ES 240
Solid Mechanics
Z. Suo




String and Elastica
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String.  A string (a cable, a rope, a belt, a chain, or a long molecule), fixed at two ends, sags under its own weight, vibrates in the wind, or jiggling in a thermal bath.  Many such phenomena have been analyzed by assuming that the string is inextensible.  However, plucked with a large enough force, the string will extend.  A DNA molecule can even undergo a phase transition under tension.  A study of extensible string will exhibit many essential concepts in formulating the mechanics of finite deformation.  A string is so flexible that we neglect its bending rigidity, and assume that the string can carry no bending moment, and that the internal force is in the direction tangent to the string.

Deformation geometry.  Any state, stretched or not, can serve as the reference state.  All we really want from the reference state is to use the arc distance X between a material particle and one end of the string, in the reference state, to name the material particle.  The string moves in the three dimensional space.  Each point in the space is described by three coordinates 
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, which we also write as a vector 
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.  At time t, the material particle named X moves to a point 
[image: image3.wmf](

)

t

X

,

x

 in the space.  This function maps two real variables, X and t, to a vector x.  The function characterizes the state of the string at time t.  To evolve the function 
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 in time, we next formulate the equation of motion.


Consider two nearby material particles in the string, named X and X + dX.  At time t, the two material particles occupy the locations 
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We may as well call this vector the deformation gradient.  Because we have used a single variable to name material particles in the string, the deformation gradient for the string is a vector, rather than a second rank tensor for a three dimensional body.


The magnitude of the vector of deformation gradient is the stretch of material particle X at time t; denote this stretch by 
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  The direction of the vector of deformation gradient is tangent to the string in the current state; denote the unit vector along the tangent by 
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Momentum balance.  The mass of an element is independent of time; let 
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 be the mass of the element divided by the length of the element in unstretched state.  The string is subject to external forces due to wind, gravity, etc.  Let 
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 be the external force acting on an element of the string in the current state divided by the length of the element in the reference state.  An imaginary cut of the string in the current state, across a material particle X, will expose an internal force 
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.  By definition, a string cannot sustain bending moment or shearing force, so that the internal force is along the direction tangent to the string in the current state, namely,  
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where 
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 is the magnitude of the internal force.


The figure sketches a free-body diagram of an element of the string.  Apply Newton’s law to this element, and we obtain that 
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This equation is a statement of momentum balance. You have used a linerized version of this equation to analyze the vibration of a pre-tensioned string, such as a piano string.  In that analysis, you prescribe the tension in the string, N, as a constant, and assume that the deflection is small. 

Material law.  If we don’t assume that N is a constant, to complete the problem, we need to prescribe a relation between the internal force and the stretch, 
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.  We may obtain this relation by doing a tensile test of the string.  As such, the material composition of the string within each cross section will not concern us.  


However, let’s say we do know the composition within each cross section, namely, we know for each constituent the relation between the nominal stress s and stretch 
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, or the material law 
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.  We may assume that the string is under the iso-stretch condition, in which all material particles in the same cross section have the same stretch.  Consequently, we can calculate 
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The integral extends over a cross-sectional area of the string in the reference state.

Multiscale modeling.  In the above, we’ve looked the string at two scales.  At the scale of the whole string, we ask how the string deflects, and take the material law 
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 as an input.  In practice, we can measure 
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 by doing a tensile test.  At the scale of a cross section, however, we ask how individual materials contribute to the material law 
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 by using materials for individual constituents, 
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.  Consequently, the function 
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 bridges the models at the two scales.  This ancient art of looking at the same phenomenon at multiple scales have been rediscovered in recent decades, and is called, in different circles, homogenization and multi-scale modeling.  Of course, the example here is so simple that it makes these long names sound comical.  But the art becomes sophisticated for complex phenomena.

Elastica:  bending of an inextensible rod.  In your first undergraduate course on solid mechanics, you have studied stretching, bending, twisting and bucking of a slender rod.  In such a course, you typically assume that shape of the rod changes slightly.  This assumption enables you to derive many useful results quickly, but obscures some basic ideas, e.g., the nature of buckling and what happens after buckling.  Of course, such a careless theory will give wrong predictions when shape change is large.  We now formulate a theory of rod undergoing large shape change.  

Playing with a long rod, we find that the rod is easy to bend, but hard to stretch.  To simplify the matter, we assume that the rod is inextensible.  A slender rod undergoing large deflection but no elongation is known as an elastica.  We start with the 3 ingredients of solid mechanics.

Deformation geometry.  To simplify the matter further, we restrict ourselves to an elastica bending within a plane. Each point in this plane is described by a pair of coordinates x and y.  In its “natural state”, when no external load is applied, the elastica need not be straight.  To name each material particle along the elastica, let X be the arc distance between a material particle and one end of the elastica.  For each material particle, this length is invariant as the rod deflects, because the rod is taken to be inextensible.  At time t, the particle X moves to a point with coordinates 
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.   The two functions describe a curve, i.e., the state of the elastica at time t.  To evolve the state of the elastica, we next formulate the equations of motion.


