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Abstract : A variable core model of a moving crystal dislocation is proposed and used
to derive an expression for the Peierls stress. The dislocation width varies periodically
as a dislocation moves through the lattice, which leads to an expression for the Peierls
stress in terms of the difference of the total energies in the crystal corresponding to stable
and unstable equilibrium configurations of the dislocation, rather than the difference in
the misfit energies alone. Results for both edge and mixed dislocations are given and
proposed to be used in conjunction with ab initio calculations.
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1. Introduction

In the Peierls model of a crystal dislocation the atomistic effects and the lattice
discreteness are incorporated into the analysis approximately by considering them
to be confined within a layer consisting of two atomic planes around the glide
plane. This model of a crystal dislocation was used by Peierls [1] and Nabarro
[2] to make the first estimates of the minimum external stress required to move
a dislocation in a perfect lattice (without thermal agitation), which is called the
Peierls stress (7pg). Its determination is of significant interest for the physical the-
ories of plasticity and creep, fracture mechanics, strain relaxation in thin films, etc.

However, the calculated values for 7pg are an order of magnitude or more higher
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than those experimentally observed, or those calculated by atomistic models, and
continuing attempts were made to improve the Peierls—Nabarro model [3-11].

In the present paper we derive a new expression for the Peierls stress and the
corresponding Peach—Koehler configurational force without using the concept of
misfit energy, and with the assumption that the core radius/width varies period-
ically as the dislocation moves through the lattice. The critical configurational
force is found to be F,., = n(E, — E,)/a, where E, — FE, is the difference be-
tween the energies of a whole stressed crystal when a dislocation is in its unstable
and stable equilibrium positions, and a is the interatomic distance in the glide
plane normal to the dislocation line. The result applies to both edge and mixed
(screw-edge) dislocations. It is proposed that this expression be used in conjunc-
tion with ab initio calculations in a sufficiently large neighborhood surrounding

the dislocation.

2. Lattice dislocation with a spread-out dislocation core

An edge dislocation of a Volterra type has a singularity of order 1/, due to ex-
cessive shearing produced by suddenly applied displacement discontinuity at the
center. To eliminate this singularity, a linear increase of the Burgers vector over
the distance p is assumed (which can be viewed as a part of a disclination), where
p is related to the extent of the dislocation core — severely deformed region around
the center of the dislocation.? This can be modeled by a continuous distribution of

infinitesimal dislocations of specific Burgers vector b/p, or by the superposition

?Lothe [12] used a linearly spread-out dislocation core for a screw dislocation to eliminate the
divergence in the core energy, while the stresses remained singular at the core boundary. In this
paper we use the wedge dislocation along the vertical axis, but only to produce a non-singular shear
stress distribution along the glide plane of an edge dislocation. This is then used in conjunction
with a semi-inverse method to derive (through an integral equation approach) the corresponding
displacement discontinuity along the glide plane.



of two disclinatins [13—15]. The corresponding shear stress along the x-axis is
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which has no singularity at z = 0, and which coincides with the Volterra disloca-

tion for x > p. The shear stress is maximum at x = =£p, the maximum being only
half the shear stress of the Volterra dislocation at z = p. If p = h/2(1 —v), where
h is the atomic interplanar separation across the glide plane, as in the Peierls
semi-discrete model, then chgax = ub/27h, the theoretical shear strength of the
crystal. Alternatively, if ~,s is the Rice’s [16] unstable stacking energy, then
T = Tyys/b, Where s = pb® /21 h for the Frenkel sinusoidal function.
Assuming that the shear stress distribution is given by (1), we seek the contin-
uous distribution of infinitesimal dislocations of the specific Burgers vector ((z)

along the glide plane y = 0, so that
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where p.v. denotes the Cauchy Principal Value. The solution of the above Cauchy
singular integral equation is derived on the basis of standard mathematical tech-

niques (see Appendix A) and is given by
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As in the Peierls model, from (4) follows that |6(x)| < b/4 for |z| < p, so that the
width of the dislocation w = 2p defines the region over which the displacement
discontinuity is less than b/4.
In view of the trigonometric identity
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we conclude, by comparing (1) and (5), that 7(z, 0) and 6(x) are related by

Toy(2,0) = — sin ) (6)

Thus, unlike the Peierls—Nabarro model, we deduce from the analysis rather than
assume the sinusoidal relationship between the shear stress and the slip discon-
tinuity along the slip plane. The core radius p enters (6) rather than the atomic
interplanar distance h, although p is expected to depend on the glide system and
therefore on the glide plane spacing h. Since we are not separating in our analy-
sis the two elastic half-spaces by the distance h, we do not have a strain measure
¢/h in the thin layer around the glide plane. Therefore, we do not require that
T = u¢/h at large x (as in the Peierls—Nabarro model), and our core radius is not

necessarily related to 2 by p = h/2(1 — v).

