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Abstract

In this paper we formulate a geometric theory of elasticity and anelasticity for bodies containing material
surfaces with their own elastic energies and distributed surface eigenstrains. Bulk elasticity is written in
the language of Riemannian geometry, and the framework is extended to material surfaces by using the
differential geometry of hypersurfaces in Riemannian manifolds. Within this setting, surface kinematics,
surface strain measures, surface material metric, and the induced second fundamental form follow natu-
rally from the embedding of the material surface in the material manifold. The classical theory of surface
elasticity of Gurtin and Murdoch [1975] is revisited and reformulated in this geometric framework, and
then extended to anelastic bodies with anelastic material surfaces. Constitutive equations for isotropic
and anisotropic material surfaces are formulated systematically, and bulk and surface anelasticity are in-
troduced by replacing the elastic metrics with their anelastic counterparts. The balance laws are derived
variationally using the Lagrange-d’Alembert principle. These include the bulk balance of linear momen-
tum together with the surface balance of linear momentum, whose normal component gives a generalized
Laplace’s law. As an application, we obtain the complete solution for a spherical incompressible isotropic
solid ball containing a cavity filled with a compressible hyperelastic fluid, where the cavity boundary is
an anelastic material surface with distributed surface eigenstrains. The analytical and numerical results
quantify the effects of surface and fluid eigenstrains on the pressure-stretch response, and residual stress.

Keywords: Surface elasticity, material surfaces, eigenstrain, anelasticity, material metric, surface stress,
residual stress.
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1 Introduction

It has been known for a long time that surface tension dominates the mechanical response of liquids at small
scales. In recent years it has been observed that surface stresses have significant effects on the response
of soft solids, e.g., gels [Style et al., 2017, Bico et al., 2018]. A related problem is the calculation of the
effective properties of solids with small liquid/gaseous inclusions. For small enough inclusions surface stress
has a significant effect on the effective properties of a composite. For example, an unexpected effect of liquid
inclusions is that they can make the solid stiffer than its bulk configuration. Recall that Eshelby [1957]’s
classical theory predicts the opposite effect. There are some recent linear studies of this problem [Style et al.,
2015a,b]. However, there is still relatively little work on the large-deformation behavior of such composites,
aside from a few recent studies [Liu and Feng, 2012, Ghosh and Lopez-Pamies, 2022].

Gurtin and Murdoch [1975] formulated a continuum theory of surface elasticity in the setting of finite
strains by postulating a set of bulk and surface balance laws. In their formulation, material surfaces were
assumed to undergo only membrane deformations. This theory was later extended to include bending
deformation of material surfaces by Steigmann and Ogden [1999]. In recent years there has been a lot of
interest in the continuum theory of bodies with elastic surfaces [Steigmann, 1999, Spaepen, 2000, Duan et al.,
2005, Huang and Wang, 2006, Liu and Feng, 2012, Javili and Steinmann, 2010, Javili et al., 2013, 2018, Xu
et al., 2018, Krichen et al., 2019, Heyden et al., 2022, Tamim and Bostwick, 2025].

The classical Gurtin-Murdoch surface elasticity model is formulated in a coordinate-free manner, but it
is developed within a framework that does not fully exploit the existing differential geometry of material
surfaces. In the present work the theory is written directly in the language of modern differential geometry,
which provides a clear and invariant description of all kinematic and kinetic quantities and avoids the need



for additional assumptions or analogies.! This geometric viewpoint also places surface elasticity in its natural
setting: a surface with its own material metric. In this sense, surface elasticity is a special case of surface
anelasticity, corresponding to a particular choice of surface material metric. Material surfaces in nature are
almost always residually stressed, and thus a unified geometric formulation of surface anelasticity is essential.
Once the surface material metric is identified as the fundamental descriptor of anelastic distortions, the
overall structure of the theory becomes identical to that of classical three-dimensional elasticity, and no
special constitutive hypotheses are required.?

In this paper, we first revisit the classical theory of surface elasticity formulated in [Gurtin and Murdoch,
1975, 1978, Gurtin et al., 1998]. We reformulate the theory of surface elasticity in the setting of Riemannian
geometry and differential geometry of embedded hypersurfaces in Riemannian manifolds.? We next extend
the theory to anelastic bodies with anelastic material surfaces. In surface anelasticity both the bulk and
material surfaces have distributed eigenstrains. This implies that the bulk and the material surfaces have
their own material metrics. The presence of bulk and surface eigenstrains induces bulk and surface residual
stresses and in turn alters the mechanical properties of the body. It should be mentioned that there are
previous works in the literature that have used modern differential geometry of submanifolds to formulate
the mechanics of material surfaces. However, all these works are restricted to kinematics alone [Betounes,
1986, Kadianakis, 2010, Kadianakis and Travlopanos, 2018]. In this paper, we formulate a comprehensive
geometric theory for the mechanics of material surfaces. Gurtin and Murdoch [1975] postulated the balance
laws. Here, we formulate the mechanics of surface elasticity variationally.

Recently, Eremeyev [2024] formulated a finite-deformation theory of surface viscoelasticity by extending
the Gurtin—-Murdoch surface elasticity framework to include history-dependent surface stresses. The bulk
material is assumed to be elastic, while dissipation is confined to the surface through viscoelastic constitutive
relations defined on the elastic surface. As an application, the anti-plane surface waves in an elastic half-
space endowed with viscoelastic surface stresses were studied. It was shown that surface viscosity modifies
both the dispersion and attenuation of surface waves relative to the purely elastic surface case. It should be
emphasized that there are subtle geometric differences between anelasticity and viscoelasticity, as discussed
in detail in [Sadik and Yavari, 2024]. In the present paper, we restrict attention to elasticity. An extension
of the theory to viscoelastic material surfaces will be the subject of future work.

Elastic surfaces are inherently residually stressed, and the same is true for liquid inclusions. In this sense,
within the linear or nonlinear continuum theory of soft solids, surface effects are intrinsically anelastic.
The geometric framework developed in this paper therefore provides a natural setting for modeling the
mechanics of such materials. By formulating surface elasticity as a continuum theory in a Riemannian
geometric framework, eigenstrains are seamlessly embedded in the material metrics, and residual stresses
emerge naturally from the resulting geometric frustration. This renders the formulation both conceptually
transparent and mathematically consistent. As will be shown, the proposed geometric framework enables a
unified treatment of coupled bulk-surface elasticity in systems where both the bulk and the surface exhibit
eigenstrains and residual stresses.

Existing studies of surface elasticity with liquid inclusions have mainly focused on determining the effec-
tive elastic properties of composites containing many fluid inclusions of prescribed initial radius and capil-
larity number, and thus aim to compute effective moduli of a composite rather than the global mechanical
response of a single finite body. In this paper we analyze the fully nonlinear spherical elasticity problem for
a single solid ball containing a cavity endowed with surface elasticity and possibly filled with a compressible
fluid possessing a natural volumetric state. The cavity is allowed to undergo large volumetric changes, lead-
ing to a nontrivial residual-stress field throughout the solid. As a result, the pressure-deformation response
of the ball is significantly modified by either surface elasticity or the natural volume of the fluid inclusion,

IThere is an extensive literature on geometric formulations of three-dimensional elasticity and anelasticity. Representative
contributions include Doyle and Ericksen [1956], Noll [1967], Wang [1968], Wang and Bloom [1974], Marsden and Hughes [1983],
Epstein [2011], Romano et al. [2014], Clayton [2014], Sozio and Yavari [2019, 2020], Segev [2023], among others.

21t should be emphasized that the present theory is formulated for material surfaces with purely in-plane elastic and anelastic
response. No bending effects are included, and no constitutive dependence on curvature or on the second fundamental form is
introduced. The surface is therefore treated as a membrane-type continuum, and all kinematic and constitutive relations are
intrinsic to the surface.

3Formulating surface elasticity in this geometric framework makes its extension to anelasticity essentially immediate. This
is one of the motivations for adopting the geometric setting.



producing stiffening or softening effects.

This paper is organized as follows. The differential geometry of three-dimensional manifolds and their
hypersurfaces is discussed in §2. Nonlinear elasticity of bodies with material surfaces is presented in §3,
including the bulk and surface kinematics, the bulk and surface constitutive equations in the presence of
anisotropy, and the corresponding balance laws derived using the Lagrange—d’Alembert principle. The theory
is then extended to surface anelasticity in §4, where a material surface is endowed with its own material
metric that is not necessarily equal to its first fundamental form. As an application, in §5 we study a
spherical ball with a concentric cavity filled with a homogeneous isotropic hyperelastic liquid, surrounded
by an incompressible isotropic solid and endowed with an isotropic material surface carrying its own surface
eigenstrains. The response of this system to an applied outer pressure is determined. The conclusions are
summarized in §6.

2 Differential Geometry via Cartan’s Moving Frames

Suppose B is an n-manifold that is equipped with a metric G and an affine connection V. The triplet
(B,V, Q) is called a metric-affine manifold [Gordeeva et al., 2010]. In our review and summary of metric-
affine manifolds and hyper-surfaces of Riemannian manifolds we mainly follow [Spivak, 1970a, Hehl and
Obukhov, 2003, Sternberg, 2013, Nicolaescu, 2020]. At X € B, the tangent space is an n-dimensional
vector space that is denoted by TxB. Suppose TxB has an orthonormal basis {e1(X),...,e,(X)}. This
is called a moving frame.* It should be noted that a moving frame is not necessarily induced from a
coordinate chart; a moving frame is a non-coordinate basis for the tangent bundle TB (the disjoint union of
all the tangent spaces). Every moving frame {e,} = {e1,...,e,} has a corresponding moving co-frame field
{99} = {9',..., 9™} such that 9*(eg) = 05, a, B =1,...,n, where 07 is the Kronecker delta. With respect
to an orthonormal moving frame, i.e., when {en,es)c = dap ({.,.)c is the inner product induced by the
metric G), the metric has the following simple representation (summation over repeated indices is assumed
everywhere in this paper)

G = 0,59 @97 (2.1)

A vector field Y on B (Y € X(B)—the set of vector fields on B) assigns a vector Yx € TxB to every X € B.
At X € B let us denote the space of anti-symmetric k-linear maps by A*(TxB). The bundle of exterior
k-forms is defined as A*(B) = | |5 A¥(TxB), where || denotes disjoint union of sets. Smooth sections of
this bundle are called differential k-forms. The space of differential k-forms is denoted as QF(B).
The interior product between a differential k-form w and a vector field W is denoted as iww, and is
defined as
iww(Ul,...,Uk_l):w(W,Ul,...,Uk_l), YUq,..., U1 €TB. (22)

The exterior derivative of a differential k-form w is a (k + 1)-form that is denoted as dw. For a 1-form «,
one has the following identities for arbitrary vector fields U and W:

wa = {(a,U), dw(U, W) = (d{w, W), U) — (d{w,U), W) — (w, [U,W]), (2.3)

where the Lie bracket (commutator) is defined as [U, W] = UW — WU and (., .) is the natural pairing of
one-forms and vectors. This means that for an arbitrary scalar field f, [U, W|[f] = UW[f]] - W[UI[f]]. In
components, [U, W4 = UBW4A 5 —WEBUA 5. Clearly, for a coordinate frame [0, dp] = 0. Cartan’s magic
formula relates the Lie derivative £y, the interior product iy, and the exterior derivative d of a differential
form w as

EUOJ = diUw + iwa . (24)

Given a metric tensor G on an n-manifold B, the Hodge star operator assigns to a k-form w the (n — k)-
form *w (to be more precise one should write xg instead of x) such that

(3w)(Ui, ..., Up) = w(Uppa, ..., Up), (2.5)

4The method of moving frames was systematically and successfully used in formulating the mechanics of distributed point
and line defects in solids in a series of papers [Yavari and Goriely, 2012a,b, 2013c, 2014]. In our formation of surface elasticity and
anelasticity we use both the standard and moving frames formats of the equations of hyper-surfaces in Riemannian manifolds.



for any G-orthonormal frame {Uj,...,U,}. Note that x x w = (—=1)*("~*)¢. For the Riemannian volume
n-form pg,” *pug = 1. With respect to an orthonormal moving coframe {9!,...,9"} Hodge star has a
simple representation. It acts on a basis element of k-forms as follows

(0T AL AP) = N L (2.6)

k
Mhot1ee

where summation is over 7g41 < ... < 7, and € is the totally anti-symmetric tensor defined as

+1 (m1...7m,) is an even permutation of (1...n),
€nmn =4 =1 (71...7my) is an odd permutation of (1...n), (2.7)

0 otherwise

and indices are raised by 6*2. Let o and 3 be k-forms. The pointwise inner product induced by the metric
G is defined by

(a,B)c = ZOH Br, (2.8)
i

where the sum is over all increasing multi-indices I = (i; < -+ < i) and @ = > ;ayda™ A--- A da'*,
B = ;Brdxz"™ A--- ANdx*, with the coefficients a; and B; taken in an orthonormal coframe with respect
to G.

The raised Hodge operator is defined as x*w = (xw)¥, i.e., raising all the indices of the Hodge star
operator. This gives an alternating tensor of type (k,0). For a k-form a and an (n — k)-form « one has

ahy = (e, ) p=(y,+a)p, (2.9)

where (,) is the natural pairing of forms with alternating multi-vectors. The natural pairing (, ) is the
canonical contraction between a k-form and a k-vector (alternating contravariant tensor of rank k). Given
a k-foom o = Y, ardz™ A -+ Ada' and a k-vector V.= >, VI9; A--- A0, their pairing is defined
pointwise by

(@, V)= o/ V', (2.10)
I

where the sum is over all increasing multi-indices I = (i; < --- < i3). In particular, the pairing (a, %)
in (2.9) contracts a k-form with an (n — k)-form that has been transformed into a k-vector using the raised
Hodge star.

Let S(k,n) be the set of permutations 7 of the set {1,...,n} such that 7(1) < ... < 7(k) and 7(k+ 1) <
... < 7(n). With respect to the orthonormal basis {ey,...,e,},

(*w)(eT(k+1)7 s 7e‘r(n)) = (Sgn T) w(e7(1)7 ) e'r(k)) ’ (211)

where sgn 7 is the sign of the permutation 7 [Schwarz, 2006]. For any vector V, with respect to the orthonor-
mal frame one has

(*V°)(€r(2)s-- -+ €r(m) = (sgnT) V’(e;(1)) - (2.12)

On the other hand .
(ivirg)(er(2)s- - €r(n)) = Ha(V,er2)s- s €r(n))

= NJG(VT(I)eT(l)u €r2)--- 7e7'(n))

= (sgn7) V7L (213)
= (sgnT) Vb(eT(l)) .
Thus, we have proved the following classical result
ivitg = *V’. (2.14)
5For a positively oriented set of vectors {W1,..., Wy}, pg(Wi,...,W,) = \/det(G(W;, W,)). For a G-orthonormal

frame {Uy,...,Un}, pg(U1,...,U,) =1.



Given a volume form p, the divergence of a vector field V is defined as (div V) u = £y p. Using Cartan’s
magic formula and the fact that dp = 0 one writes (div' V) p = d(iv ). For the special volume form pg—
the Riemannian volume form, divg V = trg(VEV), where V€ is the Levi-Civita connection associated
with G. Using (divgV) pg = d(ivprg) and (2.14) one finds the following classic result

(divg V) pg = d*V”. (2.15)

In a manifold it does not make sense to differentiate vector fields unless an extra structure is provided—an
affine connection. An affine (or linear) connection is an operation V : X(B) x X(B) — X(B) that has the
following three properties:

(Z) vf1X1+f2XzY = flVX1Y+f2VX2Y,
(ZZ) Vx(a1Y1 + ang) =a1VxY1+aVxYs, (216)
(iwi) Vx(fY)=[fVxY +(X[f])Y,

where X, Y, X, X5, Y1, and Yy are arbitrary vector fields, f, f1, fo are arbitrary functions, and aq, as
are arbitrary scalars. The vector field VxY is called the covariant derivative of Y along X. For a given
connection V, the covariant derivative of the moving frame defines the connection 1-forms:

Ve, =€, w7, (2.17)

One defines the connection coefficients as Ve,en = (W, €p) €y = w¥gqe,. The connection 1-forms are
represented with respect to the moving co-frame as w?, = w7, ¥°. For a vector Y = Y e,, one has

VY =V(Y%,)
=e,RdY*+Y*Ve,
=e,RdY*+Y%e, ®@w, (2.18)
=e,®dY”" + e, @w*, Y
=eu® (dY* +w*,Y7).

It is observed that VY is a vector-valued 1-fom. The covariant derivative of Y along another vector X is
defined as
VxY = (dY* +w*, Y7, X) e, . (2.19)

The covariant derivative of the moving co-frame field can be calculated by differentiating the identity
U%(eg) = d5. It gives us VI* = —w®, 97, and Ve, 0% = —wg, 97,

Any coordinate chart {X“} for B defines a coordinate basis {94 = BXLA} for Tx B. The coordinate chart
and the moving frame field {e,} are related as e, = F,” 94, where F € GL(n,R) is an invertible linear
transformation (it is assumed that det[F,?] > 0 in order to preserve orientation). The analogous relation
between the moving and coordinate co-frames is 9 = F® 4 dX 4, where [F*4] is the inverse of [F,*].¢ For
the moving frame field the object of anhonolomy is a 2-form defined as ¢” = di¥?, which has the following
representation

' =d (FA/B dXB) = Z C’Yag 94N 98 s C’Yag = FaA FBB (8AFVB — 8BF’YA) . (2.20)
a<f
For the moving frame one has [e,,es] = —c”ape,. In a coordinate chart { X4}, Vy,05 = ' 45 dc, where

I'C 45 are the Christoffel symbols of the connection.
In a metric-affine manifold there are three important tensors, namely, non-metricity, torsion, and curva-
ture, which are discussed next.

6Metric has the coordinate components G 4p = F4¢ 0ap Fph.



