλ
2211

21
, ijijij

kkr Σ+Σ= . (3.3) 
ππ 22 rr

The angular functions  and ( )θ1
ijΣ ( )θ2

ijΣ  are normalized such that , and ( ) ( ) 100 21 =Σ=Σ θθ rr

their full expressions are listed in Section 3.7 in this chapter.  The stress intensity factors, 

1k  and 2k , are determined by the external boundary conditions, as described in Section 

3.4.   

 The actual stress field around the root deviates from Eq.(3.3) within a zone, 

known as the process zone, because materials deform inelastically and because the root is 

not perfectly sharp.  We are interested in a conservative condition for dislocations to be 

emitted, and assume that the root is atomistically sharp.  Let Λ  be the size of the process 

zone, within which the singular stress field (3.3) is invalid.  Also, the singular stress field 

(3.3) is invalid at size scale h , where the extern  boundaral  conditions will change the 

aller than the

y

stress distribution.  However, provided the process zone is significantly sm  
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macroscopic length, h<<Λ , the singular stress field (3.3) prevails within an annulus, 

annu Λ  aknown as the k- me radii bounded between lus, of so nd h.  

e

 r

 The two parameters, 1k  and 2k , have differ nt dimensions, ( )( ) 1lengthstress λ  and 

( )( ) 2lengthstress λ , espectively.  We introduce a convention by writing 

 ψλ cos1
1 Λ= Sk ,      ψλ sin2

2 Λ= Sk .  (3.4) 

This convention is illustrated in Figure 3-3.  Here S  and ψ  characteriz s te he stress field 

t lenga th scale Λ , with S characterizing the amplitude of the stress field, and ψ  

characterizing the relative contribution of the two modes.  Since both  and  can be 1k 2k

either positive or negative, the mode angle can be in the entire range of .  

 The microscopic process of dislocation em  within the process zone, 

but is driven by the stress field (3.3) in the k-annulus. Dislocations emit from the root 

 

03600 <≤ψ

ission occurs

when the amplitude S   reaches a critical value , namely, cS

( ) ( )ψψ cSS = .    (3.5) 

mplitude  and the mode angle The a S ψ  are determined by the external boundary 

conditions, by solving a boundary value problem of linear elasticity.  The critical 

condition ( )ψcS  is determined either by experimental measurement or by computation 

from a microscopic model of the emission process. 
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Figure 3-3:The graphical representation of the amplitude S and the mode angle ψ .  

 

elve slip systems in silicon are depicted in Figure 3-1(c) graphically and 

3.3 Selection of critical slip system 

 The tw

listed in Table 3-1.  Given a mode angle, ψ , as the amplitude S  increases, s  slip ome

following procedure.  For each slip system use the stress field (3.3) to calculate the 

 sh

systems will activate earlier than others.  We select the critical slip systems by the 

, we 

resolved ear stress at distance Λ=r .  The slip system with the maximum resultant 

be the Burgers vector.  Under a general state of stress

shear stress is taken to be the critical slip system.  

 For a given slip system, let n  be the unit vector normal to the slip plane, and b  i j

 ijσ , the resolved shear stress on the 

slip system is 

 bbn jiijnb /στ = .  (3.6) 

A combination of (3.3), (3.4) and (3.6) gives the resolved shear stress at the distance 

Λ=r  by 
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( )
( )

( )
 

( ) bbS 21 22 λλ ππ

a , of the resolved 

 range of the is a 

bnbn jiijjiijnb sincos
21 θ

ψ
θ

ψτ Σ
+

Σ
= . (3.7) 

Because this procedure only invokes the m gnitude, not the direction

shear stress, a simultaneous change in the sign of the two stress intensity factors 1k  and 

2k  will not change the condition of dislocation emission.  Consequently, we can restrict 

 mode angle to 9090 ≤≤− ψ .  Indeed, the right-hand side of (3 ) the  00 .7

function of ψ  with a period of 0180 .  

 n inspection of Figure 3-1 shows that the slip systems A ( )[ ]1011112
1  and 

( )[ ]1011112
1  are of zero resolved shear stress.  The slip systems ( )[ ]1101112

1  and 

( )[ ]1011111  are of identical resolved shear stress and with fixed polar angle 2

. Other similar pairs of slip systems are listed in Table 3-1.  By contrast, the 

 shear stress for slip systems 

026.125−=θ

resolved ( )[ ]110111 ( )[ ]1101112
1  and 2

1  is a function of polar 

angle θ .  As an example, in Figure 3-4(a), the resolved shear stress is plotted as a 

function of θ  for 0=ψ  and 5.0=α .  The polar angle  corresponding to the 

maximum resolved shear stress is selected as the critical here the potential 

dislocation is nucleated.  In Figure 3-4(b), the critical polar an in the loading range 

is plotted fo

∗θ

 angle w

gle ∗θ  

00 9090 ≤≤− ψ  r 5.0=α .  This procedure can be repeated for all values of 

α . 

 For 5.0=α , Figure 3-5(a) plots the resolved shear stresses as a function of the 

mode angle ψ  for all twelve slip systems.  The slip system with largest resolved shear 

stress is the potential slip system on which dislocations are firstly injected.  The slip 

systems so selected are marked as the critical slip system for the whole range value of 
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00 9090 ≤≤− ψ .  Obviously, different slip systems can be activated for different values 

of mode angle ψ .  Similarly, the cri for any m er 

any mode angle can be selected, such as shown in Figure 3-5(b) for 

tical slip systems aterial combination und

0=α  and in Figure 

3-5(c) for = 5.0−α .  

 

Table 3-1:The twelve slip systems and the corresponding critical polar angles are listed.  

Slip plane,  n Slip direction, b Critical polar angle, θ*

 
]101[

_
 

o26.125−  

)111(  ]110[
_

 

 

o26.125−  

 
]101[

_ o26.125−  

 
]011[  

*Figure 3-4 

)111(
_

 ]1
_

10[  

 

o26.125−  

 
]110[  74.54−  

]101[  

__ o

_ o74.54−  

)111(
__ __ o74.54−  

 
  

 *Figure 3-4 

]110[

]101[
__

 
o74.54−  

]011[  

)111(
_

 ]101[
__

 
o74.54−  

 
]101[

_
 

o26.125−  

*For slip systems  ( )[ ]1101112
1  and ( )[ ]1101112

1 , the critical polar angle, i.e. the polar 

angle for which the resolved shear stress has a maximum, depends on the mode angle. 

This dependence is depicted in Figure 3-4.  
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Figure 3-4:The normalized resolved shear stress for slip systems ( )[ ]1101112
1  and 

( )[ ]1101112
1  is a function of the polar angle θ .  As an example, in (a), the normalized 

shear stress is plotted as a function of θ.  Th  polar angle ∗θ  corresponding to maximum 

resolved shear stress is selected and marked by “

e

× ” as the critical angle where the 

potential dislocation is nucleated.  In (b), all he critical po ar angle ∗θ  in nge  t l the ra

ψ  is plotted for 00 9090 ≤≤− 5.0=α .  
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Figure 3-5:Normalized resolved shear stresses are plotted as a function of mode angle for 

all of the twelve slip systems.  The slip system with largest resolved shear stress is the 

potential slip system on which the dislocation is firstly injected, so those slip systems are 

selected and marked for the whole range of the mode angle, 0909 ≤−  (a) 00 ≤ψ . 

5.0=α   (b) 0=α   (c) 5.0−=α .  
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3.4 Critical condition for dislocation injection  

 The stress field around the root of the edge is described by Eq.(3.3). Linearity and 

dimensional consideration dictate that the stress intensity factors  and  should take 

the form  

1k 2k

 ( ) ( )ασασ λλ ,/,,/ 2211
21 hLfhkhLfh ==  k (3.8) 

where the dimensionless functions ( )α,/1 hLf and  ( )α,/ hLf  are determined as follows.  

We calculate the full stress field in the structure by using the finite element package 

ABAQUS6.6, then fit the interfacial shear stress close to the root, say 10 , 

to the equation 

2

−− << hr

  

23 10/

( )
( ) ( ) 21 22 λλ ππ rr

with 1k  and 2k  as fitting parameters.  The two functions so calculated are plotted in 

Figure 3-6.  The trend is understood as follows.  Although the stress field intensifies at 

the root, the side surface of the stripe is traction-free.  When the stripe is very narrow, 

0/ →hL , the stress in the stripe is almost fully relaxed.  When the stripe is very wide, 

∞→h/ , the stre

0 21
θ θσ kk

r +== ,   (3.9) 

ss field near one edge of the stripe no longer feels the presence of the 

A

L

other edge, so 1f  and 2f  attain plateaus. 

  combination of (3.4) and (3.8) gives the mode angle ψ  as 

 
21

tan
λλ −

⎟
⎞   

1

2ψ
⎠

⎜
⎝
⎛ Λ

=
hf

f (3.10) 

Obviously, ψη tan=  is the mode mixity defined in Chapter 2.  
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Figure 3-6:The normalized stress intensity factors, f1 and f2, are plotted as a function of 

the aspect ratio, h/ , of the stripe on the silicon substrateL .  

 

 Take the typical value of film thickness 100=h nm, and take the process zone 

size  to be the Burgers vector in silicon Λ 383.0=b nm.  Figure 3-7 plots the mode angle 

ψ  as a function of the Dundurs parameter α  for aspect ratio of the stripe  2/, =hL  and 

20.  We observe that for the values of 0<α , i.e. when the film is more compliant than 

the substrate, both the elastic mismatch and the aspect ratio have negligible effects on the 

mode angle ψ , and the weaker singular term in Eq.(3.3) is negligible, so that the singular 

stress field (3.3) can be simplified to the single mode.  However, for positive values of α , 

i.e., when the film is stiffer than the substrate, the mode angle ψ  increases very fast, and 

both singular terms in (3.3) should be taken into account. 

 We now calculate the critical residual stress in the thin-film stripe to inject 

dislocations into silicon.  We assume that the critical condition is reached when the the 
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maximum resolved shear stress reaches the theoretical shear strength at distance br = .  

The theoretical shear strength is es imated by t µτ 2.0=th , where µ  is the shear modulus 

of silicon (Hirth and Lothe, 1992).  Setting ( ) thnb b ττ = , a combination of Eqs. (3.3  

on between the critical residual stress and the feature s

 

), (3.6)

and (3.8) gives a scaling relati izes: 

( )
( )

( )
( )

1
21 21

2.0

−

⎪⎫⎪⎧
⎥
⎤

⎢
⎡ Σ

⎟
⎞

⎜
⎛+

Σ
⎟
⎞

⎜
⎛=

bn
fhfh jiijijc

λλ θθσ . (3.11) 21 21 22 ⎪⎭
⎬

⎪⎩
⎨

⎥⎦⎢⎣ ⎠⎝⎠⎝ bbb λλ ππµ

Figures 3-5 and 3-7 show that the critical slip systems are ( )[ ]1011112
1  and ( )[ ]1101112

1 .  

In Figure 3-8, we plot the normalized critical stresses as a function of the aspect ratio L/h 

for Dundurs 5.0=α , 0, -0.5.  A plateau is reached for large values of the aspect ratio L/h. 

When the aspect ratio is decreased, the critical stress will drastically improve, implying 

the fact that a narrow stripe might not inject dislocations into the silicon substrate, while a 

wide stripe could inject dislocations.  Also evident is that the critical stress increases as 

the film becomes stiffer.  This is because the same level of residual stress in a stiff film 

ill induce a low level of stress if the substrate is relatively compliant.   

 

w
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Figure 3-7:Mode angle ψ  is plotted as a function of Dundurs parameterα  for aspect 

ratio of the stripe,  and 20.  2/ =hL
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Figure 3-8:Normalized critical stresses are plotted as a function of the aspect ratio L/h for 

Dundurs parameter 5.0=α , 0, -0.5.   
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3.5 SiN/silicon system 

 In semiconductor industry, SiN films are typically used as a “stressor” to apply 

strain in silicon to increase the mobility of electrons and holes (Hu, 1978; Isomae, 1981; 

Vanhellemont et al., 1987; Jain et al., 1999; Schwarz and Chidambarrao, 1999; Kammler 

et al., 2005).  In this section, we will investigate the special aspects for the material 

system of SiN/silicon. 

3.5.1 Single mode dominance  

 The SiN stripe is of shear modulus 54.3GPa and Poisson’s ratio 0.27.  The silicon 

substrate is of shear modulus 68.1GPa and Poisson’s ratio 0.22.  Both materials are taken 

to be isotropic since anisotropy in the elasticity of silicon plays little role in the singular 

stress field (Suwito et al., 1999).  The elastic mismatch is small, 0079.0 ≈−=α . The 

singularity exponents are .01 4514=λ  and 0752.02 =λ .  Still takin nm and 

383.0=b nm, from Figure 3-7, we obtain that 02.0=

g 100=h

ψ  for 20/ =hL , and 027.1=ψ  for 

2/ =hL .  Evidently, in this case the weaker singularity makes negligible contribution.  

From Figure 3-5(b), we identify the critical s are  slip system ( )[ ]1011112
1  and ( )[ ]1101112

1 .  

  

 Hence, the stress field around the root takes the form  

( )
( )

( )θ
π λr2

with 4514.0=

θσ ijij r Σ=, .  (3.12) k

λ .  The corresponding angular functions are listed in Section 3.7 in this 

chapter, with the coefficients in silicon substrate to be 9874.0=A , 3534.0=B , 

6503.0−=C , and 8348.1=D .  The quantity k  is known as the stress  

inearity and dimensio the form  

 intensity factor. 

L nal consideration dictate that k should take 
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 ( )hLfhk /λσ= .  (3.13) 

The stress intensity fa tor scales with the residual stress c σ  and with λh ; the 

dimensionl )hL /  is determined by fitting the interfacial shear stress close 

to the roo

ess function f

t, say , the same as in Section 3.4 except that the fitted 

with as the single fitting parameter. The resulting normalized value of k is plotted in 

Figure 3-9 as a function of the aspect ratio of the stripe.  The trend is the same as in 

Figure 3-6 and the magnitude is similar to  for the case of 

 (

 23 10/10 −− << hr

equation becomes: 

 ( )λ .  (3.14) θ πσ rkr 2/=

k  

1f 0=α .  