3. An expression for the Peierls stress based on a variable core model

The work of the stress 7,,(x, 0) (per unit length of the dislocation) on the slip

discontinuity ¢(x) along the x-axis, from the cut-off distance —R to R, is
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The above integral can be evaluated numerically for any given ratio R/p. In the
limit R > p, we obtain e 5

:—47r(1—1/) 1n2—p. 9)
Far from the center of the dislocation, the stresses and displacements are essen-
tially those of the Volterra dislocation, so that the work of the corresponding trac-

tion over the circle of radius R is ub®/8(1 — v) [17-19]. The total strain energy
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FI1G. 1. (a) A glide of an edge dislocation within the distance 0 < A < b. Three consecutive
equilibrium configurations are shown.

within a large radius R around the dislocation is then

bQ 1/2R
o e
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Under a sufficiently large externally applied remote shear stress 7, the dislo-
cation glides along its glide plane between consecutive positions of stable and
unstable equilibrium (Fig. 1). We propose as a first approximation a simple peri-
odic variation (with period b) of the core radius p with glide distance A

2rA

1 1
P(A) = 5(po+ pu) + 5(po = pi) cOs — = (11

The core radius at the stable configuration A = 01is p, and at the unstable A = b/2
is p.. Nonsinusoidal periodic variations of the core radius with glide distance
could also be considered and may be of interest, affecting the coefficient in the
resulting expression for the Peierls stress derived in the sequel.

The potential energy of a dislocated crystal under the remote shear stress 7,
apart from an independent potential energy due to uniform elastic shear strain
v =7/p,is

A
M(A) = B(A) — /0 br(A)dA . (12)
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The second term on the right-hand side is the load potential, calculated as for
the Volterra dislocation, since the fields far away from the core of the dislocation
are the same. During the quasi-static displacement of the dislocation, we have
dII/dA = 0 and the configurational force, or the Peach—Koehler force on the
dislocation is F' = br(A) = dE/dA. Thus, considering (11),

1 dE dp 1 Po— P . 2mA
— - = F : 1
A=y Loy, (13)

The maximum value of this shear stress, with respect to A, is the shear stress
required to move the dislocation in a perfect crystalline lattice by amount b, and

is referred to as the Peierls stress. Thus, d7/dA = 0 implies that

M Po — Px
Tps = ) (14)
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In view of (10), we have
Do E, - E, 1ub?
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where F/,— F, is the energy difference between the unstable and stable equilibrium
positions of the dislocation, which is the key quantity in the subsequent analysis.

With a non-dimensional parameter I' = (E, — E,)/2D, the Peierls stress (14) is

TPs:ﬁ(\/%_\/%) :ﬁmh(r). (16)

For small values of I,

written as

E,—F, 2 E,—F, )
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The critical configurational force, normal to the dislocation line, corresponding to

(17)1s

E, 0 .
F.. = brps = m ———— + higher order terms. (18)
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An expression analogous to (17) exists in the classical Peierls—Nabarro formu-
lation, but in terms of the Peierls energy Wp = 4D exp(—2nmp/b), which is
the difference between the misfit energies of the two neighboring equilibrium
configurations, and which has created the single vs. double counting contro-
versy. (The Peierls stress is 7ps = nnWp/ b?, where n = 2 for the so-called
double-counting scheme of calculating the misfit energy, and n = 1 for the single-
counting scheme). In the expression (17) there is no ambiguity as to what is the
difference E, — FE,. Since the atomic distribution and the stress and strain fields
away from the dislocation core are essentially equal for both stable and unstable
equilibrium configurations of the dislocation, the energy difference F, — E, is due
to the difference in the corresponding core energies, which can be determined by
quantum mechanics calculations based on electron density functional theory, or,
on a less fundamental level, by empirical atomic models based on either atomic
pair potentials or embedded atom methods. Only relatively small number of atoms
in the neighborhood of the center of the dislocation need to be considered since
the far dislocation field is Volterra. The sensitive core radius does not appear in the
final expression for the Peierls stress, and was only used as an intermediate quan-
tity. The coefficient 7 is a consequence of a symmetric sinusoidal relationship

between the shear stress driving the dislocation and the corresponding slip.

4. Peierls stress for a dislocation of the mixed type

If the dislocation is in a purely screw orientation, the slip discontinuity and the

corresponding shear stress, in analogy with (4) and (6), are

s bs . 2mds bs
os(x) = — tan~" 2, 7s(x) = H 2 sin m0s(z) — 5% L,
7 Ps A7 p, b, 21 g2t a?

(19)

where the index s designates the screw character, and the right-hand side of (19)
coincides with the Volterra dislocation for large . The strain energy within a

large radius R around the dislocation center is £ = (ub?/47)In(R/2ps). There
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is no e'/? coefficient in this energy expression, in contrast to (10) for an edge
dislocation, because there are no tractions nor work done on the external cylin-
drical surface around the screw dislocation. The analysis previously presented
for dislocations of a pure edge type can be extended to dislocations of a mixed
(screw-edge) type as follows. Since there is no coupling of the energy due to
edge and screw components (b, and b,) in an isotropic crystal (the inplane shear
stresses from an edge component do no work on the out-of-plane displacements

due to screw component), the total strain energy is

b2 1/2 b2
pote R by B
4r(1 —v) 2pe A 2ps

(20)

Writing ps = cp., where c is assumed to be a constant during the motion of the

dislocation, (20) becomes
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The value of the constant ¢ does not appear in the final expression for the Peierls
stress derived below, which involves only the difference between the relevant en-
ergy levels.