2.1 Non-metricity

Non-metricity in a metric-affine manifold quantifies how far VG is from zero. More specifically, non-metricity
Q: X(B) x X(B) x X(B) — X(B) is defined as

O(X,Y,Z) = (VxY,Z)c + (Y, VxZ)c — X[(Y,Z)c], VX.Y,Z e TB, (2.21)

where (.,.)q is the inner product of vectors induced from G. With respect to the moving frame {e,}
non-metricity coefficients are defined as Q,n3 = Q(e,,€qn,e3). The non-metricity 1-forms are defined as
Qup = Qyap ). Following the definition of non-metricity Qyap = w®ya Geg + wyg Gea — (dGap, €4) =
Weya + Wanys — (dGap,e), where d is the exterior derivative. Thus, Q3 = wapg + wga — dGap. Note that
dGap = ddag = 0, and hence we have obtained Cartan’s zeroth structural equations:

In solids, non-metricity describes the geometry of the reference configuration of a body with distributed
point defects [Falk, 1981, De Wit, 1981, Grachev et al., 1989, Kroner, 1990, Miri and Rivier, 2002, Yavari
and Goriely, 2012b, 2014, Golgoon and Yavari, 2018b].

The connection V is G-compatible if non-metricity vanishes, i.e.,

Vx(Y,Z)c = (VxY,Z)c + (Y, VxZ)c - (2.23)

This is equivalent to VG = 0, and in coordinates reads G 4pjc = GaB,c —TPcaGpp—TPepGap =0. For
a metric-compatible connection with respect to the moving frame one has wqog + wg, =0, i.e., the matrix of
connection 1-forms of a metric-compatible connection is anti-symmetric.

2.2 Torsion

Torsion T : X(B) x X(B) — X(B) of the connection V is defined as
T(X,Y)=VxY - VyX — [X,Y]. (2.24)

Note that T(Y,X) = —T(X,Y). With respect to a coordinate chart {X“} and the moving frame {e,},
torsion has components TAgc =T45c —T4cp, and Ty = w¥gy — w5 + c* g, respectively. The torsion
2-forms 7 are defined as

To(X,Y)ea =T(X,Y), VX, YeX(QB). (2.25)

Thus, 7% = % T3 PNV, Cartan’s first structural equations relate the torsion 2-forms and the connection
1-forms:
T =d9™ +ws NP (2.26)

In solids, torsion describes the geometry of the material manifold of a body with distributed dislocations
[Bilby et al., 1955, Bilby and Smith, 1956, Bilby, 1968, Kondo, 1955, Kroner, 1959, Kroner and Seeger, 1959,
Yavari and Goriely, 2012a, Ozakin and Yavari, 2014, Yavari and Goriely, 2014, Golgoon and Yavari, 2018b].
A torsion-free connection is called symmetric, for which VxY — VyX = [X,Y], and with respect to the
moving frame d¥® + ws A 9P = 0.

2.3 Curvature
The curvature tensor R : X (B) x X(B) x X(B) — X(B) of the affine connection V is defined as
R(X,Y)Z = [Vx, Vy]Z - Vix v)Z = VxVyZ — VyVxZ — Vix v|Z. (2.27)

Notice that R(Y,X)Z = —R(X,Y)Z. In a coordinate chart {X4}, R4pcp = IMcpp — Mape +
Mgy IMep — T4 TM pp. With respect to a moving frame, the curvature tensor has the components



R%gap = Opway — Ow® g + wge wa — w¥ae wEp, + W, ¢S ga. The curvature 2-forms R%g are defined
as
R3(X,Y)e, =R(X,Y)eg, VX, Y € X(B). (2.28)
Thus, R%gep, = R*s(e¢, €,). It is straightforward to show that R%s = %Raggn 9¢ A 9. Note that
<<R(X7 Y) €3,€q >>G = RozB (X7 Y) ) (229)
where Rag = R7g0ay. Cartan’s second structural equations relate the curvature 2-forms and the connection

1-forms:
RY% =dw g +w Aw'g. (2.30)

There is a unique connection that is both metric compatible and torsion free—the Levi-Civita connection.
With respect to a coordinate chart {X#} it has the connection coefficients (Christoffel symbols) T'9 45 =
1GYP(Gpp,a+Gap,s —Gap,p).

Lemma 2.1. For a 1-form o on a Riemannian manifold (M, G) we have the following identity
do(v,w) = (Vva,w)c — (Vwo, v)a, (2.31)
where V is the Levi-Civita connection and v,w are arbitrary vector fields.

Proof. The exterior derivative of a 1-form « is defined by
da(v,w) = via(w)] — wla(v)] — a([v,w]), (2.32)

where v, w are arbitrary vector fields. This is a purely algebraic definition and does not depend on any
connection. We can express the directional derivatives of the scalar functions a(w) and a(v) in terms of
covariant derivatives:

ve(w)] = (Vva, wie + (@, Vyw)a , (2-33)
wla(v)] = (Vwe, Vg + (@, Vav)a - (2.34)

Also, the Lie bracket [v, w] can be expressed in terms of the Levi-Civita connection as
[v,w] =V,w — VgV, (2.35)

because the torsion of V vanishes: T (v,w) = Vyw — Vi v — [v,w] = 0. Substituting these expressions into
the definition of da, we obtain:

da(v,w) = (Vva, wha + (@, Vyw)e — (Vwa, via — (@, Vwv)e — a(lv, w))

= (Vya,W)g — (Vwa, V)G + (@, Vow — Vv — [v, W])q - (2.36)

The last term vanishes due to the torsion-free condition, proving (2.31). O

2.4 Differential Geometry of Embedded Submanifolds

In this section we review the geometry of embedded submanifolds. More specifically, we consider hyper-
surfaces in a Riemannian manifold, and mainly follow do Carmo [1992], Capovilla and Guven [1995], Spivak
[1970b] and Kuchai [1976]. The body is denoted by B. The natural configuration of the body is a Riemannian
manifold with a metric G.” The ambient space is another Riemannian manifold (S, g). We denote the inner
products induced by the metrics G and g by (-, -)c and (-, -)g, respectively. Consider a Riemannian manifold
S embedded in the material manifold (B, G) such that dimS = dim B — 1. S can be viewed in two ways: (i)

"In elasticity G is a flat metric. However, in anelastic bodies G is non-flat and quantifies the natural distances in the
presence of eigenstrains. In the material manifold the bulk and material surfaces have their own Riemannian metrics. In
general, the material metric need not be continuous, see [Yavari and Goriely, 2013b, Golgoon and Yavari, 2018a] for examples
of discontinuous material metrics.



as a subset of B or (ii) as an abstract (n — 1)-dimensional manifold. These two perspectives are related via
the inclusion map ts : S < B, 15(X) = X. We distinguish between S and S = 15(S) C B.%

The metric G on B induces a metric G = 1$G = IS:*G|S= = G|S on S,? where IS= = Ts. This is the first

fundamental form of the hyper-surface. We denote the local coordinates on B, S, and S by {X AL (XA,
and {x”}, respectively, where A,a = 1,...,n and A = 1,...,n — 1. In particular, this implies that S is

locally represented as X4 = X4(X4). Therefore [Yano, 1970]'°

XA s 9XA 0 i

S

FA

bl

Let dimS = dim B = n.!!
Let us define the induced bundle (T8 over S whose fiber at X € S is TxB. One has the following
orthogonal decomposition [Dajczer and Tojeiro, 2019]

WETB = 15.TS @ (15, TS)" = TS & (TS)" | (2.38)

where (T'8)™" is the normal bundle of the embedding s whose fiber at X € S is the orthogonal complement of
TxS in TxB.'? Therefore, at X € S, the tangent space TS has an orthogonal complement (TXS)J‘ CcTxB
such that

TxB =TxS® (TxS)" . (2.39)

In other words, any vector field W € TxB is uniquely written as the sum of a vector W € TxS (that is
tangent to S) and a vector W, := W — W, (that is normal to 8, i.e., W € (TxS)*). For W € Tx B, one

writes W = W) + W .13 Note that (Tx S)J‘ is one dimensional. We assume it is spanned by the unit vector
N(X). This means that every vector field W on B along S can be written as W = W) 4+ W,, N. Note that
(N, Whe = 0.

Let {X“}a—1 . be a local coordinate chart for B such that at any point of S, {X!,.., X" !} is a
local coordinate chart for S, and such that the unit normal vector field N is tangent to the X™-coordinate
curve. We call such coordinates foliation coordinates [Sozio and Yavari, 2019]. With respect to a foliation
coordinate chart the inclusion map ts : S — B has the following representation

Xt X
ts — XT;_I . (2.40)
Xn—l
0

Therefore, the tangent map of ¢g, IS= =Tus : TS — TB has the following representation'*

] = [E44] = {011:(11)} 7 (2.41)

where I,,_; is the n — 1 by n — 1 identity matrix and 0q(,,—1) is the (n — 1)-dimensional zero row vector. In
S S S
components, F4 ; = 51’%‘. The dual of F, F* : T*B — T*S is defined such that

(a,FU) = (FFa,U), VYUETXS, acTiB. (2.42)

81t is assumed that either S = ) or S C 9B.
91n surface anelasticity this is not the material metric of the surface, in general.

_ s s
10The first fundamental form has components G 55 = F4 1 Gag FP 5.
H1n surface elasticity applications n = 3.

_ _ s - s -z
I2For a vector W € T'xS, 1sx W = FW, and in coordinates (15, W )4 = FAAWA.
13We say that W is a vector field along 8. If W = W), we say that W is a vector field on 8. Obviously, a vector field on §
is a vector field along S [Tu, 2017].

s
MF is what Gurtin and Murdoch [1975] call “inclusion map” and denote it by I.



S
F* has the following matrix representation

S

[F*} = [Infl O(n—l)xl] . (243)

In components, (E*)AA = 64. Obviously, [IS:*] = [IS:]T Also note that [IS:*][I%] = I,_;. With respect to
arbitrary coordinate charts
aXA o
_OX gxie 2
oxA 0xX4
Definition 2.2 (Projection Map). For X € S, the projection map 7 : TXB’S — TxS is defined such that
7s(W) = W), The explicit form of the projection map is

2

(2.44)

7s = idrg —N @ N . (2.45)

One can easily check that mg(W) = W — N(N*, W) = W — W,,N = W — WL = W|. The matrix
representation of the projection map with respect to foliation coordinates is

Li-i O@m-1x1
= . 2.46
[TrS] 01><(n—1) 0 ( )

Definition 2.3 (Surface Projection Map). Given W € T'S, there is a unique W € TS such that W, =

15+ W = FW. The surface projection 7s : TB|S — TS is defined such that 7s(W) = W. This implies that
(see Fig. 1)

Mg = LSxTTS = IS:O TS . (2.47)

TxB|
[
s
\
TxS ——F— 5 TxS
Figure 1: The commutative diagram of projection and surface projection maps.

Note that 7s(W) = 7s(W| + W) = 7s(W)) = W. Therefore, when restricted to T'S, from the
commutative diagram of Fig. 1 we see that IS:o ﬁs|TS = idps. From 7s(W)) = W, one has ws(W)) =

ﬁs(EW) = (s o Isz)W =W, and hence, 75 o F= idys. Therefore, in summary
soF —idps,  Fors| —idys. (2.48)

For an arbitrary U € TS and W € TB|S,

(2.49)

where in the second equality (2.47) was used. This implies that'®

7 = FT. (2.50)

s
I5FT is what Gurtin and Murdoch [1975] call “perpendicular projection” and denote by P.
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From (2.47) and (2.50), it follows that it follows that 7 = FET. Also, from (2.48) and (2.50), one obtains
the following identities

sts . S s .
F'F=idrs, FF'|  =idrs. (2.51)
With respect to foliation coordinates {X1!,..., X"}, we have
wi wt wi Wi
Ts — , s — : . (2.52)
Wn—l Wn—l Wn—l W’I.L—l
W'IL O W"L
This implies that
[Ts] = Tn=1 O(n—1)x1] - (2.53)

The metric-compatible left inverse of F. The induced (first fundamental) form on S is the pullback
o o S o S o
of G by the inclusion s, i.e., G = F* GF. Its inverse G* : T%S — TxS is characterized by

éﬁ é =idrs, é éﬂ = idpug . (2.54)

One can show that s o . s .
FGHE G = idps —N o N’ (2.55)

Let V € TxS and set V= IS:V € TxB. Then

S 2. S o o, S S _
FG'F*GV| =FG'F*GFV
—FGI(FFGE)V

GGV (2.56)

Hence, the left-hand side acts as the identity on tangential vectors. Note that for all W € T'xS,
(FW,N)g = (F'N°, W) =0, (2.57)
and hence F*N’ = 0. Thus <. e . .
FG'FFN°=FGf0=0. (2.58)

Therefore IS:Gﬁ IS=* G is the é—orthogonal tangential projector, i.e., (2.55) holds. The metric-compatible left
inverse of IS: is the map!®

Fi = GHE G TB — TxS. (2.59)
Notice that

o

FIE=GFGE=G(FFGF) = GG = idys, (2.60)

S S
ie., F' is a left inverse of F compatible with the metrics. The metric-compatible left inverse can also be
explicitly expressed using the normal vector. Define the G-orthogonal tangential projector

7s = idrs ~-N @ N’ (2.61)

s s
16 Any linear map L : Tx B — T'x S satisfying L F = idys is a left inverse of F. However, such a left inverse is not unique. The

s s
map FT is distinguished because it is defined using the Riemannian metrics on TxS and Tx B, i.e., it is the adjoint of F with
respect to these metrics. This is why it is called the metric-compatible left inverse.

11



S S S S
so that s : TxB — TxS and mso F = F. Let (F)~! : TxS — TxS denote the inverse of the restriction of F
to T'xS. Then the left inverse can be written as

S

FF=(F) ' oms = (F) "o (idps —N @ N). (2.62)

For any V € T'x B, this gives the explicit formula

S

Fi(V)=(F)~" [V —(N", V) N} . (2.63)

Let us denote the connection coefficients for the Levi-Civita connections VE, VS and V& corresponding
to the metrics G, G, and g by IMpe, T454, and Y%, , respectively. Note that with respect to foliation
coordinates ' g = T4 5.

Proposition 2.4. Let X be a vector field on S. X is an extension of 15, X if X‘TS =15, X. Let X and Y
be vector fields on S, and let X and Y be arbitrary extensions of X and Y, respectively. One can show that

[XvYHs = [XvY] ) (2.64)

i.e., [X,Y] is independent of the extensions.

For a proof, see [Chen, 2019].

2.4.1 Geometry of hyper-surfaces via Cartan’s moving frames

Next we derive the fundamental equations of surfaces in Riemannian manifolds using the machinery of
Cartan’s moving frames.!'” For any X € S, in the orthonormal frame field {e;(X),...,e,(X)} for TxB,
suppose that the first n—1 vectors, i.e., {€1(X),...,e,—1(X)} is a basis for TxS. We call {e1(X),...,e,(X)}
a foliation moving frame. The corresponding moving coframe field is denoted as {9*(X),...,9"(X)}. In
particular, metric has the simple representation G = J,59* ® 9°. Thus, {€5}, @ = 1,...n — 1, where
€5 = €5 ‘s’ is a moving frame for S. This moving frame is dual to the restrictions 9% = 9%|g, a =1,...n—1.

The induced metric has the simple representation G = 0ap 9% ®9P. Note that (9", e5) =0, a=1,...n—1,
and hence 9"
TS) read

| rs = 0. In the absence of torsion, the first structural equations (2.26) restricted to T'S (and

0=di% +wizA07,  a=1,..n—1,
(2.65)

— W2 A P8
0=w"z N7,
The first structural equations of (S, G, V) with connection 1-forms @® 5 compatible with the induced metric

G are: 0 = d9® 4+ &% N 8. Knowing that the solution for the connection 1-forms is unique (even in the
presence of torsion [Yavari and Goriely, 2012a]), one concludes that on T'S = 15, TS, (DC_‘B = w‘ig.

The Levi-Civita connection V& of (B, G) induces a unique connection VS on 1ETB defined as
VE(Yous)=VELY, VXeS, XeTxS, YeTxB. (2.66)

We follow [Dajczer and Tojeiro, 2019] and identify V& and V€ and simply write VE. For X, Y € TxS, one
writes

Vg(LS*Y) = (Vg(LS*Y))H + (V)G('(LS*Y))J_ . (2.67)

Consider vector fields Y and X defined on B and S, respectively, such that Y is everywhere tangent to S
(in this case we say that “Y is a vector field on S”, see Footnote 13). The vector field Y can be written as
Y = 15,Y such that Y € TxS. Thus, X = X%®es and Y = Y%e,. Note that Y = 15, Y = Y% e but also

I7A similar treatment for space-like hyper-surfaces in Lorentzian manifolds can be found in [Straumann, 2012]. See also
[Nicolaescu, 2020].
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Y =YY%, = lsfo‘d Y%, =02Y%, =Y (0%e,) = Y% e,. This implies that Y* = Y*, Thus, one writes
(note that Y = 0 as Y is a tangent vector)

VLY = (dY* +w*, Y7, X) e,
= (dY" +w iYi X)ea + (w57, X) e, 2.68
— <dYa + @dfyi/;}/, X> é@ =+ <w’ﬂﬁy:y7 X (7% ( ’ )
= LS*V)(%Y + <w”,—yYﬁ, X)e,
Thus, (V§Y)) = 1. VEY.
The second structural equation (2.65), and Cartan’s lemma'® imply that on S
W”B:—Kﬁaﬁa, KB&:KQB (269)

The tensor K = K3 0> @ 9P = Ks59% ® 98 is called the second fundamental form of S. From (2.68)
the normal component of the covariant derivative is written as (VEY)® = (w"5Y7,X) e,,. Thus, choosing
X =é; and Y = ez = €3 we have

(Vees) ™ = (w"50},8a)en = (W"5.8a)en = (— Kzs 97, 85) e, = Kz e, . (2.70)
Therefore, (2.68) can be simplified as
VEY = 15.VEY + (WY, X) e,
=15, V5 Y—|—< Kw; 9PY7,X) e,

(2.71)

= LS*V)—(Y -K(X,Y)e,,

where X = 15, X. Using the definition and identification given in (2.66), the above identity can be rewritten
as . i i
VLC:*)_((LS*Y) = LS*V)%Y - K(LS*Xa LS*Y) €p . (2.72)

This is the Gauss formula, which implies that (VSY, e,)a = —K(1s.X, 15, Y). Knowing that (Y, e,)a =
0, one concludes that (VEY, e,)a = —(VSen, Y)a. Thus,

K(X,Y) = (Y. V§es)a, o K= (V) , (2.73)
which is the Weingarten equation.

