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Abstract

We present a real-space formulation for coarse-grainingnkeham Density Functional Theory that signif-
icantly speeds up the analysis of material defects withppteciable loss of accuracy. The approximation
scheme consists of two steps. First, we develop a linedingcmethod that enables the direct evalua-
tion of the electron density without the need to evaluatéviddal orbitals. We achieve this by performing
Gauss quadrature over the spectrum of the linearized Hariah operator appearing in each iteration of the
self-consistent field method. Building on the linear-suglimethod, we introduce a spatial approximation
scheme resulting in a coarse-grained Density Functionabiyh The spatial approximation is adapted so as
to furnish fine resolution where necessary and to coarsewké&re. This coarse-graining step enables the
analysis of defects at a fraction of the original computalacost, without any significant loss of accuracy.
Furthermore, we show that the coarse-grained solutionsarnergent with respect to the spatial approx-
imation. We illustrate the scope, versatility, efficiengydaaccuracy of the scheme by means of selected
examples.

Key words: Kohn-Sham; Density functional theory; Coarse-grainingfdats; Linear-scaling; Gauss
quadrature

1. Introduction

Crystal defects play a critical role in determining macogsc properties of solids even when present
in small concentrationsPhillips, 2001). For instance, vacancies, perhaps the simplest type etdeire
fundamental to phenomena like creep, spall and radiatieinggven when present in only parts per mil-
lion. Dislocations enable plasticity even though theirsites are typically as small as 1®per atomic row.
Stacking faults also influence plasticity and surface éasrgffect fracture. Further, small changes in com-
position often have a dramatic effect on mechanical pragsebiecause they segregate to defects. The reason
that defects play such a profound role is that they bringttayethe chemical effects of the core, the discrete
effects of the lattice and the long-range effects of thetieldiglds. Consider specifically a vacancy. On the
one hand, the nature of the core is determined by the chenaisthe dangling bonds. On the other hand,
the vacancy gives rise to displacements of atoms that deéegyaynomial rate, and this enables long-range
interactions with other defects as well as macroscopigiedplied fields. This coupling grows stronger in
extended defects. Thus, a complete understanding of dedephysically relevant concentrations requires
a simultaneous study of the details of the core as well astiglange elastic fields.

This remains an outstanding challenge. On the one hand,odeetike Density Functional Theory
(DFT) that are capable of accurately describing the cheynidtthe defect core are much too complicated
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and expensive to use for defects with long-range fields. @mther hand, methods capable of describing
the long-range fields including atomistic and continuumhuds, lack the fidelity and rely on empiricism
to describe the core. This challenge has prompted the dewelat of multiscale approaches which seek to
use DFT or tight-binding (TB) for the core, atomistic modtsthe near field and continuum for the far-
field (e.g.,Govind et al.(1999; Choly et al.(2005; Lu et al. (2006); Bernstein et al(2009). Others have
used parameter passing where detailed simulations aretagiédhe parameters of a coarser model (e.g.,
Cuitino et al.(2002). While these multiscale methods provide valuable insittere is no seamless tran-
sition from DFT to TB or empirical potentials to continuumnébntrolled approximations resulting from
these seams, the use of linear-response theory and kimessatimptions like the Cauchy-Born hypothesis
may render the methods unreliable. Furthermore, theréda o guarantee of convergence of the solutions
provided by these methods to the full DFT solution.

An alternative approach to multiscale modeling was iretithrough the quasicontinuum methdddmor et al.
1996. Here, one seeks to solve a single theory in the compleierregut using an adaptive numerical
method where all the details are represented close to tlebtdronly sampled farther away. There is no
additional modeling (uncontrolled approximations), alidhee approximations are in the numerical scheme
so that it converges to the detailed theory with increasedluéon. Tadmor et al (1996 and subsequent
refinements (sebliller and Tadmor(2009 for a recent review) use an atomistic approach with enmgdiric
potentials as the only theory. To that extent, it is unabléescribe the full details of the defect core.

The Schrodinger equation is fundamental for describinggintum mechanical electronic structure
of matter. However, the solution of the Schrodinger equatsoexceedingly expensive (scaling exponen-
tially with number of atoms) and therefore impractical. A-faaching reformulation of the problem was
achieved byHohenberg and Koh(1964), who proved the existence of a one-to-one correspondeece b
tween the ground-state electron density and the groune-st@avefunction of a many-particle system. By
this correspondence, the electron density replaces the-bady electronic wavefunction as the funda-
mental unknown field, thereby greatly reducing the dimemaity and computational complexity of the
problem. However, this theory requires an unknown but usale(independent of material) exchange
and correlation functional. Computationally convenierddels have been developed, including the local
density approximation (LDA)Kohn and Sham1965 and the generalized gradient approximation (GGA)
(Langreth and Mehl1983 Perdew et a].1992.

Traditional formulations of DFT followkohn and Shani1965 and solve for the orbitalsghelikowsky et al.
1994 Kresse and Furthmllel996 Pask et al. 1999 Ismail-Beigi and Arias 2000 Segall et al. 2002
Gonze et al.2002 Tsuchida 2004 Castro et al.2006 Suryanarayana et ak01Q 2011). Since the num-
ber of orbitals is proportional to the number of atoms ang tieve to be mutually orthogonal, these formu-
lations typically result in cubic-scaling with respect keethumber of atoms. This places severe restrictions
on the size of the systems which can be studied. To overcoisneatmumber of methods have been pro-
posed that exhibit better scaling properties, with paldicemphasis on linear-scalin@alli and Parrinellp
1992 Mauri et al, 1993 Goedecker1999 Skylaris et al.2005 Barrault et al.2007 Garcia-Cervera et al.
2009 Bowler and Miyazaki2012. SeeGoedecke(1999 andBowler and Miyazaki(2012 for exhaus-
tive reviews of these methods. Briefly, a vast majority oé#inscaling methods avoid orbitals and instead
reformulate DFT in terms of the so-called density matrixisTia a diagonally dominant matrix and linear
scaling is obtained by cutting off the decaying off-diagoc@mponents. Often a basis set made of local-
ized Wannier functions is used to represent the densityixpaind the decay of off-diagonal components is
equivalent to the decay of these functions. The cutoff igptable in insulators where the band gap results
in a strong exponential decay. In metals however, one ordypdynomial decay in general. While, it
has been shown that exponential decay may exist in ideatixaohples at finite temperaturesdedecker



1999, a mathematical understanding of the decay propertiecanskequently the accuracy of these meth-
ods remain unclear. Therefore, the development of a lisealing method for metallic systems remains an
open problemCances et g/2008).

Even with a linear scaling DFT method, the study of crystdédes at realistic concentrations remains
a daunting problemGavini et al.(2007) extended the quasicontinuum approach to electronictsteiby
implementing it on a simplified version of DFT known as orbftee DFT (OFDFT). OFDFT models the
kinetic energy of the electrons instead of computing it exby using wave functions, and is limited in its
applicability to free electron metals like Aluminur@avini et al.(2007) use a nested discretization to fully
resolve both the atomic displacements and electronic tyeciese to the core, but sample it elsewhere. They
demonstrated the efficacy of their method by exhibiting cotafional savings of a factor a0? or more,
and also showed through examples how the physics can chapgeding on the size of the computational
cell (concentration of defects). Unfortunately, it is nospible to directly extend their idea to the standard
formulation of DFT for three main reasons. First, orbitale aubject to orthogonality, which is a global
constraint and difficult to coarse-grain. From a practicaihpof view, orthogonality means that orbitals
oscillate extremely rapidly and this makes the quasicontim representation difficult. Second, they are not
periodic even in homogenous systems (instead, they arenBllmguet waves). Finally, one has as many
orbitals as electrons, and thus the method would scaleypeween with a quasicontinuum representation of
each orbital.