A simple periodic variation of the core radius p. = p(A) with the distance A

in the glide plane and orthogonal to the dislocation line will be assumed, so that

p(8) = S0t + 50— p)eos T2 D<A<a, @)
where a is the interatomic distance in the glide plane in the direction of the disloca-
tion motion. For example, for a dislocation in an fcc crystal along [110] direction
and with the Burgers vector b = %[011] within a glide plane <111>, the edge and
screw components are b, = v/3b/2 = v/6a,/4 and by = b/2 = a,\/2/4, where a,
is the lattice parameter, while a = \/§b/ 2 = +/6a, /4 (Fig. 2).
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FIG. 2. A mixed dislocation in an fcc crystal along [110] direction with the Burgers vector
b= %[011]. The interatomic distance within the glide plane <111> in the direction normal to the
dislocation line is a. The lattice parameter is a,,.

The potential energy of a dislocated crystal under the remote shear stress 7

parallel to the dislocation glide plane is
A
I[(A) = BE(A) — / bro(A)dA, b= (b2 +b2)Y2, (23)
0

where 7, is the resolved shear stress within the glide plane in the direction of
the Burgers vector, and b is the magnitude of the Burgers vector. For exam-
ple, if ¢ is the angle that 7 makes with the positive direction of the dislocation
line, and 7 is the angle between the Burgers vector and the dislocation line, then
T, = T cos(p — 1). From the equilibrium condition dII/dA = 0 it follows that
b (A) = dE/dA, which yields

po B pe—pe . 21A

A) = i . 24
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The maximum value of this shear stress,
62 o FMx
Tgs _ H V" Po— P (25)

B 4(1 - V) ab v PoPx 7
defines the shear stress required to move the dislocation in its glide plane by an

interatomic distance a, normal to the dislocation line (again referred to as the
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Peierls stress). Since, from (20),

_ o _ b2
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(25) can be recast in the form
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To the leading order term, therefore,

PS E. - E, ) 2 2\1/2

T =T + higher order terms, b= (b +b7)"/", (28)

where F, — F, is the energy difference between unstable and stable configurations
of the dislocation, a is the interatomic distance in the glide plane normal to the
dislocation line, and b is the magnitude of the Burgers vector. This generalizes the
result (17) for an edge dislocation to a mixed one of arbitrary screw-edge type. If
bs = 0 and a = b, (28) reduces to (17). The derived expression lends itself to
atomistic calculations. Since the atomic distribution and stress and strain fields
away from the dislocation core are essentially equal for both stable and unstable
equilibrium configurations of the dislocation, the energy difference E, — E, can
be calculated as the difference of the corresponding core energies in the region
consisting of, say, 20 x 10 atoms surrounding the center of the dislocation.

The critical Peach-Koehler glide force, normal to the dislocation line, corre-

sponding to (28) is
E* - Eo .
F,. = kal)D S—gp 04 higher order terms. (29)
a

Although this expression is derived within the assumption of elastic isotropy, there
are no elastic constants explicitly present in the structure of (28) or (29), all elastic
properties being absorbed in the energy difference F/, — F,. A separate analysis

may verify whether this is valid for anisotropy as well.

10



5. Discussion

The considerations in this paper are restricted to a single straight dislocation
in a perfect crystal. The curvature of the dislocation line, kinking of the dislo-
cation, dissociation of the dislocation into partial dislocations, the stacking fault
energy, and the non-planar dislocation configurations also have obvious effects on
the dislocation core structure and the resulting Peierls stress [25]. Such analysis
is of interest for the study of nanocrystalline, grain boundary abundant materials,
in which some crystals are so small that dislocations in them may not be fully
formed and where the dislocation core interactions, among themselves and with
the nearby grain boundaries, represent an essential aspect of the overall deforma-

tion process [26,27].
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Appendix: Solution of the singular integral equation

The singular Cauchy type integral equation

1 > fEdg
—pv. /_OO " = g() (A.1)
has the solution ©
1 [P gede
fr) = T p. /_Oo — (A2)
The functions f(z) and g(x) are referred to as the Hilbert pair. Since
o0 d > d
/_ gg(x_) f = g(x) /_ : fx =0, (A3)
the integral in (A.2) can be rewritten as
f(x):l/oowd£7 (A.4)
T ) o E—x

which is an ordinary integral whenever g is Holder continuous [28]. Thus, letting

1 bz
— (&) =5, glz)= Ei (A.5)
there follows
b 1 * p? —&x b oop
B(x)_ﬁszrpQ/_oo£2+p2d€_;x2+p2' (A.0)
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