Remark 2.5. The expression K = Ve, requires careful interpretation, as e,, is defined only along the
surface S C B and not in a neighborhood of it. Consequently, the full covariant derivative Ve, is not
defined as a tensor field on B. What is well-defined is the map

X Ve, € Txs, X e&TxS, (2.74)

which defines the shape operator S = G*K (not to be confused with the second Piola-Kirchhoff stress). The
second fundamental form is then given by

K(X,Y)=(VKY,e.)c = —(Y,Veu)a, VX, Y eTys. (2.75)

8Let ¥1,...,9P be p linearly independent 1-forms in B (p < n). Now suppose that the 1-forms &7, ..., &p satisfy the relation
a N9 = 0. Then, Cartan’s Lemma tells us that {o = &ap 98, such that £ap = &Ba [Sternberg, 1999].
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In this light, the shorthand notation K = V%e,, which is sometimes used in the literature, must be
understood as purely symbolic: it refers only to the restriction of the covariant derivative to tangential
directions and to the identification

K(X, ) =(V%en )a, XeTxs, (2.76)

where the right-hand side is interpreted as a one-form on T'x'S and the pairing is with tangent vectors only.
Without this restriction, the notation V&e,, has no intrinsic meaning.

Using (2.71), one obtains
VY - VEX = 15, (VSY - VEY) + (K(Y,X) - K(X,Y)) e, . (2.77)

Because VS and V& are torsion-free one has VEY -VGX = [X, Y] = 15, [X, Y] and V§Y-VTY = [X, Y].
Therefore, K(Y,X) = K(X,Y), i.e., the second fundamental form K : TS x T'S — R is a symmetric bilinear
form.

The second structural equations (2.30) restricted to T'S read

{Raﬁ:dwo‘ﬁ—i—wo‘v/\oﬂﬁ:dwaﬁ—i—waﬁ/\wiﬁ—i—w“n/\wnﬂ, a=1,...n—1, (2.78)
R'g=dw"z+w"y Awlg=dw" sz +w"5 Aw'z.
Eq. (2.78); is simplified as follows
R&B_ = dw&ﬂ- —l—w&;y /\oﬂg +we, Aw" 3
=dw’5 + w5 AW twy" GTY AW
=dw%; + @0 %5 AW - w5 GTY AW (2.79)
=R — Q% K¢ Kz 05 N0
=R — K% Kg; 95 N7
From (2.79) and (2.29) for X,Y € T'S we have
(R(X,Y)ez ea)a = Rs5(X,Y)

97(X) (2.80)

Therefore
R(X,Y)Z,W)eg - K(W,X)K(Z,Y) + K(W,Y)K(Z,X)
= (R(X,Y)Z,W)g — [KX,W)K(Y,Z) - K(Y,W)K(X,Z)]
K(X,Z) K(X,W)
K(Y,Z) K(Y,W)|’

(2.81)

(R(X,Y)Z,W)g — VX,Y,Z, W € TS.

This is Gauss’s Theorema Egregium (the Remarkable Theorem).
Eq. (2.78) is simplified as follows

R"; = d( — Kz 0%) — K3y 0" A&7 5
= —dKge N — Kgg dd* — K597 A7
= —dKze N — Kpge (— w5 AOT) — Kog 05 A7
= —dKze N + Kggwy AT+ Kog @7 5 A0
= —dKze N + Kpp g A+ Kog @75 AO*
= = (AKpg — Kgyw'e — Ksgag) AvE.

(2.82)
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Using (2.29) and (2.82) one can write (note that R,3 = R"3)

«R(X’ Y)eBa en>>G = RnB(Xv Y)

= (dKp¢ — Kpy wﬁé - K 5 — Ksg @75, X) Y
(VYK> (X,e5) (VEK) (Y,e5).
(2.83)
Therefore B ~
(R(X,Y)Z.en)c = (VFK)(X,Z) - (VXK)(Y,Z). (2.84)

This is the Codazzi-Mainardi equation.
The main theorems of surface theory are summarized in Table 1.

Gauss Formula VS X(LS*Y) = LS*V)(%Y —K(15:X,5.Y) e,
Weingarten Equation KX, Y)=(Y,V§e,)a, or K=VCe,

Gauss’s Theorema Egregium (R(X,Y)Z,W)a = (R(X,Y)Z, W)g —

Codazzi-Mainardi Equation (R(X,Y)Z,e,)a = (VSK)(X,Z) — (VEK)(Y,Z

Table 1: Summary of the main equations in surface theory. Here, X, Y € TS and X,Y,Z, W € TS.

2.4.2 Coordinate representation of surface equations

Consider a local coordinate chart {X?!, X% X3} for B such that {X!, X2} is a local chart for S and at any
point of the hypersurface N is in the direction 9/0X3. In this foliation coordinate chart, the metric of B
has the representation

Gn(X) Gi2(X) 0
G(X) = |Ga(X) Go(X) 0], VXeS. (2.85)
0 0 1
The induced metric on S (the first fundamental form) is given by

Gi11(X) Gi2(X)

G(X)=(tEG) (X , VXeS. 2.86

(¥) = 6 (0 = gy a2y (2.56)
The Christoffel symbols of the induced connection V read
_ 1. _ _ _

Tpc = iGAK (Gks,c +Grep— Gpek) A,B,C,K =1,2. (2.87)

The coordinate components of the second fundamental form are calculated as folloows. Recall that K =
(VCe,)’. Thus

KAB = GAC (en)C|B . (288)
Note that (e,)% 5 = (e,)° 5+ I'“pp (€,)”. Knowing that (e, )” = 65, we obtain (e,)” |5 =I'“3p. From
g = %GCD (Gp,3s+ Gsp,p — G3p,p), and knowing that Gzp is constant (either 0 or 1), (en)C|B =
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1 ~CD C _ 1 CcD _ 1 _ 1
§G GBD,3~ ThU.S, GAC (en) B = 3 GAcG GBD’g = §GBA,3 = §GAB,3- Therefore

_ 19Gan
2 9X3

Kap(X) (X), AB=12, VXe€ES. (2.89)

The fundamental theorem of surface theory tells us that the geometry of the hypersurface S is fully
described by its first and second fundamental forms G and K. The Gauss equation in the local coordinate
chart {X*! X2 X3} reads

Ris12 = Rigio + Kiy — K11 Koo . (2.90)

The Codazzi-Mainardi equations given in the local coordinate chart { X!, X2, X3} are written as
Ri213 = K12 — Kq21 5 Ro123 = Kaopn — K225 (2.91)
where the covariant derivatives correspond to the Levi-Civita connection Vof (S,G) with Christoffel symbols

I'“4p (A, B,C =1,2). Note that in components: Kapjc = Kap,c — T 0 Kxp —TE e Kak.

2.4.3 Stokes’ theorem, divergence theorem, and Nanson’s formula

Stokes’ theorem is metric independent and states that for an (n — 1)-form w on an n-manifold B one has

/dw:/ w, (2.92)
B oB

where ¢ : OB < B is the inclusion map. Divergence theorem is the metric-dependent variant of Stokes’
theorem on a Riemannian manifold. Let N be the G-unit normal of the boundary 8. Then, *N’ is an
(n — 1)-form, and the induced Riemannian volume form of 08 is given as

ne = ' (+N) = (inpig) - (2.93)
The inclusion map satisfies the following identity
Vliwne) = (N, W)pg, YW e TB, (2.94)

where iw g is the interior product of the n-form pg and the vector field W, and is an (n — 1)-form. A
coordinate proof of this result is given in [Marsden and Hughes, 1983]. Here we give a coordinate-free proof.
Recall that W = W + (N”, W) N. Thus

IWhg = Z'VV|| Mg + <Nbv W> INHG - (295)
By definition of interior product

L*(iw“ﬂG)(V17...,Vn,1) :/,IJG(WH,L*Vl,...,L*Vn,l), VVl,...,Vn,l eTs. (296)

However, notice that the set {WH, [ VAT L*Vn,l} is linearly dependent, and hence, the right-hand side
is identically zero. Pulling back (2.95) to 0B and using ¢*(iw, ptg) = 0, proves the identity (2.94).

Let w = «V*. From (2.15), we have dw = (divgV) pg. Also, using (2.14) and (2.94) one writes 1*w =
F(xVH) = " (ivpg) = (N°, V) pug. Therefore, the metric-dependent variant of (2.92)— the Divergence
Theorem—reads

[ diveVing = [ (N V)ng. (2.97)
B oB

Remark 2.6. If S C B is a hypersurface, applying Stokes’ theorem to an (n — 2)-form « on 8, yields

/da:/ Ca, (2.98)
s s
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where ¢ : S < S is the inclusion map. Repeating the same reasoning as in the proof of the bulk divergence
theorem, but now with respect to the induced metric on S, one immediately obtains the metric-dependent
variant

/S(diVHW) By = /as<'/b’w>ﬂ\|, (2.99)

where div)| is the surface divergence with respect to the first fundamental form of 8, p is the induced surface
volume form, v is the unit normal to 98 within S, and f is the induced volume form on 9S. Thus, (2.99) is
a direct corollary of the bulk divergence theorem and will be referred to as the Surface Divergence Theorem.

Let us denote the area elements on 9B and 9C by dA and da, respectively. They are related as da = JdA,
where J is the surface Jacobian. Given w € X(S), its Piola transform is defined as W = Jo*w [Marsden
and Hughes, 1983]. It can be shown that

©* (iwhtg) = iwhg - (2.100)

From (2.94), we have
iwpeg = (N, W) .pg, YW eTB,

(2.101)
Iwhg = (n’, w) Lilbg s Vw e TC.
Let us substitute W = Jp*w in the first identity and note that ¢* (L*/,l,g) = Jt.pg. Thus
(N, JF'w) = J(n’,w), VweTC. (2.102)
Thus, Jn® = JF* N’. Therefore, noticing that da = J dA, one obtains
n’da=JF *N°"dA, orin components neda = JF~4, NsdA . (2.103)
This is called Nanson’s formula. It can be rewritten as n®da = Jg**F~B, G, NBdA, or
nda = JF TNdA. (2.104)
Thus
Jn=JF TN. (2.105)
This implies that
J=J\/(F-TN.F-TN),. (2.106)
From (2.105) we have Jn = JF~TN. Taking g-norms and using {(n,nj)g = 1 gives
J=J|FTN|| = J\/(F-TN, F-TN)). (2.107)

Equivalently (when convenient), since C = FTgF relative to G, one may write

J=J/(N, C-N)q. (2.108)

3 Nonlinear Elasticity with Material Surfaces

In this section we formulate a continuum theory of elastic bodies with material surfaces using the modern
differential geometry of surfaces that was reviewed in the previous section. This will be a prelude to our
theory of surface anelasticity that will be formulated in §4.

A body is denoted by B. The set of material surfaces in the body is denoted by S. As submanifolds of
the body manifold, the material surfaces are given by 8 = 15(S) C B, where s : S < B denotes the inclusion
map. We assume that S has m connected components, i.e., S = |_|Zi1 S;, where | | denotes disjoint union
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Figure 2: Schematic representation of a body B containing m material surfaces. The material surfaces form an abstract 2-
manifold S = | |72 | S;, and their inclusion in the body manifold is denoted by S = 15(S) C B, where 15 : S — B is the inclusion

map. The bulk region is B=8 \ S, with connected components B = |_|:”:'§1 B;. Fori = 1,---,m, the boundary of the ith

inclusion is OB; = S;, whereas OBmy1 = 0.8 U | |12, (—S;), where —S; denotes the orientation-reversed surface. A material
surface S; moves under the deformation ¢ to the deformed surface s; = p¢(S;) in the ambient space.

of sets, and Siois the ith connected component of S. The body is partitioned into the bulk and material
surfaces: B = B U S, where B = B\ S. The bulk body B has m + 1 connected components

m+1

B= |8, (3.1)
i=1
where, for i = 1,--- ;m, 0B; = S;. Notice that

OBmy1 = 0,BU | |(-8), (3.2)

i=1

where —S; denotes the surface S; with its orientation reversed. We call 9,5 the outer boundary of the body,
see Fig. 2. We assume that for ¢ = 1,--- ,m, either 8S; = 0 or 9S; C 9,B.

Deformation is a time-dependent map ¢; : B — S, where S is the Euclidean ambient space, see Fig. 2. We
denote the time-dependent current configuration by C; = ¢¢(B) C S. For a fixed value of ¢ we denote ¢ = @y,
and C = ¢(B). Deformation is sometimes written as ¢y : (B, G) — (C;,g), where g is a background (fixed)
metric in the ambient space. This notation explicitly highlights the metrics associated with the reference
and current configurations. However, note that g # ¢.G, in general. We assume that B is an embedded
submanifold of S, and hence G= g| 6.19 The inner products induced by the metrics G and g are denoted
by (,)e and (, )g, respectively. Under the deformation map, the surface 8 is mapped to s = U";s; C C,
where s; = ¢(S;). The deformed surface s is a submanifold of C, which can be viewed as the inclusion of an
abstract surface s into the ambient space. The corresponding inclusion map is denoted as ts: s — S.

The first oand segond fundamental forms of S are denoted by G and K, respectively. Those of S are
denoted by G and K, respectively. Similarly, the first and second fundamental forms of s are denoted by
g‘s and k, respectively. We first review the standard bulk kinematics. This is followed by a formulation of
the kinematics of material surfaces in terms of their initial geometries and the deformation mapping.

Volume forms. A volume form on the 3-manifold B is any non-vanishing 3-form [Nakahara, 2003]. In an
orthonormal coframe field {9} a volume form is written as u = h9* A9? A93, for some function ~ > 0. The
Riemannian volume form corresponding to the metric G = 91 @ 9! + 92 @ 92 + 93 @ 93 is pe =V ADPADE,
If this is a foliation moving frame for S, then G = ®@ 9 + 92 @ ¥? and Hg = 9 A 92, In a foliation
coordinate chart {X“} the Riemannian volume elements are written as

pe = Vdet G A A . s =\ det G A . 3.
& = Vdet GdX' AdX? AdX? & = Vdet GdX' AdX? 3

9We reserve G for the non-flat material metric in the presence of eigenstrains, which will be discussed in §4.
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Similarly, the Riemannian volume elements in the deformed configuration have the following coordinate
representations with respect to a foliation coordinate chart {x®}:

Mg = /detg det A dx® A da? Mg = +/detg dat A da? . (3.4)

3.1 Bulk kinematics

For B and C, we consider coordinate charts {X4} : B — R” and {z®} : C — R™, respectively (n = 2 or 3).
The material velocity V; : B — T'S is defined as

0 o

Vt(X):aWt(X)y VG(X>t): ot

(X,1). (3.5)

The spatial velocity is defined as v =V, 0 ¢, ! The material acceleration is defined as
A(X,t) = Dth(X, t) € T%(X)S, (3.6)
where D¥ denotes the covariant derivative along the curve ¢;(X) in S.2° In components,

ove

A" =

+ 4% VPV, (3.9)

L The spatial acceleration is defined as a; =

b

where %, are the Levi-Civita connection coefficients of g.
a a/Ull
+
Ot . ot Ox . .
The derivative map of ¢—the deformation gradient—at X € B, is denoted by F(X) and is a linear
mapping that maps a vector U € TxB to F(X)U € T,,(x)C. The deformation gradient is a two-point tensor
and has the following coordinate representation

v
Ao (p;l = e + V&v, and has components a* = P+ Y b VE.

0p*(X) 0
F(X)=———
(X) XA Oz Oz
Its dual F* : T; X)C — T B, where T;(X)C and T% B denote the cotangent spaces of T, (x)C and Tx B,
respectively, is defined such that

®dXA = F*4(X) ®dXA. (3.10)

(a, FU) = (F*a, U), YUeTxB, ac T;(X)S, (3.11)

where (, ) is the natural pairing of 1-forms and vectors, e.g., (a,u) = a, u®. F* has the following coordinate
representation

0
F*op(X)=F'y(X)dX*® o (3.12)
x
The transpose of the deformation gradient, which is metric dependent, is defined as
F':T,C — TxB, (FU,u)g = (U,Flu)y, VYUE€eTxB, ueT,C, (3.13)

20Let U(X,t) and W(X, t) be vector fields along the motion ¢+ (X), i.e., U(X,t), W(X,t) € T,,(x)S for each t. The covariant
time derivative Dtg is defined as the unique operator satisfying the Leibniz rule

d
7 (U W)e = (DPU, W)g + (U, DFW ), (3.7)
together with compatibility with the Levi-Civita connection of g. In coordinates, for U = U* 9/0z%,

_aue

(DFU)" = = + 9% UV, (3.8)
where V = 0p; /0t and v%,. are the Christoffel symbols of g. In particular, the material acceleration is A = Dth.
2Tn [Marsden and Hughes, 1983], the material acceleration is written formally as A = 2 V. This notation should be

interpreted with care: although the material point X is fixed, the vector V(X,t) takes values in different tangent spaces
T,,(x)S as t varies. A precise definition therefore requires a covariant time derivative along the curve wie(X).
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and has the following coordinate representation

® daz® = g 0 9(X) F¥5(X) GAP(X) 9 ® dx®. (3.14)

FT o p(X) = (FT(X))" e

0
¢ oxA
In addition to the deformation gradient, there are several other measures of strain that have direct
applications in nonlinear elasticity and anelasticity [Marsden and Hughes, 1983, Ogden, 1997, Goriely, 2017,
Yavari and Sozio, 2023]. The dot product of two vectors u,w € T,C is calculated via the ambient space
metric g:
(u,w)g = (FU,FW)g = (U, Wp-g, (3.15)

where F*g = F*gF = ¢*g = C’ is the pulled-back metric or the right Cauchy-Green strain. In compo-
nents, this is written as (u,w)g = uwlgey = (FA4Fp gab)UAWB = CapUAWPEB, and hence Cup =
Fo4 94 F’s = (F*g)ap. Note that C = FTF because C45 = GAMCOyp = (GAMF% )y gup)FP'p =
(FT)Ab F?pg. The dot product of two vectors U, W & TxB is calculated via the material metric G as

<<U’ W>>G = «F_lu’ F_lw»G = <<u’ W»F*G ’ (316)

where ¢ = F,G = F*GF ! is the push-forward of the material metric, and is the spatial analogue of the
right Cauchy-Green strain. It has components c,p, = F~4, Gap F~B;, where F~4, are the components of
F-1.