 

 

Figure 3-9:The normalized stress intensity factor, 

 

( )λσ hk / , is shown as a function of the 

aspect ratio, , of the nitride stripe.   

 

hL /

0 5 10 15 20 25 30
0

0.1

0.2

0.3

0.4

0.5

 Aspect ratio of SiN stripe,  L / h

 N
or

m
al

iz
ed

 s
tr

es
s 

in
te

ns
ity

 fa
ct

or
,  

 k
 / 

( 
σ 

hλ ) 

  76



 

3.5.2 Criterion of dislocation injection  

 We now paraphrase a fundamental idea in fracture mechanics (Lawn, 1993). The 

overall loading is set by the residual stress and the geometry of the stripe, while the 

atomic process of emitting dislocations occurs within the process zone.  The effect of the 

overall loading on the atomic process is characterized by a single parameter:  the stress 

intensity factor k.  Consequently, dislocations are emitted from the root when the stress 

intensity factor reaches a critical value,  

 = .  (3.15) k ck

The value of ck  is a constant specific to the materials and the wedge angle (900 in this 

section), but is independent of loading (e.g., the residual stress) and overall geometry 

(e.g., the thickness and the width of the stripe).     

 Upon setting k =  in Eq. (3.13), we note that the critical condition for the root to 

emit dislocations depends on the residue stress 

ck

σ  and the feature sizes h and L.  For a 

given deposition process, the magnitude of the residual stress in the blanket film, σ , is 

fixed. According to Eq. (3.13), it is more likely for the root to emit dislocations when the 

stripe is thicker and wider.   

 Emitting a dislocation is a thermally-activated atomic process, an analysis of 

which is beyond the scope of this letter.  A crude estimate of , however, can be made 

by letting the resolved shear stres

ck

s nbτ  at distance br = , calculated from Eq. (3.12), 

equal the theoretical shear strength thτ .  For a given slip system with the Burgers vector 

and the unit normal vector of the slip plane, under a general state of stress ib  in  ijσ , the 

resolved shear stress is bbn jiijnb /στ = .  Of the twelve slip systems in Figure 3-1(c), the 
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two systems ( )[ ]1011112
1  and ( )[ ]1101112

1  are found to have the largest resolved shear 

 )

stress, given by  

( )
(

( ) 030cosθ
π

τ θλ rnb r
kr Σ= .   (3.16) 

For the 

2

( )111  plane, 027.125−=θ , giving 0317.1−=Σ θr . 

The theoretical shear strength can be estimated by µτ 2.0=th , where µ  is the 

shear modulus of silicon. Setting ( ) thnb b ττ = , we obtain that an esti te of the critical 

ress int

stable by any specific atomic process of emitting a dislocation.  

5.3 

17) gives a scaling relation between the 

ritical stress and the featu

ma

st ensity factor:  

 λµbkc 5.0= .  (3.17) 

We may as well view Eq. (3.17) as a result of a dimensional analysis, leaving the pre-

factor adju

 

3. Experimental observations 

 A combination of Eqs. (3.13) and (3.

c re sizes: 

 ( )
λµσ ⎟

⎠
⎞

⎜
⎝
⎛=

h
b

hLfc /
5.0 .  (3.18) 

From Figure 3-9, when the aspect rat o of the Si pe varies from 1i 3N4 stri  to ∞ ,  the 

function ( )hLf /  varies in the range 0~2.0 48.=f aking 1.68.  T =µ  GPa, 83.3=b Å 

and 1=h µm, the c iticr al residue stress varies in the range GPa03.2~GPa9.4=cσ .  If 

ever, the critical stress varies in the range100=h nm, how  GPa75.5~GPa8.13=cσ . 

In an experiment by Kammler et al (2005), a Si3N4 film, of thickness 500 nm and 
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residual stress 6 GPa, was grown on a silicon substrate, and was then patterned into large 

( m01m01 µµ × ) and small ( m1m1 µµ × ) square pads.  Kammler et al showed that 

dislocations emitted from the large pads, but not from the small ones [experimental 

picture is shown in Figure 3-10(a)].  According to our Eq. (3.18), the critical stresses for 

the two cases are 2.8 GPa and 5.0 GPa, respectively. 

 Isomae (1981) reported that dislocations emitted from the edges of a mm3mm3 ×  

Si3N4 pads of thickness 200 nm under residual stress 0.92 GPa.  The critical residual 

stress predicted from Eq. (3.18) is 4.2 GPa.  Isomae also observed that dislocations 

injected into the region of the substrate not covered by the pad [experimental picture is 

shown in Figure 3-10(b)], and noted that this observation was inconsistent with the 

concentrated-force model, which predicted that dislocations were equally likely to be 

emitted on both (111) and ( )111  planes.  We note that this experimental observation is 

consistent with the analysis our model.  Indeed, the shear st ress on the ( )111  pl nea  is 

only 0.26 times that on the (111) plane, since for the ( )111  plane, 073.54−=θ , giving 

266.0−=Σ .  

recognize that the good agreement with some of the experimental observations may be 

fortuitous.  Our procedure to estimate k  is crude, and can be improved by using more 

θr

Our model predicts correct trends and orders of magnitude.  However, we 

advanced model such as those due to Rice (1992) and others.  We also note two effects 

ctions:  thermal activation will decrease the value of , while 

blunt edge roots will increase the value of .  

 

c

ck

 ck

that can act in opposite dire

  79



 

(a) 

(b) 

 

Figure 3-10:Experimental observations of dislocation injection. (a) Kammler et al. 

(2005)  (b) Isomae (1981).  
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   We should also remark that, given the uncertainty in the sharpness of the edge 

root in an actual structure, the value of ck  may have a statistical distribution.  One may as 

well forego the unreliable theoretical estimate of , and simply use the experiments, 

such as those described above, as a means to determine the value of  and its statistical 

distribution.  The approach is analogous to that of experimental determination of fracture 

toughness.  Once the statistical distribution of is determined by using samples of one 

set of 

ck

ck

ck  

σ , h and L, one can predict the statistical distribution of critical values of σ , h and 

L by using Eq. (3.13).  The procedure is analogous to a procedure to evaluate failure 

statistics of interconnects due to electromigration (He et al., 2004). 

 

3.5.4 Comparison with the results by cohesive zone model  

 The dislocation emission from a sharp edge can also be considered under Peierls-

Nabarro framework (Peierls, 1940; Nabarro, 1947), the same idea as Rice (1992) dealt 

with dislocation emission from a crack tip. That is, a periodic relation is assumed to hold 

between shear stress and sliding displacement along a crystal slip plane emanating from 

the edge, and a solution is then derived for the critical residue stress that corresponds to 

dislocation nucleation.  As we find out in the pervious sections, the slip sy s stem

( )[ ]1011112
1  and ( )[ ]1101111  are most critical, and the resolved shear stress is given by 

Eq.(3.16). As depicted in Figure 3-11, the simplest periodic relation is Frenkel (1926) 

sinusoidal function:  

2

 ⎟
⎠

⎜
⎝

=
bdnb π

sin
2

  (3.19) ⎞⎛τ 2b πδµ
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where µ  is the shear modulus, b  the Burger’s vector, d  the spacing of ( )111  planes, and 

δ  the sliding displacement (or slip) of one atomic plane relative to another at the slip 

rface.  The amplitude is selected such that Eq.(3.19) is reduced to linear elastic relation 

dnb /

su

µδτ =  for small deformation. Hence, the cohesive energy γ  is the area under the 

m 0 to  i.e.c ,  urve fro 2/b ,

( ) ( )db 22 2/ πµγ = .  (3.20) 

easures of relative atomic slip in 

ear direction.  (b) Cohesive zone models are used.  

 

 

(a) 

(b) 

 

Figure 3-11:(a) Schematic of lattice, showing the m

sh
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 As pointed out in Suo, Ho and Gong (1993), the shape of cohesive zone model is 

not important, and what matter are the amplitude and the cohesive energy under the c e. 

In addition, for such a dislocation nucleation problem, the shear stress nb

urv  

τ  has to 

overcome the shear strength thτ and the relative sliding δ  has to attai  half of Burger’s 

vector 2/b , then a full dislocation is nucleated.  Hence, in ord

n

er to easily im ent in plem

FEM calculation in ABAQUS6.6, we adopt a triangular shape with height 

( )dbth πµτ 2/=  and width 2/b , as shown in Figure 3-11. Hence, the cohesive energy 

e

 

becom s  

( ) ( )2

 Figure 3-12 shows the close-up of finite element mesh 

db πµγ 8/= .  (3.21) 

which is quite close to Eq.(3.20) based on Frenkel’s relation.  

around the corner used in 

calculation. The slip plane (111) is modeled as thin layer with thickness of the lattice 

spacing, bd 3
2= , by cohesive element COH2D4 in green color, and the rest parts by )111(

plane strain element CPE4I, SiN in pink and silicon in white.   

 The numerical results are presented in Figure 3-13, in which the normalized 

critical residue stress is plotted as a function of aspect ratio.  Two curves, one based on 

singular stress analysis, the other based on cohesive zone model, show the same trend and 

are quite close to each other with reasonable discrepancy.  Hence, we verify the singular 

stress analysis in some sense. Dislocation nucleation is the behavior at atomic level, 

while the cohesive zone model is based on continuum mechanics.  The singular stress 

analysis is also from continuum mechanics.  They both give correct results with 

reasonable error.  

 Note that in FEM, a cohesive element is deleted automatically even if this element 
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fails only in shearing direction.  That is, it not only loses the ability to sustain shear stress, 

ut also the normal stress. Once the cohesive element breaks, it cannot be used to model 

. 

he slip plane (111) is modeled as thin layer with thickness of the lattice spacing, 

by cohesive element COH2D4, in green color, and the rest parts by solid plane strain 

element CPE4I, SiN in pink and silicon in white.  The inset shows the whole structure.  

 

b

dislocation any more.   

 

 

 

Figure 3-12:The close-up of finite element mesh around the corner used in calculation

)111(d , T
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Figure 3-13:The normalized critical stresses, µσ /c , calculated using a finite element 

method based on both stress intensity factor and cohesive zone model, are shown as a 

function of the aspect ratio, h/ , of the nitride stripeL .  

 

3.5.5 Spacing effect in periodic structure 

 In practice, the SiN stripes or pads are periodically patterned on silicon, so the 

spacing effect on dislocation injection from sharp features deserves attention.  As in 

Figure 3-14, the SiN stripes with residue stress σ , of width L and thickness h, are 

periodically patterned with spacing S.  Consider one of the corners, the stress field around 

the corner root is the same as Eq. (3.12), but with the stress intensity factor, , to be  k

  ( )hShLfhk /,/λσ= . (3.22) 

where 0= 4514.λ .   

 The resulting value of ( ) ( )λσhkhShLf //,/ =  is plotted in Figure 3-15 as a 

function of the ratio of spacing to thickness of the stripe for different aspect ratios L/h=2 
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and 20.  The effect of spacing is quite small for both the large stripe pattern (L/h=20) and 

the small one (L/h=2), except that the spacing becomes too small, say hS ≤ .  But the 

effect of aspect ratio (L/h) is quite obvious, as shown by the difference between two 

curves in Figure 3-15, which is consistent with the conclusion in the above subse

 

ctions.    

 

 

Figure 3-14: The SiN stripes are periodically patterned with spacing S.     
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Figure 3-15:The dimensionless function, ( )hShLf /,/ , is shown as a function of the 

ratio of spacing to thickness, h/ , of the nitride stripe f 2S or / =hL .    and 20
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3.6 Summary  

 In summary, we have described a method to analyze dislocations emission from 

sharp features in strained silicon structures based on the singular stress field.  The 

singular stress field at a root of an edge is a linear superposition of two modes, with 

different exponents.  A mode angle is introduced to measure the relative contribution of 

the two modes to the failure conditions.  The two exponents are very different when the 

film is compliant relative to silicon, and are very similar when the film is stiff relative to 

silicon.  Consequently, the weaker singular field is negligible when the film is compliant, 

but is significant when the film is stiff.  For the full range of the mode angle, we describe 

a procedure to select the critical slip systems.  On the basis of the criterion that 

dislocations nucleate when the resolved shear stress at distance b from the root of the 

thin-film edge reaches the theoretical strength, we calculate the critical residual stress in 

the stripe, and show that the critical stress is low when the stripe is wide or compliant.   

 For the specific material combination of SiN/silicon, the method predicts the 

correct orders of magnitude of the critical stress, and gives a scaling relation between the 

stress level and feature sizes.  These predictions call for more systematic comparison 

between the theory and experiments.   

 Our approach can be applied to other crystallographic orientations, material 

combinations, and sharp features.  The estimate of ck  may be improved significantly.  

The approach may ultimately contribute to the design of strained silicon devices.   