In this paper, we present a method that overcomes theseutlific Specifically, we present a for-
mulation (which we call CGDFT) that seamlessly coarsergr&FT by recourse to controlled numerical
approximations without the introduction of new or spurighysics. We accomplish this through a series of
steps. First, we reformulate DFT in such a manner that editemthe need to explicitly compute orbitals.
Instead of computing the orbitals, and then using them topedenthe quantities of interest including Fermi
energy, electron density and band structure energy, wentisgral representations of these quantities in
terms of the projected density of states. Thus, the thedormsulated in terms of smoothly varying quanti-
ties that are amenable to coarse-graining. Second, werperfomerical Gauss quadrature on the spectrum
of the Hamiltonian and use operator theory to evaluate tisgrals. Third, we develop an algorithm
that truly scales linearly with the number of atoms. Togethe refer to these steps as the Linear Scaling
Spectral Gauss Quadrature (LSSGQ) method. As a final stegpidttial approximation is adapted so as
to furnish fine resolution where necessary and to coarsewké&re. This coarse-graining step enables the
analysis of defects at a fraction of the original computalacost, without any significant loss of accuracy.
Furthermore, we show that the CGDFT solutions are convéngith respect to the spatial approximation.
These properties render CGDFT to be highly transferabliejezit and accurate.

The fundamental difference of the LSSGQ formulation fronistexg linear-scaling methods is that
no explicit cutoff is employed. The formulation resemblae Fermi operator expansion (FOE) method
(Goedecker1999 Bowler and Miyazaki 2012, but there are some notable differences. Importantly, in-
stead of expanding the density matrix in terms of a polynbivéais or rational functions, we use Gauss
gquadratures to evaluate diagonal elements of the densitrxnaad other quantities of interest. For this
reason, LSSGQ does not involve the representation of theledendensity matrix. Instead, only the com-
ponents of interest are extracted. Further, the Fermi grisngot needed as an input to the method. This
enables significant savings since the method does not have tierated over for the calculation of the
Fermi energy. Additionally, symmetries in the system caedsly utilized to significantly reduce the com-
putational effort. Finally the proposed method offers ddé#p through controllable accuracy in space, a
useful feature for multiscale and coarse-graining foritiotes. The LSSGQ fomulation also has similaries
to the recursion method used in tight-bindindaf/dock et al.1972 1975 Haydock 1980. In the recursion



method, a continued fraction representation of the pregedensity of states is developed and quantities of
interest are obtained by integration over it. However, waeped differently and directly calculate the Gauss
quadrature rules, which is a much more accurate and staite $s.

The remainder of this paper is organized as follows. In $a@j we provide a brief introduction to
DFT and in particular to the Kohn-Sham method. This inclugiéguristic overview of our reformulation
in Section2.2. Next, we provide some mathematical background to spetteary and Gauss quadrature
in Section3. Subsequently, we present and validate the LSSGQ forroaolati Sectiord. In Section5, we
describe CGDFT, and validate it through select examplesllyj we conclude in Sectiof.

2. Kohn-Sham Density Functional Theory

2.1. Orbital formulation

Consider a system df/ atoms with/V, electrons. DFT is a theory which can be used to find the ground-
state energy of the system, the ground-state electrontdearsd the equilibrium position of the nuclei. In
our presentation, we ignore electron spin and assume\theteven for clarity, but note that all the methods
developed in the paper may easily be extended to include §@nhR = {R;,Ra,...,R),} denote the
positions of the nuclei with chargds/1, Z», . . ., Zr } respectively. We followkohn and Shan(1965 and
introduce orbitalst = {11, 1, ..., ¥y, /2 } for the electrons. Then, the energy of the system is written

Ne/2

EW,R)=-" /R )V (x) dx + Belp) + Brip) + Boxt (0. R) + Ex(R), (1)
n=1
where the electron density
Ne/2
px) =2 [a(x). 2)
n=1

The first term in Eqn.1 represents the kinetic energy of the non-interacting edast The second term,
Ex.(p), denotes the exchange-correlation energy. For defingemesadopt the local density approximation
(LDA)(Kohn and Shaml965

Eye = / pezc(p) dx (3)
R3
wheree,.(p) is the exchange-correlation energy density. The final tteees are electrostatic in nature,
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Ey is known as the Hartree energy and is the classical eleatiositeraction energy of the electron density,
E. is the electrostatic interaction energy between the eledensity and nuclear charges, dng is the
repulsive energy between the nuclei.



For a given position of the nucl&, the electronic ground-state energy of the system is aidads the
solution to the variational principle.
&(R) = ir\ifg(\I/,R) (7)

subject to the orthonormality constraints

/ngj(x)wj(x)dxzélj> 17]217277]\78/2 (8)

It is convenient to rewrite the electrostatic terms by idtrang the electrostatic potentialas the solu-
tion to the Poisson equation (cf elgmail-Beigi and Ariag2000; Suryanarayana et gR010)

V200, R) = plx) + b(x,R) (©)

whereb(x,R) = ]}4:1 bs(x,Ry) denotes the total charge density of the nuclei, Wijtfx, R ;) represent-
ing the regularized charge density of tié& nucleus. Thereafter, the electrostatic energies may bty
as

Bit Foo+ B = —o / VoG R)Paxt [ (060 +Hx R)oxR)dx  (10)

//bJXRJ Yoy (x/, RJ)dxdx/.
R3 JR3 x — x|

where the last term denotes the self energy of the nuclei.
The Euler-Lagrange equations of the constrained variatiprinciple (Eqns.7 and8) gives rise to the
nonlinear eigenvalue problem

Hipp = Apthn, n=1,2,...N./2 (12)
where the Hamiltonian )
H = =5V + Vielp) + 6(x, R) (12)

is a self-adjoint operator with eigenvalugag (ordered so that\; < Ao < ...) andV,.(p) = %@Ef).
The problem is nonlinear since the Hamiltonian depends @throughV,..(p) and¢(x, R)) which in turn
depends on),,. Therefore, this problem is typically solved by a fixed patetation with respect to the
electron density, known as the self-consistent field (SC&had (cf. e.gMartin (2004). In each iteration
of the SCF method, the electron density is calculated byirplfor the eigenfunctions,, corresponding to
the lowestN, /2 eigenvalues\,,, and then using Eqr2. This is indeed equivalent to the variational problem
(cf. e.g.Suryanarayana et gr010).

The electronic ground-state energy is obtained by sulistituhe solution of Eqn.11in Eqn. 1. We
can then use the eigenvalue problem given by Hdn(left multiply by ¢ and integrate) to show that this

ground-state energy is

N./2
QR) = 230 N+ Fuclp) + 5 [ (b0 R) = px))olx. R dx

n=1

o _EM bJXRJbJX RJ) ’

/R Vae(p)p(x) dx — 5 J; / i /]R . x| dxdx (13)



whereUpgnag = 2 zij;/f An denotes the band structure energy.

In this orbital approach, we solve the nonlinear eigenvahablem (Eqnl1) for the firstV, /2 eigenval-
ues and the corresponding eigenfunctions. Subsequdrglglectronic ground-state energy can be evaluated
using Eqn.13. This formulation of DFT requires an effort scaling @N3) (Goedecke(1999), which
restricts the size of systems that can be studied. Furthemibitals are not amenable to coarse-graining
since they are extremely oscillatory and are not periodimeén periodic systems. Finally, a quasicontinuum
representation of each orbital would scale poorly sincentimaber of orbitals increases with the number of
electrons.

2.2. Heuristics of the proposed reformulation

The key idea behind our reformulation of DFT is to note thatdhound-state energy (Eqb3) doesnot
depend on individual eigenvalues and eigenfunctions, biyt@n certain sums:

Ne/2 Ne/2
Upand =2 Y Ay p(X) =2 [ih(x)|*. (14)
n=1 n=1
So it seems natural to rewrite these sums by sampling andhtirgig
K K )
Upand = 2> wihi,  p(x) =2 wi|dn(x)? (15)
k=1 k=1

for appropriately chosen sampling ‘eigenvalugg, ‘eigenfunctions’y;, and weightsw;,. We seek to find a
way of choosing the sampling points optimally and computivgweights efficiently. Particularly, we would
like K independent olV, andK < N, /2 (for large N.) such that the overall effort in evaluating these sums
is O(N,). Since the number of electrons is proportional to the nunobatoms, the computational effort
will scale asO(M).