Considering 1-forms (covectors) instead of vectors two other measures of strain are defined: the left
Cauchy-Green strain Bf = ¢*g?, and its spatial analogue bf = ¢,G! = FG!F*. They have components
BAB = F=A,  F~=B, g% and b® = F* ,F®5 GAB respectively. The tensors b and c are defined as b = bfg,
and ¢ = gic’. Notice that cb = gic’bfg = g!F *GF 'FG!F*g = g!F *GG!F*g = g/F *F*g = glg =
ids, i.e., b = c~!. Similarly, B = C~!.

The polar decomposition of the deformation gradient can be expressed as

F=RU = VR, (3.17)

where U and V (which should not be confused with the material velocity) represent the material and spatial
stretch tensors, respectively, and R : TB — TC is a (G, g)-orthogonal tensor field [Simo and Marsden, 1984],
ie.,??

R (gop)R=G. (3.18)

In component form, this is written as R4 (gay0¢) R®5 = Gap. The component-wise expression of the polar
decomposition is given by
Fly =R'gUBL, =V R 4. (3.19)

Eq. (3.18) implies that (det R)?detg = det G, and from (3.17), it follows that det U = det V. Recall that
the Jacobian of deformation is defined by the relation dv = J dV and is given by

det g
= F = = . .2
J =1/ pprye det detU =detV (3.20)

The material stretch tensor U : Tx B — TB and the spatial stretch tensor V : T,,C — TC are related to the
right and left Cauchy-Green deformation tensors through the relations

C=F'F = (RU)'RU = G/(RU)*gRU = G*U*"R*gRU = G'U*GU = U?,

T T # * i *\* By 7* 2 (321)
b=FF' = VR(VR)" = VRG!(VR)*g = VRG/R*V*g = Vg!V*g = V2.

Alternatively, this can be expressed as

C’=U*GU, bf=vgiv*, (3.22)

22This can be written as GfR*(go¢) R = RTR = idrg.
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which, in component form, are given by Cup = UM 4 Gyn UV g and b* = Ve, g™ V?,. The relations
(3.21) are typically expressed as U = +/C and V = v/b.

The right Cauchy-Green deformation tensor and the material stretch tensor admit the following spectral
representations [Ogden, 1997]:

C'=XNoN+MENoN+A2NoN, U=\ NeN+AWNoN+ANeN, (3.23)

where A1, A2, A3 and N N N represent the prlnmpal stretches and their associated principal directions. It
1

is 1mp0rtant to note that N ® N + N ® N + N ® N GH. The representatlon (3.23)5 is equivalent to

=M\ N ® N’ + )\2 N ® N + A3 N ® N which leads to UN = Aj N (no bummatlon) Additionally,

FN RUN = Aj RN = VRN. This implies that if we denote the eigenbasis of V by n, for j = 1,2, 3, then

we have h = RN, for j = 1,2,3 [Ogden, 1997]. As a result, the Finger and spatial stretch tensors take the
following spectral representations:

b*=XNnen+Maen+aon, Vi=xnen+hnent+lnon, (3.24)
Observe that X X
}:ﬁ®ﬁ=§:Rﬁ®Rﬁ:R<§:ﬁ®ﬁ>R*:Rcﬁvzgﬁ (3.25)
j=1 j=1 j=1
3.2 Surface kinematics
Let us consider a motion ¢; : B — S (see Fig. 2).
3.2.1 Surface velocity and acceleration
For X € S, material velocity has the following decomposition (see Fig. 3)
V(X) =V(X)+ Vo (X)nop(X). (3.26)

Material acceleration is given in (3.6). Velocity and acceleration fields are continuous everywhere in the
body. One simply has V,, = (V,n}g, and V| = V — V,, n. Similarly, for acceleration: A, = (A, n}g, and
AH =A— An n.

3.2.2 Surface-restricted, tangent, and surface deformation gradients

Let us choose a foliation coordinate chart { X4} = {X! X2 X3} for B such that at any point of S, { X!, X2}
is a local coordinate chart for S and the unit normal vector field N is tangent to the coordinate curve X3. Let
us also choose a foliation coordinate chart {2} = {x!, 22,23} for C such that at any point of s = 15(s) C C,
{z', 22} is a local coordinate chart for s and the unit normal vector field n is tangent to the x3-coordinate
curve.
Definition 3.1. The surface restricted deformation gradient is defined as Fs (X) = F’TXS(X) = F’S(X)Oﬂ's :
TxS — T,C, where the material projection mg : T8 — TS is defined as??
7s = idrs ~-N @ N’ (3.27)
— — S —
Given a vector W(X) € TxS, define W (X) = 1s.W(X) = F(X)W(X) € TxS C TxB. The surface
restricted deformation gradient maps it to w(x) = Fs(X)W(X) € T,C. Note that w(z) does not necessarily

lie in T,s C T,C;** it has a normal component, in general. Let us denote the unit normal vector to s at
z = ¢(X) by n(z). Thus

w(z) = Fs(X) W) (X) = wy(z) + wi(z) = wy(z) +w,(z)n(z), (3.28)

where wy, (z) = (w(z),n(z))g.

23Recall that TxS = t5.T'xS.
24Recall that Tps = texTys.
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Figure 3: Motion of a material surface S, which is an abstract 2-manifold. Its inclusion in the material manifold S = 1sS C B
s the undeformed material surface. For a fited X € 8, ¢(X,t) is a curve in the ambient space. Tangent to this curve at
x = @(X,t) is the material velocity V (X, t), which has parallel V|| (X,t) and normal V| (X,t) components with respect to the
deformed material surface s.

Definition 3.2. The tangential deformation gradient F)(X) : TxS — Ts is defined such that w o =
FHW” Note that

F (X)W (X) = Fs(X) W (X) — wn () n(z) (3.20)
=Fs(X) W (X) — (Fs(X) W (X),n(z) g n(z),
where z = p(X). In coordinates,
(F1)"a W|1\4 = (Fs)"a W|f4 - (Fs)bA W|f4 n® gepn®
= [(F5)"a —n"m (Fs)bA] VV|[4
= (6% —n%ny) (Fs)’a Wl"4
= (65 —n"mp) F'p (65 — NPN4) W

(3.30)

Hence, (F})%a = (6§ — n®ny) (Fs)*a = (68 — n®ny) FPp (65 — NPN,), or in a coordinate-independent form
F|(X)=ms0Fs(X) =7 0F(X)oms, (3.31)

where 75 : TC — T's is defined as®®

me = idpe —nm,o@nb 0. (3.33)
25With respect to the material and spatial foliation coordinates the projection maps have the following representations
1 0 O
[ms]=[ms]= 10 1 0] . (3.32)
0 0 O
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Figure 4: The schematic relationship between tangential and surface deformation gradients and the tangents of inclusion maps.

Note that

S _ s

W (X) =1s.W(X) = FW(X), w(z) = tsxW(x) = FW(x) . (3.34)
Thus, ts,w(z) = F)|(X) ts: W(X). In components, Wﬁ“ = IS:AA W4 and wj = Fa, wf

Remark 3.3. It is important to note that the tangential deformation gradient F is not the restriction
of the deformation gradient F to the tangent bundle of the material surface T'S. Instead, it is defined by
projecting the image of F onto the tangent bundle of the spatial surface T's. This distinction is crucial since,
in general, F maps tangent vectors of the material surface to vectors that do not necessarily lie in T's.

Definition 3.4. The surface defm“matzon gmdzent F(X) : TxS — T,s is defined such that w(z ) =
F(X)W(X). From w = F /W, W = FW w| = Fw, and w = FW, one concludes that FEW = FHFW
Therefore (see Fig. 4)%°

This defining relation can be rewritten as
FF=m oF| oF. (3.37)

Note that mg : TC} — T's is the spatial projection, and 7 : TC| — T's is the intrinsic projection onto the
tangent bundle of the surface. Similar to (2.47), one has

s

ms = F o, (3.38)

where F = T is the inclusion map. Thus, F maps T'S to T's, and the composition with F gives the tangential
projection of the deformation gradient. This identity emphasizes that F is not the restriction of F to TS,
but a projection of its action onto T's.

With respect to foliation coordinates, the surface restricted, the parallel, and surface deformation gradi-
ents have the following representations

F'y Fly 0 FYy Fly 0 Fy Flg}

[(Fo)®al = | F20 F22 0, [(F))%a] = |F%1 F22 0], [F(jf‘][F2 F?
F3, F3, 0 0 0 0 v

(3.39)

The first fundamental forms. The induced metric g on s—the first fundamental form of s—is defined
as g g‘ =g= F* g F. Slmllarly, the induced metric G on S—the first fundamental form of S—is defined

as G = G|S = SG — F*GF. Recall that with respect to foliation coordinates { X', X2, X3} and {z!, 22, 2%}

26Recall that IS: =Tus: Ts — TC and has the following representation with respect to foliation coordinates

[F] = [F%a] = {0113(11)] : (3.35)

23



for S and s, respectively, the metrics G and g when restricted to S and s, respectively, have the following
representations

) C?n(X) 6?12(X) 0 gui(z) gia(z) O
G’S(X) = |G1a(X) Gxn(X) 0, g’s(a:) = |g12(x) ga2(z) 0|, VX€ES,x€s. (3.40)
0 0 1 0 0 1

Thus, the first fundamental forms have the following foliation coordinate representations:

60 =[] = [0 2] o =mi= [ ] e

The dual of the surface deformation gradient is denoted by F* : Tis — TS, where Ts and T%S denote
the cotangent spaces of s at x and S at X, respectively. F* has the following coordinate representation

_ _ i 0
F*(X) = Fo4(X)dx* = 3.42
(X) = F5(X)dx A @ -2 (3.2
The transpose of the surface deformation gradient is defined as
F':T,s — TxS, (FV,¥)g=(V,F'¥) g, VVeETXS veTs. (3.43)
Thus, FT = Gt F* g. In coordinates, (F M4, = GAB fb B 9ap- The (intrinsic) surface right Cauchy-Green

strain is defined as Cb F*g = F*gF, Wthh has components Cz5 = F% 4 F'5 3.5 o
The left surface Cauchy-Green deformation tensor is defined as B¥ = F* gf, and has component s BAB

F-4,F-B 5 gab where g is the inverse of g. The spatial analogues of Cb and B¥ are defined as ¢® = F, G
and bu =F, Gﬁ respectively. They have components ¢;; = F-A,FB GAB7 and b = Fa 4 Fb GAB,

Remark 3.5. These measures of strain are all related to the in-plane (membrane) deformations of the
material surfaces. The out-of-plane (bending) deformations are described by the pull-back of the second
fundamental form k. The extrinsic defamation tensor is defined as H = F*k, which has components

Hip = F%; F5k,; [Angoshtari and Yavari, 2015, Sadik et al., 2016]. In this paper, we only consider
membrane deformations for the elastic surfaces.

Polar decomposition of surface deformation gradient. The surface polar decomposition of the surface
deformation gradient is expressed as - o

F=RU=VR, (3.44)
where U:TS—T S and V : Ts — T's are the material and spatial surface stretch tensors, respectively, and
R: TS — Tsis a (G, g)-orthogonal tensor field, defined in the sense of [Simo and Marsden, 1984]:

R(gop)R=G. (3.45)
In component form, this is written as R% 4 (7,5 0 @) RP 5 = G 45

Remark 3.6. The condition (3.45) implies that R preserves the inner product structure between S and s,
i.e., R maps orthonormal bases in (T'S, G) to orthonormal bases in (T's, g).

The component-wise expression of the polar decomposition is given by

Fo; =R UBA =V% RBA . (3.46)

Eq. (3.45) implies that (detR)?det g = det G, and from (3.44), it follows that det U = det V. The surface
Jacobian of deformation is defined by the relation das = J dA and is given as

detg

j: —
det G

det F =detU =det V. (3.47)
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The material stretch tensor U : TS — TS and the spatial stretch tensor V : T's — T's are related to the

right and left Cauchy-Green surface deformation tensors through the following relations
C = F'F = (RU)'RU = G(RU)"gRU = G'U"R*gRU = G'U*GU = 02, as)
b= FFT = VR(VR)T = VRG!(VR)*g = VRG'R"V*g = VgV'g = V2. '

Alternatively, this can be expressed as
C'=U*GU, ©bf=Vvgv*, (3.49)

which, in component form, are given by Ci5 = UM 1 Gy UN g and 6% = V@, g™" Vb, The relations
(3.48) are equivalently expressed as U = VC and V = vb. The square roots of tensors are interpreted in
the spectral sense (i.e., defined via diagonalization for symmetric positive-definite tensors).

Let us define the normal stretch as

Ao = (FN,n)g = F*4s N n, . (3.50)
One can show that A, = J/J. This follows from the dual form of Nanson’s formula:

J
F'n’ = 5 N, (3.51)

which implies that
(FN,n), = (N.Fnje = (N5 N) =2, (3.5

Polar decomposition of the surface-restricted deformation gradient [Man and Cohen, 1986].
The surface-restricted deformation gradient Fg(X) = F’ ;(X)oms : TxS — T,C admits the following polar
decomposition. This is the membrane polar decomposition introduced by Man and Cohen [1986], rewritten
here in our notation: . -

Fs(X)=Rop(X)F(X)U(X), (3.53)

where U is the surface stretch tensor and R : TIS’|S — TC |s is the unique (G, g)-orthogonal tensor field
satisfying
noy(X)=Royp(X) N(X). (3.54)

Note that

FlFs=UTF'RIREU=U0TFidys FU=UTF FU=0"idys U=0TU=C. (3.55)

3.3 Constitutive equations

In surface elasticity, the bulk and material surfaces have different constitutive equations, in general. We
assume that both the bulk and material surfaces are made of hyper-elastic materials, i.e., each has an elastic
energy function.?’” Let us denote the energy function of the bulk and the material surfaces by W and VSV,
respectively.

3.3.1 Bulk constitutive equations

Measures of stress. Here we briefly review three commonly used measures of stress in nonlinear elasticity.
It should be emphasized that there are infinitely many measures of stress in continuum mechanics, and the
three discussed here are simply more convenient in many applications. Consider an element of area da in
the deformed configuration C with g-unit normal n. The traction on this element is t = on’, where o is

the Cauchy stress, and n” = gn. The force on this element is f = t da. In components, t* = 0¢%n;, where

270ne can extend the results of this paper to Cauchy elasticity, i.e., elasticity without a stored-energy function [Cauchy, 1828,
Truesdell, 1952, Yavari and Goriely, 2025]. In this paper we restrict attention to hyperelasticity.
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ny = gpen®. Let the corresponding area element in the reference configuration B be dA with G-unit normal
N. The first Piola—Kirchhoff stress tensor P is defined such that

tda=PN"dA. (3.56)

Using Nanson’s formula (2.103), one finds
P=JoF ™, (3.57)

det
J =1/ 28 et F. (3.58)
det G

In components, P** = Jo® F~4,. Now if one pulls back the force f, the second Piola-Kirchhoff stress
tensor S is defined such that F~'t da = SN’ dA. Therefore,

where

S=F'P=JF loF*. (3.59)

In components, S48 = =4, peB = JF—4, 0% F~5,.

Assuming an inhomogeneous bulk material, for X € BO, W = W(X,F,é,jcx,g), where A is a set of
structural tensors that characterize the bulk anisotropy of the material [Liu, 1982, Boehler, 1987, Zheng
and Spencer, 1993, Zheng, 1994, Lu and Papadopoulos, 2000a, Mazzucato and Rachele, 2006]. Objectivity
implies that W = W(X ,C’, (o}, A) When structural tensors are included as arguments of the energy function,
the energy function becomes an isotropic (or materially covariant) function of its arguments [Boehler, 1979].
Thus, the energy function can be written as a function of its isotropic invariants (or integrity basis) [Spencer,
1971]. Denoting the integrity basis by I;, j =1,...,m, we have W = W(X, I1,..., I,,). The second Piola-
Kirchhoff stress tensor has the following representation [Doyle and Ericksen, 1956, Marsden and Hughes,
1983, Yavari et al., 20006]

j=1,...,m. (3.60)

ow & oI, oW
S=2""=N"ow, L W, =W:(X,I1, ... ;) i= —
aC? ; ToCh 5 = WilX s L) ol

Recall that P = FS and o = J !FSF*.