 

  87



 

3.7 Appendix: stress components in polar coordinates and 

crystal coordinates 

 The singular stress field Eq.(3.3) is solved by the eigenvalue problem outlined in 

Bogy (1971) and Liu et al. (1999), the same method as in Section 2.7 of Chapter 2 except 

different boundary conditions.  For the structure as shown in the inset of Figure 3-2, the 

eigenfunctions )(θijΣ  associated with the eigenvalue λ  are expressed in polar 

ates ( )coordin zr ,,θ  as:  

 ( ) ( ) ( ) ( ) ( )[ ]⎫⎧ −+−−
−−=

θλθλλ
λθ

2cos2sin2
1

BA
, (3.20) ( )[ ] ⎭

⎬
⎩
⎨ +++

Σ
λθλθλ cossin2 DCrr

 ( ) ( )( ) ( ) ( )
⎥
⎦⎣ ++ λθλθ cossin DC
⎤

⎢
⎡ −+−

−−=Σ
θλθλ

λλθθθ

2cos2sin
21

BA
,  (3.21) 

( ) ( ) ( ) ( ) ( )[ ]
[ ] ⎭

⎬
⎫

⎩
⎨
⎧

−+
−−−−

−=Σ
λθλθλ

θλθλλ
λθθ sincos

2sin2cos2
1

DC
 

BA
r , (3.22) 

 ( ) ( )[ ]λθλθλνθ cossin14 DCzz +−−=Σ ,  (3.23) 

(3.24) 

 i

 zrz θ .  0=Σ=Σ

The e genvalue λ  and its associated coefficients A, B, C and D in the film and the 

substrate are solved by the following boundary c :   

1). On 

onditions

0=θ , tractions and displacements are continuous,   

 
0=

=
θθθθθ σσ sf , , 

0=θrr = θθ ττ sf

0=θ
= θθ

sf uu , 
0=θrr = sf uu  (3.25) 

2). On 2/πθ = , tractions are free,   

00
2

=
=

π
θθθσ f ,  

2

=τ f   
=

π
θθr (3.26) 

  88



 

3). On πθ −= , tractions are free,  

0=
−= πθθθσ s ,  0=

−= πθθτ s
r   (3.27) 

where the superscripts f  and s  indicates film and substrate, respectively.   

 In this chapter, the singular stress field in the silicon substrate around the root of 

the edge causes dislocation to be emitted, so that the eigenvalues and the associated 

coefficients only in the silicon substrate are listed in Table 3-2 (for 5.0=α , 0, -0.5 with 

0=β ). 

In calculating the resolved shear stress Eq.(3.6), the stress components in the 

crystal coordi

 

nates ,  ( )321 ,, xxx ijσ , are converted from those in the polar coordinates 

( )zr ,,θ . The relation of  and ( ) ( )321 ,, xxx zr ,,θ  is depicted in Figure 3-1, and the matrix 

of conversion is 

[ ]
⎥
⎥
⎥
⎤⎡

 

⎦⎣
⎢
⎢
⎢

−

−−
=

02121
cos2sin2sin
sin2cos2cos

θθθ
θθθ

Q  (3.28) 

rom , the stress compF onents in crystal coordinates are   [ ] [ ] [ ] [ ]QQ polar
T

crystal σσ =

( ) 2/2sinsincos 22
2211 θσσθσθσσσ θθθ rzzrr −++==  (3.29) 

( ) 2/2sinsincos 22
2112 θσσθσθσσσ θθθ rzzrr −−+==  (3.30)  

( )[ ] 22/2cos22sin32233113 θσθσσσσσσ θθθ rrr −−====  (3.31) 

  (3.32) 

 

 

 

θσθσθσσ θθθ 2sincossin 22
33 rrr ++=
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Table 3-2:Singularity exponents and the associated coefficients in Eqs.(3.20)–(3.24) in 

silicon substrate for 5.0=α , 0, -0.5 with 0=β .  

α -0.5 0 0.5 

λ 0.4314 0.0168 0.4555 0.0915 0.4783 0.2542

A 0.9803 -0.3775 0.9885 0.1427 0.9951 0.4213

B 0.2687 -9.6738 0.3695 -1.9826 0.4717 -0.9088

C -0.5123 -105.1100 -0.6804 -9.0562 -0.8414 -2.3815

D 1.8693 4.1015 1.8201 -0.6517 1.7750 -1.1040
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Chapter 4 Chip-Package Interaction and Interfacial 

Delamination 

 

 In flip-chip package, the mismatch of thermal expansion coefficients between the 

silicon die and packaging substrate induces concentrated stress field around the edges and 

corners of silicon die during assembly, testing and services.  The concentrated stresses 

result in delamination on many interfaces on several levels of structures, in various length 

scales from tens of nanometers to hundreds of micrometers.  A major challenge to model 

flip-chip packages is the huge variation of length scales, the complexity of 

microstructures, and diverse materials properties.  In this chapter, we simplify the 

structure to be silicon/substrate with wedge configuration, and neglect the small local 

features of integrated circuits.  This macroscopic analysis on package level is generic 

with whatever small local features, as long as the physical processes of interest occur in 

the region where the concentrated stress field due to chip-packaging interaction 

dominates.  Because it is the same driving force that motivates all of the flaws.  Therefore, 

the different interface cracks with same size and same orientation but on different 

interfaces should have similar energy release rates provided that the cracks are much 
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smaller than the macroscopic length.  We calculate the energy release rate and the mode 

angle of crack on the chip-package interface based on the asymptotic linear elastic stress 

field.  In a large range of crack length, the asymptotic solution agrees with finite element 

calculation very well.  We discuss the simplified model and results in context of real 

applications. 

 

4.1 Introduction 

 After integration of billions of transistors, capacitors, resistors, inductors, etc. on 

its surface, the silicon die is flipped over facedown and connected to substrate by solder 

joints array, with the gap filled by underfill.  This is so called “flip-chip package”, as 

shown in Figure 4-1(a).  In such a package, the length scale of functional electronic 

components varies from centimeters to nanometers.  The packaging substrate is several 

centimeters wide and about 1 mm thick. The silicon die is about 1 cm wide and 0.8 mm 

thick. The size of solder joints and the thickness of underfill are about tens of microns in 

the current technology and will be smaller in the future [Figure 4-1(b)].  If we look into 

the interconnects on the silicon die, the width and thickness of copper line are about tens 

of nanometers [Figure 4-1(c)].  The smallest transistor channel length can be several 

nanometers.  
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(a) 

(b) 

(c) 

 

Figure 4-1:(a) Typical structure of flip-chip package. The Cu/low-k interconnects are 

integrated on the silicon die and passivated, then silicon die is flipped upside down and 

bonded to substrate by solder joints array, with the gap filled by underfill material.  (b) 

Magnified view of chip-package corner with typical failures phenomena is illustrated. 

The flaw size is about tens of microns.  (c) Magnified view of Cu/low-k interconnects 

around the die corner with typical interfacial delamination is depicted. The flaw size is 

about tens of nanometers.  
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 As the market demands on maximum performance and minimum cost, new 

designs, materials and processes are employed from transistor level to package level in 

the length scale from nanometer to centimeter.  For example, the source/drain channel in 

silicon is strained to increase the mobility of electrons or holes (Ieong et al., 2004).  The 

Al/SiO2 interconnects with shunt layer has been replaced by Cu/low-permittivity 

dielectrics dual-damascene interconnects to reduce the Resistance-Capacitance delay 

(Murarka, 1997).  The number of silicon-to-package interconnects have increased more 

than six times over the past 5 years. The scaling demands are driving the size and pitch of 

solder joints to the limits of current technologies, shrinking from hundreds of microns to 

tens of microns.  The packaging substrate changed from ceramic to organic laminates in 

the mid of 1990s for better performance at a lower cost because organic substrates are of 

lower dielectric constant and easy to process metallization (Atluri et al., 2003).  In 

addition, the mismatch in coefficient of thermal expansion (CTE) between organic 

substrate and plastic motherboard is also reduced.  More information can be found in a 

multi-author review of the microelectronics packaging and integration in MRS bulletin, 

edited by Reuss and Chalamala (2003).   

 However, as new technologies advance, new reliability challenges appear.  On the 

package level, the large CTE mismatch between silicon die and organic substrate can 

induce bending or warping of the package during thermal excursion from packaging 

temperature (about 165oC) to room temperature.  Also huge stresses concentrate around 

the edges and corners of silicon die during packaging assembly, thermal cyclic testing 

and services.  The huge stresses result in many failure modes as shown in Figure 4-1(b), 

such as the debonding of the interfaces of die/underfill, underfill/substrate or 
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underfill/solder joints (Semmens et al., 1998; Rzepka et al., 1998; Chen et al., 2001; Fan 

et al., 2001; Hirohata et al., 2002; Zhai et al., 2004); solder joints detachment or cracking 

(Zhang et al 2000; Chen et al., 2001; Zhai et al, 2003; Tummala et al., 2004); dielectric 

cracking, copper trace cracking, and die cracking (Tummala et al., 2004).  On the 

interconnects level, as shown in Figure 4-1(c), the interfacial delamination of back-end-

of-line (BEoL) (Mercado et al., 2003; Wang et al., 2003; Liu et al., 2007) becomes 

serious. On one hand, this is because the global CTE mismatch between silicon die and 

organic substrate on package level becomes larger compared to traditional combination 

of silicon die/ceramic substrate, meanwhile the local CTE mismatch between Cu and 

low-permittivity dielectrics on interconnects level also becomes larger. On the other hand, 

the low-permittivity dielectrics (e.g. CDO) is of low cohesive and adhesive energy, and 

so more susceptible to cracking and debonding.   

 A major challenge to model or simulate flip-chip packages is the huge variation in 

length scales, from several centimeters to tens of nanometers, with five or six orders of 

magnitude difference.  Besides, the complication of structures and diverse materials 

interaction makes the modeling and simulation even harder.  To overcome these 

difficulties, multi-scale FEM simulation or so-called global-local submodeling approach 

is adopted by many researchers to reconcile the huge length scale variation, such as Gu et 

al (2001), Mercado et al. (2003), and Wang et al. (2003).  However, the simulation itself 

is hard and expensive.  

 As well known, the failure modes mentioned above become serious or more 

critical after packaging (Wang et al., 2003), especially with the use of organic substrate. 

The concentrated stresses around the edges and corners of silicon die due to die-package 
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mismatch are the global driving force; the stresses arising due to the local mismatch of 

materials’ properties are local driving force (e.g. the stresses in stand-alone wafer before 

packaging).  The local driving force is usually much smaller than global driving force 

(Wang et al., 2003).  Hence, in this chapter, we will study the global driving force on 

interfacial delamination by analyzing the relation between the interface crack and the 

asymptotic singular stress field around the edges or corners of silicon die on package 

level.  The delamination can occur at any possible site in this domain, including the 

examples shown in Figure 4-1(b) and 1(c).  The relation is quite generic in the following 

sense.  The linear elastic asymptotic singular stress solution matches the exact solution in 

a zone about one fifth or one quarter of the die thickness, i.e., the length scale is about 

0.2mm.  The flaw size in this zone can be as big as the size of solder joints, or can be as 

small as the width of Cu lines in interconnects. That is, the flaw size varies from tens of 

microns to nanometers, but is small compared to the singular stress region.  So the 

physical processes of interest occur in the region where asymptotic singular stress 

solution applies.  It is the same driving force that motivates all of the flaws to grow. The 

different interface cracks with same size and same orientation should have similar energy 

release rates but different fracture toughness. Hence, we adopt the simplified model as 

shown in Figure 4-2 to consider the interfacial delamination on package level.  This 

macroscopic analysis is generic and the results are able to characterize chip-package 

interaction with whatever local features, such as solder joints, underfill, interconnects, as 

long as they are small.  
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(a) 

(b) (c) 

 

Figure 4-2:Geometry used in calculations: (a) Silicon die on package substrate; (b) 

Geometry near the die edge.  (c) A preexisting small interface crack in the corner. 

 

 Following the introduction section, Section 4.2 briefly recaps the singularity 

features of bimaterial wedge and mode mixity.  Section 4.3 investigates the interface 

delamination driven by the singular stress field due to chip-package interaction under 

thermal excursion.  In Section 4.4, we compare with three-dimensional multi-level 

submodeling calculation by others, and discuss the validity of the simplified model and 

other related issues.  Section 4.5 summarizes the main points.  

 

4.2 Split singularities and local mode mixity 

 For a bimaterial wedge as the inset of Figure 4-3, the split singularities were 
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studied in Chapter 3, here we just recap the main features (Liu et al., 1999; Feron et al., 

2007).  Figure 4-3 plots the contours of the exponents on the ( )βα ,  plane.  The 

parallelogram is divided into two regions by a dark curve.  In the lower-left region, the 

exponents are two unequal real numbers, one stronger ( 1λ ) and the other weaker ( 2λ ). 

The values for 1λ  are labeled horizontally, and those for 2λ  are labeled vertically.  In the 

, 5.0≤<whole region 12 λλ .  In the upper-right region, the exponents are a pair of 

mplex conjugates, co εξλ i±= . The real part is depicted by solid lines and labeled 2,1

horizontally, while the imaginary part is depicted by dashed lines and labeled vertically.  

At each point on the boundary (i.e., the dark curve), the two exponents degenerate to one 

number:  when the point is approached from a region of real exponents, the two real 

exponents become identical; when the point is approached from a region of complex-

conjugate exponents, the imaginary part vanishes.   

 Once we retain the two unequal real exponents, the stress field around the root of 

the wedge is a linear superposition of the two modes:  

  ( )
( )

( )
( )

( )θ
π

θ
π

θσ λλ
2211

21 22
, ijijij r

k
r

kr Σ+Σ= . (4.1) 

The angular functions ijΣ  and ( )1 θ ( )2 ( ) ( )21θijΣ  are normalized such that =Σ=Σ θθ rr , the 

same as what we did in Chapter 3.  Similarly, if we assume the size of fracture process 

zone is and the typical macroscopic length is the die thickness, h.  Then, the singular 

stress f 4.1) is valid within the k-annulus of some radii bounded between 

100

Λ  

ield ( Λ  and h, 

only if .   

 

 

h<<Λ
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Figure 4-3:The inset shows the root of an edge of silicon die bonded on a substrate.  

Contours of the singular exponents are plotted on the plane of Dundurs parameters 

(α , β ).  The parallelogram is divided into two regions by a dark curve. In the lower-left 

region, the exponents are two unequal real numbers, with the larger one labeled 

horizontally, and the smaller one labeled vertically. In the upper-right region, the 

exponents are a pair of complex conjugates, with real part depicted by solid lines and 

labeled horizontally, and the imaginary part depicted by dashed line and labeled 

vertically. 