We accomplish this in four steps. We outline these here, ardldp them precisely in Sectiodsafter
recalling some necessary mathematical preliminariesdti@e3. First, we introduce the orbital occupation
function

L, A<y
MAr) = _ 16
90 A7) {0, otherwise (16)
and rewriteUy,,,; andp(x) as
Uband =23 Mgy Ap)y  p(%) =2 g(Any Ap) b (%) (17)

Above Ay = Ay, /, is called the Fermi energy. This is unknowrpriori but can be solved through the
constraint

Ne=2Y g(An,Ap). (18)

Second, we rewrite the sums in Egi§.and18 as spectral integrals of the form

I[f] = f(N)da(A) (19)

o(H)



whereo(H) is the spectrum of the Hamiltonia® and dr(\) is the appropriate spectral measure. We
provide an introduction to spectral theory in Sectbhand develop integral representations in Sectidn
Third, we evaluate these spectral integrals using Gausirajuaes

K
~ S wf(w). (20)
=1

Finally, we evaluate the quadrature nodes }  and weights{wy }X , using an efficient Lanczos type
iteration. We provide an introduction to Gauss quadratarekthe Lanczos type iteration in Sect®2 and
a precise algorithm in Sectigh2 We discuss the scaling and performance of the method incBetB.

The reformulation as described above overcomes the difisiéncountered when attempting to coarse-
grain the orbital formulation. Notably, the spectral quedre points and weights can be formulated as local
real space variables (at each spatial discretization pa@nt these are smoothly varying quantities. This
enables us to coarse-grain the problem in Sedion

2.3. Atomic positions

To calculate the ground-state energy of the system, we efedther minimize the energy with respect
to the positions of the nuclei. To do so, we take the first vanaof £ (R) with respect tdR to obtain the
forces on the nuclei

oby(x, R
fo=— [ PRI (4 R) — (. Ry) dx @)
R3 OR;
whereg ;(x, Ry) ng ‘XX 3" dx’ and f; represents the force on th&" nucleus. In the special case

where we havé ;(x,R;) = —Z;0(x — R ), we obtain

f1=2,V(o(x,R) — ¢;(x,Ry)) : (22)

x=R
This result is commonly referred to as the Hellmann-Feynthanrem (cf. e.gFinnis(2003).

2.4. Pseudopotential Approximation

The core states are localized in the vicinity of the nucleasling to oscillations of the valence orbitals
in this region. Irrespective of the basis set used, a largeben of basis functions are required to capture
these oscillations. Additionally, the tightly bound cofteatrons are chemically inactive and hence have a
negligible contribution towards determining physicalgpedies. In view of this, the core electrons are elim-
inated and an effective nuclear potential is introducecdegxdbe the effect of the core electrons, resulting in
nodeless pseudo-orbitals. This amounts to replacing treeaitron potentiaV.,(x, R) = 27, &

with an effective potentialL? (x, R).

The pseudopotentials can be broadly classified as eithal éwcnon-local based on their spatial de-
pendence. The local pseudopotentials are explicit funsi@.? (x, R). They can be incoporated into our
formulation by lettingb(x, R) = ‘7} V2VES. In contrast, non-local pseudopotentials are operatoth®n
orbital with angular momentum dependence and are desigrecttrately reproduce the scattering proper-
ties of the all-electron potential. These include norm eoviag Bachelet et a].1982 Rappe et a).1990
Troullier and Marting1991) and ultrasoft pseudopotentialganderbil; 1990, which are usually employed
in the Kleinman-Bylander formKleinman and Bylanderl982. For the examples is this paper, we utilize
a local pseudopotential termed as the ‘Evanescent Coredpgetential Fiolhais et al. 1995. However,
it should be noted that the methods proposed in this work gpécable even with the choice of non-local

pseduopotentials.



2.5. Finite temperature extension

In previous discussion of the Kohn-Sham method, we havéytassumed a temperature of absolute
zero. The method can be easily extended to finite tempegafafee.g.Parr and Yand1989). The Kohn-
Sham problem for the electronic ground-state takes the form

Hin = Ao, H= =2V + Vaclp) + 6(x,R),
1 o B
_Ev ¢(X>R) - p(X)—Fb(X,R),

p(x) = 23 g, Ap)bn(x)?, (23)

Ne = 2> g Ap)

where the orbital occupation is now allowed to take fraciloralues as defined by the Fermi-Dirac distri-
bution

9NAf) = ————= (24)
Above,o = kg#, kp being the Boltzmann constant afids the absolute temperature. The ground-state

Helmholtz free energy
F=E&E —0S (25)

where

& = 22 a0 A+ Buclp) + [ (00 R) = plx))o(x R) dx

M
1 bJ X, RJ bJ x/ RJ) ’
- ch dx — - dxd
/R:s (p)p(x) dx 2;/3 /Ra |x — x/| xex

is the finite temperature counterpart of the ground-stagegyrat absolute zer&{) and

is the entropy resulting from the fractional orbital occlipas. The ground-state position of the nuclei can
be found be equilibriating Eqr21 (Weinert and DavenparL992. Using the finite temperature calculation,
it is also possible to to get an accurate extrapolation fergiound-state energy at absolute zegdlén,
1989

1
Eom 5 (6 +F). 27)

3. Mathematical Background

In this section, we recall a few mathematical tools which wel@t to develop our methods. We refer
the reader tdRudin (1997) for further details on spectral theory at@blub and Meuranf2010 for Gauss
quadratures.



3.1. Soectral theory

Let H be a self-adjoint linear operator on a finite-dimensiondbéfi spaceff with inner product., .)
and norm||.||. Then, according to the spectral theorem, we have a unicaoduteon of the identity€ that
satisfies

H = AdE(N 28
/U(H) ) (28)

whereo(H) = {A1, A2, ..., An, } C Ris the spectrum oH. Consequently, for any bounded functigron
o(H),

fH) = FA)AEN). (29)

o(H)

Note that Eqn.29 can also be written using Dirac’s bra-ket notationfd®) = 3", F(An)|tn) (¥nl,

n=1

where,, denotes the eigenfunction corresponding to the eigenvaluéVe assume that the eigenvalues
are ordered such thag < X < ... < Ay,.
Let {np}ggl be an orthonormal basis éf so that for any € H, ( = zﬁgl (p1p- The eigenfunctions

can therefore be expressedgs = zjfgl Y pnp. Thereafter, we have the following representation of the
measureg: () ono(H)

0, if A <\
gC,C()‘) = (E(A)Ca C) = 221:1 Zi)vil Zévzdl wn,pwn,qCqua if Ay, <A< )\m-i-l . (30)
Zfil }];v;ll Zévzdl UnptngCples 1 An, <A

In the special case @f = 7y, it reduces to

07 if A< /\1
SN kl?, i AN, < A

Therefore for any € H,

b
(FH)C.0) = / TN = / FO)dEcc(N), (32)

for a = A\ andb = Ay, . Itis worth noting thatl&: () represents the projected density of state®/of

3.2. Gauss quadrature

Let P be the space of real polynomials aRg be a subspace @ consisting of polynomials of degree
K. We define an inner product (relative to the meagirg) of two polynomialsp, g € P as

b
(P, ) = / P(\)g(N) dEc (V) (33)

with norm )

o= ( [ ") ) (34)



Here, we are interested in approximating integrals of thenf(Eqn. 32)

b
1= [ 1) dece (35)
using a quadrature rule. To do so, we approximate the fumg¢tia) with an interpolation polynomial
K
FO) =D FOREN (36)
k=1
where{)\;}K | are the nodes/interpolation points afi@\) is the Lagrange polynomial
A=A
=11 7= (37)
J=1j#k kT
Thereafter, we obtain the quadrature formula
K
I[f] ~ > wp f(R) (38)
k=1
where ,
wf = [ e )

are the weights of the quadrature rule. In order to obtaimgtredrature rule of highest degree, we further
consider the node‘@)\k}f:1 as unknowns. This results in a quadrature rule of degrée— 1 i.e. any
p € Pog—1 IS integrated exactly, commonly referred to as Gauss quaera

