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Rate-dependent stress evolution in nanostructured Si anodes upon lithiation
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The development of stress and fracture in Si-based anodes for lithium-ion batteries is strongly

affected by lithiation-induced plasticity. Recent experiments indicate that the nature of plasticity of

lithiated silicon is rate-dependent. We establish a theoretical model to capture the viscoplastic

mechanical behavior of Si anodes during two-phase lithiation. It is demonstrated that the lithiation-

induced stress field is determined by the migration speed of the Li-Li3:75Si interface and the charac-

teristic size of the Si anodes. If experimentally measured interface velocity data in Si nanoparticle

are available, the mechanistic model can directly predict the rate-sensitive spatiotemporal stress

profile, which is hardly measured in experiments. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4964515]

Silicon is emerging as the most promising anode mate-

rial for lithium-ion batteries, given its theoretical capacity as

high as ten times as that of commercially available graphite-

based anodes.1 However, the large volume change (�300%)

during lithium insertion/extraction may fracture the silicon

anode and the solid-electrolyte interface (SEI),2,3 resulting in

irreversible capacity fading and poor cycle life.4–6 Intensive

research efforts have revealed that the development of stress

and its associated fracture in Si anodes is strongly affected

by lithiation-induced plasticity. Sethuraman et al. measured

the stress evolution in Si thin-film electrodes during charg-

ing/discharging cycles and observed the plastic deformation

of lithiated silicon with yielding stress measuring about

1.5 GPa.7 The plastic deformation in lithiated silicon is pos-

tulated to be a consequence of the repeated breaking/forming

of Si-Li bonds assisted by continuous Li insertion.8,9 The

plastic flow restricts the magnitude of lithiation-induced

stress and thus the energy release rate for crack propagation

(i.e., the crack driving force), preventing fracture of nano-

sized (�100 nm) electrodes.5

Recently, experimental evidence has indicated that the

nature of plasticity in lithiated silicon is rate-dependent.

Constant-force creep tests conducted on fully lithiated

c-Li3.75Si nanowires reveal a power-law creep behavior

when the applied stress approaches the yield strength of the

fully lithiated silicon, indicating a strong strain-rate depen-

dence on stress.10 Nanoindentation creep tests show that

fully lithiated silicon creeps much more readily than does

unlithiated amorphous silicon.11 Besides fully lithiated sili-

con, partially lithiated silicon is also reported to exhibit

time-dependent deformation behavior. In-situ stress meas-

urements during electrochemical testing on amorphous LixSi

thin films demonstrate that an increase in the rate of lithia-

tion results in a corresponding increase in the stress, which

follows a power-law relationship between the strain rate and

the stress.12 These studies are indicative of the viscoplastic

behavior of lithiated-silicon: plastic flow in lithiated silicon

is rate-sensitive. To facilitate the understanding of the

dynamics of viscoplastic deformation in lithiated silicon, a

mechanistic model that involves the rate-dependent behavior

is highly desirable but still lacking.

Investigation of the concurrent lithiation and deformation

in lithiated silicon via theoretical analysis13,14 and chemo-

mechanical modeling6,15–17 has received enormous attention,

largely due to the fact that lithiation-induced stress strongly

influences the lithiation kinetics and mechanical failure of sil-

icon anodes in lithium-ion batteries. Nevertheless, few efforts

have been made to take viscoplasticity of lithiated silicon

into account in existing theoretical models and chemo-

mechanical simulations. To address the above concern, this

work presents a mechanistic model considering two-phase

lithiation and concurrent rate-dependent viscoplasticity. We

study the two-phase lithiation process of a silicon nanoparti-

cle, with an initial radius Ro at the reference state (Fig. 1(a)).

Upon lithiation, a fully lithiated Li3:75Si shell is developed,

as shown in Fig. 1(b). During this process, lithiated silicon

expands in volume to accommodate the lithium insertion.