 

 

 The two stress intensity factors, 1k  and 2 , have different dimensions, bein  

(stre  ( )( ) 2lenghstress λ , respectively.  As discussed in Chapter 2, the mode 

mixity is length dependent, and can be described by 

 k g

)ss λ  and)( 1lengh

( ) 21
12 / λλ −rkk , so long as the distance 

r is chosen.  The microscopic processes of fracture occur within the process zone, but are 

driven by the singular stress field (4.1) in the k-annulus.  In discussing the relative 
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contribution of the two modes to the failure processes at length scale Λ , we use local 

ode mixity: 

λλ −

a dimensionless parameter defined in Chapter 2, as the measure of m

4.3 Interfacial delamination due to chip-package interaction  

ackage w cal ex s

ue to chip-package interaction under thermal excursion from 

650C to 250C. The material properties used in calculation are listed in Table 4-1.  The 

geometric parameters are specified as 

m

  12 /η Λ= kk .  (4.2) ( ) 21

ode mixity.   

 

 We now analyze the delamination of chip-package interface.  Consider two kinds 

of packages: flip-chip on ceramic substrate, and flip-chip on organic substrate. The 

typical organic substrate is epoxy-based laminates, such as FR4 or BT.  However, the 

organic packages have fundamental limits, and so novel ceramic substrates are demanded 

(Tummala et al., 2004).  Low Temperature Co-fired Ceramic (LTCC), a ceramic-glass 

composite with small CTE mismatch with silicon die, is the potential choice of package 

substrate (Frear and Thomas, 2003).  LTCC is fired at sufficiently low temperature that 

Cu can be used in the metallization; and it offers the hermeticity and mechanical stability.  

We will use chip/FR4 and chip/LTCC p s as t o typi amples to tudy the 

interfacial delamination d

1

7.0=h mm, 65.1=H mm, mm and 

mm, as shown in Figure 4-2(a).   

 

10=L

20=S
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Table 4-1:  Materials properties used in calculation.  

 E  (GPa) ν  α  ( ) /10 6− oC

Silicon 130 0.28 3.3 

FR4 or BT a) 23 0.3 15 

LTCC b) 120 0.3 5.8 

Underfill 6 0.32 36 

Solder 26 0.35 24 

a) Both FR4 and BT are epoxy-based organic substrates.   

b) Low Temperature Co-fired Ceramic.   

 

 For either chip/FR4 package or chip/LTCC package, we calculate the full stress 

field in the structure, i.e. Figure 4-2(a), by using the finite element code ABAQUS6.6, 

then fit the interfacial shear stress close to the root, say , to the equation 23 10/10 −− << hr

  ( )
( ) ( ) 21 22 ππ rr

0 21
λλθ

kk
r += .  

ith 

under thermal excursi -

θσ =  (4.3) 

w  and 2k  as fitting parameters.   

 For this chip-package structure on, the bi axial stress state in 

the silicon die away from the edges is 

1k

( )SiSi TE νασ −∆∆= 1/ , where Sisub ααα −=∆ , and 

140=∆T 0C.  Linearity and dimensional consideratio  stress 

tensity ors should t

(4.4) 

here

ns dictate that the two

in fact ake the form  

 1
11 ,    2

22 hk = .  λσκ hk = λσκ

w 1 κ  and 2κ  are dimensionless coefficients, h the silicon die thickness.  

 Assume an interfacial flaw preexists, as shown in Figure 4-2(c).  The crack length 
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a is much smaller than die thickness h, i.e., ha << .  The length Λ  now is identified with 

e lengthth  a of the small crack, so that the local mode mixity is  

 ( ) ( )( ) 2121 /// 1212
λλλλ κκη −− == haakk .  (4.5) 

s l

tor 

which describes the relative contribution of two modes at the length scale of crack size.   

 The stres field at the interfacial crack tip is characterized by the comp ex stress 

intensity fac K , which is related to the stress intensity factors of the wedge ( )21,kk  

linearly as follows: 

( ) 
21

2
12

1
11 λλ a

kc
a
kc

a
Ka

⋅+⋅= .  (4.6) Re εi

 ( )
21 2221 λλ aaa

where ( ) ( )[ ]

21Im ε kckcKai

⋅+⋅= .  (4.7) 

ββπε +−= 1/1ln)2/(1 .  The coefficients 11c , 12c , 21c and only depend on 

ateri

22c  

m l combination ( )a βα ,  and wedge angle (90o in this study), a d re bulated in 

Table 4-2.  The determination of the coefficients is stated in Appendix.   

 For such a bimaterial wedge configuration, the coefficients 11c , 12c , 21c and 22c  

are generic for any macroscopic structure, external loading, and boundary condition.  

Once we obtain them for the specific material combination (e.g., silicon/FR4 or 

silicon/LTCC), we can use them for different geometric parameters (e.g., die thickness) 

and loadings (e.g. thermal e

n a  ta

xcursion, bending, etc.).  This is an advantage compared to 

ulti-scale submodeling approach, in which we have to recalculate again and again in 

order to study the parameter dependence.  

 

m
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Table 4-2:  Coefficients , 12 21  and 22c  for two types of flip-chip packages11c c , c  .  

Flip-chip package α  β  1λ  2λ  11c  12c  21c  22c  

Chip/FR4 0.696 0.196 0.499 0.318 0.951 -1.206 0.922 1.443 

Chip/LTCC 0.034 0 0.457 0.100 1.965 -5.418 0.870 2.270 

 

 

 From Eqs. (4.4) to (4.7), the energy release rate G and the mode angle ψ of 

interfacial delaminated crack are:  

( ) ( )[ ]22
2122

1
2 11 σκβ λah ⎞⎛− −

 222112111
ηη

α
cccc

hE
G

Si

+++⎟
⎠

⎜
⎝−

= . (4.8) 

and  

 ( )
( ) η1211Re ccKai +

 To obtain  and

ηψ ε

ε
2221Imtan ccKai +

== .  (4.9) 

G  ψ  under any loading case, we just need to find out two stress 

intensity factors, 1k  and 2k .  Then plug into Eqs.(4.8) and (4.9), we have G and ψ  for 

any arbitrary interfacial flaw size a, only if ha << .  In order to verify the relations given 

by Eqs.(4.8) and (4.9), we use finite element method (FEM) to directly calculate G and 

ψ  of interfacial crack with different crack length a in the range of 04 10/10 <<− ha  for 

both chip/FR4 and chip/LTCC packages under the thermal excursion from 1650C to 250C.  

In order to plot Eqs.(4.8) and (4.9), we use FEM to calculate the stress field under the 

same thermal excursion of the full structure without crack [Figure 4-2(a)], and obtain 1κ  

and 2κ  by nal si curve fitting Eq.(4.3) with di  con dermensio ation of Eq.(4.4).  For 
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chip/FR4 package, 05.01 −=κ  and 06.02 −=κ ; for chip/LTCC package, 23.01 −=κ  and 

11.02 −=κ .   

 In Figure 4-4, energy release rate G and mode angle ψ  of interfacial crack are 

plotted as a function of normalized crack length a/h for both chip/FR4 and chip/LTCC 

packages under thermal excursion from 1650C to 250C.  The curves are plotted from 

Eqs.(4.8) and (4.9), and the data points with m rkers are from finite element calculation 

in ABAQUS6.6 by contour integral.  For both packages, the FEM data and Eqs.(4.8) and 

(4.9) agree with each other very well when 1.0/

a

<ha ~0.2, i.e. the k-annulus regime, 

within which the asymptotic solution Eq.(4.1) applies.  For chip/FR4 package, the shear 

mode dominates in the range of crack length, while for chi/LTCC package, the opening 

mode plays more role.  As we kn ing force is due to CTE m

ence, the energy release rate of interface flaws in chip/FR4 package is much 

ip/LTCC package.   

ow, the driv ismatch of die-

package.  H

larger than that in ch
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Figure 4-4:Energy release rate (a) and mode angle (b) of interfacial crack are plotted as a 

function of normalized crack length a/h for both chip/FR4 and chip/LTCC packages 

under thermal excursion from 1650C to 250C.  The curves are plotted from Eqs.(4.8) and 

(4.9), and the data points with markers are read out from finite element calculation in 

ABAQUS by contour integral.     
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4.4 Discussion 

4.4.1 Global driving force and local driving force  

 In our model, we neglect the small local features, such as solder joints, underfill, 

Cu/low-k interconnects, etc., and also we neglect the elastic or CTE mismatch among 

them, since these small features and the associated local mismatch make less contribution 

to interfacial delamination provided that the global driving force dominates. For example, 

both Wang et al. (2003) and Liu et al. (2007) shown that the energy release rate of 

horizontal interfacial flaws within the Cu/low-k interconnects are about 1 J/m2 or less 

under the typical thermal loading condition if the silicon die is standing alone.  On the 

contrary, the energy release rate increases one order of magnitude larger after being 

packaged to the organic substrate.  Therefore, neglecting the small features and local 

mismatch in interconnects, we can still obtain an accurate value by doing a macroscopic 

analysis on package level.  Let us consider the following case.  The flaws in interconnects 

are about 100 nm or less, the die thickness is about 1 mm, i.e. , so the energy 

release rate is around 10 J/m

410~/ −ha

2 for chip/FR4 package, which is close to the values given by 

3D multi-level submodeling technique in Wang et al. (2003).   

 Length scale varies five to six order of magnitude from interconnects level to 

package level.  So does the size of the interfacial flaws.  Our model supplies a reasonable 

estimate of energy release rates of interfacial flaws with huge variation in length scale 

without complexity of microstructures and diverse materials.  This is based on the 

following argument.  From the perspective of package level, asymptotic singular stress 

field (4.1) arises due to the CTE mismatch of silicon die and package substrate.  The 
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stress intensity factors,  and k , carrying information of macroscopic structure and 

loading condition, are independent of microstructures.  As long as the crack growth under 

the global driving force is concerned, the energy release rates of interfacial cracks with 

same size and same orientation but on different interfaces have similar values only if they 

are much smaller than macroscopic length.  

1k 2

 In order to improve the reliability of interconnects, the reduction of global driving 

force is one big gain.  As shown in Figure 4-4(a), the replacement of compliant organic 

substrate (e.g., FR4) by stiff ceramic with small CTE (e.g. LTCC ) decreases the energy 

release rate multiple-fold.  

4.4.2 Underfill effect 

 In our model, we neglect the underfill effect. However, this effect could be 

significant (Suryanarayana et al., 1991; Rzepka et al., 1998; Chen et al., 2001; Zhai et al., 

2004).  Because in the previous technology, the size of solder joints and the thickness of 

underfill are over 100µm and the thickness of silicon die is about 700µm, therefore the 

underfill acts as a thick buffer to alleviate the concentrated stresses.  From Figure 4-4, for 

chip/FR4 package, the energy release rate is about 20J/m2 if the crack length is about 

0.1h, which represents a typical crack along the die/underfill interface.  However, this 

value could be reduced five-fold if underfill is considered (Zhai et al., 2004).   In this case, 

we have to include underfill in our model to study such a wedge configuration that two-

layered materials sit on substrate.   

 However, this buffer effect is tapering.  Because the technology demands denser 

solder joints with smaller pitch and smaller size on the similar size of silicon die, and 

results in the decrease of the underfill thickness, which will be the case as our model 
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represents.  Finally, this trend increases the global driving force.  

 The fillet height of underfill around the die corner can affect the reliability of the 

crack along the die/underfill interface (Zhai et al., 2004).  This phenomenon can be 

explained qualitatively in the following, and more details can be found in Chapter 5.  

Physically the stress concentration around the wedge is due to the elastic mismatch and 

geometric discontinuity in this domain.  If we use a fillet, the bimaterial wedge becomes 

a tri-material junction as shown in Figure 5-2(b), the singularity exponent λ  becomes 

usually much smaller (Pageau et al., 1994).   

 In order to address our idea clearly, we do not use fillet. Therefore, the crack is 

edge crack. If fillet is considered, the crack is fully embedded. So the energy release rate 

should be smaller.  More detailed study of fillet effect is beyond the scope of this chapter.  

4.4.3 Relation of k-field and K-field 

 Eqs (4.8) and (4.9)  agree with FEM data very well when crack size a is less than 

0.2h, as shown in Figure 4-4.  If the crack becomes longer, Eqs. (4.8) and (4.9) goes away 

from FEM data.  It can be understood as follows.  The singular stress field of interfacial 

crack tip, characterized by complex stress intensity factor K, scales with the crack size.  

The singular stress field of 900 wedge, characterized by stress intensity factors k  and k , 

scales with the die thickness.  When the crack is small, the K-field is embedded in the k-

field, and so the linear relations (4.6) and (4.7) apply.  When the crack has comparable 

size as the die thickness, the K-field goes beyond the k-field, and so the linear relations 

(4.6) and (4.7) break down.  Meanwhile, the breakdown point in Figure 4-4 shows that 

the asymptotic stress field (4.1) is accurate within one fifth or one quarter of macroscopic 

length, similar to the solution of a finite crack in a homogeneous infinite sheet in the 

1 2
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classic linear elastic fracture mechanics.  

4.4.4 Length dependent of local mode mixity and breakdown of power-

law relation of G~a 

 It is well known that for such a structure that a thin film is bonded on substrate 

with interfacial crack [Figure 4-2], G=0 if a=0.  When 0<a<h, G depends on a; when 

a>>h, G attains steady state and so is independent of a.  Therefore, the energy release 

rate should start from zero and increase monotonically to the steady-state value (Yu et al., 

2001). However, from Figure 4-4, the energy release rate is far away from zero when 

.  Even if we extend the plot to 710−=ha  that corresponds to a crack with 

atomic length, the energy release rate is still far from zero.  The energy release rate G 

could go to zero unless we would let crack length a go to zero mathematically, but it is 

410/ −=ha /

out of interest.   

 Eq.(4.8) also shows that the relation of G and er-law s nce a is not pow i η  is 

dependent of crack length a.  And also the power 021 1 ≈− λ , so ( ) 1/ 121 →− λha  except 

0=a  exactly.  Therefore, the curve of G~a can be wavy as shown in Figure 4-4(a) for 

the case of chip/LTCC package, and hardly goes to zero even if crack length a goes to 

tomically small.  