To efficiently evaluate the nodes and weights of the Gausdrgtiae rule, we generate a sequence
of orthonormal polynomials (with respect to the meastie) {ﬁk}fzo through the three-term recurrence
relationship

bet1Pk+1(A) = (A — ag1)pe(N) — bppr—1(N), k=0,1,..., K —1

p-1(A) =0, po(A\) =1, bo=1 (40)
where
Ap+1 = ()\ﬁk,ﬁk><, kZO,l,...,K—l (41)
andby, is computed such thdlpr|c =1, k£ =0,1,..., K. Corresponding to these orthonormal polynomi-
als, there is a tridiagonal Jacobi matrfx of dimensionk
aq bl
b1 as b2
Ji = (42)
bx—o ax—1 brx_1
bxk—1 ak

Let us denotePx (\) = (Ho(A), p1(N), ..., Px—1(A)T. Then the three term recurrence relation given by
Egn.40 can be written compactly as

AP (\) = Ji Prc(N) + brpr (Ve (43)

10



whereej is the last column of the identity matrix of dimensidn. It follows that the eigenvalues ofx
(which are also the zeros ¢fi(\)) are the nodeg\;} X | of the Gauss quadrature rule and the weights
{wy H< | are the squares of the first elements of the normalized eigéoms.

4. Linear-Scaling Spectral Gauss Quadrature Method

In this section, we describe the formulation, implementatand validation of the proposed linear-
scaling spectral Gauss quadrature (LSSGQ) method. Thme@uwf this section is as follows. We first
develop integral representations for the quantities @régt in Sectiod.1l. Subsequently, we describe the
LSSGQ method in Sectiof.2 and discuss its scaling and performance in Seeti@nNext, we discuss the
LSSGQ method in the context of the finite-difference appration in Sectiort.4. Finally, we validate the
LSSGQ method through examples in Sectdoh The connections of the LSSGQ method with the recursion
method Haydock(1980) and the Padé approximation are discussed in Appefdix

4.1. Integral representations

Consider a spatial discretization of our domain witf) basis functions. Le# be the (linearized)
Hamiltonian (Eqnl12) with a fixedp and¢. In order to solve the Kohn-Sham problem, we need to evaluate
the Fermi energy, updated electron density, band struetueegy and entropy. We begin by providing an
integral representation of these guantities over the gjraabdf .

4.1.1. Fermi energy
The Fermi energy is calculated by solving for the constraint

Ny
Ne=2) g, Ap). (44)
n=1
Since||vy | = S0 [tn,[* = 1, it follows that
Ng Ng Ng
Z 9(Ans Ap) = Z Z 9(An, /\f)|7f)n,p|2
n=1 p=1n=1
Nd b
= > / g AP)AE 1 (V). (45)
p=1-2
Therefore, Eqn44 can be rewritten as
Ny b
Ne=2)" / g A )AE o (V). (46)

11



4.1.2. Electron density
The electron density at any poiRg is

Ny
p(x0) = 2 g0, Ap)[thn(x0)l?

n=1
Ng Ng Ng

- 9 Z Z Z Iy Ap)n ptn g1 (%0) 119 (%0)

n=1p=1 g=1

b
_— / GO A dEC(N). (47)

where( = Z;Vﬁl Np(X0)Np-

4.1.3. Band structure energy
The band structure energy may be expressed as

Ny
Upana = 22/\n9(>\m/\f)
n=1
N, Ny
= 23> Mg, Ap)[tnpl
p=1n=1
Ny b
= 2y / AGAAp) dE - (48)
p=1"7
4.1.4. Entropy
Finally, the entropy follows as
Ny
S = —2kp Y _[g(An, Ap)log g(An, Ag) + (1= g(An, Ap)) log(1 = g(An, Ap))]
n=1
N, N,
= 2k ) > [90n Ap)10g g(An, Ap) + (1 = g(ha, Ap)) 10g(1 = g(hay )]l
p=1n=1
Ny b
= 2%pY. / [900 Ap) log g(A, Ap) + (1= (A, Ap)) log(1 = g(A M) A€y e (49)
p=1"¢

4.2. Formulation

We proceed to describe the proposed LSSGQ method. We s@vmotilinear Kohn-Sham eigenvalue
problem using the SCF method (cf., e.dartin (2004)). Customarily, in each iteration of the SCF method,
the eigenvalues and eigenfunctions of the Hamiltonfdh gre evaluated for a given electron density. The
updated electron density is evaluated using Egand the process is repeated until convergence. However,
we circumvent the evaluation of the eigenfunctions andctlireevaluate the electron density by employing
the procedure described below.
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We seek to evaluate the integral representations of the iFevargy and electron density described
earlier using Guass quadratures. However, only the opetais known and its resolution of the identity
E(X) is unknowna priori. In order to overcome this difficulty, we use the spectrabtken to rewrite the
recurrence relation given by EqriQ) as the Lanczos-type iteration

bry1Vks1 = (H — apgr)vp — bpop—y, k=0,1,..., K -1
’U_1:0, U():C, b():l (50)

where
ak+1:(Hvk,Uk)7 k:071a7K_1 (51)

andby, is computed such thdv || =1, £ =0,1,..., K—1. Note that the initial conditiomy, = ¢ is chosen
depending on the measufe () with respect to which integration needs to be performed rddfeer, the
nodes and corresponding weights of the quadrature rulesasstained following the procedure described
in Section3.2 Therefore, we arrive at

Ng K

Ne:22/ A AR) e (V) ~ 2D > wlg(AP, Ap) (52)
p=1 k=1
b
p(xo) = / g Ap) dE¢ (A szwkg)‘<7)‘f) (53)

k=1

where¢ = 320, 1 (x0)p-

Once the self-consistent solution of the Kohn-Sham prolflema given position of the nuclei is cal-
culated, the free energy (EqgB5) is calculated by using Gauss quadrature for the evaluatiadghe band
structure energy and entropy

Usand = 22/ MG A p) Ay ( ~2zzwgpx7pg AP ONF), (54)
p=1k=1
S = _2k7BZ/[g(/\7>\f)logg(>\7/\f)+(1_g(>\7/\f))10g(1_g(/\7>\f))]dg77pv77p(/\)

&Q

—ZkBZZw [gON A ) log g A p) + (1= g(NF Ap) log(1 — g\, Ap))]. (55)
p=1 k=1

To calculate the ground-state free energy, we need to funtlir@mize the free energy with respect to the
positions of the nuclei. To this end, we equilibrate the ésron the nuclei given by Eq@l. We summarize
the LSSGQ method in Algorithri.

4.3. Scaling and Performance

In the LSSGQ method, the Fermi energy, electron densityd B&mcture energy and entropy are evalu-
ated by performing Gauss quadrature on their respectiggraltrepresentations. The cost of evaluating each
integral is determined by the calculation of the matfix (Eqn.42) via the recurrence relation (EgB0)

13



Algorithm 1: LSSGQ method
Generate guess for positions of the nuck) (

repeat Relaxation of atoms
Calculate charge density of the nuclg) (

Generate guess for electron denspy (

repeat Self-Consistent loop: SCF
Calculate electrostatic potentiat)(by solving Eqn9

Calculate exchange correlation potentid] )

Calculate spectral Gauss quadrature nodes and weights

Calculate Fermi energy\() using Eqn.52

Calculate electron density)using Eqn53

Update the electron density (mixing)

until Convergence of self-consistent iteration;

Calculate the forces on the nuclei using Egh.

until Energy minimized with respect to positions of atoms;

Evaluate free energ§ using Eqns54 and55 for the band structure energy and entropy respectively.

and the evaluation of its eigenvalues and eigenvectors sikeeof.J; in turn is ascertained by the number
of nodes used for the quadraturE’), We claim that the number of quadrature nodes requireddboiea-
ing a predifined accuracy is independent of system size baisdlle following argument in the spirit of
Goedecke1999. For definiteness, consider the evaluation of the eleasmsity where the function to be
integrated igy(\, Af). Since there aré& quadrature nodes, the resolution offered is roughly propual to
1/K. Therefore, we can roughly estimate

AN, — A1

K
T AN

(56)
whereA\ is the width of the region wherg( A, A ;) takes fractional values. The ratio in E6is indepen-
dent of system size, since the number of basis functiondgrestjper atom is usually independent of system
size. Further, if the orthonormal basis used to discreftizs localized, then the matrix representatiori+of
is sparse. In such a situation, the evaluation of the quadratodes and weights is independent of system
size. Since we have to evaluat® N;) such quadrature rules, and sindg scales as number of atoms
M, we conclude that the entire method scale©®#3/). This is indeed verified by the results presented in
Section4.5.