Therefore, a material element characterized by the initial

radius R in the reference state is deformed and moves to a

position with radius rðtÞ in the current state after this mate-

rial element is lithiated. In particular, the surface of the par-

ticle with an initial radius Ro is pushed out to be the current

surface with a radius ro. There exists a sharp interface

between the unreacted pristine Si core and the Li3:75Si shell,

FIG. 1. (a) A pristine spherical silicon particle with an initial radius Ro is

considered to be the reference state. A material point (labeled by the red dot)

is at a radius R. (b) Upon lithiation, the outer surface is now at a radius ro,

and the material point labeled by R in the reference state moves to a location

at a radius r. (c) The interface (dark blue) between the lithiated phase (cyan)

and the pristine Si phase (yellow) is characterized by a radius of AðtÞ and a

thickness of w (�1 nm).

a)Electronic addresses: zheng.jia@northwestern.edu and w-liu@northwestern.

edu

0003-6951/2016/109(16)/163903/5/$30.00 Published by AIP Publishing.109, 163903-1
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characterized by a radius of A (Fig. 1(b)). As the lithiation

proceeds, the interface migrates towards the particle center,

with A decreasing. Stress field arises and evolves in the Si

nanoparticle in response to the migration of the interface.

In situ atomic-scale TEM imaging has revealed that the

interface has a thickness w which is about 1 nm (�3–4

atomic layers),18 as illustrated in Fig. 1(c). Despite that w is

trivial when compared to the nanoparticle size (�100 nm),

we will demonstrate that the thickness w plays a role in

determining the rate-dependent stress evolution while it can

be ignored if lithiation-induced plasticity is assumed to be

rate-independent.

Consider a shell of silicon between radii A and r in the

current state, which results from the lithiation of a pristine

silicon shell between radii A and R in the reference state.

The current position r of a material element is determined by

r ¼ A3 þ b R3 � A3ð Þ
� �1

3, here b is the volume expansion

ratio defined by the volume of Li3:75Si over that of the pris-

tine silicon. The hoop and radial stretches in the Li3:75Si shell

are kh ¼ r
R

and kr ¼ R2

r2 b, respectively. The lithiation-induced

deformation can be decomposed into three components: elas-

tic, plastic, and volumetric deformation. During lithiation,

the elastic strain is trivial compared with the plastic and vol-

umetric strain and hence can be neglected. Therefore, the

plastic stretches are given by kp
h ¼ r

R
b�

1
3 and kp

r ¼ R2

r2 b
2
3. The

plastic deformation gradient tensor Fp can then be written as

hR2

r2 b
2
3; r

R
b�

1
3; r

R
b�

1
3i.

Considering finite-strain viscoplasticity, the mechanical

behavior of the Li3.75Si alloy is governed by

Dp ¼
@G reffð Þ
@S

; (1)

where Dp is the plastic stretch rate tensor, S is the deviatoric

stress tensor, reff is the effective stress, and GðreffÞ denotes

the viscoplastic flow potential. In particular, we adopt a

power-law flow potential of the form

G reffð Þ ¼
rY

_d

mþ 1

reff

rY

� 1

� �mþ1

; (2)

where rY, _d, and m are material properties. rY is the yield

strength of the material, _d is the reciprocal of viscosity, and

m is the stress exponent. Eq. (2) is only applicable when reff

exceeds rY. The combination of Eqs. (1) and (2) gives the

plastic stretch rate tensor Dp ¼ sgn rr � rhð Þ _d reff

rY
� 1

� �m

h1;� 1
2
;� 1

2
i, where sgnðxÞ denotes the sign function. The

plastic stretch rate tensor can also be derived by using

the principal plastic deformation gradient tensor Fp in an

alternative way: Dp ¼ _F
p

Fpð Þ�1 ¼ h _k
p

r

kp
r
;

_k
p

h

kp

h
;