 

4.5 Summary 

a

 The singular stress field around the edges and corners of flip-chip package arises 

due to the CTE mismatch of silicon die and packaging substrate.  On package level, the 
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small features within the interconnects can be neglected.  The cracks with same size and 

same orientation but on different interfaces should have similar energy release rates but 

different fracture toughness provided that the cracks are much smaller than the 

macroscopic length. We take delamination of chip-package interface as an example.  We 

calculate the energy release rate of interface crack both from FEM and from asymptotic 

relations.  The results show that the asymptotic relations agree with FEM data very well 

within a large range of crack length.  From our results and others work, we can clearly 

see that the simplified model catch the essence without the complexity of 3D 

icrostructure and diverse materials in the integrated circuits.  

 

4.6 termination of coefficients by stretching 

and bending 

as .

m

Appendix: De

 We solve four boundary value problems sketched in Figure 4-5 and Figure 4-6, 

using the finite element code ABAQUS6.6.  Let’s consider two loading conditions for the 

flip-chip package: stretching and bending.  Let P be the stretching force per unit 

thickness and M the bending moment per unit thickness.  Plane strain conditions are 

sumed   The stress intensity factors of the bimaterial wedge of silicon chip on substrate, 

1k  and 2k , are obtained by fitting Eq. (4.3) with the stresses calculated for problems in 

Figure 4-5, along 0=θ  within 23 10/10 −− << hr .  For the problems in Figure 4-6, the 

size of the interfacial crack a is set to be 0.01h. The complex stress intensity factor of the 

interfacial crack, III iKKK += , is read out from the utp ts f con ur integrals.  Using 

the linear relations (4.6) and

o u o to

e coefficients and  for both  (4.7), we obtain th 11c , 12c , 21c 22c
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chip/FR4 and chip/LTCC packages.   

age without crack is under two loading conditions: 

retching (a) and bending (b).  

e with interfacial crack is under two loading conditions: 

retching (a) and bending (b).  

 

 

 

Figure 4-5:The flip-chip pack

(a) (b) 

(a) (b) 

st

  

 

Figure 4-6:The flip-chip packag

st
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Chapter 5 Effect of Coating on Reliability of Stiff 

Islands on a Compliant Substrate 

 

 A flexible electronic system may consist of a polymeric substrate and an array of 

stiff islands, on which devices are fabricated.  When the substrate is stretched, the devices 

on the islands experience small strains, but the islands may debond if they exceed a 

critical size.  We show that a thin layer of polymer coating, covering the islands and the 

substrate, can markedly increase the critical island size.    

 

5.1 Introduction 

 In one design of flexible electronics, illustrated in Figure 5-1, the substrate is a 

compliant polymer, while active devices are fabricated on thin-film islands of a stiff 

material (Hsu et al., 2004; Wagner et al., 2005; Bhattacharya et al, 2005).  When the 

substrate is bent or stretched, the deformation is mostly accommodated by the substrate, 

and the strains in the islands are small.  This design readily incorporates inorganic 

electronic materials into flexible electronics. It has been shown, however, when the 
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substrate is stretched by a certain amount, the islands may crack or debond when they are 

too large (Hsu et al., 2004; Bhattacharya et al, 2005; Lacour et al., 2006).  The critical 

size of the islands depends on materials of the substrate and the islands (Yoon et al., 2007; 

Lu and Suo, 2007), and varies statistically.  Experiments have shown that the critical 

island size markedly increases when a coating of a compliant material is applied to cover 

the islands and the substrate (Bhattacharya et al, 2005).  For example, a 200 nm polymer 

coating enhances the survival rate of 120 mµ  indium-tin-oxide islands from 20% to 100%.  

 

Coating

Island

Substrate

 

Figure 5-1:Schematic of an array of islands on a compliant substrate.  A compliant 

coating is applied as a blanket film over the islands and substrate.   

 

 

 The object of this chapter is to study how a compliant coating improves the 

reliability of stiff islands on a complaint substrate.  We first use the commercial finite 

element code, ABAQUS, to analyze the stress field near the edge of an island, with or 

without coating.  When the edge is sharp and the island is bonded to the substrate, the 

stress field near the edge is singular (Bogy, 1971; Pageau et al., 1994).  Our calculation 
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shows that a coating reduces the intensity of the stress field near the edge.  This result, 

however, does not directly translate to a prediction of the critical island size.  To do so, 

we prescribe a failure mechanism:  debonding of the island from pre-existing flaws on the 

interface.  We use the finite element code to compute the energy release rate of these 

flaws.  We show that for a given fracture energy of the interface, the critical size of 

islands increases markedly when a coating is applied. 

 

5.2 Decrease of stress intensity  

 Williams (1952) first studied the stress singularities of wedge corner in 

homogeneous isotropic materials, and many others, such as Bogy (1971) and Pageau et al 

(1994), extended this method to the wedge bonded by two dissimilar materials or the 

junction by three dissimilar materials.  

 Figure 5-2(a) depicts a wedge of the island bonded on the substrate, along with a 

system of polar coordinates ( )θ,r  centered at the root of the wedge.  In this view, focused 

on the root of the wedge, the island takes the quarter space, 00 900 ≤≤ θ , and the 

substrate tak ce, 00 0180 ≤≤− θ .  The two materials are bonded along the 

interface, 00=θ .  Both materials are elastic and isotropic.  Around the root of the wedge, 

when 1/ <<hr , the relation between the stress and the distance fo

es the half spa

ij

where 

llows a power law   

 λ−r~   (5.1) σ

λ  is the singularity exponent. The larger the value of λ  is, the more singular the 

stress field is.  The exponent λ  is determined by an eigenvalue problem, resulting in a 

transcendental equation (Bogy 1971).   The exponent is commonly restricted as 
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( ) 1Re0 << λ , with justifications critiqued by Hui and Ruina (1995) and Dunn et al 

 

igure 5-2:  (a) A bimaterial wedge. (b) A tri-material junction.  

)

(2001).    

 

(a) (b) 

F

 

 

 Physically the stress concentration around the wedge is due to the elastic 

mismatch and geometric discontinuity in this domain.  There is an open space, 

equivalently a material with modulus zero.  If we put a coating material to fill the open 

space, then the bimaterial wedge becomes a triple junction as shown in Figure 5-2(b .  

The singular stress field still takes the form of Eq.(5.1).  And the singularity exponent λ  

can also be solved by the eigenvalue problem (Pageau et al 1994), but here λ  becomes 

usually much smaller than the case of Figure 5-2(a).  

 As a demonstration, Figure 5-3 plots the singularity exponent λ  as a function of 

the moduli ratio of the coating to the substrat , with fixed Young’s moduli of the 

stiff island and the compliant organic substrate, 200

e sc EE /

=fE  and 5GPa =sE GPa, 

respectively.  The Poisson’s ratios of all materials are set to be 0.3.  When 0=cE , i.e., 
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the case of bimaterial we the singularity exponents are a pair of complex conjugates dge, 

λ =0.483 ±0.0779i.  The real part ( )λRe  indicates the order of singularity, while the 

imaginary part ( )λIm  indicates the oscillatory phenomena close to the wedge root, as in 

the case of interfacial crack (Connimu, 1977; Rice, 1988).  When c  increases, the order 

of singularity drops monotonically to the value of zero when fc EE

E

= , in which case the 

concentrated stress field disappears since the triple junction becomes flat interface. If the 

coating becomes even stiffer than the island, the stresses concentrate again around the 

triple junction.  The singularity exponent λ  can be solved quantitatively for any material 

combination. The results obviously show that triple junction is usually of smaller 

singularity than bimaterial wedge. Qualitatively, this can be understood as follows: in 

triple junction structure Figure 5-2(b), the elastic mismatch is smaller than that in 

bimaterial wedge Figure 5-2(a), and also the geometric discontinuity is closed. This is 

why the coating can effectively enhance reliability.  

 Consider a periodic array of islands on a substrate shown in Figure 5-1.  The 

period of the islands, S, sets the width of the unit cell in our calculation, as illustrated in 

the inset of Figure 5-4, with a single island, width L and thickness h.  In the calculation, 

we set S/L = 1.5, set the thickness of the coating to be 2h, and set the thickness of the 

substrate to be 100h.  All three materials are taken to be isotropic and linear elastic, with 

Young’s modulus E and Poisson’s ratio 

 

ν  prescribed for each material, and subscripts f, 

c and s indicating the thin-film island, the coati he substra e.  Representative 

Young’s moduli for islands and the substrate are 200

ng and t t

=fE GPa and 5=sE GPa, 

respectively.  In the calculation, we set 40/ =sEE , and set Poisson’s ratios of all f
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materials to be 0.3.  To study the effects of coating, we will vary sc EE / .  In practice, the 

island may be of a square shape, but in our calculation, t ate the trend and avoid 

ree-dimensional calculations, we assume th

o illus

th at the unit cell undergoes plane strain 

eformation.  The two edges of the substrates are prescribed with displacement 

tr

2/0Sε± , d

0εand the nominal stain  will be used to represent the applied load.    

 

 function of , the moduli ratio of 

oating to substrate with fixed moduli ratio of still island to compliant substrate 

.  The Poisson’s ratios of all materials are set to be 0.3.  

 

 

 Figure 5-4 plots the shear stress 

 

Figure 5-3:Singularity exponent, λ, is plotted as a  sc EE /
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( )2* 1 fff EE ν−=  is the plane strain modulus island.  The singularity analysis in 

Bogy (1971) and Pageau et al. (1994) determines the exponent 

of the 

λ , but does not determine 

the magnitude of the stress.  For each value of sc EE / , our calculation shown in Figure 5-

4 gives the exponent as the slope in th  plot.  Comparing the three cases, sc EE /  = 0 

(without coating), EE /  = 0.2 and EE /

e

= 1 (with a coating), we note that even the 

compliant coating not only reduces the exponent 

sc sc

λ , but also reduces the magnitude of 

the stress, which is explicitly justified by Figure 5-4.   

 

 the left edge of the island.  The 
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Figure 5-4:The inset shows a unit cell used in calculation.  Shear stress along the 

interface is plotted as a function of the distance from

shear stress decreases as the modulus of the coating increases.  
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 Note that when the singularity exponents are close to zero, the nonsingular terms 

make the great contribution to the whole stress field, so a complete power-law series 

needs t

In practice, there are other materials and features are integrated on the substrate. 

But the feature sizes are much smaller than the island thickness. Hence, regardless of the 

details, the coating always reduces stress intensity.  

 failure mechanism by introducing interfacial flaws at the edges.  

nsional analysis sho

o be adopted (Rice, 1988).  Then the asymptotic singular solution is not easy to 

use any more.  However, the finite element analysis supplies the numerical solution 

anyway.   

  

5.3 Increase of critical size of islands  

 While the above section shows that the coating reduces the intensity of the stress 

near the edge, the result does not lend itself to a prediction of the critical island size.  To 

do so, we specify a

Figure 5-5 illustrates flaws, length a, placed on the interface near the edges of the island.  

A dime ws that the energy release rate of the interfacial crack takes 

the following form: 

 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⋅=

s

cELaFhEG ,,2*ε .  (5.2) 

where ( )sc EEhLhaF /,/,/  is a dimensionless function.  Note that we have already 

specified a number of other dimensionless ratios, as discussed in the previous paragraphs.  

energy release rate is calculated using ABAQUS.  Figure 5-5 plots the 

normalized energy release rate as a function of sc EE / , with a fixed flaw size ha 1.0

f Ehh0

 The 

=  
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and a fixed island size L = 100h.  The energy release rate decreases markedly in the 

presence of the coating.  When the modulus of the coating equals that of the island, 

fc EE =  (or 40/ =sc EE ), the coating and the island become an elastically homogeneous 

blanket film.  In this case, the interface is free of shear and normal stresses, so that the 

es.  On the other hand, when the coating is as stiff as the island, 

in in the middle of island will be the same as the nominal strain 

energy release rate vanish

the stra 0ε , so that the 

island will be prone to cracking.  Consequently, one should select a coating compliant 

enough to ensure low strains inside the island, but stiff enough to alleviate the stress 

intensity at the edges. 

 

alized energy release rate of a 

ting.  The i h

Figure 5-5:The norm flaw is plotted as a function of the 

normalized modulus of the coa nset s ows a unit cell used in the calculation.  

Flaws are added on the interface near the edges.   

 

10
−3

10
−2

10
−1

10
0

10
1

10
2

10
3

0

0.1

0.2

0.3

  E  / E  = 40

c s

 G
 / 

( 
E

* f ε
02  h

f s

  L / h = 100

  a / h = 0.1

 N
or

m
al

iz
ed

 e
ne

rg
y 

re
le

as
e 

ra
te

, 

 Moduli ratio of coating to substrate,  E  / E

 )

  126



 

 Figure 5-6(a) plots the norm lized energy release rate as a function of the 

normalized flaw size ha / .  Three cases are considered, one without coating 0/

a

=sc EE , 

the other two with compliant coatings 2.0/ =sc EE  and 1/ =sc EE .  For example, when 

=ha / 0.01, the energy release rate reduces by 80% for 

EE .  The reduction is still significant even when .  For a small 

tic analysis, we expect that .  This 

6

 The variation of the 

2.0/ =sc EE , and reduces by 

96% for 1/ = 1/ =ha

λ21−∝ aG

sc

crack 1/ <<ha , on the basis of an asympto

scaling law is evident from the plots in Figure 5- (a).  Of course, we are aware that this 

power law relation is not strict if we consider the dependence of local mode mixity on 

crack length, as we discussed in Chapter 4.   

 In practice, the size and the location of a flaw are statistical.

energy release rate with the flaw size may partially account for statistical variations of the 

critical island size observed in experiments. 

 The mode angle ψ  is defined such that ψtan  is the ra  of the shear stress to the 

normal stress on the interface at a small distance ahead the tip of the interfacial crack.