To understand the performance of the LSSGQ method, conaitgelintegral of the form given by
Eqgn.35. The error incurred by using Gauss quadrature is given by

5 ()
(2K)!

R[f] = llpxlIZ (57)
for somec € [a,b]. Itis to be expected that the accuracy of the LSSGQ methodowves with increasing
the temperaturd. Further, the LSSGQ method is also expected to have specinakrgence with respect
to the number of quadrature point&’). These properties are verified through the test casesnteesan
Sectiond.5.

In this work, we have developed quadrature rules of de@i€e— 1 by treating both the nodes and
weights as unknowns, thus performing Gauss quadraturealso possible to fix the positions of the nodes
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and treat only the weights as unknowns. However, this widlitin a quadrature rule of degréé — 1.
Therefore, our choice of Gauss quadrature is optimal in ¢émses that for a given number of nodes, it has
the highest degree quadrature rule. Also, in the proposptbaph, the Fermi energy is not needed as an
input, which highlights the efficiency of the method.

4.4, Finite-difference approximation

The method developed above is general and can be implemeitteahy localized orthogonal basis. We
now briefly describe the implementation with the finite-elifnce approximation. This provides a concrete
example of the method, and also prepares for the example®mtiosav. Consider a domain in dimensian,
and discretize it with a uniform finite-difference grid Withl)des~{x7”}Jf,v;l1 and spacing:. By discretizing
the Laplacian in the Hamiltonian using finite-differencdé<sloosen order, we obtain the matrix eigenvalue
problem

Hy, = \p,,, n=1,2,..., Ny (58)
wherey,, = [Vn.1,Yna, - -, ¥nn,]T is then'™ eigenvector or orbital ang,, , is the value of the orbital at
notep. The Lanczos iteration (EqB0) takes the form

bry1Vier = (H—app)ve —bpve—r, k=0,1,..., K —1
0 0
V1 = 0 s Vo = 1 N bo =1 (59)
0 0
where
CLk_H:VkHVk, k:O,l,...,K—l (60)

andby, is computed such thditv,||,2 = 1. For thep!” finite-difference node, only thg component of the
initial vectorv is nonzero and is set to unity. The calculation of the spkgtradrature node{skz},{{:1 and
weights{w? }/ | for each node € [1, N,] proceeds as described in Sectib® Importantly, note that
these values may be computed independently at each node.tl@nspectral quadrature nodes and weights
are known, we evaluate the Fermi energy by solving for thestramt

Ny
Ne=hP>y o (61)
p=1
where
9 K
P’ =75 D wigOf Ar) (62)
k=1

is the electron density at thé” finite-difference node. Furthermore, the band structusrgnand entropy
can be evaluated

Uband = Zuiﬁ’ (63)
p=1
Ng

S = > s (64)
p=1



where

K

uP = 2wl Mg}, Ap), (65)
k=1

P = —21@2% [9(Xs Ap)log g( A, Ap) + (1 — g(Af, Ap)) log(1 — g(Xg, Ap))]- (66)

The above equations allow us to inteprétands? as the nodal band structure energy and nodal entropy.

4.5. Numerical Examples and Validation

In this section, we proceed to verify the LSSGQ method thinosgjected examples. Our first example
concerns a one-dimensional model problem proposeGdrgia-Cervera et a{2009. Since the problem
shares many of the features of the linearized Kohn-Shamlgmghit provides a convenient test of the
accuracy and performance of the LSSGQ method. In our secardpe, we apply the LSSGQ method to
the nonlinear three-dimensional Kohn-Sham problem antliateaselected crystal properties. Finally, we
showcase the scope and versatility of the LSSGQ method Hyistythe phenomenon of surface relaxation.

4.5.1. One-dimensional model problem
Consider a one-dimensional chain of atoms positioned withgpacing af R J}f}i 1- Let the effective
potential due to an atom & ; be given by Garcia-Cervera et a009

« (x — RJ)2>
Vi(z)=— exp | —————— 67
J( ) 27_‘_52 P < 252 ( )
and therefore the total potential at any point is giveritjy:) = ]JVIZI V;(x). Here,« and represent the

depth and width of the wells respectively. The ground-gpad@erties are determined through the eigenvalue
problem

Htpy = MNptbn, n=1,2... (68)
where the Hamiltonian is given by
1 d?
H = a2 + V(). (69)

The Fermi energy, electron density and energy are calcliggimg the relations

Ne = > g0 Ap), (70)
Na

p) = > g, Ap) (@), (71)
n];dl

E = D> 9 A)An. (72)

We introduce d2'* order accurate finite-difference approximation for thelhajan and use the LSSGQ
method described in Secti@gh4. By appropriately choosing the parameterand 3, we can vary the band
gap of the system, thereby choosing between insulatingicsaniucting and metallic systems. Further
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details can be found iGarcia-Cervera et g2009. We consider two sets of parametéss 3) = (100, 0.3)
and(a, 8) = (10, 0.45), which we designate as insulator and metal, respectivetyadb study the effect of
temperature on the efficacy of the method, by consideringeddieeme cases correspondingste= 0.0001
ando = 1.0. In the results presented below, the error in energy is défasethe difference between the
energies obtained by the LSSGQ method and diagonaliza8milarly, error in electron density is the?
norm of the difference in electron densities obtained ongithie LSSGQ method and diagonalization. We
note that all errors have been normalized by the correspgrgliantities obtained via diagonalization.

Non-periodic calculations. For these calculations, we choose a chaii@f atoms, i.e.M = 101. The
convergence of the LSSGQ method with respect to the numisreattral quadrature points for both metals
and insulators is presented in Fig. The rapid convergence of the energy for both metals andaitzss is
clear from the figure. For insulators, the convergence ispeddent of temperature, a consequence of the
presence of a band gap. By contrast, convergence for metsigrificantly accelerated on increasing the
temperature.

0.5 i 0.5 "
—— Insulator —=— |nsulator
—o— Metal —e— Metal
0.4r ] 0.4
> >
= >
2 0.3f © 0.3f
(O] (]
£ c
S 0.2f 5 0.2
m wm

o
=
T
o
=

0.0 —r— B 0.0L—T—0u—— =
0 2 4 6 8 10 0 2 4 6 8 10
Number of spectral quadrature points (K) Number of spectral quadrature points (K)
@o=1 (b) o = 0.0001

Figure 1: Convergence of the LSSGQ method for the one-diilmealsmodel problem

Next, we introduce a defect by removing the center atom amtlate the defect energy as well as
the defect electron density. The defect energy and defectreh density are defined as the difference in
energies and electron densities between systems with ahduwvithe defect. Accurately predicting these
guantities is challenging, as it requires the calculatibrelatively small differences. The results so obtained
are presented in Fi@. For the insulator, there is rapid convergence with numlbespectral quadrature
points and the convergence is independent of the temperaklowever, for the metal we notice that the
number of spectral quadrature points required is deperuatettie temperature, with fewer points required
on increasing the temperature.