_k
p

h

kp

h
i ¼ 2 b�1ð ÞA2 _A

r3

h1;� 1
2
;� 1

2
i. Here, _A denotes the migration speed of the

interface that can be quantitatively measured by in situ
experiments. Comparing the two expressions of Dp yields

that
2 b�1ð ÞA2 _A

r3 ¼ sgn rr � rhð Þ _d reff

rY
� 1

� �m. Considering that

the interface migrates towards the particle center ( _A < 0)

during lithiation and b ¼ 4 for fully lithiated silicon, we

obtain

rr � rh ¼ �
2 b� 1ð ÞA2j _Aj
� �n

_d
n
r3n

þ 1

 !
rY; (3)

where n is the reciprocal of m. The force equilibrium on a

material element requires that @rr

@r
¼ 2 rh�rr

r
. Using Eq. (3)

and integrating the equilibrium equation with traction-free

boundary condition at r ¼ ro, we obtain the stress distribu-

tion in the Li3:75Si shell (A < r � ro)

rr ¼
2

3n
2 b� 1ð Þ A

ro

� �2 j _Aj
_dro

" #n

1� ro

r

� �3n
" #

rY

þ 2 log
r

ro

� �
rY ; (4)

rh ¼ 2 b� 1ð Þ A

ro

� �2 j _Aj
_dro

" #n

2

3n
þ 1� 2

3n

� �
ro

r

� �3n
" #

rY

þ 2 log
r

ro

� �
rY þ rY: (5)

Eqs. (4) and (5) indicate that the rate-dependent lithiation-

induced stress at a given position r
ro

in the fully lithiated shell

is determined by two dimensionless groups, i.e., the normal-

ized interface position A
ro

and the normalized interface migra-

tion velocity
j _Aj
_dro

. It demonstrates that the interface migration

velocity j _Aj affects the viscoplastic mechanical response of

Li3.75Si alloy. On the contrary, if the plastic deformation of

lithiated silicon is taken to be rate-independent as in previous

studies,13 the lithiation-induced stress and deformation in a

silicon nanoparticle are determined merely by the interface

position A
ro

, regardless of the interface speed.

For a material element on the interface, deformation

along hoop directions is strongly constrained by the inner

stiff unlithiated silicon core. As a result, stretch components

can be written as kr ¼ b and kh ¼ 1. The associated plastic

principal stretches are kp
r ¼ b2=3 and kp

h ¼ b�
1
3. To uncover

the stress generation mechanism on the interface, we need to

consider how the interface is lithiated. As noted above,

although the interface is mathematically considered to be a

line in the continuum-scale mechanistic model (Fig. 1(b)), it

is a known fact that the interface thickness w is �1 nm.18 At

the 1 nm-thick interface, lithium atoms gradually accumulate

and react with silicon, forming a partially lithiated phase

LixSi (0 � x � 3:75). The lithium concentration at the

interface can be equivalently characterized by x, i.e., the

number of Li atoms hosted by one Si atom. The value of x

increases as lithiation of interface advances and eventually

reaches 3.75. The associated volume expansion ratio b
ramps from 1 (pristine state, x¼ 0) to 4 (fully lithiated

state, x¼ 3.75) as the lithium concentration accumulates at

the interface. Therefore, in contrast to the deformation of

the fully lithiated phase driven by the inward movement of

the interface, the deformation of an interface at a given

radius A is merely evolved by the change of local Li

concentration, or equivalently the change of b at the inter-

face. To this end, the plastic stretch rate tensor Dp can be

obtained as Dp ¼ _F
p

Fpð Þ�1 ¼ 2
3

_b
b h1;� 1

2
;� 1

2
i. Comparing

the calculated Dp with that obtained from Eqs. (1) and (2)
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gives that 2
3

_b
b ¼ sgn rr � rhð Þ _d reff

rf
� 1

� �m. Here, we assume

the changing rate of b, i.e., _b, is a constant within the inter-

face of thickness w. Thus, _b can be related to the migration

velocity j _Aj of the interface (see the supplementary mate-

rial for details)

j _Aj ¼ w

,
b� 1

_b

 !
¼ w

,
3

4

b
_b

 !
: (6)