Figure 5-6(b) plots the mode angle as a function of normalized crack size ha /  for 

0/ =sc EE , 0.2 and 1.  All three curves show that the shearing mode dominates.  

 Figure 5-7 plots ed ne e rate a  a function of the 

tio

 

the normaliz  e rgy releas s

normalized island size, L/h.  The flaw will grow and cause debonding when the energy 

release rate G reaches the fracture energy of the interface, Γ .  The condition Γ=G  

would correspond to a horizontal line in Figure 5-7, and the intersections of the line with 

the curves in Figure 5-7 would predict the critical island size.   Thus, Figure 5-7 shows 

the effect of the coating in increasing the critical island size.  For example, taking 

  127



 

representative values, GPa200* =fE , m1µ=h , %20 =ε , and , we obtain that 2J/m10=Γ

( ) 125.0/ 2
0

* =Γ hE f ε

the critical island size is about 24

.  Drawing this value as a horizontal line in Figure 5-7, we note that 

mµ  in the absence of coating, and is about 90 mµ  with 

a coating of . 

  

Figure 5-6:(a) Normalized energy release rate is plotted as a function of normalized 

crack size.  (b) Mode angle 

2.0/ =sc EE

ψ  is plotted as a function of normalized crack size. 
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Figure 5-7:The normalized energy release rate is plotted as a function of the normalized 

island size.  

 

 

 The suppression of debonding by coating can be understood as follows.  If there is 

no coating, the traction-free surface of an edge is easy to move to accommodate the 

deformation, so that the interfacial flaw can readily cause the island to slide relative to the 

substrate.  However, if a coating is applied, the displacement of the edge is constrained, 

so that the crack is more difficult to propagate. 

 In the above discussion, we have chosen a specific failure mechanism: debonding 

between the island and the substrate. The stress concentration at the edge of the island 

can cause other mechanisms of failure, such as debonding between the coating and the 

island, and damage of the substrate.  By reducing the stress intensity near the edge, the 

coating is expected to mitigate these other mechanisms as well.  Quantitative analyses of 

these other mechanisms are beyond the scope of this chapter.   
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5.4 Summary 

 In summary, we have shown the effects of compliant coating in two ways.  First, 

the coating reduces the intensity of stresses near the island edges by reducing the elastic 

mismatch.  Second, the coating suppresses the delamination by constraining the sliding of 

dissimilar materials around the edge.  Even though we study the effect of coating for 

flexible electronics, we expect that the coating enhance the reliability of other 

microelectronic devices, such as flip-chip packages. 
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Chapter 6 Saturated Voids in Interconnect Lines due 

to Thermal Strains and Electromigration  

 

 Thermal strains and electromigration can cause voids to grow in conductor lines 

on semiconductor chips.  This long-standing failure mode is exacerbated by the recent 

introduction of low-permittivity dielectrics.  We describe a method to calculate the 

volume of a saturated void (VSV), attained in a steady state when each point in a 

conductor line is in a state of hydrostatic pressure, and the gradient of the pressure along 

the conductor line balances the electron wind.  We show that the VSV will either increase 

or decrease when the coefficient of thermal expansion of the dielectric increases, and will 

increase when the elastic modulus of the dielectric decreases.  The VSV will also increase 

when porous dielectrics and ultrathin liners are used.  At operation conditions, both 

thermal strains and electromigration make significant contributions to the VSV.  We 

discuss these results in the context of interconnect design.   
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6.1 Introduction  

 Silicon dioxide has long been used on semiconductor chips as an interlevel 

dielectric.  To enhance the performance of the chips, the industry has been introducing 

new dielectrics with low permittivity (Morgen et al., 1999; Martin et al., 2000; Maex et 

al., 2003; Hussein and He, 2005).  The rapid introduction of materials calls for effective 

methods to select materials and ensure reliability.  This chapter focuses on the impact of 

the new dielectrics on a long-standing failure mode:  the formation of voids in the 

conductor lines caused by thermal strains and electromigration.   

 Figure 6-1 sketches a representative life of a Cu line, encapsulated by a TaN liner, 

a SiN cap and an interlevel dielectric, fabricated on a silicon substrate.  These materials 

have dissimilar coefficients of thermal expansion (CTEs).   When the structure is cooled 

from the processing temperature, a stress field arises in the conductor line, motivating Cu 

atoms to diffuse and voids to form (Gleixner et al., 1997; Ogawa et al., 2002; Harada et 

al., 2003; Besser and Zhai, 2004).  When an electric current is applied in the conductor, 

the electron wind also motivates Cu atoms to diffuse (Blech, 1976; Korhonen et al., 1993; 

Rosenberg et al., 2000).  The combined action of thermal strains and electromigration 

leads to a complex dynamics of the voids:  they nucleate, disappear, drift, change shape, 

break up, and coalesce (Arzt et al., 1994; Lee et al., 2002; Leon et al., 2004).   
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Figure 6-1:(a) Schematic of a M1-V1-M2 structure.  (b) Stresses arise upon cooling from 

the processing temperature and are relaxed by the formation of the voids.  (c) Subject to 

an electric current, atoms diffuse in the direction of electron flow.  Voids grow upstream 

and pressure builds up downstream.  (d) When the pressure gradient balances the electron 

wind force, a single void is left near the upstream via, and net atomic diffusion stops.  (e) 

In the steady state, the pressure distributes linearly in the conductor line. 

 

 

 The complex dynamics of the voids is lively to watch, but difficult to translate 
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into an engineering decision.  The conductor line, however, may reach a steady state, a 

well-defined state that can be used in interconnect design.  As Cu atoms diffuse in the 

direction of electron flow, the voids grow upstream, and pressure rises downstream.  

During this process, the encapsulation prevents Cu atoms from diffusing out of the 

conductor line.  Eventually, when the steady state is reached, a single void remains near 

the upstream via and the pressure gradient in the conductor line balances the electron 

wind:  the net drift of Cu atoms stops, and the void saturates.  If the volume of the 

saturated void (VSV) is too small to block the electric current, the conductor line is 

immortal (Filippi et al., 1996; Suo, 1998; Hau-Riege and Thompson, 2000; Hau-Riege, 

2002, Filippi et al., 2002; Suo, 2003).  Consequently, the VSV can be used to rank 

materials and geometries of interconnect structures.  A reliable method to determine the 

VSV will help to ensure the reliability of interconnect structures today, and to design 

those in the future.   

 Up to now the VSV due to thermal strains has only been considered in 

rudimentary terms.  When a structure is cooled from a reference temperature  to a 

temperature T, the VSV is proportional to the temperature drop and the conductor volume: 

0T

 .  (6.1) ( )ALTTV TH
sv −3= 0α

where A is the cross-sectional area and L the length of the conductor line.  The coefficient 

α , which we will call the effective mismatch in the CTEs, depends on not only the CTEs 

of the materials in the structure, but also their elastic moduli, as well as the aspect ratio of 

the conductor line and other geometric parameters.  Table 6-1 gives representative 

properties of the materials, including three choices of interlevel dielectrics: SiO2, carbon-

doped oxide (CDO), and SiLK.  Although the use of the SiLK is limited, this material is 
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included here to illustrate the effects of a dielectric with a large CTE (Strittmater et al., 

2003; Dalton et al. 2003).  When SiO2 is used, all the materials surrounding the conductor 

have similar CTEs as silicon, so that the VSV scales with the difference in the CTE of 

copper and silicon: ppm/K14=−= SiCu ααα .  When a dielectric with a large CTE is 

used, however, will the VSV increase or decrease, and by how much?  Such questions 

cannot be answered by the rudimentary consideration.  Section 6.2 will describe a general 

method to calculate the VSV due to thermal strains. 

 

 

Table 6-1:  Materials properties used in calculation. 

Materials E  (GPa) ν  α  (10-6 K-1) 

Cu 138 0.33 17 

TaN 200 0.3 6 

SiN 275 0.24 4 

Si 165 0.22 3 

SiO2 71 0.17 3 

CDO 10 0.3* 12 

SiLK 3 0.3* 50 

* Poisson’s ratios of the CDO and the SiLK are unavailable to us, and are assigned to be 

0.3 in our calculations.  

 

 By comparison, the VSV due to electromigration has been examined closely.  

When the conductor line is subject to an electric current, the VSV due to electromigration 
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takes the form (Filippi et al., 1996)  

 
B

AjLeZV EM
sv Ω

=
2

2* ρ .  (6.2) 

where *Z  is the effective valence, e  the elementary charge, ρ  the resistivity,  the 

current density, and Ω  the volume per atom in the conductor line.  The factor B is an 

effective modulus of the structure.  In an analytical estimate of B, a conductor line is 

modeled as a cylinder of a circular cross section, embedded in an infinite homogenous 

matrix (Korhonen et al., 1993).  This model gives B  where CuB is the bulk 

modulus of copper, and G  is the shear modulus of the matrix (Suo, 2003).  As shown in 

Table 6-1, the new dielectrics have lower elastic moduli than SiO

j

111 −−− += GBCu ,

2.  The more compliant 

a dielectric is, the more Cu atoms need to move downstream to build up the pressure 

gradient to balance the electron wind, and the larger the VSV will be.  In a realistic 

interconnect structure, the materials surrounding the conductor have dissimilar elastic 

moduli.  This effect is accounted for in a finite element model, assuming that the 

interconnect structure is an elastic composite and the conductor line undergoes a 

transformation strain (Hau-Riege and Thompson, 2000).  

 It is difficult to justify the assumption that the conductor remains elastic when 

metal atoms can diffuse over the entire length of the conductor line.  Recent experimental 

data have shown that the diffusivity of Cu atoms on grain boundaries in the conductor is 

larger than that on the interface between the conductor and the cap (Gan et al., 2004).  

The grain boundaries and the interface will allow Cu atoms to redistribute by diffusion, a 

process that will stop only when deviatoric stresses in the conductor vanish.  

Consequently, when the void saturates, the stresses at every point in the conductor reach 
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a state of hydrostatic pressure.  On the basis of this picture, Section 6.3 will describe a 

method to calculate the VSV due to electromigration.   

 We study the impact of the new dielectrics, as well as the effects of the width of 

the Cu lines, the thickness of the liners, and the spacing between the neighboring Cu lines.  

Section 6.4 will study the impact on the VSV due to the use of porous dielectrics and 

ultrathin liners.  Section 6.5 will place the results into the context of interconnect design. 

 

6.2 Saturated void due to thermal strains  

 As a computational model, Figure 6-2 illustrates a cross section of a conductor 

line of Metal 1 surrounded by other materials.  The structure is replicated periodically in 

the horizontal direction to represent an array of parallel conductor lines.  The coordinate x 

is along the conductor line, and  is normal to the substrate surface.  In the current 

technology, the typical thickness of a conductor line is h = 150-250nm.  Above the 

structure in Figure 6-2 are several other levels of conductor lines.  The actual thickness of 

the dielectric between levels, h

z

1, is about h, but we set = 2h to account for the 

constraint due to materials above the conductor.  Similarly, to account for the constraint 

due to the silicon substrate, we set its thickness to be 50h.  Also fixed are the thicknesses 

of the SiN cap ( hh 25.0= ), the dielectric beneath the conductor ( hh =3 ), and the SiO

1h

2 2 

buffer l yer ( hh =4 ).  We will vary the width of the conductor line w, the pitch between 

the neighboring conductor lines s, and the thickness of the liner t.     

a
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Figure 6-2:The cross section of a Cu line, surrounded by a TaN liner, a SiN cap, and an 

interlevel dielectric (ILD). 

 

 

 We first consider the VSV due to thermal strains, in the absence of electric 

current.  In this case, when the voids saturate, the stress in the copper line vanishes.  

Consequently, we take the Cu line out of its surrounding structure, leaving the latter with 

a hole (Figure 6-3).  On cooling the stress-free Cu line changes its volume by 
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 .  (6.3) ( )ALTTV Cu
TH

Cu −−=∆ 03α

If all the surrounding materials had the same CTE as silicon, the volume of the hole 

would change by ( )ALTTSi −03− α .  In reality, however, these materials have different 

CTEs, giving rise to an extra change in the volume of the hole.  We write this extra 

change in the  hole as  volume of the ( )ALTT −− 03β , an equation that defines the quantity 

β .  The net change in the volume of the hole is 

 .  (6.4) ( )( )ALTTV Si
TH

hole −+−=∆ 03 βα

The difference between the two changes, Equations (6.3) and (6.4), gives the VSV due to 

thermal strains:  ( )ALTTVVV TH
Cu

TH
hole

TH ∆=sv −=∆− 03α , with 

 ββααα −=−−= ppm/K14SiCu .  (6.5) 

The effective mismatch in the CTEs, α , scales the VSV due to thermal strains.  In our 

sign convention, when the hole shrinks by an extra volume, 0>β , which decreases the 

VSV.  

 To calculate β , we focus on the structure surrounding the hole (Figure 6-3).  

Upon cooling, this structure develops a stress field in itself, which is governed by a three-

dimensional thermoelastic boundary value problem.  This problem is reduced to a two-

dimensional one on the basis of the following considerations.  The extra change in the 

volume of the hole is calculated by replacing the CTE iα  of each material in the structure 

with i Siα α− .  With this replacement, the silicon substrate undergoes no thermal strain 

surface is traction-free.  These considerations define a plane strain thermoelastic problem, 

and constrains the structure, and the strain in the x-direction in the structure vanishes.  

Also vanishing are the displacements in the y-direction at the lines of symmetry.  The top 
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which we solve using the commercial finite element code ABAQUS.  We then calculate 

the extra change in the volume of the hole using an integral along the boundary of the 

hole, nL u ds∫ , where nu  is the displacement normal to the surface of the hole, positive 

when pointing outwards of the hole.  By definition, β  is calculated from  

 ( ) ∫=− dsuLALTT n03β .  (6.6) −

Since  is linear in the temperature drop TTnu −0 , the calculated β  is independent of the 

temperature drop.   
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Figure 6-3:The copper line is taken out of the surrounding structure, leaving a hole in the 

latter.    