Isotropic solids. For an isotropic solid, the energy function depends only on the principal invariants of
C’,ie., W =W(X, I, I, I3), where

I ZtJrc";Cb =C": G} = O p GAP,

1, o7 1o 5AM ABN

I =5 [1f 16, €] = 5 (I = Corm Cwa GAMGPY) (3.61)
~ detC

T et G

For an isotropic solid the Cauchy stress has the following representation [Doyle and Ericksen, 1956]

2 _
— # f_ #
o \/E[(fzwz-i-fgwg)g + Wi bt — Wt . (3.62)

For an incompressible isotropic solid I3 = 1, and W = W (X, I, I). Thus
o= (-p+2LW,)g"+2W b —2W,c*, (3.63)

where p is the Lagrange multiplier associated with the incompressibility constraint J = /I3 =1. As p is an
unknown a priori, —p + 21> W5 can be replaced by —p, and hence

o= —pgt+2W,bF —2W,c*. (3.64)
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Transversely isotropic solids. In transversely isotropic materials, each point has a single material pre-
ferred direction, orthogonal to the isotropy plane at that point. A unit vector N(X) denotes the material
preferred direction at X € B. For inhomogeneous transversely isotropic materials, the energy function is
expressed as W = W(X7C°,‘7Cb’A)7 where A = N ® N is a structural tensor [Doyle and Ericksen, 1956,
Spencer, 1982, Lu and Papadopoulos, 2000b]. The energy function W depends on the following five inde-
pendent invariants:

LL=trC=C",, L=detCtr C ' =det(C*p)(CHPp, I3=detC=det(C*p),

3.65
ILL=N-C-N=NANBCup, I;=N.-C?>.N=NANBCzyuCM,4 (3.65)
The second Piola-Kirchhoff stress tensor is given by
5
01, ow )
s:;mg—w, W, = W;(X, I4,..., I5) = o1, j=1,...,5. (3.66)
This can be simplified to read
S—2W1Gﬁ+2W2(IQC L I3C™ )+2W3[3(3 ! (367)
+2W, (N®@N) +2W;5 [N® (C-N) + (C-N) @ N] . ’
The Cauchy stress tensor is given by [Ericksen and Rivlin, 1954, Golgoon and Yavari, 2018a,b]:
2
ot = (W1b™ + (I Wa + I3W3) g*° — IsWa ¢® + Wyn®n® + W5 %] | (3.68)

VT3

where n® = F4NA, and (*® = n®b*n, + nbb*n,. For incompressible transversely isotropic materials
(Is = 1), W = W(X, I, 15,14,I5), and hence [Ericksen and Rivlin, 1954, Spencer, 1986, Golgoon and
Yavari, 2018a,b]

0% = —p g™ 4+ 2W71 b — 2Ws ¢ + 2Wy n® n® + 2W5 (n® 0" n? geq + n® b n? geq) (3.69)
Hyperelastic fluids. The free energy function for hyperelastic fluids takes the form

W =W(X,T,J), (3.70)

where VfV is a smooth and strictly convex function of J, diverging to infinity as J — 0 [Podio-Guidugli et al.,

1985]. Consequently, the Cauchy, the first Piola-Kirchhoff, and the second Piola-Kirchhoff stress tensors are
expressed as:

f
ow 8W 8W
= ¢gf P=J—g'F* S = FlglF—~. 71
MY oy ’ Tor (3.71)
f
It is important to note that 2% < 0, as hydrostatic stresses in fluids are inherently compressive.

3.3.2 Surface constitutive equations

Measures of surface stress. One can use different measures of surface stress. Here we describe three
such measures that are the surface analogues of their corresponding bulk stresses. Let us consider a line
element d/y in the reference configuration with G-unit normal vector N. In the deformed configuration, the
correspondlng line element d¢ has the g-unit normal vector n. The surface traction on this line element is
t = on’, where & is the surface Cauchy stress, n” = gn, and the force on this element is f = t d/.

Slmllar to the bulk, the first Piola-Kirchhoff surface stress P and the second Piola-Kirchhoff surface
stress S are defined as

=JaF*, S=F'P=JF'6F*. (3.72)



A material surface has mechanical properties different from those of the bulk. For a general hyperelastic
surface, elastic energy (per unit undeformed surface area) depends on the restricted surface deformation
gradient Fg, i.e.,

W =W,(X,Fs,G,g). (3.73)
This energy includes both membrane and bending deformations. Assuming that only membrane deforma-
tions induce stress in the elastic surface, the energy depends on the deformation only through in-surface
stretches. Consequently, any dependence on the restricted surface deformation gradient Fg can be reduced
to a dependence on the tangential deformation gradient F, and equivalently on the surface deformation
gradient F, using the identity FF = F| IS;'

The (membrane) constitutive equations of a material surface are given in terms of its intrinsic (surface)
coordinates. The surface right Cauchy-Green strain is defined as C* = F*g : TxS — TxS and quantifies the
membrane (in-plane) deformations of the material surface. Using (3.36), it is straightforward to see that

— — — s s _— S S S
C’=F'g=FFg=(FF)'g=(F|F)'g=FFjg=FC. (3.74)

Assuming only membrane deformations and isotropic response, one has?®

s

W = W,(X,Fs,G,g) = W,(X,F|,G,g) = W(X.C},G) = W(X,F'C},F*G) = W(X,C",G), (3.75)

where Cﬂ = Fﬁ g = Fﬁ gF. In (3.75), the second equality follows from the assumption of membrane

deformations, the third from objectivity, the fourth from isotropy (material covariance), and the last from
the definitions of the surface strain and the first fundamental form.

Definition 3.7 (Projected Metric). Let us consider arbitrary U, W € TB’S. The projected metric (o}” is
defined such that

{
{
(s ( :
= (ms(U), 7s(W))¢g (3.76)
{
{

Therefore,

G =G-NaN". (3.77)
Remark 3.8. Since CT‘ defined in (3.77) vanishes whenever one of its arguments is normal to the surface,
all metric contractions in the invariants of Cﬂ involve only tangential components. Therefore, replacing G
by its projected counterpart Gy leaves these contractions unchanged. This justifies using G in place of G
in the surface energy function, i.e., W= Vg[/(X, Ci, é‘l\)'

For an anisotropic material surface

s

W = W.(X,Fs, G, A, g)

X,C},G,A) (3.78)

28For an anisotropic material surface W= Ws(X, Fs, é, A,g) for X € s, where A is a set of surface structural tensors that
characterize the surface anisotropy of the material.
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o S o
where A = F*A is a set of surface structural tensors that characterize the surface anisotropy of the material.
Let us con51der only membrane deformations and denote the surface integrity basis by I; i J=1,...,ms.

Thus, W = W(X I, ..., I,,.). The second Piola-Kirchhoff surface stress tensor is written as

Recall that P=FS and & = J~

5

o

W, = W(XIl,...Img)::ﬁ, j=1,...,ms. (3.79)
J

O" Qj\

F*.

".lj\
0]

Isotropic material surfaces. For an 1sotoplc material surface, the surface energy function depends on

the two principal invariants of C?, i.e., W = W(X I, I,), where

_ CF — GEAB = det(_jb

I, = — . (3.80)
det G

First, we show that I; = Il(C'ﬁ) Recall that Cb‘ =FigF isa symmetric (0,2) tensor on TS C T8,
while C” = F*g is a symmetric (0, 2) tensor on T'S. They are related as C* = = Cb In components relative

to material surface coordinates {X4} and bulk coordinates {X4}, this reads Cs5 = FA A(Cy)ar 2 5- The

S
reference surface Inetrlc G is related to the bulk reference metric G by G = *GF or in components

o

Gig= FAA Gap 2 . The first invariant of C° is defined as
L ZtréCbZGAB _AB’- (3.81)

Substituting the above component relations gives us I; = GAB 44 (Cy)aB FB Using the identity (2.55),

in components we have FA GAB FB = GAB — NANB. Hence
I = (G2 - NANB)Cll . (3.82)

ThlS is precisely the definition of the first invariant of C| with respect to the projected metric é” defined
n (3.77), i.e
b b A
L(C)) = trg, C) = (GAP = NANP) Ol (3.83)

Therefore, I = Il(CH)

Second, we show that I, = J 2, where surface Jacobian was defined in (2.106). Fix X € S and let {X4},
A = 1,2, be a local coordinate 7chart on the material surface S. Let {Ez} denote the associated tangent
basis of TxS, i.e., Eg = 0/0X?*|x. Also, let {z%}, @ = 1,2, be a local coordinate chart on the deformed
surface s, with associated tangent basis {€;}, €5 = 9/91°%|,. In the chosen coordinates, the reference area
element on S is written as

dAs = \/det[G 15(X)] dX'dX? = Ag(X)dX'dX?, (3.84)

where AZ(X) = det [é(E&, Ej)] = det[éAB(X)] is the squared area density in the reference configuration,
expressed in the chosen local coordinates. Similarly, the deformed area element, expressed in the same
material coordinates, is obtained by pulling back the spatial surface metric via F:

o = /det](F*g) 15(X)] dX'dX* = A(X) dX'dX?, (3.85)

where A?(X) = det [(F*g)(Eg, Ej5)] = det[(F*g) 55(X)]. For any oriented 2-frame, the squared area equals
the determinant of the metric matrix on that frame. This leads to the surface Jacobian, defined as the ratio
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of the deformed to undeformed area elements:

o dag  AX) [ det[Fg]\?
JX) =a, = Ag(X) ( det[G] ) ' .

By definition of the surface right Cauchy-Green strain tensor C” = F*g : TxS — TxS, we can write

1
J(X) = <W> . (3.87)
det|G(X)]

This expression is independent of the particular choice of basis {E 5} and hence is an intrinsic scalar associated
with the surface deformation. Therefore
. det[C*(X)] -
72x) = UCN_ 7y (3.58)
det[G(X)]

For an isotropic material the Cauchy surface stress has the following representation?®

6’:

2 _ s s _
— {12 W gﬂ + Wy bu:| s (390)
Vi
where bf = F G! F*. For an incompressible material surface Io = 1, and W= W(X,I,). Hence
o= (—p+2Ws)g"+2W,b*, (3.91)

where p is the Lagrange multiplier associated with the incompressibility constraint J = /I, = 1. Because

P is an unknown a priori, —p + 2W5 can be replaced by —p, and hence
g =—-pg'+2W,b". (3.92)

Example 3.9. A compressible neo-Hookean elastic surface has the following energy function and constitutive
equations

s _ - - _ 1 2 __1 ., 1
W (I, Iy) = % (L —2-1Inl) + % (122 - 1) . o=pad, (B —gf) el (I —1) g, (3.93)
where i and K are, respectively, the surface shear and bulk moduli—two material constants.

Example 3.10. An incompressible neo-Hookean elastic surface has the following energy function and con-
stitutive equations

W(hL) = g(f1—2), o =-pg'+pab’, (3.94)

where [ is the surface shear modulus—a material constant.

29This follows from

oW 2 = 9W;1 G + 21,CF (3.89)
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3.4 Balance laws of surface elasticity

In this section we derive the governing equations of surface elasticity variationally using the Lagrange-
d’Alembert principle. We will need the following results in our calculations.

Definition 3.11 (Induced Bundle and Connection). Given a deformation mapping ¢ : B — C, one defines an
induced vector bundle ¢~ 'TC, which is a vector bundle over B whose fiber over X € B is T, (x)C [Nishikawa,
2002]. The Levi-Civita connection V& induces a unique connection V¥ on ¢~ 'TC defined as

Viw(yop)=VE wy, YWeTxB, yecI(TC). (3.95)
o
The induced connection has connection coefficients F® 4 y%. = XA Y*pe With respect to the coordinate

charts {X“} and {2} for B and C, respectively. In coordinates, (V¥ (y o ¢))? 4 = (V&y)" |, F* 4.

Covariant derivative of F. The covariant derivative of the deformation gradient has the following coor-
dinate representation

VF = F*y 5 dXP @ dX* @ aia :
a OF"A b o vpe. _pC . pa. _OF"4 4 oy e 10 g (399)
F A|B=(9X73+(F BY be)F'a —T" ABE c=pxp T beF"BFA —T" aFc.
It is straightforward to show that [Nishikawa, 2002, Lemma 3.3]
(VFF)(X,Y) = V(9. Y) = 9. VKY,  Vi(p.Y) = Vi (9.X) = 0.[X, Y], (3.97)
One can also show that [Nishikawa, 2002]
V{F = V5, F = VAV (3.98)

This is proved as follows. Deformation gradient is given as F; = Ty;. Let us consider the vector fields

0 0 0 0
(aX—A, O) and (O, 875) on B x I, where I is some interval. Notice that K@XA , 0), (0, a)} = 0. Therefore,
using (3.97) one writes
0 0
V(07%) Pt <3XA’O> —V(8£A70) Pt <O’8t> . (399)
Thus 50 90
Pt Pt
2 5xA 7V8X¢A T (3.100)
b
This implies that (VGF)%4 = V4 = FbAVa“,, where V¢, = Iab + 7%V E.
x

3.4.1 The Lagrange-d’Alembert principle

We will derive the governing equations variationally using the Lagrange-d’Alembert principle. The bulk
Lagrangian density is defined as £, = T, — W, where T, = %pOHVHé = 2p0(V, V))g is the bulk kinetic energy
density. The surface Lagrangian density is defined as £, = T, — W, where T, = 30llVIIZ2 = 300(V, V) is
the surface kinetic energy density. Notice that on s, (V, V)g = (V |, V|)g + V..

Variation of the deformation map ¢: : B — & is a map ¢ : B x I — S, where I is some interval,
such that ¢ 0 = ¢. For X and t fixed, let us denote with dp(X) the vector field tangent to the curve

e @1(X) in S and evaluated at € = 0:

&Pt(X) = [(Sat(X))*%] ‘Pt,s(X) . (3'101)
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The Lagrange-d’Alembert principle tells us that the physical configuration of the body satisfies the
following identity [Lanczos, 1962, Goldstein et al., 2002, Marsden and Ratiu, 2013]:

17 to t2
5/ ﬁdedt+6/ /c dA, dt+/ / po((B,5¢) dth+/ /poB5g0>> dA, dt
t1 B\S

t2 t2
/ (T, 00) dAdt+/ / T5<p dlsdt =0,
t1 JO,B

for any variation field d¢,3° where py and py are the bulk and surface mass densities, respectively, B and
T are, respectlvely, the body force per unit mass and the boundary traction per unit undeformed area, and
B and T are, respectively, the surface body force per unit mass and the surface boundary traction per unit
undeformed length and dA; and dfg are the elements of area and length on the material surface S. It is
assumed that T is tangentlal and is specified on part of the surface boundary that is denoted by dxS. Note
that ((B dphg = ((B”,&pH)) + B, 6¢,,, where BH and B, are the tangential and normal parts of the surface
body force.
The variation of the material velocity is given by

(3.102)

vix,0) = 208 ¢ g, (305 (3.104)

meaning that for different values of €, the velocity lies in different tangent spaces. Consequently, to obtain
the velocity variation field, a covariant derivative along the curve € — ¢; (X) must be used [Marsden and
Hughes, 1983]. Thus,

X
_ v, 2uX) = DESp(X, 1), (3.105)

89‘% e(X)
X, t) =V, 2/
6V( ’ t) V2 e=0 % Oe e=0

o Ot

where D¥ is the covariant time derivative. In the above calculation, the second equality follows from the
symmetry lemma of Riemannian geometry [Lee, 1997]. In components, (§V)* = 95p /0t + v V' §¢°.

Note that . .
5 / T dv dt = / / po(V,6V) g dV dt
t1 B\S t1 B\S

=[] [ ol 5h) oo s v a (3.106)
B\S

to
/ / (poA,0p)e dV dt,

where in the third equality (3.103) was used. Similarly,

5/ /TdAdt //p0V<5V dA, dt
ty

— [ [ 0obv-5he) — (A she] aaa

-/ [0 sghgasan

ta
. / / (5050 )g + PoAndipn) dA. dt
t1 S

(3.107)

where on s, d¢ = dp|| +dp 1 = dp| + dppn, and A and A, are the tangential and normal accelerations,
respectively.

30Tt is assumed that
Sp(X,t1) = Sp(X,t2) = 0. (3.103)
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a@t,e

The deformation gradient of the motion ¢;. is given by F;. = Consider the vector fields

(0/0X4,0) and (0,8/9€) on B x I. Since these vector fields commute, i.e., [(8/0X4,0),(0,0/0¢)] =0, we
can use (3.97) to obtain the following relation:

0 0
Vo) (gxa0) = Visem oo (03,) - (3105)
Thus 5o 5
Ye _ Pe
Vi% XA —VBXLA 9 (3.109)
Therefore
0F = V¥0p. (3.110)
b
Hence, in components, we have §F' 4 = 6¢% 4 = dp%; F?,, where Sy = wa + Y%pe 6. Thus,
z
0F =Vop-F. (3.111)
For the perturbed motion ¢; ¢, W, := W(X, F,, é, g o ¢.), and hence,
oW, oW, ow
= : F : = —" 112
oW OF. vaFe e=0 + 0g o . V580 e=0 OF Vg, (3.112)

where, in the second equality the geometric w-lemma [Marsden and Hughes, 1983], and in the last equality
the metric compatibility of the Levi-Civita connection (V&g = 0) was used. Thus

to to
(5/ —WdthZ—/ W dV dt
t1 B\S t1 B\S

b2 ow
=— —:VipdV di 3.113
/t; »/B\S OF ( )

f2 . [(OW . [(OW
= /tl /B\S |:D1V (8]5‘) -9 — Div (E)F ~5g0)} dv dt.

Recall that S = LI, S; (see Fig. 2). The bulk body B has m + 1 connected components:

. m+1
B=|]8. (3.114)
=1

Fori=1,---,m, 0B; = S;. We assume that 0S; = 0, i = 1,--- ,m. These m connected components are

called inclusions. Inclusions are assumed to have the energy functions W, i =1,---m. In a particular case,
the inclusions are made of the same hyperelastic fluid. The (m + 1)-th connected component of B, i.e., B,,+1
has the energy function W. Also, note that

OB i1 = 0,BU | |(-8:), (3.115)
=1

where —S; denotes the surface S; with its orientation reversed and 9,8 is the outer boundary of B (see
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Fig. 2). Using the divergence theorem we have

a m+1
Div -0 | dV = / D1V< > av
/B\S ( OF <P> Z

o < %V}YN (5<p>> dA—g/Si <<gﬂ%V;N,5¢>>g dA, (3.116)
el (S ) .

o5 i=1Y5i g
:/M << %V;/N 5¢>> dA—i/Si <<gﬁ ﬂfggNﬂ ,5¢>> dA,,

where on §;3!
— —N-—N
OF OF OF "’

where on S;, N points from the inclusion toward the bulk. It should be noted that the material metric G is,

in general, discontinuous across the interface between the inclusion and the surrounding bulk. Consequently,

the unit normal N, defined as a G-unit vector, is not necessarily continuous across the interface.
Therefore, (3.113) is now simplified as

ta
5/ —WdVvdt = / / |:D1V (3W) -9 — Div (W‘éw)] dv dt
t1 B\S t1 B\S aF a
tQ t2
Div dpdV dt —/ / N § >> dAdt 3.118
~/tl /B\S ( OF ) 4 Jo, B v ( )
to
+ g’ HNH .0 » dA,dt.