With Eq. (6), we link the stress state at the interface to the

interface migration speed: 1
2
j _Aj
w
¼ sgn rr � rhð Þ _d reff

rf
� 1

� �m. It

indicates that rr � rh > 0. Reorganizing the equation yields

that at the interface

rr � rh ¼
1

2

j _Aj
_dw

 !n

þ 1

2
4

3
5rY: (7)

Radial stress rr is continuous across the interface; therefore,

at the interface (r ¼ A)

rr

rY

¼ 2

3n
2 b� 1ð Þ A

ro

� �2 j _Aj
_dro

" #n

1� ro

A

� �3n
" #

þ 2 log
A

ro

� �
:

(8)

A combination of Eqs. (7) and (8) determines the hoop stress

on the interface

rh

rY

¼ 2

3n
2 b� 1ð Þ A

ro

� �2 j _Aj
_dro

" #n

1� ro

A

� �3n
" #

þ 2 log
A

ro

� �
� 1

2

j _Aj
_dw

 !n

� 1: (9)

The unlithiated silicon core (0 � r < A) is in a state of

hydrostatic compression, which is set by Eq. (8)

rr

rY

¼ rh

rY

¼ 2

3n
2 b� 1ð Þ A

ro

� �2 j _Aj
_dro

" #n

1� ro

A

� �3n
" #

þ 2 log
A

ro

� �
: (10)

Eqs. (4)–(5) and (8)–(10) fully define the rate-sensitive lithia-

tion-induced stress fields in the Si anodes. The strain rate

effects are reflected by the contribution of interface migration

speed j _Aj. For quasi-static lithiation process, setting j _Aj ¼ 0

recovers the results of rate-independent plasticity model.13

Moreover, based on the stress field equations, some key

dimensionless groups/parameters governing the stress evolu-

tion can be determined: in the deformed state, the lithiation-

induced stress field in the Si particle is governed by three

dimensionless groups: A
ro

,
j _Aj
_dro

, and
j _Aj
_dw

. Equivalently, in the refer-

ence state, the stress field is dictated by A
Ro

,
j _Aj
_dRo

, and
j _Aj
_dw

. These

dimensionless groups indicate that the interface migration

velocity j _Aj, the size of the Si nanoparticle Ro, and even the

thickness of the interface w affect the stress development

when the viscoplastic behavior of Li3.75Si phase is considered.

Fig. 2 plots the lithiation-induced stress field in the ref-

erence state when the reaction front is at A
Ro
¼ 0:8 with vari-

ous values of
j _Aj
_dRo

(note that
j _Aj
_dw

is known once
j _Aj
_dRo

is given).

To make the plot, we adopt the following values for the

power-law flow potential: _d ¼ 0:002=s,12 n¼ 0.25 (i.e.,

m¼ 4).12 The interface thickness is set to be w ¼ 1 nm.18 It

is worth noting that in experiments the interface usually

slows as it progresses into the Si particles, featuring a chang-

ing interface migration speed j _Aj.19 However, to focus on

FIG. 2. Stress field in a spherical parti-

cle when the reaction front is at A/

b¼ 0.8 with various values of
j _A j
_dRo

. In a

particle with given initial radius of

50 nm, (a) radial stress and (b) hoop

stress rise in magnitude with increas-

ing interface speed or charging rates.