Periodic calculations. Consider next an infinite chain of atoms with unit spacing.d&®ne a two atom unit
cell as the representative volurfdg;-. Since the potential decays exponentially, we evaluat@dbential

insideQ gy by considering the contribution of atoms which are withinugoff radius. We then follow the
procedure outlined in AppendR to evaluate the Fermi energy, electron density and enenggtpe. The
results so obtained are presented in BigAs observed in the non-periodic calculations, convergenc
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Figure 2: Convergence of the defect energy and defect efectensity for the one-dimensional model
problem

insulators is independent of temperature, whereas forlsnetavergence is significantly accelerated with
increasing temperature.

Performance and Scaling. We now examine the rate of convergence as well as the scalipgyties of the
LSSGQ method. First, we perform non-periodic calculations chain ofl01 atoms (4 = 101). We plot
the convergence in energy with respect to the number of pegtadrature points in Fid. It is clear that
we get spectral convergence, as is to be expected, sinces Gaadrature is itself a spectrally convergent
method.

Next, we study the scaling of the LSSGQ method in terms of treputational time taken versus the
system size. We perform non-periodic calculations for thetaystems ranging from atom to100, 000
atoms, all on a single computer. This has been showcased.iB, Fihich highlights that the LSSGQ method
is indeed linear-scaling. It should be noted that such laygtems are intractable for orbital formulations,
especially when solving on a single computer.
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Figure 3: Convergence of the LSSGQ method for the periodeedimensional model problem
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Figure 4: Spectral convergence of the LSSGQ method

4.5.2. Kohn-Sham problem

In the previous section, we have verified the LSSGQ method &gns of a one-dimensional chain of
atoms interacting through a model potential. In our nexingxa, we apply the LSSGQ method to the
solution of the Kohn-Sham problem using the LDKohn and Shan{1965)) for the exchange correlation
energy, and the ‘Evanescent Core’ pseudopotential appedian Eiolhais et al. 1995. Specifically, we
evaluate the bulk properties of body centered cubic (BC¢3tats of sodium, lithium and study the phe-
nomenon of (001) surface relaxation of BCC sodium.

In our calculations, we utilize the procedure outlined igétithm 1 to solve for the ground-state proper-
ties. Specifically, we useG" order accurate finite-difference discretization of thelaajan. We solve for
the equilibrium atomic positions through the BFGS quasividé& method with a cubic line search procedure
(cf., e. g.,Mogel (2002). For the SCF method, we use the generalized Broyden méfaty and Saad
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Figure 5: Linear-scaling nature of the LSSGQ method

2009 for convergence acceleration. We handle the periodicitthe system for the eigenvalue problem
through the procedure outlined in Append@xWe calculate the Fermi energy by using a combination of bi-
section, secant and inverse quadratic interpolation nastff@rsythe et aJ. 1973 to solve Eqn52. We solve
the Poisson equation (Eg®) with the generalized minimal residual method (GMRESaad and Schultz
(1986)), wherein we evaluate the charge density, R) by employing a prespecified radius. In order to
evaluate the free energy of the system, we need to perfortiakipsiegrations. To this end, we employ the
trapezoidal rule, wherein each quantity is assumed to bstaonin a cube of sidé around each finite-
difference point. Here) denotes the spacing of the finite-difference nodes. Finaychooser = 0.8 eV

for all our calculations and extrapolate to find the groutadesenergy at absolute zero using E2jn.

Crystal properties. We begin by evaluating the bulk properties of BCC sodium dthilim. We designate
the BCC unit cell as the representative volume and use permmiindary conditions. First, we verify the
convergence of the LSSGQ method. To do so, we plot the bineingygy per atom as a function of the
number of spectral quadrature poinis)(in Fig. 6. It is clear that we obtain rapid convergence, highlighting
the efficacy of the LSSGQ method. Next, we plot the bindingrgynéer atom as a function of lattice
constant in Fig.7. Using a cubic fit to this data, we calculate the cohesive ggnerquilibrium lattice
constant and bulk modulus. The results so obtained arermiesse Tablesl and2 with a comparison to
previous results obtained yiolhais et al(1995. There is good agreement in the cohesive energy and the
lattice constant. However, there is a reasonable disagneeim the bulk modulus. The fact that we obtain
a smooth curve for the binding energy versus the latticetaoh$Fig. 7) gives us confidence in our results.
Nevertheless, the discrepancy warrants further invdsiiga

Surface relaxation. Next we study the (001) surface relaxation of BCC sodium. Waose the represen-
tative volume (2zy) to be a rectangular cuboid of dimensians a x h, where @’ is the lattice constant.
Furthermoreh = hyae + heeir, Whereh,q. = nia andh.e; = nsa (n1, ne € 7) are the heights of vacuum
and material included if2 gy, respectively. We use periodic boundary conditions inather, directions.
In addition, we use zero Dirichlet boundary conditions amtibp face of2zy and assume that the perfectly
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Table 1: Crystalline properties of BCC sodium
Property LSSGQ Fiolhais et al(1995 Experiment Fiolhais et al, 1995
Cohesive energy (eV/atom) -1.03 -1.02 -1.04
Lattice constant (a. u.) 8.01 8.21 8.21
Bulk modulus (GPa) 5.0 7.1 7.3

periodic solution is attained in the bottommost unit cell{bf,,. We relax the atoms only along theg
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Table 2: Crystalline properties of BCC lithium

Property LSSGQ Fiolhais et al(1995 Experiment Fiolhais et al, 1995
Cohesive energy (eV/atom) -1.21 -1.31 -1.0
Lattice constant (a. u.) 6.87 6.77 6.77
Bulk modulus (GPa) 10.0 14.0 13.3

direction. We evaluate the surface energy using the relatio

- Ne co
gsurface = M (73)

a2
wherefq . is the total energy df2ry, £, is the cohesive energy for a perfect crystal aads the number
of electrons i gy .

We begin by verifying the convergence of the calculationthwéspect to the number of spectral quadra-
ture points (K) in Fig8. The rapid convergence, highlighting the efficacy of thelradf is noteworthy from
the figure. The calculated surface energy and the displattenfi¢he atoms are collected in Tale The
calculated surface energy is in good agreement with prewalues in literature\(itos et al, 1998. Note
that the forces on the atoms in the third layer and beyond el@the threshold value used for the cal-
culations. Also, the convergence of the calculated queastwith respect to size @2z has been verified.

Finally, the electron density contours on the mid plane atgkeglane are plotted in Fi§.for purposes of
illustration.
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Figure 8: Convergence of LSSGQ method for the (001) surfaleexation of BCC sodium

5. Coarse-Graining Density Functional Theory

Defects in crystalline solids involve elastic and eledimbs fields that may decay extremely slowly.
Therefore, accurate computations of such problems regeing large computational domains, and even
linear-scaling methods can be insufficient to fully undmmngt them. However, the slow decay offers an
opportunity to approximate the problem in a manner thateegdthe computational complexity with limited
loss of accuracy. In this section, we develop a method whevei solve defects (using DFT) without the
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Table 3: Properties of the (001) surface of BCC sodium

Surface energy 0.2/m?
Displacement of atoms
First layer 0.75 a. u.
Second layer -0.19 a. u.
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Figure 9: Electron density contours on slices through a)8Qiface of BCC sodium

introduction of additional equations or uncontrolled apqmations, but with substantially reduced effort.
This method is in the spirit of the quasicontinuum approxioraused in atomistic model§&dmor et al.
(1996) and OFDFT Gavini et al.(2007), but also has important differences. For definitenessjigs@iss
the method in terms of the finite-difference approximatiohesne. We formulate the coarse-grained DFT
(CGDFT) approach in Sectidn 1l and validate it through examples in Sect®E.