Note that on s;, 6o = dp| + dp1 = 0| + 0, n, and hence

to to to
5 WV dt = / / (DivP, ), dV di - / / (PN, b)), dAdt
t, JB\s t, JB\s t, Jo.B

/tz Z/ (IPN], d¢y), + ([PNI, n), 0, ) dA, dt,

ﬂaWNﬂ oW oW (3117)

(3.119)

ow
where P = gf —— is the first Piola-Kirchhoff stress tensor.??

OF

Flows and Lie derivatives. Let x : B x R — B be a smooth one-parameter family of diffeomorphisms
satisfying x(X,0) = X. The vector field U(X,t) generating the flow is defined as the velocity of the curve
t — x(X,t), i.e., its components are given by U4(X,t) = Ox4(X,t)/0t. For fixed t, we write x; = x(-, 1),
and define the relative flow map

Xe=Xs0oxg ' xe(B) = xs(B), (3.120)

31[A] denotes the jump of the enclosed quantity A across the interface, with N the unit normal pointing toward the exterior.
The jump is defined as [A] = AT — A=, where AT and A~ are the exterior and interior limiting values, respectively.

ow
32For an incompressible bulk material (J = 1), P = —pF~! 4 gﬂafF, where p is the Lagrange multiplier corresponding to

the internal constraint J = 1.
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so that xs = x! o x4 and x% = idg. Let T; be a time-dependent tensor field defined on x;(B). The
non-autonomous Lie derivative of T; along Uy is defined by

Lo T, = 4 [(x) 1]

121
7 (3.121)

s=t

where (x%)*T, denotes the pullback of T by x%. The autonomous Lie derivative of the family Ty, viewed
as a fixed tensor field along the flow, is defined by

d *
Ly, T, = Ts {(Xi) Tt} (3.122)
S s=t
Using the chain rule, one obtains the following identity:
Ly, T, = 8, T, + £y, T;. (3.123)

Next we need to simplify the contribution of the surface energy to the variational principle:

ta to to M
5/ /—WsdAsdt:—/ /6WsdAsdt :_/ Z/ SW, dA, dt . (3.124)
t1 S t1 S t1 i—1 S;

Recalling that W= Ws(X, Fg, G, g), the variation of the surface elastic energy (a scalar field) is calculated
using either Lie derivative or covariant derivative
oW oW, oW,

> :Ls,Fs + —2:Vs,Fs, (3.125)
S

oWs = 5F og 98 T HF,

where metric compatibility of the Levi-Civita was used.
For an arbitrary time-independent material vector field U, one has

d s d .
LégaFU = d (306 SRV 1) FEU:| = |:<;Os*905 we*Uil

d
= —_— Sk — . 12
: o [ s U] 0 (3.126)

S=¢€ S=¢€

This implies that Ls,F = 0. Recall that Fs(X) = F’S(X) o mg, where mg : TB — TS is defined as
7g = idpg =N ® NP. Using the product rule for the Lie derivative, and noticing that Ls,ms = 0, we obtain

L5@Fs =Fo (L&Pﬂ's) + L&pF O g = 0. (3127)
Therefore,
oW
oW, =—:L . 3.128
f O 508 ( )

Lemma 3.12. The Lie derivative of the spatial metric along the variation field has the following form
Lspg = Loy 8 + 200 k = L6508 + 200, k. (3.129)

Proof. Using the bilinearity of the Lie derivative and the Leibniz rule, we write (note that the background
metric g is time independent, and hence its autonomous and non-autonomous Lie derivatives coincide)

Lsy8 = Loy 8 + Lsp,n) 8 = L5y 8 + L(5p,n) 8 - (3.130)

The first term is the standard Lie derivative of g along a surface tangent vector field. To compute the second
term, we note that for two tangent vectors X, Y € T’s,

(L6pnn) &) (X, YY) = 69n (Lag) (X, X)) + X [60n] (0, Y hg + Y [60n] (X)), n)g - (3.131)
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But {(n, Y )g = (X|,n)g = 0 since X, Y € Ts, so we obtain
(L50,n8) (X, Y)) = dpn (Lng) (X, YY) (3.132)

Now, the Lie derivative of the metric along n applied to two tangent vectors gives twice the second funda-
mental form:

(€ng) (X, Y)) = (VX 0. Y )g + (X, V§ n)g = 2(VEk 0, Y )g = 2k(X),Y)). (3.133)
Therefore, £5,,n8 = 20¢y k, and so the total Lie derivative becomes:

Lsyg = £55,8 + 200, k. (3.134)

O

Now, let us assume only membrane energy, and hence W= W(X ,C, G) We know that C” = F*gF,
g = F*gF, and hence C* = (FF)* g FF. Therefore,

oW, oW 9C° . OW .. . OW . oW oW
s = S0 0 RS (EF)* = EF s P ) = (22, 1
dg o0 og a0 P =FFog = is:(F aC> ) =s( g ) (3.135)
Substituting (3.134) into (3.128) and using (3.135) we obtain
s OW, oW,
SW=—"":¢ 200, :
ag 6§0||g + QO ag
oW oW
= lgx (E) .S(s(p”g + 2 (5<pn Lsy (@) k
i o (3.136)
=—:L. 280, 'k
8g 2 5<PHg + % ag
oW oW
=2 x 260, —:k
o8 V(tdpy) +26¢ g X

where k = 1’k and the fourth equality follows from £58 = Vu + (Va)* for the Levi-Civita connection V
corresponding to the metric g. Note that

OW W oy en
2—— =2F — F* = FSF* = PF*. 3.137
Thus,
W =PF*:V(.iog)) + 6o, PF*:k
=P:Vo(iidp)) + 6on PF*:k (3.138)

T(P : Ls&pH) — DivP - (i 6¢ + dpn, PF* 1k,

where Vj is the Levi-Civita connection corresponding to the metric G and Div is the surface material
divergence. Therefore,

to tg ™M
5/ /—V[/sdAsdt:/ Z/ —OW, dA, dt

2
/ / DIV(P L 5‘PH) + DivP - 1f6¢ — 6, PF*:k } dAs dt (3.139)

1 =1

[ N ), e [ [ (DFR) G, — 5 e (P i,

t1 ;=1 i
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The variational principle (3.102) is now simplified to read

t2 t2
/ / (DivP + po(B — A),0p), dV dt + / / (T — PN, 5p)g dAdt
tl B\S tl O, B

* /ttz zm: /S ((t5+ (DIVP) + [PN] + 70(B) — Ay), b >>g dA, dt
ltz o (3.140)
+/t Z/S ((([[PNH ), — to (PFY) 1k + o(Bn — An)) S dA, dt

+/tt Z;{/ds ((T—LS*(PNb)@pH»g dé}dt:O.

The outer boundary of the body is assumed to be the disjoint union of the Dirichlet and Neumann
boundaries, expressed as d,8 = IpB U OyB, where OpB is the Dirichlet boundary on which motion is
specified, and hence dplg,g = 0, and Iy B denotes the Neumann boundary.

3.4.2 The bulk and surface governing equations

The variational principle (3.140) gives us the following bulk and surface Euler-Lagrange equations and
Neumann boundary conditions:

DivP + poB = poA in B\S, (3.141)
PN=T, on ONB, (3.142)
s (DIVP) + [PN], + 50B) = oA , ons;, i=1---,m, (3.143)
([PN],n), — 15 (PF*) :k + po B, = po A, onS;,i=1--,m, (3.144)
1 (PN?) =T, onONS;, i=1,--,m. (3.145)

where [PN] is the tangential bulk traction jump across the material surface. Egs. (3.141) and (3.142) are
the standard bulk balance of linear momentum and the associated natural boundary condition, respectively.
Eq. (3.143) represents the tangential surface balance of linear momentum, Eq. (3.144) is the normal surface
balance of linear momentum, and Eq. (3.145) specifies the surface natural boundary condition.

Recall that PF* = J&, and hence Eq. (3.144) can be rewritten as®3

([PN],n), — J&:k+ poBy = poAn, onS;, i=1 m. (3.146)

4 Bulk and Surface Anelasticity

In this section, the surface elasticity theory of the previous section is extended to take into account anelastic
effects, both in the bulk and on the material surfaces. When elasticity is formulated in a Riemannian
geometric setting, extending it to anelasticity is straightforward, as all the anelastic effects are encoded in
the geometry of the material manifold. We will see that this is the case for surface anelasticity as well.

33For a spherical interface with inner pressure p;, and outer pressure pout, one has {[PN], n), = Pin — Pout. For an isotropic
surface tension 49 (& = 40 g!) on a sphere of radius r; (k = g/r;), one has J& :k = 2v¢/r;. Substituting into (3.146) with
ﬁoén = poAn = 0 gives pin — Pout = 270/7, i-e., (3.146) is consistent with Laplace’s law [Laplace, 1805, de Gennes et al.,
2003]. Physically, a tensile surface stress pulls inward on each surface patch, and this inward resultant together with the outer
pressure balances the outward action of the inner pressure.
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4.1 Bulk and surface material metrics

Let us consider a body B with elastic surfaces S. The bulk body B= B\ S is assumed to have a distribution of
finite eigenstrains.?* Eigenstrains are modeled by anelastic distortions F as follows. The deformation gradient
at X € B is assumed to be multiplicatively decomposed as F(X) = F(X)F(X) 35 where F( X):TxB — T,C
is the elastic distortion and F TXB - TXB is the anelastic distortion. The natural stress-free distances are
measured by the metric G = G = F*GF which is called the material metric [Yavari and Goriely, 2013b,
Yavari, 2021a]. In the absence of external forces, the natural distances within the body are determined by
its material metric. In general, a global stress-free configuration cannot be realized in the Euclidean ambient
space, since the Riemannian material manifold cannot be isometrically embedded in it. This geometric
incompatibility arises from the non-flatness of the material metric and leads to the presence of residual
stresses induced by the eigenstrain distribution.36

The material surfaces are endowed with their own elgenstraln dlstrlbutlons The surface deformation

gradient is assumed to have the multiplicative decomposition F = FF where F TxS — T,s and F TxS —
TxS are the elastic and anelastic surface distortions, respectively. The surface material metric is defined as

G = F*G = F*GF = F'F* G FF = (FF)*G FF. (4.1)

In components, G 55 = F 4 FAM Gap IS:BN FN 5. Tt should be emphasized that G # G, i.e., the surface
material metric and the first fundamental form are different, in general, in the presence of surface eigenstrains.
Remark 4.1. In an anelastic body with anelastic material surfaces, the material metric may have discon-
tinuities across such surfaces. This is not surprising, as several examples of discontinuous material metrics
have already appeared in the literature, particularly in the study of inclusions [Yavari and Goriely, 2013b,
Golgoon and Yavari, 2018a]. There are also examples of discontinuous ambient space metrics in the literature
[Yavari et al., 2016]. Moreover, time-dependent ambient space metrics have been used in the modeling of
lipid membrane mechanics, for example in [Arroyo and DeSimone, 2009].

4.2 Bulk and surface constitutive equations in anelasticity

In this section we first briefly review the formulation of constitutive equations of bulk hyper-anelasticity.
This is followed by formulating the surface constitutive equations in the presence of surface eigenstrains.

4.2.1 Bulk constitutive equations in the presence of eigenstrains

In hyper-anelasticity, it is assumed that in the bulk at every point there is an energy function that explicitly
depends on the elastic distortion, i.e., for X € l%, W =WI(X, F, (o-}, joX, g), where A is a set of structural tensors
that characterize the bulk anisotropy of the material and G is the flat metric of the reference configuration.
Objectivity implies that W = W(X, éhé,z&), where C’ = F*g = F*gF. When structural tensors are
included as arguments of the energy function, the resulting energy function is isotropic, that is, materially
covariant, with respect to its arguments. This, in particular, implies that

W=W(X,F GA,g) =WXFFFGFAg=WXTFGAg =WXC, GA), (4.2)

34 Bigenstrain is a hybrid German-English term originating in the pioneering paper of Hans Reissner [Reissner, 1931]
(Eigenspannung is the German term for self stress). This notion was later adopted and widely used by Mura [Kinoshita
and Mura, 1971, Mura, 1982]. In the mechanics literature the same idea appears under several equivalent names, e.g., initial
strain [Kondo, 1949], nuclei of strain [Mindlin and Cheng, 1950], transformation strain [Eshelby, 1957], inherent strain [Ueda
et al., 1975], and residual strain [Ambrosi et al., 2019]. For infinite bodies in linear elasticity, the first systematic treatment of
eigenstrains and their induced stresses is due to Eshelby [1957]. Extensions to nonlinear elasticity are due to Diani and Parks
[2000], Yavari and Goriely [2013a], Golgoon and Yavari [2018a], and Yavari [2021a)].

35For a historical account of this multiplicative decomposition and other possibilities see [Sadik and Yavari, 2017, Yavari and
Sozio, 2023]

36This idea is due to Eckart [1948]. He argued that classical elasticity rests on two restrictive assumptions: a fixed, load-
independent relaxed configuration and the existence of a globally Euclidean stress-free state. Motivated by earlier geometric
insights [Eisenhart, 1926], he proposed replacing global relaxability by a local notion of relaxability. In doing so he recognized
the natural role of Riemannian geometry in anelasticity and modeled anelastic strains by introducing a Riemannian material
metric.
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where A = F*A denotes the set of bulk anelastic structural tensors. In other words, the energy function
depends on the total deformation gradient when the material metric and the anelastic structural tensors
are used [Yavari and Sozio, 2023]. The second Piola—Kirchhoff stress tensor admits the representation given
in (3.60), with the only difference that the isotropic invariants are computed using the material metric G
rather than the flat metric G. Again, P = FS and o = J !FSF* but in this case J explicitly depends on
the material metric, see (3.20).

Isotropic solids. If in the absence of eigenstrain a solid is isotropic, its energy function depends only on
the principal invariants of C°, i.e., W = W (X, I, Iy, I3), where

I =trg C° = C":G! = Cy5 GAB,

1 1
Iy = 5 [112 —trg C2] = 5 (112 —CupCna GAMGBN) 5 (43)
g _ detC©
?7 detG

It should be emphasized that the principal invariants are computed with respect to the material metric G
rather than the flat reference configuration metric G. The Cauchy stress tensor has the representations given
in (3.62) and (3.64) for the compressible and incompressible cases, respectively, except that the principal
invariants are now evaluated using the material metric G instead of G. Other symmetry classes can be
treated analogously to their treatment in standard nonlinear elasticity.

4.2.2 Surface constitutive equations in the presence of eigenstrains

We neglect bending deformations and consider only membrane deformations for anelastic surfaces. For a
hyper-anelastic surface, surface energy explicitly depends on the elastic surface distortion, i.e.,

W =W(X,F,G, A, g). (4.4)

With structural tensors included, the surface energy function is an isotropic function of its argument (mate-
rially covariant). In particular, one can write

W = W(X,FF,F*G,F*A,§) = W(X,F,G,A,8), (4.5)
where A = 1'%*11 is the set of surface anelastic structural tensors. Objectivity implies that
W =W(X,C" G,A). (4.6)

For isotropic solids, the surface Cauchy stress representations given in (3.91) and (3.92) for compressible
and incompressible cases, respectively, still hold for hyper-anelasticity as long as the two principal invariants
are calculated using the surface material metric, i.e.,

- ~ - —iB - det CP
L=trtgC’=Cs3G*?, L=—F-.

to e AB > det G
Definition 4.2 (Projected Material Metric). Let us consider arbitrary U, W € TB|S. The projected material
metric (o}” is defined such that

(4.7)

G



Therefore
GH =G — NP ® l\Ib . (4.9)

Note that N is a G-unit vector, i.e, (N,N)5 = 1. The projected material metric (4.9) is the anelastic
analogue of the projected metric defined in (3.77).

Similar to surface elasticity, it is straightforward to show that

- - det C°
— by b _ by
11 —Il(c”)—trGHCH, IQ—IQ(CH)— dot = .

(4.10)

Remark 4.3. It has been known that the surface stress in solids is strain dependent [Shuttleworth, 1950,
Cammarata, 1994, Spaepen, 2000, Huang and Wang, 2006, Xu et al., 2018, Krichen et al., 2019]. In a
deformable solid, the appropriate material input is a surface constitutive equation, that is, a relation between
the surface stress and the surface deformation (and also surface eigenstrains). The classical notion of a
constant surface tension is only an idealization, corresponding to a very particular choice of surface energy
and to a restricted class of deformations. In :che present framework, the surface Cauchy stress is obtained

by differentiating the surface energy density W with respect to the surface metric, and the effective surface
tension depends on the current geometry and the surface eigenstrain. Thus, surface stress is an outcome of
the surface constitutive law, not a prescribed scalar material parameter.

4.3 Balance laws of surface anelasticity

We assume that both the bulk and the material surfaces carry prescribed eigenstrains. In the geometric
formulation adopted here, these eigenstrains are encoded directly in the bulk and surface material metrics.
Once the material metrics are specified, the configuration of the body is kinematically incompatible in general,
and the resulting residual stresses follow from the balance laws written with respect to these modified metrics.
The governing equations of anelasticity are obtained by replacing the geometric descriptors of the stress-free
state—mnamely, the induced bulk metric and the surface first fundamental forms—with the corresponding
bulk and surface material metrics in the variational formulation. No additional assumptions are required:
the structure of the theory is exactly the same as that of classical nonliear elasticity. In particular, the bulk
and surface equilibrium equations, the balance of linear and angular momenta, and the natural boundary
conditions follow from the variational principle, where the constitutive equations are written in terms of
the bulk and surface material metrics. As a consequence, the balance laws of surface anelasticity retain
the same form as those of surface elasticity, with the sole difference that all metric-dependent quantities
are evaluated using the bulk and surface material metrics. In this sense, anelasticity simply replaces the
geometric descriptors of the stress-free state. The resulting field equations are therefore identical to (3.141)-
(3.145), with the understanding that these equations are now written on a bulk—surface system endowed
with its own intrinsic material metrics.