With a fixed interface velocity of

0.163 nm/s, (c) radial stress and (d)

hoop stress rise in magnitude with

decreasing particle size.
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the influence of the interface speed on the stress evolution,

without losing generality, in this work, we take j _Aj during

lithiation as a constant. Figs. 2(a) and 2(b) plot the radial

stress rr and the hoop stress rh, respectively, in a Si particle

with the given initial radius of 50 nm. Three representative

values of j _Aj are chosen: (1) j _Aj ¼ 1 nm=s (
j _Aj
_dRo
¼ 10), which

is approximately the average of the experimentally recorded

interface speed in Si anodes.19 (2) j _Aj ¼ 0:163 nm=s

(
j _Aj
_dRo
¼ 1:63), the theoretical interface velocity along h110i

direction in crystalline silicon in the absence of stress and

electrical potential. (3) j _Aj ! 0 nm=s (
j _Aj
_dRo
¼ 0), representing

a quasi-static lithiation process. Comparing stress fields with

different interface velocities concludes that faster charging,

i.e., larger j _Aj, results in higher stress in a given silicon parti-

cle—the Si particle undergoes increased compressive stress in

the unlithiated core and increased tensile stress near the sur-

face. In other words, Si anodes under a quasi-static lithiation

process (black curves in Figs. 2(a) and 2(b)) undergo the low-

est stress magnitude. To investigate the influence of particle

size on stress development, Figs. 2(c) and 2(d) plot the radial

stress rr and the hoop stress rh, respectively, given a fixed

interface velocity of j _Aj ¼ 0:163 nm=s. Si particles with ini-

tial radii Ro of 50 nm, 150 nm, and 450 nm are considered.

The corresponding dimensionless group
j _Aj
_dRo

equals to 1.63,

0.54, and 0.18, respectively. It is evident that larger particles

experience less stress.

In situ TEM imaging has evidenced that silicon particles

may undergo surface cracking during electrochemical

lithiation.5 The formation of cracks near the surface is closely

related to the tensile hoop stress level near the particle sur-

face. Fig. 3 plots hoop stress rh at the surface layer of the Si

particle as a function of the interface position A=Ro with vari-

ous values of
j _Aj
_dRo

. As shown in Fig. 3(a), in a Si particle with

an initial radius of 50 nm, quasi-static lithiation process

(
j _Aj
_dRo
! 0 nm=s) leads to a constant hoop stress over time, i.e.,

rhðRoÞ ¼ rY, independent on the interface position, which is

in agreement with the prediction by rate-independent plastic-

ity model for lithiated silicon.13,20 The most salient feature of

Fig. 3(a) is that faster migration, i.e., larger
j _Aj
_dRo

, leads to

higher hoop stress at the particle surface. This provides a

direct physical appreciation of the experimentally observed

charging-rate-dependent fracture of Si anodes.21 It is also

noted that rhðRoÞ decreases as the interface progresses

toward the center of the particle. This is due to the fact that in

Eq. (5) the dimensionless group
j _Aj
_dro

decreases as the interface

migrates away from the surface, indicating that the influence

of the interface speed decreases as the lithiation proceeds.

Fig. 3(b) shows the results of hoop stress evolution at the par-

ticle surface with a given interface migration speed

j _Aj ¼ 0:163 nm=s. As expected, larger particle undergoes

smaller tensile hoop stress at the surface. The results from

our model are predictive but need to be validated by high-

fidelity experiments. An experimental technique using micro-

Raman spectroscopy has been recently developed to directly

measure lithiation-induced stress in nano-sized silicon parti-

cle.22 It is expected that in the future such technique can be

used to measure stress development in Si nanoparticles under

various charging rates and validate our simulated results.

In this study, as noted above, the interface migration speed

j _Aj is set to be a constant during lithiation to elucidate its influ-

ence on the stress development. It is worth mentioning that the

formulated theory is also applicable to changing migration

speed observed in experiments.19 To predict the rate-sensitive

stress field in a silicon nanoparticle under lithiation, experi-

mentally measured interface speed history (e.g., speed vs.

time) can be directly plugged into Eqs. (4)–(5) and (8)–(10) to

calculate the evolution of the stress field. The mechanistic

model presented in this work offers a powerful theoretical tool

to capture the rate-sensitive stress development of Si anodes in

lithium-ion batteries, which is hardly measured in experiments.