5.1. Formulation

Consider the implementation of the LSSGQ method within thetext of finite-differences (Section
4.4). Let us denote the collection of all finite-difference neqap}ggl by N. In the finite-difference
approximation,N., Up.nqg @nd.S can be represented as the sums of nodal values (cf. B&&3, 64):

Nd Nd Nd
Ne:hDpr7 chmd:zupa S:Zsp’ (74)
p=1 p=1 p=1

wherewu and s are used to denote the pointwise band structure energy antivige entropy respectively.
Further, the nodal valueg, «? ands? depend only on values of the spectral quadrature p@ﬂ(ﬁ$szl and
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weights{w? }%_, associated with the’ node. (cf. Eqns62, 65, 66)

K
2
o= o5 D Wi A, (75)
k=1
wb = 2Zw§;A (N2 N p), (76)
K
" = —2kp Y _whlg(\, Ap)log g(NL, Ap) + (1= g(A7, X)) log(1 — g(AL, Ag))]- (77)
k=1

Finally, recall that we can compufe\} M and{w} }K | associated with a particular node independently
of all the other nodes. This observation provides the keg lukhind coarse-graining.

When a defect is introduced in an otherwise perfect lattieexpect complex fluctuations in the elec-
tron density and other fields in the vicinity of the defectt fmlatively smooth decay away from the defect.
Specifically, we expect the atomic displacements to decapnme polynomial fashion and the perturbation
in the electron density, pointwise band structure energlymintwise entropy to decay to zero away from
the defect. We wish to take advantage of this long range dstagture to develop an accurate reduced
representation. Below, we discuss in detail how this iseaad.

5.1.1. Atomic positions

We select representative atoms and interpolate the daplaat for the remaining atoms as is done in
the quasicontinuum method (cf., e. @admor et al(1996); Knap and Ortiz(2001)). The density of the
representative atoms is chosen so as to be high in the yiaghthe defect and to decrease with increasing
distance to the defect. This varying resolution can be aelighrough a variety of adaptive refinement
schemesTadmor et al.1996 Knap and Ortiz2001).

5.1.2. Electron density, band structure energy and entropy
Since we expect the perturbation (due to defect) in thereleatensity, pointwise band structure energy
and pointwise entropy to decay to zero, we seek an approximstheme with the following decomposition

p=po+pi u=1uy+ui, S=S50+Sq (78)

wherepg, ug and sy are piecewise periodic, while;, u; and sy decay in a smooth fashion away from the
defect. py, ug andsy can be determined by an inexpensive periodic calculatiomce®,, uqy ands, decay
smoothly, we can develop an adaptive method for computiegithTo this end, we pick representative
nodes, the collection of which we denote Ry The density of finite-difference nodes R is chosen to
be high in the vicinity of the defect and to progressivelyréase with increasing distance from the defect.
We then use the LSSGQ method to evaluate the spectral Gaadsatjure points and weights only at the
representative nodgx?,p € R}. We then evaluate the Fermi energy by solving for the coimt(&qn.
74) with the interpolation scheme
PP = b+ > ("= pf). (79)
geER

for the nodegx?,p € N'— R}. 4L are weights decided by the degree of interpolation/appration used.
For the examples in the next section, we use cubic splinepolions to determine the weight&r(ott
(2000). Once we locate the Fermi energy, we calculate the eleckeasity at all the finite-difference nodes
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using Eqn.75for the nodeg x?, p € R} and Eqn.79for the nodegx”,p € N’ — R}. The free energy can
be determined by evaluating the nodal band structure enecglal entropy using Eqng.6, 77 and using
the interpolation

uP = uf+ Z A8 (u? — ud) (80)
geER

P = sh+ Z 72 (s? — s¢). (81)
geER

for nodes{x?,p € N'—R}. Since we expegt,, u; ands, to smoothly decay to zero away from the defect,
we can use fewer and fewer representative finite-differerumes away from the defect to capture these
perturbations. As a consequence, the method will displaylisear scaling with respect to the number of
atoms. Therefore, this method opens the possibility ofyshgdsystems of much larger size compared to
the linear-scaling LSSGQ method.

5.1.3. Electrostatic potential
We write the electrostatic potential

¢ = o+ ¢d (82)

and evaluate the perturbatign by solving the equation

1
- 4—V2¢d =p—po+b—bo. (83)
78

By its very natureg, is localized near the defect and decays to zero away fronhéréfore, it can be easily
calculated by using any adaptive discretization tailocethis feature.

We summarize the CGDFT method in AlgoritHn

5.2. Validation

In this section, we verify the CGDFT method by applying it toree-dimensional model problem and a
Kohn-Sham surface relaxation problem, in Sectibrisland5.2.2respectively.

5.2.1. One-dimensional model

We study the efficiency of CGDFT in the framework of the oneeinsional model presented in Section
4.5.1 Consider a chain consisting &1 atoms with unit spacing. We introduce a point defect by rengv
the center atom. We coarse-grain in both directions fronptstion of the defect and adopt the procedure
described in Sectiob.1to solve for the electron density and the energy. We plotitiue & the defect energy
and defect electron density so obtained, as a function afidingber of representative nodes in Fi§. The
error is measured and normalized with respect to the fullplved LSSGQ solution. It is clear that we get
rapid convergence in the solution for both metals and itstda As expected, convergence in the case of
insulators is much more rapid owing to the highly localizedune of the defect perturbation. Therefore,
CGDFT can be utilized to solve the defect problem at a smadition of the original computational cost,
without any significant loss of accuracy.
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Algorithm 2: CGDFT method
Generate guess for positions of the representative atBRs (

repeat Relaxation of representative atoms
Calculate charge density of the nuclg) (

Generate piecewise periodig and¢g
Generate guess for electron denspy (

repeat Self-Consistent loop: SCF
Calculate electrostatic potentiat)(by solving Eqn.83

Calculate exchange correlation potentig].{)

Calculate spectral quadrature points and weights at reptatsve finite-difference nodes
Calculate Fermi energy\() using Eqn.74 (utilizing interpolation given by Eqnz9)
Calculate electron density at representative noges(c R) using Eqn.75

Interpolate the electron density to node®, p € N' — R) using Eqn.79

Update the electron density (mixing)

until Convergence of self-consistent iteration;

Calculate the forces on the nuclei using Egh.

until Energy minimized with respect to positions of representative atoms,

Evaluate free energ§ using Eqns74, 75, 76, 77, 80 and81 for the band structure energy and
entropy.
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Figure 10: Convergence of the CGDFT method for the one-daimaal model problem with a point defect

5.2.2. Kohn-Sham problem: Surface relaxation

We now study the (001) surface relaxation of BCC sodium u€i&FT, previously analyzed using the
LSSGQ method in Sectiof.5.2 We employ the procedure described in Sectidn2with the introduction
of coarse-graining described in Sectidri. However, we do not introduce coarse-graining for the edect
static potential since the computational time involvedsrcalculation is negligible. We compare the results
obtained using CGDFT with the fully resolved solution ob&d using the LSSGQ method. A summary of
the results is presented in TallleWe can see that there are significant computational sawhgs using
CGDFT at no appreciable loss of accuracy. It should be cllyefated that the surface relaxation problem is
effectively one-dimensional for purposes of coarse-gnginAs a consequence, the computational savings
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accrued are likely to be less substantial than in fully twéthoee dimensional problems.

Table 4: Summary of the results for CGDFT

Number of representative nodes/Total number of nodes 0.25
Number of representative atoms/Total number of atoms 0.3

Normalized error in surface energy 0.12 %
Normalized error in displacement of atoms
First layer 0.11 %
Second layer 0.17 %

6. Conclusions

We have developed a real-space formulation for coarseigcaDFT (CGDFT). Traditional implemen-
tations of DFT solve for the the orbitals, which results iicuscaling with respect to the number of atoms.
Furthermore, they are not amenable to coarse-grainingubecaf the global nature of the orthonormal-
ity constraint. In order to overcome this difficulty, we haskeveloped a linear-scaling method for DFT
(LSSGQ), where we directly evaluate the electron densithaut evaluating the individual orbitals. We
accomplish this direct evaluation by performing Gauss catade over the spectrum of the linear Hamil-
tonian operator in each iteration of the SCF method. As arskapproximation step, we have appended
coarse-graining approximations to the LSSGQ method. 8palty, we decompose the solution into a pe-
riodic component and the perturbation caused by latticealef Since the perturbation is expected to decay
rapidly away from the defect, fine resolution in only needethie vicinity of the defect and the resolution
can be coarse-grained elsewhere. This coarse-grainirigesnidne analysis of defects at a fraction of the
computational cost, without any appreciable loss of aagursVe have validated the LSSGQ and CGDFT
methods through a number of examples of application, thdtsesf which are in good agreement with lit-
erature values. Furthermore, we have verified the conveegehthe CGDFT solution to the fully resolved
solution. These verification and validation examples,hakgether, show CGDFT to be highly transferable,
efficient and accurate.