Remark 4.4. In surface anelasticity the material metric is, in general, discontinuous across a material
surface. This should be kept in mind when interpreting the jump condition in (3.143), where the term PN
appears. The normal vector N is a unit normal with respect to the corresponding material metric G. Both
the normal on the solid part N+ and the normal from the inclusion side N~ point away from the inclusion
and into the bulk solid. Since N* and N~ are normalized with respect to different material metrics (those of
the bulk solid and the inclusion, respectively), they are not necessarily equal, i.e., NT % N~. Consequently,
the two sides of the jump in (3.143) involve normals that are both metric-dependent and, in general, not
equal.

5 Radial Deformations of an Incompressible Spherical Shell Filled
with a Compressible Hyperelastic Liquid

Consider a spherical body that, in its undeformed and unstressed state, has an outer radius R,. In the
reference configuration, a concentric spherical cavity of radius R; is embedded at the center. The surrounding
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material is an incompressible isotropic elastic solid. The interface between the cavity and the surrounding
material is modeled as a compressible isotropic elastic surface endowed with 2D dilatational eigenstrains. In
this problem S is a sphere of radius R; and dS = (). We assume that in the absence of surface eigenstrains
the material surface is a hyperelastic membrane. We consider both a dry cavity and a cavity filled with
a compressible hyperelastic fluid. There are no bulk or surface body forces. The spherical ball is under
uniform pressure on its outer boundary, i.e., 0" (R,) = —po.

5.1 The spherical shell bulk body

In the reference configuration we use spherical coordinates (R, ©, ®), where R >0,0<0 <7,0<® < 27
(recall that X = Rsin©Ocos®,Y = RsinOsin®, Z = RcosO). Here O is the polar angle measured
from the positive Z-axis, and ® is the azimuthal angle measured in the XY-plane from the positive X-
axis. In the current configuration, spherical coordinates (r,0,¢) are used. The Euclidean spatial metric
is written as g = dr ® dr + r>df ® df + r?sin® 0 do @ do. Hence, [gqp] = diag(l, r2, r?sin® ). In the
reference configuration, and in the absence of eigenstrains, the Euclidean reference metric is writren as
G =dR®dR+ R2dO ® dO + R?sin? © d® @ d®. Hence, [G4p] = diag(1, R?, R?sin?©). Thus

1 0 0 ) 1 0 0
g= 10 72 0 , G=|0 R? 0 . (5.1)
0 0 r2sin’@ 0 0 R?sin’®©
We consider radial deformations of the form3”
r(R,0,®) =r(R), 0(R,0,9) =0, $(R,0,0)=D. (5.2)

The deformation gradient is written as

r(R) 0 0
F= 0 10 (5.3)
0 0 1
2 /
For R, < R < R,, the body is incompressible and hence J = r (R})zz () = 1. Therefore, r*(R) =
R3 + 13 — R3, where r, = r(R,). Thus
1
r(R) = [R*+ RN - 1)]* R; <R<R,, (5.4)
1
where \, = ;—O is the radial stretch. Let r; = r(R;). Hence, r; = [R? + R3(A\3 —1)]*.*® The principal
invariants read
RS +2r5(R) 2R +r5(R)
L =———F—7—+—, 2= —F5 " (5.6)
R2r4(R) R*r2(R)

37 This corresponds to Family 4 universal deformations [Ericksen, 1954]. A universal deformation is one that can be main-
tained, in the absence of body forces, by boundary tractions alone for every member of a given material class. In this case, radial
deformations can be maintained for any incompressible isotropic solid. Ericksen [1954] established this result for homogeneous
bodies, and the analysis was later extended to inhomogeneous [Yavari, 2021b] and anisotropic bodies [Yavari and Goriely, 2021,
2023].

380ne can equivalently write

1
r(R) = [R*+r3 - R}]" , Ri<R<R,. (5.5)
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The non-zero Cauchy stress components are

2R, 2W, 4 (R)

R =t AR T R
00 p 2”1 2R2W2
o (R) 2R TR AR) (5:7)

bd _|_ p 2W1 . 2R2W2 2
o??(R) 7“2(R)+ JE i(R) sc®O.
The only non-trivial equilibrium equation is
8gr + %0 —ro® — (rsin?0) 0% =0, (5.8)
which is simplified to read
9o (R) ’ 1 06
2VY 9 rr _
TR = <2 () | s (B) = () o™ ()
2R? .,
= _TQ(R) |:T(R)U (R) —r(R) UGO(R)] (5.9)
4 (TG(R) — RG) W Ws
N r5(R) r2(R) R?
Thus,
R
o"(R)=0oi+ | f(§)dE, (5.10)
R;
where ( 5(R) 6)
4(r°(R) — R Wl W2
(Rt - —= 11
0; =0 (Rz )7 f(R) 7“5(R) L&(R) + R2:| (5 )
If 6™ (R,) = —po, we have
R,
0i = —Po — f(&) d¢. (5.12)
R;
Note that N = {1, 0,0}, and hence
:
2
PN =JoF N = 730 . (5.13)
0

5.2 The liquid inclusion

The spherical cavity is assumed to be either dry or filled with a compressible hyperelastic fluid subject to
internal pressure. Consequently, a fluid-filled cavity can be regarded as an inclusion with a purely dilata-
tional eigenstrain. The inclusion is assumed to be homogeneous and composed of the same liquid. As the

temperature is taken to be fixed, (3.70) reduces to W= W(J), where

detg
= F 14
J =4/ ot G detF, (5.14)

and G denotes the material metric of the liquid, expressed as

1 0 0
G=e*10 R? 0 , (5.15)
0 0 R%sin’©
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where ; > 0 represents the isotropic eigenstrain parameter of the liquid inclusion®® (see [Yavari and Goriely,
2013b, Yavari, 2021a] for more details). It should be emphasized that the fluid inclusion is modeled as a
compressible phase with a natural volumetric state Jypa, = 3. Deviations of the actual volume J from this
natural state generate hydrostatic pressure. For the liquid, we adopt the same kinematic ansatz (5.2), from

which
PR)E) s,

J(R) = ——5 (5.16)
The Cauchy stress inside the inclusion is written as*°
o(R) = W'(J(R)g*o (R). (5.18)

For R < R; we have a compressible hyperelastic fluid whose deformation r» = r(R) is not known a pri-
rr

ori. In this case, the equilibrium equation (5.8) simplifies to g— = 0, indicating that the radial stress
r

0" (R) = W (J(R)) is uniform within the fluid inclusion. If W’ is a monotone function of J (as is typical
for compressible hyperelastic fluids),*! it follows that J(R) = Jo, a constant. Thus

PR) =13+ Jy e (R*— R}, O0<R<R;. (5.19)
3 f
Knowing that 7(0) = 0,2 we obtain Jy 3% = %, and hence*?
r(R) = %fh 0<R<R. (5.20)
We thus have .
ﬁ 0 0
F=0 1 ol - (5.21)
0 01

The constant stress inside the liquid inclusion is o (R) = py gf, where

pr=W/(J) <0,  Jy=-L 3% (5.22)

39The material metric (5.15) encodes a purely dilatational eigenstrain through the factor el For ©; > 0, the natural
distances prescribed by the material metric are larger than the Euclidean distances in the reference configuration. Thus, when
the inclusion is placed in the Euclidean reference geometry of radius R;, it is forced to occupy a smaller volume than its natural
(stress-free) volume, inducing a compressive residual stress. Because this incompatibility is purely volumetric, the resulting
residual stress is hydrostatic, i.e., proportional to gf.

40The initial (residual) stress inside the inclusion is then given by

o =W'(1)gh. (5.17)

f
41Strict monotonicity of W’ (J) follows from the requirement that the bulk modulus be positive, ensuring material stability
f
under volumetric deformations. For an isotropic compressible fluid, the radial Cauchy stress is ¢ = W'(J). The bulk
f f f
modulus is defined as K = JW'(J), and thermodynamic stability requires K > 0, i.e., W (J) > 0. Therefore, W’(J) is
rr

strictly increasing, and the condition = 0 implies that J must be constant within the fluid inclusion.

42 A regular deformation of a simply—ci)nnected spherical inclusion requires 7(0) = 0. Choosing r(0) > 0 implies that the
material point at R = 0 is mapped to a sphere of finite radius and the region 0 < r < r(0) remains empty. This corresponds to
a cavitated configuration [Ball, 1982, Horgan and Abeyaratne, 1986]. Since the present model assumes that the compressible
fluid fills the entire cavity, only the branch with 7(0) = 0 is physically admissible.

43This solution is similar to what was found in [Pradhan and Yavari, 2024] in a solidification problem.
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Note that N = {e=%0,0},* and hence

—ao, Ti
€ R2 Dy
PN =JoF *N = 0 i . (5.23)
0
Therefore, from (5.23) and (5.13) we have

r2 |97 674lef

[PN] = R—ZQ 0 . (5.24)
i 0

2
Notice that n = {1,0,0}, and hence, [PN], = 0. Also note that ([PN],n}, = %(ai — e Mup;).

Remark 5.1. From (3.71), for a homogeneous compressible isotropic hyperelastic fluid we have o =
f f
W'(J) g* and hence diva = W"(J) V.J. In the absence of body forces, if the equilibrium equations dive = 0
f
are to hold for any choice of W, then necessarily VJ = 0, i.e., J must be constant for any universal defor-
mation. Conversely, any deformation with constant J is universal for the class of homogeneous compressible
isotropic hyperelastic fluids, since the associated Cauchy stress is a constant hydrostatic pressure field that
automatically satisfies the equilibrium equations in the absence of body forces.

5.3 The spherical anelastic material surface

For S and s we use the spherical coordinates (6, ®) and (6, ¢), respectively. The inclusion maps ts : S — B
and ts : s — S have the following representations

55(67 (I)) = (Ru @a (I)) ) Ls(ev (b) = (Tzﬁ 97 (b) . (525)

Their tangent maps have the representations

(5.26)

b g %)
Il
o = O
= o O
e
|
o = O
— o O

It should be noted that these spherical coordinates are foliation coordinates in both the reference and current
configurations, with the first coordinate being along the corresponding normal in each configuration. The

surface spatial and material metrics have the following representations*®
- R? 0 r? 0 r? 0
— =20 % o — |'? _ "
G=c {O RfsinQG} ' g_[O rfsinQO]_{O r?sin®@| ’ (5.27)
where e~ (Q, > 0) is the 2D dilatational surface eigenstrain.¢
Note that
0 0 O
i — 629
0 0 1

44Recall that N = {N',0,0} is a G-unit vector, i.e., {(N,N)g = (N')2e?? =1, and hence N = e~*%.

45 A dilatational surface eigenstrain corresponds to a natural (stress-free) surface that is smaller than the actual surface, so
that the material surface is in tension in the initial configuration. Thus the material surface metric is written as G = e~2?s G
with Qs > 0, implying a natural radius e~9s R; < R;. Using e2?s would instead produce a natural radius larger than R;, and
therefore an unphysical compressive residual stress.

46The material metric (5.27); represents the most general form of surface eigenstrain distribution compatible with the
symmetry of Family 4 universal deformations [Goodbrake et al., 2020].
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The surface restricted, the parallel, and the surface deformation gradients have the following representations

0 0 0 0 0 0 - 10
Fs=10 1 0f, Fy=10 1 0f, F{O 1]. (5.29)
0 0 1 0 0 1
Thus
0 0 0 9
= (R 0
Ci =10 r*(R) 0 : Cb:[ (0) 2R .2@}. (5.30)
0 r2(R)sin” © r*(R)sin
Note that the projected material metric is written as
) 0 O 0
G =10 R? 0 : (5.31)
0 0 R?sin®®©
The surface principal invariants read
- 2 €22 p2 - - e
11271, 12:(]2:71 (532)
Note that
9 1 0 0
85 = |0 2 0 . (5.33)
"o [0 0 2rsin?6

The second fundamental form k is calculated by substituting the above expression into (2.89), which gives
us

0 0 0 0 0 0 1 0 0 0
k= |0 0 =10 7; 0 =— |0 r? 0 . (5.34)
0 0 r;sin’f 0 0 r;sin’O "ilo 0 rf sin?©®
This, in particular, implies that
— 1 _ T 0
k= e [O 7; sin? @] ' (5.35)
From (3.90), the surface Cauchy stress is written as
2W, 2622 Wy
r? R? 0
g = ! t s s . 536
0 2<W1 M W2>csc2@ o
7 R
The physical components are
s 72 s
2 <W1 + 7 € Wg) 0
6. — (2 . r2 . = ’yO I 5 (5.37)
0 2 (W1 + 5 e Wz)
where )
Yo =2 <Wl + % 22 VSVQ> : (5.38)

is the surface tension.*” As expected, surface tension is deformation dependent. It should be emphasized
that the principal invariants (5.32) are calculated using the non-flat material metric (5.27);. This implies
that the material surface in the initial configuration is residually-stressed.

47Notice that & = 'Y—ggu.
4

k3
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Note that

Joik = 20T = 2% ;2 %0 = 42 I (W + Rg 20 Wg) . (5.39)
4 4
The normal equilibrium equation (3.146) is simplified to read
7"2'2 —4y 20, Ti
e (07 — e *py) — 2e ﬁ v =0. (5.40)
Or 5
—eiup, 22200 (5.41)
ri

which is a generalized Laplace’s law. In terms of the surface energy function the normal equilibrium equation

is written as
2%

o —e Mipy — Wy + i2 22 W,y | =0. (5.42)
T; R;
The nonzero connection coefficients of the Levi-Civita connection are 4?5, = —sin6cos@ and 5%, =

'7¢¢9 = cot f. The surface divergence in components is written as

(@ve)" = 6% = 6% 5 + 3%, + 375, 5. (5.43)

56(9'0 = 5%y + 774,50 + ’7559 5% — 9,5% + 3% 49 770 = 70 cot 6. (5.44)
’L
Similarly, the second term is simplified as
6'04)\(17 — a¢a.0¢ + :Ye(b(i‘ 6_5(15 + 7Y¢¢Z 6.96 _ :Yetﬁtb 6.¢¢ — _lg cot @ . (545)

Therefore, (@&)9 = 0. For a = ¢, (E&)d) = 6¢9‘9 + 6¢¢‘¢. Note that 6¢9|9 = 6¢979 +7%:6%° =0, and

¢¢|¢ = 5% 4, = 0. Thus, (E&)d) = 0. Therefore, dive = 0, which is equivalent to DivP = 0, i.e., the
tangential equilibrium equation (3.143) is trivially satisfied.
If 0™ (R,) = —po, the interface equilibrium condition is written as

/ F(€) de — e~ upy

This nonlinear algebraic equation determines the unknown interfacial radius r;, coupling the internal pressure,
surface eigenstrain, and elastic response of the surrounding solid.
In our examples we assume that the bulk body is made of an incompressible neo-Hookean solid, i.e.,

429

Wy + g‘zem Wa| = 0. (5.46)

g (I, — 1), (5.47)

where p is the shear modulus of the solid. Let us also assume that the elastic surface is made of a two-
dimensional compressible neo-Hookean material. Its strain energy density is written as

WL, Is) =

s _ _ _ _ _1 2
W(I, L) = % (I, —2—InD) + % (I; - 1) : (5.48)
where ps and k4 are the surface shear and bulk moduli, respectively. The surface Cauchy stress is written
ag8
5= “75511 +[- “7 +ho(T = 1) & = “—;(Bﬂ —g) +ra(J— 1)t (5.49)

481n the initial configuration, r; = R; so that J = e2?s and 9 = (—1 + e2?s) ks + (1 — e=2%s) ug. Clearly, in the absence of
surface eigenstrain, & = 0, as required.
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We use the following energy function for the hyperelastic fluid
W(J) = % (J —1)2, (5.50)

where k is the bulk modulus characterizing compressibility, and

r3
J = JO = ]:;3 6_3Ql . (551)
From (3.71), we have
" _s0
a:ﬁf(J—l)gﬁ:fff(R%e_ l—l)gﬁ:pfgﬁ, 0<R<R;. (5.52)
In the initial configuration, r; = R;, and hence o = ¢ = Ky (6’391 — 1) g% Note that the pressure inside
the liquid inclusion is deformation dependent.
For this model we have
Wl = g ) W2 = Oa
oMy s gery _Msgea _Rs (R o\ Hs R g,
"o
pf =Ky <R’36 3 —1) .
Note that
R 4 3 3 3
0 wl| 4R, R} R, (4r; —4R; +5R;
[ rgae=t |-t oKy ( Ro) | (5.55)
R; T T 3

L e -meRy
Eq. (5.46) is now simplified to read

R! R, (4R? —4r} — 5R3)
=+

3 AR
20~ <€3Q, . 7”:) Kyt /,1.1 i

3 4
o CT - R RS (5.56)
42 20, T3 a0, 1t}
- T |:K:s (—1"‘6 Q-R3>+IJ/5 (1—6 §7'22):| :2p0'
The surface stress reads
2 2 2
N o v L T2y ) = (g TP _ B s0,
fYO_PYO<RiaQs>—2(W1+R?e W2)—< 1+R126 )’is'i'(l T?e ),usa (557)

which is deformation dependent. In the initial configuration r; = R;, and hence the initial surface stress is
written as

Ao = (1 + e ) kg + (1 — e . (5.58)
The (deformation-dependent) elasto-capillary function is defined as [Liu and Feng, 2012]
29, ,.2 —2Q, P2
T Yo K e s s e~ R:
A2 ) = - 1 i 1= &) 5.59
e(Rz‘ ) 2Rip 2PW( " R} >+2Rm< r? ) (559)

491n the literature, the following energy function has been used for a hyperelastic fluid [Huang and Wang, 2006, Javili et al.,
2013, Ghosh and Lopez-Pamies, 2022]:

W(J) =ppJ + %f (J-1)2, (5.53)

where py < 0 denotes the reference (undeformed) pressure of the liquid. Note that py = k¢ (6_391 — 1) in our formulation.