In the current state, let 
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 be the slope (i.e., the angle from the x-axis to the tangent direction of the rod), and 
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 be the curvature (i.e., the inverse of the radius when the segment is fitted to a part of a circle).  The elementary differential geometry of a curve dictates that
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We have adopted the sign convention that the curvature is positive when the rod is convex downward. 
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Momentum balance.  If we make an imaginary cut at a cross section of the elastica, we expose an internal moment 
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 along the directions of the two axes.  You may project the forces along, and normal to, the tangent direction, and call them axial and shearing forces, but we will not do so here.  

We apply Newton’s law to an element of the elastic in the current state.  Once again, let 
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 be the mass of the element divided by the length of the element. The balance of linear momentum along the two axes requires that
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The balance of moment requires that
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We have neglected the effect of inertia associated with rotation.


Material law.  The above 6 equations connect 7 functions:  4 geometric quantities and 3 force-like quantities.  We need one more equation.  This is supplied by a material law connecting the bending moment and curvature.  When the curvature is small, bending is elastic, and the bending moment is linear in curvature:
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 is called the bending stiffness, and can be measured experimentally or calculated from a model at the scale of individual cross section of the rod; see a note at the end.  For now, we simply regard D as an input parameter to the model at the scale of entire elastica.  D has the dimension of force times length squared.

An initially straight rod subject to a pair of forces.  Euler buckling.  Consider a rod subject to a pair of forces F.  If the forces pull the rod, because our model assumes that the rod is inextensible, the model will produce nothing interesting.  If the forces push the rod, our experience shows that the rod will undergo a series of states as illustrated in the figure.  When the force is small, the rod is straight.  When the force exceeds a critical value, the rod buckles.  After buckling, the rod continues to bend further.
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We assume that the process of deflection is so slow that inertia plays no role.  Thus, the two equations of linear momentum balance becomes 
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The equation of moment balance becomes that
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This equation, together with basic equations in differential geometry,
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Form a set of nonlinear ODEs, with the boundary conditions
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This boundary value problem can be solved numerically by the shooting method.  

Many years ago, people like to name solutions of interesting problems by some special functions.  The practice is obsolete by now because these functions are not special to a computer, and modern students have better things to do than learning the properties of these special functions.  What is special is in the eyes of the beholder, or rather, depends on how a person is educated.  For many, any function more special than power, sin, cos, exp and log is just too special to merit their attention.  We will certainly have no time in this course to talk about these special functions. 



 But some results are so neat and so useful that we should not leave them to the computer.  When the rod is still nearly straight, the slope is small, 
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. Be wise, linearize.  Recall the Taylor series to the first power in 
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The four ODEs become
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The function 
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satisfies the equilibrium equation and the boundary conditions, provided that the axial force is given by




[image: image56.wmf]2

2

L

D

F

c

p

=

.

This is the Euler condition for bucking.

A rod under a pair of forces and undergoing transverse vibration.  If the rod vibrates in the transverse direction, the equation of motion for deflection 
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Try the solution of the form
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We obtain the frequency
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Consequently, the frequency decreases when the compressive force increases, and approaches zero when the axial force approaches the Euler condition.  


Demonstrate the effect of axial force on frequency in class using a column with a variable length.



A note on bifurcation analysis.  Using Gelerkin procedure, we can approximate a set differential equations by a set of algebraic equations.  We might as well think the set of PDEs as a set of nonlinear algebraic equations
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where u is a generalized vector that describe the state of a rod, say. 


Suppose that we have found a trivial solution 
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 that satisfies the nonlinear equations, namely,
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We can then ask if we can find another solution near the trivial solution.  Let a possible nearby solution be 
[image: image64.wmf]u

u

d

+

0

.  It should satisfies the equation
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By linearizing this equation, we mean that for small 
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 we write the Taylor expansion:
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where 
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 is a matrix.  The nonlinear equation 
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A nontrivial solution exists if
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Note that this bifurcation analysis cannot determine the amplitude of the perturbation 
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A note on bending rigidity.  Yet another ancient example of multi-scale modeling.  In the above we have regarded the bending rigidity D as an input quantity.  We can certainly measure the bending rigidity experimentally.  Also, if we know the material of the elastica well, we can calculate D by using a model.  We apply the 3 ingredients of solid mechanics at the length scale of the cross section of the rod.


Deformation geometry.  Let Y be an axis within a cross section.  When a rod bends, one side is under tension, and the other size is under compression.  Strain vanishes at the middle of the cross section.  A key assumption is that a plane remains planar after bending.  Convince yourself this geometric assumption translates to
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 is the curvature.


Moment balance.  Let 
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 be the stress field exposed when a cut is made at a cross section of the rod.  The internal moment is given by



[image: image76.wmf]ò

=

YdA

M

s

.


Material law.  Assume that material is elastic:
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If the rod consists of inhomogeneous materials within the cross section, Young’s modulus will depend on position.   


Put the three ingredients together, we find that the moment is linear in the curvature:
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where the bending rigidity is given by
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In the special case where the material is uniform within the cross section, Young’s modulus is a constant, so that
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where I is known as the second moment of area, given by
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Many textbooks call I the moment of inertia.  This is a bad idea, because I has nothing to do with mass:  I is purely a geometric quantity.
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