We close by pointing to some outstanding issues and liraitatdf the CGDFT method and to possible
extensions of the method thereof. A principal shortcomihthe implementation described in this paper
is the non-automated nature of the coarse-graining appedions. An optimal and automated coarse-
graining technique for CGDFT would greatly extend the rarggpe and robustness of the method. In
addition, a Rayleigh-Ritz or Galerkin spatial discretiaatscheme, e. g., based on finite elements, would
endow the approximation scheme with a variational stregttinereby opening the way to energy-based
adaptive methods. In addition, the convergence of variatiapproximation schemes can be established by
means of powerful tools such &sconvergence. However, it should be noted that finite-eigrhases lack
orthogonality in general and result in generalized eigemvaroblems. This property may potentially add
to the computational cost and implementational complea#gociated with the method. These issues are
currently being investigated by the authors.
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A. Padé approximation and recursion method

The recursion methodHaydock 1980 has found many applications in the physics literature.elHee
discuss the close connection between the LSSGQ and Retungthods. In doing so, we also establish
their relationship to the Padé approximation. Details @f tiotation not described here can be found in
Sections3 and4.

Let Ry (2) = (27 — H)~! represent the resolvent of the operatorfor = € p(H) = C\ o(H)
wherep(?) denotes the resolvent setHfandC is the set of all complex number&+,(z) is holomorphic
Vz € p(H). Forz € p(H), ¢ € H it follows

1
Ru) = [ oy, (64)

Geale) = Ru()60 = [ Zxazv (85

Taking the series expansion Gf ¢(z) around the point = oo, we obtain

Gecle) = 30—t (1)

k=0
— 1 ’ k o Ik

- Z Skl AP dEec(N) = Z Skl (86)
k=0 a k=0

which converges fofz| > || H]|.
Diagonal Padé approximants f6f; ((z) are rational functions of the formy (z)/pk (2) which satisfy

the following property
B ar (z) B 1
<G<7C(Z) pK(Z) ) - O <22K+1> (87)

and are locally the best rational approximations for a gigewer series like Eqng6 (cf., e. g.,Suetin
(2002). The denominator polynomialsx (=), are a set of orthogonal polynomials with respect to the
measureg; - (cf., e. g.,Moren and Branquinh2008)

b
/ Npre(A\)dEec(A\) =0, k=0,1,....,K —1 (88)
and the numerator polynomiak (z) can be expressed in termsygf (=) as follows

b —
g (2) = / Mdg“(x). (89)

The Padé approximants are constructed using the coeficiérihe power series and provide an efficient
analytic continuation of the series beyond the domain ofemence, which in the present case is given
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by |z| > ||H||. The convergence of diagonal Padé approximants follows ftarkov’s theorem (cf., e. g.,
Suetin(2002), whereby any Markov function liké/: ((z) can be recovered ip(#) from the coefficients
of the Laurent expansion of the function at the paint oo (i.e. from the moments of the measufg).

The orthogonal polynomial‘grpk}{f:1 can be generated via the recurrence relation (cf., &agub and Meurant

(2010)

Peri(N) = (A = apg1)pe(N) = bipr1 (N, k=0,1,..., K —1

p-1(A) =0, po(A) =1 (90)
where
A
o = DPRPRC o
(Pk» PR) ¢
o= ApepRle gy ko1 (91)
(Pr—1,Pk—1)c¢

Using Egns.88 and89, we see tha{qk},ﬁ(z1 can be generated with a similar recurrence relation as that f
{px}E_, but with different initializing conditions

Gr1(N) = A = app)ak(N) = bige1(V), k=0,1,...,K -1
g-1(\) = —1, go(A\) = 0 and b2 = 1. (92)

Corresponding to these recurrence relations we have thiaganal matrix

aj 1
b% a9 1

JK (93)

2
b1 ax

Expandingdet(z1; — Ji) with respect to its last row, we obtain the recurrence foenfat the determinant

det(2Ip 1 — Jpg1) = (2 — apyr)det(zIy — Ji) — bidet(zIy 1 — Jp_1),k=0,1,..., K — 1
det(zI_l — J_l) =0, det(z[o - JO) =1 (94)

which is the same as that satisfied{py. } " as well as{det (2]}, — J;) }+_,'. Consequently
pr(2) = det(2lx — Jg) = det(zIx — Jk). (95)
Similarly )
qr(2) = det(zIg_1 — Jp ) = det(zlg_1 — Jie_{) (96)

where the superscript is used to denote the matrix obtained by deleting the firgiws and columns.

Therefore

det(zIg_1 — J} ;
qK(Z) — © (Z K-l AK_l) = el(ZIK - JK)_lel' (97)
pr(2) det(zIx — JK)

Above, the first column of i is denoted by;.
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Expandingdet(zIx — jK) about the first row or column we obtain from E@T.

qr(2) 1
pi(z) det(zlx_o — J3_,) (%8)

Z—ay — 1
det(zlg—o — Jj_5)

and continuing similarly we obtained a continued fractiepresentation for the Padé approximant

ax(2) _ 1
pr(z) b? (99)
Z— a1 —

2
bK—l
Z—aKg

Z—a2 — ... —

In the recursion method, the above expression is used tafagrbjected density of statdddydock 1980
from which all the necessary quantities are evaluated.eSime projected density of states has poles at the
zeros ofpk(z), a number of techniques to smoothen it have been developleeseTinclude either using
a terminator, simplest one beifg:} 32 ;.1 = Goo, {br}iZx = boo OF evaluating the Padé approximant
slightly away from the real axis. However, these are unadlett approximations and can sometimes lead
to inaccuracies.

Finally, we look at the connection between Padé approxonathd Gauss quadrature (cf., e\@n Assche
(2006). Multiplying both sides of EQr87 by a polynomial of degree at maadk — 1 denoted byroi —1(2),
integrating along a contodr encircling the real line and subsequently using EBfiwe obtain

b
/7T2K 1(A) d€y (A Zwﬂzk 1( (100)
where \
wy — ({K( i) (101)
Pr(Aj)

is the residue of the Padé approximant at the z&yaxf px . It is clear that all polynomials of degr@éds — 1
are integrated exactly, therefore establishing the cdiorebetween the Padé approximation, recursion
method and the LSSGQ method.

B. LSSGQ method applied to systems with periodicity

In this section, we discuss the application of the LSSGQ otktio the study of periodic systems.
Typically, this would involve the need for Bloch periodic balary conditions on the orbital. However,
since we directly evaluate the electron density and notrtl&vidual orbitals, we can circumvent the need
for Bloch periodic boundary conditions using the procedidescribed below. For clarity, we discuss the
procedure in terms of the finite-difference approximatidtiowever, the method is not restricted by the
choice of basis.

First, we specify a representative volufie,, which has the property that the solution for the entire
system can be ascertained through a translational mappthg solution obtained if2zy. We use a finite-
difference grid of uniform spacing to discretize§2zy,, which we denote by ry. Next, we define an
extended volumé& gy O Q gy, which is discretized using a finite-difference grid of Spgd:, denoted by
Xev O Xryv. We evaluate the spectral quadrature nodes and weighiszfeusing the procedure outlined
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in Section4.4. It is important to note that the size Qfgy is chosen such that all the vectors in the Lanczos
iteration given by EqQn59 have nonzero components only for finite-difference nodsisl@{) . Since the
initial vectorvq always has a single nonzero entry, the required siZeaf can be easily calculated using
the bandwidth of the discretizeld and the number of spectral quadrature points used.
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