 

 

 Figure 6-4(a) shows the calculated α  as a function of the aspect ratio h  of the 

conductor line for the three choices of interlevel dielectrics.  When the SiO

w/

2 is used as the 

interlevel dielectric, the extra change in the volume of the hole is negligible: 0≈β  and 

  141



 

ppm/K14≈α .  When the CDO is used, its CTE is large but its elastic modulus is much 

lower than that of silicon, so that α  only deviates slightly from 14 ppm/K.  When the 

SiLK is used, however, its CTE is so large that α  varies significantly: ppm/K14>α  for 

narro ppm/K14<w lines, and α  for wide lines.  For all cases alculated, c α  is positive; 

that is, on cooling the copper line shrinks more than the hole, even though the SiLK has a 

much larger CTE than copper.   

 These surprising results for the SiLK are understood as follows.  Figure 6-5 

shows an undeformed mesh at the reference temperature, and a deformed mesh at the 

lower temperature.  In the calculation, the CTE of the silicon substrate is set to be zero. 

The substrate constrains the structure, so that the horizontal displacements vanish at the 

two lines of symmetry. When the structure is cooled, the dielectric on the side of the hole 

contracts in both vertical and horizontal directions.  The vertical contraction moves the 

top and the bottom surface of the hole toward each other, decreasing the volume of the 

hole.  By contrast, the horizontal contraction draws the side surface of the hole outward, 

increasing the volume of the hole.  For a wide conductor line, the vertical contraction 

prevails, and the saturated void decreases, ppm/K14<α .  For a narrow conductor line, 

the horizontal contraction prevails, and the saturated void increases, 14> .   ppm/Kα
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Figure 6-4(a):The effective mismatch in CTE as a function of the aspect ratio of the 

copper line.  
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Figure 6-4(b):The effective mismatch in CTE as a function of the thickness of the liner. 

 

  143



 

 

SiLK 

CDO 

SiO2 

α
  (

pp
m

/Κ
), 

Ef
fe

ct
iv

e 
m

is
m

at
ch

 in
 C

TE
s  

t/w = 0.05 
h/w = 2 

s/w , ratio of pitch to metal width 
 

Figure 6-4(c):The effective mismatch in CTE as a function of the aspect ratio of the 

pitch between the neighboring copper lines. 

 

 When the conductor line is very wide, or when the TaN liner and the dielectric 

between the neighboring conductor lines are thin, the side surface of the hole moves 

negligibly, and the top and bottom surfaces move to shrink the hole, so that 

( 3/SiILD )ααβ −= , where ILDα  is the CTE of the interlevel dielectric.  This maximum 

value of β  is 3 ppm/K for the CDO and is 15.7 ppm/K for the SiLK.  Regardless the 

geometry of the structure, the effective mi match s α  will be positive if the maximum 

3/Sivalue ILD( )ααβ −=  is less han SiCu t ppm/K14=−αα , na ely, if m ppm/K45<ILDα . 

 Figure 6-4(b) shows that α  weakly depends on the liner thickness.  Figure 6-4(c) 

shows that α  increases with the pitch between the neighboring conductor lines, a trend 

that can also be understood in a similar way as above.  
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Figure 6-5:(a) Undeformed mesh at the reference temperature.  (b) Deformed mesh at a 

lower temperature.  The displacement field is amplified by a factor of 10 for visional 

clarity.  

 

6.3 Saturated void due to electromigration 

 We next calculate the VSV due to electromigration, in the absence of thermal 

strains.  When a Cu line is subject to an electric current, the momentum exchange 

between conduction electrons and Cu atoms results in an electron wind force, eZF *= , 

motivating Cu atoms to diffuse in the direction of the electron flow.  As a void grows 

upstream, pressure rises downstream.  When the gradient of the pressure balances the 

electron wind force, net atomic drift stops and the void saturates.  In this steady state, the 

pressure in the conductor line vanishes at the upstream via (

jρ

0=x ), where the void forms, 

and builds up linearly toward the downstream via, Ω= /Fx  (Blechp , 1976). 

 Once again, we take the Cu line out of its surrounding structure, leaving the latter 
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with a hole.  In the steady state, the Cu line is subject to the linear distribution of pressure, 

and changes its volume by , or  ( )∫−=∆
L

Cu
EM

Cu dxBpAV
0

/

 
CuBΩ2

Subject to the linea

EMV  (6.7) Cu
AFL

−=∆
2

.  

r distribution of pressure, the hole enlarges its volume, which we write 

in a similar form: 

 
µΩ

=∆
2

This equation defines an effective modulus of the surrounding structure, 

2 AFLV EM
hole .  (6.8) 

µ .  The 

difference between the two changes, Equations (6.7) and (6.8), gives the VSV due to 

lectromie gration:  ( ) ( )BAjLeZVVV Cuhole
EM

sv Ω=∆−∆= 2/2* ρ , with 

 
µ
111

+=
Cu

.  (6.9) 
BB

The quantity 1/B is an effective compliance of the interconnect structure, and scales the 

VSV due to electromigration. 

 Single crystalline copper has a cubic crystal structure, with elastic 

moduli  and 11 44168GPaC = , 12 121GPaC = 75GPaC = .  When a polycrystalline copper 

line is subject to a hydrostatic stress tical in all directions and all 

grains.  Consequently, the bulk modulus of the polycrystal is the same as that of the 

, the strains are iden

CuB  

( )single crystal, given by 36GPa13/2 1211 =+= CCBCu .  

 To calculate the effective modulus of the surrounding structure, µ , we prescribe 

on the surface of the hole the linear pressure distribution, Ω= /Fxp .  As illustrated in 

Figure 6-6(a), this is a three-dimensional elastic boundary value problem.  When the 

  146



 

length of the conductor line is much larger than its height and width, the pressure varies 

slowly along the length of the hole.  Consequently, the three-dimensional structure can be 

approximated by many slices, each subject to a uniform pressure on the surface of the 

hole, defor ing under the planem  strain conditions [Figure 6-6(b)].  We solve the plane 

strain elastic boundary value problem using the finite element code ABAQUS.  By 

definition, µ  is calculated from 

 ∫= dsuAp nµ/ .  (6.10) 

Since the displacement nu  in this case is linear in the pressure, the calculated µ  is 

independent of the pressure. 

 Figure 6-7(a) shows the calculated B  as a function of the aspect ratio of the 

copper line for the three choices of interlevel dielectrics.  The results are similar to those 

 usin  the models of transformation strains (Hau-Riege and Thompson, 2000).  

In all cases, B is much below the bulk modulus of copper (136 GPa), suggesting that 

CuB<<

calculated g

µ  and µ≈B .  It is mainly the surrounding materials, rather than the copper line 

itself, that accommodate the Cu atoms relocated to the downstream

interlevel dielectrics, the SiO

.  Of the three 

er, in a realistic interconnect structure, a somewhat larger h/w makes the 

e the silicon substrate is stiffer than the dielectric and constrains 

the lateral deformation.  

2 is the least compliant, the CDO the intermediately 

compliant, and the SiLK the most compliant.  For each dielectric, B reaches maximum at 

25.1/ ≈wh .  This trend is understood as follows.  In the analytical model of a conductor 

line of elliptic cross section embedded in an infinite homogeneous matrix, the effective 

modulus maximizes when the cross section of the conductor is circular (Korhonen et al., 

1993).  Howev

structure stiffest, becaus
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(a) 

 

Figure 6-6:(a)  Pressure distribution along the hole.  (b)  A cross section of the structure 

surrounding the hole. 

 

 

 Figure 6-7(b) shows B as a function of the liner thickness.  As shown in Table 6-1, 

the TaN liner is a stiff material, so that B increases with the liner thickness.  As remarked 

above, B<< Cuµ  and B µ≈ .  An estimate is given by (Suo, 2003)  

 wtGG linerILD /⋅+≈ .  (6.11)  B

where G  and liner  are the shear moduli of the two materials.  This analytical solution 

is obtained for a conductor line of a circular cross section, which is a good approximation 

ILD G

p 
x 

z 

 ⊗y 

ILD(b) 
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y •  
SiNp 

TaN 

ILD
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when the cross section is a square.  For the results shown in Figure 6-7(b), where h/w = 2, 

the slopes are somewhat different from .  linerG

 Figure 6-7(c) shows B as a function of the pitch between the neighboring 

conductor lines.  For the SiLK and the CDO, the smaller the pitch, the stiffer the structure.  

For the SiO2, however, B is not a monotonic function of the pitch.  These trends can also 

be explained by the moves of various surfaces of the hole.  Recall that the horizontal 

displacement vanishes at the vertical line of symmetry.  The effect of this constraint is 

more pronounced when the neighboring lines are closer.  On the other hand, the top 

surface is traction-free.  When the hole is subject to the pressure, the less the material on 

the side of the hole, the more readily the top and the bottom surface move apart.  These 

two effects compete to determine B, and give rise to the various trends in Figure 6-7(c).  

When the pitch becomes very large, the effective modulus approaches an asymptote.   
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Figure 6-7(a):The effective modulus  of the aspect ratio of the copper line. B
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Figure 6-7(b): The effective modulus  of the thickness of the liner. B
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Figure 6-7(c):The effective modulus B  of the pitch between the neighboring copper 

lines. 
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6.4 Effects of porous dielectrics and ultrathin liners  

 Two trends are anticipated for the interconnect structures of the coming 

generations.  First, to increase the speed of the chips, the industry will introduce lower-

permittivity dielectrics, mostly likely porous dielectrics.  Second, to further miniaturize, 

the thickness of the liners, as well as all other features, will reduce.  This section 

examines the effects of porous dielectrics and ultrathin liners on the VSV.  We will use 

CDOs with an increasing amount of porosity as an example.  When the porosity of the 

CDO increases, the elastic modulus decreases, but the CTE is nearly a constant (Grill, 

2003).  In our calculations, we vary the modulus from 1 to 16 GPa and keeps the CTE to 

be 12 ppm/K.  

 Figure 6-8 shows the calculated α  and B as functions of the modulus of the 

dielectric for several values of the liner thickness.  The effective mismatch in the CTEs, 

α , deviates slightly from 14ppm/KCu Siα α− = , as expected from the discussion in 

Section 6.2.  Consequently, the use of the porous CDOs and the ultrathin liners has little 

effect on the VSV due to thermal strains.  By contrast, the porous CDOs and the ultrathin 

liners have a significant impact on the effective modulus B.  For example, for 

representative values 0=wt GPa1008./  and =E  in the current technology, B = 7.7 GPa.  

For a thinner liner and more compliant die ectric, 04l .0/ =wt  and GPa3=E , the 

effective modulus reduces to B = 2.5 GPa, leading to a VSV three times larger.   
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Figure 6-8(a):The effect of elastic modulus of the dielectric and the thickness of the liner 

on the effective mismatch in the CTEs. 
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Figure 6-8(b):The effect of elastic modulus of the dielectric and the thickness of the liner 

on the effective modulus.  
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6.5 Discussions 

 In this section, we place the above results into the context of interconnect design.  

Unless otherwise stated, we will use the following values in numerical estimates: 

* 1=Z , m  29−=Ω m104 8Ω×= −ρ , × -7 m, ×=h

=L 2 C, 

1018.1 3, 1010=j A/m2, w = 10 m02 7− , 

m5− , =−TT0 00

1

10 0 15=α ppm/K, and GPa7.7=B .   

03

 Thus far we have focused on one kind of the steady state, in which a single void 

forms near the upstream via, and the electron wind is balanced by the pressure gradient 

.  An alternative steady state is that no void forms, and the electron 

wind is balanced by the same pressure gradient.  In this void-free steady state, the stress 

at the upstream via no longer vanishes.  The pressure gradient induces a tensile stress 

Ω2/* jLeZ ρ  near the upstream via, and a compressive stress of the same magnitude near 

the downstream via.  In addition, the temperature change causes a uniform hydrostatic 

tensile ( )TT −

Ω=∂∂ // * jeZxp ρ

 stress Bα  in the conductor.  The sum of the two effects gives the net 

stress at the upstream via:   

( ) 
Ω

+−=
2

3 0 TTBασ .  (6.12) 

Thermal stresses in encapsulated narrow Cu lines have been measured using X-ray 

diffraction, and calculated using the finite element method assuming the conductor line is 

elastic (e.g., Rhee et al., 2003).  The

* jLeZ ρ

 mean of the stresses so obtained agrees well with 

ermath l stress in Equation (6.12).      

 Using the values listed in the beginning of this section, we find from Equation 

(6.12) that the stress due to thermal strains is 69 MPa, and that due to electromigration is 
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27 MPa.  Let γ  be the surface energy; for copper its value is on the order of 2J/m1 .  A 

void-like flaw in the conductor will grow if its initial size exceeds about σγ / , which is 

on the order of 10 nm.  Flaws of this size are likely to be present in the conductor lines.  

Also, right after the cooling, the stresses in the conductor can be very high at grain 

junctions.  These high stresses are not described by the steady state formula (6.12), but 

can motivate voids to nucleate in the conductor.  Consequently, the void-free steady state 

 unlik

al 

 

is ely to be stable in practice, and will not be discussed any further in this chapter.    

 The net VSV in a conductor line is the sum of the contributions from therm

strains, electromigration, and any other origins: 

( )
B

AjLeZ
Ω2

2* ρ

where 0V  is the contribution from all other origins.  It is sometimes assumed that the 

conductor line is stress-free and void-free at the encapsulation temperature.  Under this 

assumption, 00

ALTTVVsv +−+= 3 00 α .  (6.13) 

=V  if the encapsulation temperature is set to be the reference temperature 

0T .   In practice, however, this assumption is unreliable.  As-deposited copper lines 

contain a large number of defects such as grain boundaries.  During annealing and even 

after encapsulation, the defects are gradually removed, a process that generates stresses in 

the conductor line.  Furthermore, encapsulation may introduce other defects that add to 

the void volume.  On the basis of these considerations, a prudent approach is to set the 

reference temperature 0T  at an arbitrary level, and determine  by an independent 

asur

0V

me ement.  Alternatively, the temperature at which a conductor line is stress-free and 

void-free should be determined independently.   