Moreover, it is necessary to emphasize that the results reported

in this work are only applicable to phase-changing material

(e.g., crystalline silicon during lithiation) in which lithiation

proceeds by the movement of a lithiation front which separates

a pristine unreacted phase and a fully reacted phase. Lithiation

of materials with other lithiation mechanisms requires further

study and is beyond the scope of this paper.

In conclusion, we formulated a theoretical mechanistic

model considering the viscoplastic mechanical behavior of

lithiated silicon. It is shown that the viscoplasticity-regulated

stress field is fully determined by three key dimensionless

groups: the normalized interface position A
Ro

, the normalized

interface speed with respect to particle size
j _Aj
_dRo

, and the nor-

malized interface speed with respect to interface thickness

FIG. 3. Hoop stress at the particle surface as a function of interface position

with various values of
j _A j
_dRo

. (a) Stress evolution in a given particle. (b) Stress

evolution at a given interface velocity.
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j _Aj
_dw

. We demonstrate that larger values of
j _Aj
_dRo

results in larger

stress in the anode, indicating that higher charging rates (i.e.,

higher interface speed) result in higher stress level, which is

well in line with experimental observations.11,12,21 In other

words, we demonstrate that lithiation-induced stress is

mainly affected by the migration speed of the Li-Li3:75Si

interface and the characteristic size of the Si anodes. For quasi-

static lithiation process, our model can readily reproduce the

results of existing models considering rate-independent plastic-

ity.13,20 Moreover, this work provides a powerful theoretical

tool to directly predict the rate-dependent stress profile in Si

nanoparticle during lithiation by using experimentally recorded

interface velocity data. Further experimental studies are

expected to validate our mechanistic model.

See supplementary material for details of the interface

model.
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Postulated lithiation process of the interface 

An approximated lithiation process of the interface is presented in Fig. S1. As shown in Fig. 

S1(a), at the time t = t0 , an interface with thickness w  (~1nm) develops between the 

unlithiated Si phase and the fully lithiated Li3.75Si phase, its position is determined by the radius 

A of its centerline (white dashed line in the figure). Li atoms migrate into the interface and alloy 

with Si atoms, leading to increasing Li fraction at the interface as lithiation goes on, as illustrated 

in the schematics of atomic structures in Fig. S1(b) and S1(c). Eventually the interface is fully 

lithiated and hence merges with the fully lithiated Li3.75Si shell. Right after the ‘old’ interface is 

absorbed by the fully lithiated shell (at t = t1), an emerging interface with the same thickness w 

(~1nm) emerges ahead of the ‘old’ one, with its position defined by a radius of A − w, Fig. 

S1(d). The whole process depicted in Fig. S1(a)-(d) occurs iteratively to evolve the lithiation of 

silicon anode. Note that the time needed to fill up an interface is given by t1 − t0 =
β−1

β̇
, and at 

the meanwhile the distance travelled by the interface is w. As a result, the interface migration 

speed can be equivalently defined as |Ȧ| = w/(
β−1

β̇
); since β = 4, we have |Ȧ| = w/(

3

4

β

β̇
). 
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Fig. S1. Lithiation process of the Si-Li3.75Si interface. (a) An interface of width w (~1nm) 

starts to form between the unlithiated Si phase and the fully lithiated Li3.75Si phase. The black 

dashed lines delineate the interface region in the schematic of the atomic structure. (b) Li atoms 

migrate into the interface and react with Si atoms. The ratio of the number of Li atoms to that of 

Si atoms is 1. (c) Li atoms continue arriving at the interface, leading to raising Li fraction with 

the ratio of the number of Li atoms to that of Si atoms equal to 2. (d) Once the ratio between the 

number of Li atoms and that of Si atoms reaches 3.75, the ‘old’ interface is filled up by Li3.75Si 

phase and merges with the fully lithiated shell. An emerging interface forms ahead of the ‘old’ 

one, with a radius of A − w. (The schematic is just used as illustration and it does not represent 

the real atomic structure) 
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