47



Surface effects are expected to be significant when e. > 1. The initial elasto-capillary number is defined as
[Ghosh and Lopez-Pamies, 2022]

. 0 Ks 20 Hs —2Q
.= — -1 s 1— ) . 5.60
Y 2Ri,u( te )JFQRW( e ) (5.60)
Let us define the following nondimensional parameters:
T Ro ~ Po Rf s Rs
= , :7>17 o = —, = — = s = . 5.61
=R =g Po =" =, £= 5 ” "= R (5.61)
Note that
ec.(z) = g (emsm2 —-1) + g (1- e_QQSx_Q) , é. = g (6295 -1)+ g (1- 6_295) . (5.62)

In terms of these nondimentional parameters (5.61), (5.56) is written as

1 4 a(4—423-5a%) 4 , , .
= + 24 ( 4) = (62QSI2 o 1) (52 + 7]62QS> + 267791 (6301 o LES) ny = 2p0 . (563)

5.4 Example 1: Spherical cavity without fluid (dry cavity)
In this example we consider a cavity, i.e., no liquid. In this case ny = 0 and hence

1 4 a(4—423—5a3 4 .
— -+ ( 2 — = (*a? -1) (i + n6295> = 2o . (5.64)
X X (—1+$3+Oé3)3 X xr

When Q¢ = 0 and there is no applied pressure, x = 1 is an equilibrium solution. For p, = 0 but €25 > 0, the
initial configuration is not in equilibrium: the material surface has a smaller natural radius e~ R; < R; and
therefore tends to shrink the cavity, whereas the surrounding solid is stress-free when r(R) = R. The relaxed
radius results from balancing these competing effects. The normalized equilibrium radius z* = r}/R; as a
function of €2, is shown in Fig. 5. As expected, the equilibrium radius is larger than the stress-free radius
for any value of surface eigenstrain, i.e., 7¥ > e~ R;.

From (5.10) and (5.12), the radial stress in the solid has the following distribution

R(SR +4r! —4RE) R, (~ri+ 4RI 5R)
U
€ 2(r3 — R 4 RY)

Fig. 6 shows the normalized radial stress distribution ¢""(R)/p in the solid for a = 3.0, £ = 1.0, and n = 2¢,
computed for several values of the applied pressure p,. For p, = 0 the surface eigenstrain induces a tensile
radial stress in the solid near the cavity, and the entire solid shell carries a residual tensile radial stress that
decays toward the outer boundary. As p, increases, the inner region progressively moves into compression
while the outer region may remain in tension. For sufficiently large p, (e.g., p, = 0.50), the entire solid is
under compressive radial stress.

Note that

R

o(R) = —po— | F(E)dE = —po+
R, 2(R + 13 — RY)

. (5.65)

4
3

_ 13 3 1\3
/\O—a(a +x®—1)7 . (5.66)

Under zero applied pressure the relaxed stretch is A} = é [a?’ + (z%)3 — 1]% . As the initial configuration
is residually stressed, it is natural to regard A, — A} as the strain, i.e., the stretch measured relative to the
relaxed state. For o« = 1.5, £ = 0.1, and n = 2¢, Fig. 7 (left panel) shows the strain as a function of the
applied pressure for several values of the surface eigenstrain. As expected, increasing )5 leads to a stiffer
response. Next, for fixed a and surface eigenstrain (o = 1.5, 5, = 0.1) the strain—pressure plots are shown
for different values of & (with n = 2¢) in Fig. 7 (right panel). When £ = 0 only the bulk elasticity contributes
and the response is the most compliant. As £ increases surface effects become significant and the ball stiffens.
For £ = 10 the strain remains essentially zero for all pressures, i.e., the ball behaves effectively as a rigid

solid.
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Figure 5: The solid red curve shows the normalized equilibrium cavity radius * = r/R; as a function of Qs for a = 3.0,
& =1.0, and n = 2¢. The dotted curve is the zero-stress radius e s R;/R; = e 2. When Qs =0 and po, = 0, one has ¢ = 1
as an equilibrium solution. For Qs > 0 the material surface prefers the smaller natural radius e=$%s R; while the surrounding
bulk is stress-free at r(R) = R. The relazed radius results from balancing these effects and is always larger than the zero-stress
radius.

a=30, =10, n=2 rkr=0.0
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Figure 6: Normalized radial stress o (R)/u in the solid for a = 3.0, £ = 1.0, and n = 2£, shown for several applied pressures
Po. Surface eigenstrain induces tensile radial stress at po = 0, and increasing po drives the inner region and eventually the
entire shell into compression.

5.5 Example 2: Spherical cavity filled with compressible fluid (wet cavity)

In this example we assume that the spherical cavity is filled with a homogeneous isotropic hyperelastic fluid.
We first ignore surface stress effects. For a liquid inclusion without surface stress the numerical results
in Fig. 8 show a nontrivial dependence of the effective stiffness on the natural fluid pressure. When the
initial internal pressure is small (including p¢(0) = 0), the inclusion is close to its natural volumetric state
and simply contributes an additional compressible phase that resists volumetric changes. In this regime
the ball with a liquid inclusion is stiffer in the pressure-stretch response than the corresponding solid with
a dry cavity. For nonzero values of p; the fluid prefers a volume larger than that of the actual cavity,
and the surrounding solid is prestretched in the relaxed configuration at p, = 0. Subsequent loading is
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Figure 7: Left panel: Strain Ao — A} as a function of the normalized applied pressure po for o = 1.5, £ = 0.1, and n = 2¢,
shown for several values of the surface eigenstrain Q2s. Here Ao denotes the outer radial stretch of the ball and X}, is its relazed
value at zero applied pressure. Increasing Qs shifts the relaxed configuration and leads to a stiffer pressure-stretch response.
Note that from (5.60), these choices of parameters and surface eigenstrains correspond to the following values of the initial
elastic-capillarity number: é. = 0,0.13,0.20,0.40,0.60. Right panel: Strain Ao — A} as a function of po for « = 1.5 and
Qs = 0.1, for several values of & (with n = 2£). For £ = 0 the response is governed only by the bulk elasticity and is the
most compliant. Increasing £ strengthens surface effects and results in a progressively stiffer response. For & = 10 the curve
is nearly flat at Ao — A5 = 0, corresponding to an effectively rigid response. Note that these choices of parameters and surface
etgenstrains correspond to the following values of the initial elastic-capillarity number: é. = 0,0.06,0.31,0.62,6.24.

measured relative to this residually stressed configuration, and the pressure-stretch response corresponds
to the incremental elastic behavior about a prestressed state. For a nonlinear elastic solid, this prestress
modifies the tangent stiffness, and in the present case increasing the initial fluid pressure places the material
on a softer part of its constitutive response. Consequently, increasing the initial fluid pressure softens the
response of the ball.

When surface stress effects are included, the numerical results in Fig. 9 (left panel) show that the relative
roles of the fluid and the surface change the pressure-stretch behavior in a systematic manner. The following
parameters are used in this example: a = 3.0, { = 0.50, n = 2§, Q, = 0.10, and n; = 20, which correspond
to the initial elasto-capillarity number é, = 0.31. Here \j is the relaxed stretch at p, = 0. The liquid-filled
configuration is stiffer than the dry cavity for all fluid pressures. Increasing fluid pressures decreases the
stiffness of the ball. These parameters correspond to the initial elasto-capillarity number é. = 0.31. We next
increase the effect of surface stress and use the following parameters: o = 3.0, £ = 0.50, n = 2§, Q, = 0.10,
and iy = 20, which correspond to the initial elasto-capillarity number é, = 1.25. In Fig. 9 (right panel) we
see a similar trend. Overall, the ball is stiffer than the previous case. However, again including liquid inside
the cavity has a stiffening effect and increasing the initial fluid pressure softens the elastic response.

Surface eigenstrain induces an additional residual deformation of the solid even when py(0) = 0, shifting
the relaxed configuration and effectively stiffening the response at small applied pressures. For the liquid-
filled configuration the combined effect of surface tension and fluid compressibility produces a response that
is stiffer than that of the dry cavity, but as the applied pressure increases the fluid contribution dominates
and the configuration eventually becomes more compliant compared to the zero fluid pressure case. These
parameters correspond to the initial elasto-capillarity number &, = 0.31.

Remark 5.2 (Universality of Radial Deformations of an Isotropic Spherical Ball with a Fluid Inclusion).
For a given class of materials, a deformation is universal if it can be maintained by applying only boundary
tractions and in the absence of body forces [Ericksen, 1954, 1955]. In our example, we have a spherical ball
with a cavity. We know that radial deformations are universal for incompressible isotropic solids—Family
4 universal deformations [Ericksen, 1954], see Footnote 37. We also know that, for compressible isotropic
solids—both homogeneous [Ericksen, 1955] and inhomogeneous [Yavari, 2021a]—the only universal defor-
mations are homogeneous deformations. However, a compressible hyperelastic fluid is special in the sense
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Figure 8: Normalized pressure-stretch response Ao(po) — A for a spherical solid ball with a liquid inclusion compared with the
corresponding dry cavity, for a = 3.0, £ =1 = 0 (no surface stress effect), and ny = 20. A} denotes the relazed stretch at
ﬁo =0.

a=30, £=05, n=2¢ Q,=0.10, n =20 a=3.0, £=2.0, n=2¢ Qs =0.10, 7y =20
0.0000 [ T T = 0.0000 F E
-0.0005 1 -0.0002 - g
Ao — A, )\
? .0.0010 Ao = Ao 00004 ]
000151 -0.0006 -~ T
~
-0.0020 - 1 -0.0008 — /=00 1
00025 ] -0.0010[  TTTTT pln=-05 ]
—m—ee pp/pp=—1.0
-0.0030 1 -0.0012[ —_—— ps/p=-20 ]
no liquid (dry cavity)

-0.0035 ] -0.0014 - 1
0.0 0.5 1.0 1.5 20 0.0 05 1.0 15 20

. Po Do

Po = I Po = —

1%

Figure 9: Left panel: Normalized pressure-stretch response Ao(po) — Ay for a spherical solid ball containing a liquid inclusion,
compared with the corresponding dry cavity. Results shown for a = 3.0, £ = 0.50, n = 2§, Qs = 0.10, and ny = 20. Here Ajj is
the relazed stretch at po = 0. The liquid-filled configuration is stiffer than the dry cavity for all fluid pressures. Increasing fluid
pressures decreases the stiffness of the ball. These parameters correspond to the initial elasto-capillarity number é. = 0.31.
Right panel: Normalized pressure-stretch response Ao(Po) — Ay for the same spherical solid ball containing a liquid inclusion,
compared with the corresponding dry cavity. Results shown for a = 3.0, £ = 2.0, n = 2§, Qs = 0.10, and ny = 20. The
pressure-stretch response is similar to the previous case; the liquid-filled configuration is still stiffer than the dry cavity for all
fluid pressures. Also. increasing fluid pressures still decreases the stiffness of the ball. The parameters of this case correspond
to the initial elasto-capillarity number é. = 1.25. We observe that the effect of surface stress in both cases is to stiffen the
overall response of the ball.

that its energy function depends only on J. We showed that independently of the form of the fluid energy
function r(R) = r;R/R;, i.e., such deformations are universal for the elastic fluid, see Remark 5.1. For the
spherical material surface, the tangential surface balance is trivially satisfied and only the normal surface
balance (5.46) remains. Thus, for the coupled bulk-surface-fluid system, the only nontrivial equilibrium con-
dition is the generalized Laplace equation (5.46) that determines the cavity stretch z = r;/R;. If this scalar
equation admits a solution for = for arbitrary incompressible isotropic solid shell and arbitrary compressible
isotropic material surface, then the spherically-symmetric deformation would be universal. Whether such
a solution exists in general is unknown; the solutions obtained here for the special case of an incompress-
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ible neo-Hookean solid and a compressible neo-Hookean material surface do not guarantee universality for
broader constitutive classes.

Remark 5.3. Sphere assemblages were introduced by Hashin [Hashin, 1962, Hashin and Shtrikman, 1962,
1963]. For finite deformations of incompressible isotropic thick spherical annuli (Family 4 universal deforma-
tions) Hashin [1985] observed that the stress and deformation fields depend only on the ratio R;/R, and not
on the individual radii. This scale invariance is what allows the construction of Hashin’s spherical assem-
blage: starting from a compressible solid subjected to a uniform dilatational strain, one can insert hollow
spheres of different sizes but with the same ratio R;/R,, made of an appropriate second phase, in such a
way that the prescribed macroscopic dilatational field in the surrounding material is not perturbed. This
observation also plays a central role in the anisotropic extension developed in [Golgoon and Yavari, 2021].
With surface elasticity this invariance is lost. Surface stresses introduce a length scale, and the solution of
the spherical cavity problem depends explicitly on R;. Two hollow spheres having the same ratio R;/R,, but
different sizes no longer induce the same stress in the surrounding solid under the same dilatational strain.
Consequently, the mechanism that enables Hashin’s assemblage is no longer available, and a Hashin-type
construction cannot be carried out for materials with elastic or anelastic surfaces.

6 Conclusions

In this paper we formulated the mechanics of elastic bodies with material surfaces in the setting of Rieman-
nian geometry of 3-manifolds and their hypersurfaces. We began with the geometric formulation of bulk
elasticity, in which the body is a Riemannian material manifold and all kinematic and kinetic quantities are
written in terms of its material metric. This framework, rooted in the earlier work of Marsden and Hughes
[1983], was then augmented by the differential geometry of embedded material surfaces. Within this setting,
kinematics was extended to bodies with elastic material surfaces, and the surface analogs of the classical
strain measures of 3D nonlinear elasticity were constructed using the induced geometry of the material hy-
persurfaces. Both the bulk and the material surfaces were assumed to be hyperelastic and endowed with
their own elastic energies written as functions of the corresponding material metrics.

A key observation is that once bulk elasticity is formulated in the language of Riemannian geometry, the
extension to surface elasticity can be carried out in a systematic and transparent manner. Working with
hypersurfaces of Riemannian manifolds allows all surface kinematic quantities to be defined unambiguously,
including the various surface deformation gradients obtained by restriction and projection. Within this geo-
metric setting the surface strain measures, the surface material metric, and the induced second fundamental
form follow naturally from the embedding of the material surface in the material manifold. Surface stresses
are then obtained by differentiating the surface energy with respect to the surface material metric, and
anisotropy is encoded through surface structural tensors exactly as in the bulk.

In the geometric formulation, extending bulk elasticity to bulk anelasticity is straightforward: anelastic
distortions are encoded by a bulk material metric, following the original ideas introduced by Eckart [1948].
Once surface elasticity is formulated in the setting of hypersurfaces of Riemannian manifolds, the extension
to surface anelasticity is equally systematic. In the presence of material surfaces the body carries both bulk
and surface anelastic distortions (eigenstrains), each inducing its own material metric. The surface material
metric is determined by the surface anelastic distortion and, in general, does not coincide with the first
fundamental form of the reference material surface. Thus the geometry of both the bulk and the embedded
surface is determined by their respective material metrics, and the balance and constitutive laws retain the
same geometric structure after replacing the elastic metrics by the corresponding anelastic ones.

We showed that, for both isotropic and anisotropic elastic surfaces, the constitutive equations retain
exactly the same functional form as their bulk counterparts when the first fundamental form and the classical
structural tensors are replaced by the surface material metric and the anelastic surface structural tensors. The
balance laws were derived variationally using the Lagrange-d’Alembert principle. These include the standard
bulk balance of linear momentum together with the surface balance of linear momentum, which has both
tangential and normal components—a generalized Laplace’s law. The resulting bulk and surface balance
equations preserve the familiar structure of classical elasticity with material surfaces, but are expressed
entirely in terms of the geometry of the material manifold.
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As an example, we analyzed the deformation of a spherical ball containing a concentric inclusion bounded
by a material surface. Owing to spherical symmetry, the bulk equilibrium reduces to a single nonlinear
equation for the cavity stretch, from which a complete analytical solution was obtained. For a dry cavity
with surface eigenstrain we computed the relaxed cavity radius, the residual Cauchy stress field in the solid,
and the associated surface stress. The results show that a tensile surface eigenstrain induces a residual
tensile Cauchy stress component near the cavity that decays monotonically toward the outer boundary. The
pressure-stretch curves further demonstrate that surface stress makes the ball effectively stiffer, shifting the
relaxed configuration and increasing the incremental resistance to applied pressure relative to the case with
no surface effects.

We then studied a liquid-filled cavity in which the inclusion is a compressible hyperelastic fluid with
initial pressure. The fluid contribution enters through an additional eigenstrain parameter and modifies
the generalized Laplace’s law in a nonlinear manner. Numerical solutions of the exact equilibrium equation
showed that an inclusion with a larger initial elasto-capillarity number is stiffer. However, for a fixed initial
elasto-capillarity number, a liquid inclusion stiffens the ball. Increasing the initial pressure of the inclusion
soften the response. The resulting radial stress distributions show that surface or fluid eigenstrains generate
tensile residual stress near the cavity and that increasing applied pressure progressively drives the inner
region, and eventually the entire shell, into compression.

These examples demonstrate the versatility of the geometric formulation developed in this paper. Bulk
and surface elasticity and anelasticity are treated within a single differential-geometric framework in which
all kinematic and kinetic quantities are expressed in terms of the material metric and the induced surface
geometry. The approach eliminates ad hoc assumptions, clarifies the role of incompatible eigenstrains, and
provides a systematic procedure for formulating constitutive equations for both the bulk and the material
surfaces. This geometric framework is fully general and extends well beyond spherically symmetric problems,
allowing the analysis of inclusions of arbitrary shape, more complex distributions of eigenstrain, and time-
dependent processes such as growth, remodeling, or viscoelastic relaxation.

The geometric framework developed here can be extended in several natural directions. Incorporating
curvature-dependent surface energies would allow the treatment of bending deformations of material surfaces,
in the spirit of Steigmann-Ogden theory but expressed in the present Riemannian setting. Another direction
is to include curvature-driven surface remodeling or surface phase transitions within the same geometric
structure. Finally, allowing the bulk and surface material metrics to evolve in time would enable a fully
geometric treatment of growth, remodeling, and surface viscoelastic relaxation.
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