 Voids induced by thermal strains and electromigration are usually tested 
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separately, under different conditions.  This practice may lead to misleading predictions.  

For example, a representative stress-free, void-free temperature is 3000C.  At this 

temperature, when an electric current is applied, the VSV is solely due to 

electromigration, and ed to be 321 m107.0 −× , using the numbers listed at the 

beginning of this section.  However, at an operation temperature, say 100

 is estimat

ificantly 

e void surface.  The void shape depends on the 

 

0C, the VSV due 

to the temperature drop is 321m108.1 −× .  Here the thermal strains contribute sign

to the VSV.  Consequently, subject to the same electric current, a conductor line found 

immortal at an elevated temperature can be mortal at the operation temperature. 

 A void in a conductor line becomes critical when it blocks the electric current.  

The volume of the critical void is a random variable depending on, among other factors, 

the exact location where the void forms.  The smallest current-blocking void usually 

forms right at the upstream via.  The volume of this critical void can be estimated as 

follows.  Copper atoms are mobile on th

relative magnitude of the electron flux and the surface energy, measured by the 

dimensionless number (Suo et al., 1994)

Ωγ
ρ 2* jaeZ

where a is a representative size scale of the void.  For representative void size nm100

=η .   (6.14) 

=a , 

the dimensionless number is on the order 110−=η .  Consequently, the void shape is 

largely determined by the surface energy.  Furthermore, we will neglect the anisotropy in 

e that the surface 

along the line.  The critical void takes the equilibrium shape of a spherical cap, its base 

the surface energy, and assum diffusion is fast compared to the transport 

diameter coinciding with the via size d, giving the volume  
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 Ψ⎟
⎞Ψ

+= sincosdV π . (6.15) 
⎠

⎜
⎝
⎛

Ψ− 2cos1
1

12

3

crit

where is the wetting angle of copper on the liner.  The critical volume scales with the 

via diameter as , and increases as the wetting angle decreases.  Taking 

-7 − 3

electro

ics, the more closely spaced the neighboring conductor lines, and larger the 

Ψ  

3
crit

o

and d = 10  m, we find that crit 1026.0 ×=V m .   

 When the volume of the saturated void is smaller than the volume of the critical 

void, critVVsv , the conductor line is immortal (Filippi et al., 1996; Suo, 1998; Hau-Riege 

and Thompson, 2000; Hau-Riege, 2002; Filippi et al., 2002; Suo, 2003).  The above 

numerical estimates, however, show that the VSV exceeds the critV , indicating that the 

conductor line is mortal.  This prediction is consistent with the reported experimental data 

(e.g., He et al., 2004; Hau-Riege et al., 2004).  One remedy to immortalize a conductor 

line is to increase critV  by introducing, for example, multiple vias, or a large via, or an 

effective shunt.  It is also possible to reduce the VSV by changing geometry.  As evident 

in Equation (6.13), the VSV due to migration is quadratic in the line length, and 

the VSV due to temperature change is linear in the line length.  If the length of the line is 

reduced to m105.0 5−×=L , for example, the VSV due to electromigration is 

321m1018.0 −× , and the VSV due to a temperature drop of C200o  is 321m109.0 −× .  To 

further reduce the latter, one may explore processing conditions that lower the stress-free 

and void-free temperature of the conductor line.  In a given interconnect structure, 

conductor lines may have different geometric parameters.  Their effects on the VSV are 

contained in the numerical results presented in this chapter.  For example, for compliant 

dielectr

~ dV 90=Ψ  

21

<

effective modulus B, and the smaller the VSV [Figure 6-7(c)].  As another example, 
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upper lev

 that 

e lifetime is long enough.  Time-dependent models, invoking void nucleation and 

growth, have been discussed in Andleigh et al. (1999), He et al. (2004), and Hau-Riege et 

 of such models are beyond the scope of this chapter. 

 

lectromigration tests.  Subject to a given electric current, a conductor line found 

el conductor lines in an interconnect structure are typically wide.  Such wide 

lines have small effective modulus B [Figure 6-7(a)].  

 When the volume of the saturated void exceeds the volume of the critical void, 

critVVsv > , the conductor line is mortal.  A design rule for mortal lines must ensure

th

al. (2004).  Further discussions

 

6.6 Summary  

 Voids caused by thermal strains and electromigration are a major concern in the 

semiconductor industry.  In a conductor line a void may saturate to a deterministic 

volume, the VSV, a well-defined quantity that can be used to rank materials and 

geometries of the interconnect structures.  We describe a general method to calculate the 

VSV, assuming that the steady state is reached when each point in a conductor line is in a 

hydrostatic state.  The method circumvents the complexity caused by the transient 

processes of atomic migration and void dynamics.  Numerical results show that the VSV 

can either increase or decrease when the coefficient of thermal expansion of the dielectric 

increases, and will increase when the elastic modulus of the dielectric decreases. The use 

of porous dielectrics and ultrathin liners will significantly increase the VSV.  Thermal 

strains contribute significantly to the VSV, and must be taken into account in interpreting

e
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immortal at an elevated temperature can be mortal at the operation temperature.  The 

method to determine the VSV provides a tool to assess options in interconnect design.    
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Chapter 7 Concluding Remarks  

 

 The microelectronic devices integrate more and more diverse materials in a 

complicated three-dimensional structure with feature size from nanometers to meters.  

The performance leaps of these devices are so attractive; meanwhile the reliability issues 

become more urgent in semiconductor industry.   

 In this dissertation, we explored some key issues in the thermal-mechanical 

reliability of microelectronic devices. We have developed a framework to study the stress 

contribution from the weaker singularity had not been appreciated, sometimes were 

singularities with unequal exponents for broad applications, such as crack penetration and 

deflection, dislocation injection into strained silicon, chip-package interaction, and 

suppression of island-substrate debonding, etc.  We also developed a method to calculate 

the volume of saturated voids in conductor lines due to thermal strains and 

electromigration. The major findings of the dissertation are listed as follow:  

 (1). The singular stress field around the sharp features, such as crack, wedge, 

corner, etc., is a linear superposition of two singular modes, one stronger and the other 

weaker.  So long as the process zone size is small compared with the macroscopic length, 

there exists a k-annulus where the asymptotic singular stress field applies.  In the past, the 
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neglected without careful consideration. In this dissertation, we prudently consider its 

significance, and characterize the proportion of the two modes by a dimensionless 

arame

 the 

o other crystallographic orientations, 

e stru

nt calculation very well for the 

rack length varying several orders of magnitude.  In addition, we find that the relation of 

p ter: local mode mixity (or mode angle).  In the case of a crack impinging upon a 

bimaterial interface, the weaker singularity may readily affect whether the crack will 

penetrate across, or debond, the interface.  In the case of a dislocation emitting from

sharp edge of strained silicon structures, the weaker singularity is negligible when the 

film is compliant, but is significant when the film is stiff.   

 (2). In the study of dislocation emission in strained silicon, we describe a 

procedure to select the critical slip systems for the full range of the mode angle; give a 

scaling relation between the residual stress level and feature sizes; predict the correct 

orders of magnitude of the critical stress; and compare the analysis with experimental 

observations.  Our approach can be easily applied t

different material combinations, and various shapes of sharp features.  The approach may 

ultimately contribute to the design of strained silicon devices.   

 (3). We extend the framework of split singularities and local mode mixity to 

investigate the interfacial delamination due to chip-packaging interaction.  We simplify 

th cture to be silicon/substrate with 900 wedge configuration, and neglect the small 

local features of integrated circuits.  We calculate the energy release rate and the mode 

angle of crack on the chip-package interface based on the asymptotic linear elastic stress 

field.  The asymptotic solution agrees with finite eleme

c

energy release rate G and crack length a is not power-law since local mode mixity η  is 

dependent of crack length a.  Therefore, the curve of G~a can be wavy and hardly goes to 
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zero even if crack length a goes to atomically small.  The local mode mixity plays an 

porta

 

k more detailed considerations 

im nt role in crack behavior.  

 (4). A remedy to reduce the singularity and to suppress the debonding in flexible 

electronics is proposed—applying coating.  We show that a thin layer of polymer coating, 

covering the islands and the substrate, can markedly increase the critical island size.  

 (5). Voids caused by thermal strains and electromigration are another major 

concern in the semiconductor industry.  In a conductor line a void may saturate to a 

deterministic volume, the VSV, a well-defined quantity that can be used to rank materials 

and geometries of the interconnect structures.  We describe a general method to calculate 

the VSV, assuming that the steady state is reached when each point in a conductor line is 

in a hydrostatic state.  The method circumvents the complexity caused by the transient 

processes of atomic migration and void dynamics.  

 The use of porous dielectrics with low modulus and ultra-thin liners are the 

technology trends.  Nevertheless, numerical results show that the VSV will significantly 

increase when the elastic modulus of the dielectric decreases and the diffusion barrier 

becomes thinner.  Therefore, the voiding failure mode continues to be a major problem.  

 In addition, the great contribution to VSV from thermal strains should draw 

attention.  In electromigration tests, a conductor line found immortal at an elevated 

temperature can be mortal at the operation temperature.  The approach and results 

provide a tool to assess options in interconnect design.    

 

 After having finished the above work, we thin

and/or lots of other related work can be done.  In the following, we envision some urgent 
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reliability issues that are the extension of the study in this dissertation.  

 (1).  Strained silicon-on-insulator (sSOI) is the future of semiconductor industry.  

The large strain, e.g. 1.4% to 2.5%, is introduced in silicon layer to enhance the device 

performance.  In the device, the triple junction is a very common geometric feature, such 

cked carefully.  

as shallow trench isolation (STI), gate-sSOI-cap junction, etc. The dislocations are easily 

emitted from the corner, or the concentrated stress derives the dislocation to move under 

the transistor channel.  Some researchers did the experiments to measure and/or FEM to 

calculate the singular stress field around the triple junctions or contact corners, but there 

is no good model for the stress field analysis or useful formula to approximate the near-

junction stress field, and there is no good parameter defined to assess critical conditions.  

The study of stress singularities supplies a possibility with careful consideration of 

higher-order singularities and non-singular terms.  

 (2).  In our model, we considered a straight dislocation nucleates along the film 

edge under the assumption of plain strain condition, which deserved careful consideration. 

Before a dislocation nucleates, the stress field is generated due to SiN stripe, so it is plain 

strain problem. However, once it nucleates, this assumption needs to be che

First, once the dislocation nucleates, it must be a half loop with the two ends pinned on 

the film edge.  It is hardly to be straight.  Second, the 600 mixed dislocation has screw 

part which can not be modeled as plane strain problem any more since the dislocation 

itself generates a stress field which is not plane strain.  So, the final stress state is the 

superposition of the two fields.  If we study the propagation of the 600 mixed dislocation, 

we have to consider the three-dimensional elastic field.  

 In addition, the dislocation propagates into the silicon to some depth, and then 
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threads along the edge of film.  The threading depth should be finite since the driving 

force—the resolved shear stress—decreases.  And the threading process has similarities 

with channel cracking in the thin films, so it can be studied the same way as propagation 

of channel crack.  

 (3).  In practice, SiN square pads are used rather than the long stripes.  In order to 

Hence, the singular stress 

kage, and fail the device.  Because the dislocation is so 

etrime cation under transistor channel in 

e final product.  But, there are many steps in the whole process to fabricate a transistor 

n strained silicon, such as silicidation, ion implantation in source and drain area, shallow 

trench isolation, except the SiN capping.  Any step can induce dislocations.  In Chapter 3, 

we just considered one processing step. The assurance of reliability in one step cannot 

avert the complexity of 3D corner singularities, we use a long stripe in our study.  But, 

the 3D corner is more critical than 2D edge and therefore deserves attention.  Dunn et al. 

(JMPS, 2001) had an asymptotic solution for the perfectly 3D corner.  Here, we propose a 

2D approximate solution for the 3D corner based on the following arguments.  Since in 

practice, the 3D corner is formed by the perpendicular edges of pads on the substrate, and 

usually rounded with a radius much larger than atomic scale, e.g., 40 nm rounded radius 

for a 500 nm thick SiN pad in Kammler et al. (APL, 2005).  The local stress state close to 

the root of 3D bimaterial interface is still in plain strain state.  

expression in the dissertation still applies, except that the stress intensity factors need to 

be modified to include the effects of the stress overlapping from two adjacent edges.  

Then, the remaining complexity just arises from the 3D FEM calculation.  

 (4).  As we know, if a dislocation is present under the source/drain channel of a 

transistor, it leads to electrical lea

d ntal to transistors that we want to avert any dislo

th

o
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assure no dislocation in the final product. The reliability of the final product deserves 

more attention and work.  For example, if dislocations are nucleated inevitably, it is 

essential to understand the mechanism of dislocation motion under the operation 

conditions in the final product. Only if the dislocation does not move into the 

source/drain channel, the transistor functions well.  

 (5).  We demonstrated that the coating could reduce singularities and suppress 

delamination in flexible electronic structures.   As we know, the coating reduces the 

concentrated stresses around the bi-material wedge or triple junction by reducing the 

elastic mismatch and closing the geometric discontinuity.  Wedge or junction is very 

common to many microelectronic structures, such as in chip-package and package-board. 

Once the stress concentration is alleviated, many failure modes could be avoided, such as 

interfacial debonding, solder bump’s detachment, etc.  Hence, we expect that the coating 

enhance the reliability of many other microelectronic devices.  

 (6). In the problem of voiding due to thermal strain and electromigration, the 

temperature can be not uniform in the Cu line. Therefore, the initial stress gradient due to 

temperature gradient could initiate multiple voids in the Cu line. After applying electric 

current, the combination effects of electromigration and thermal gradient maybe lead to 

multiple voids in saturated state.  

 We eagerly await future works on these topics. 

 

 


