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A unified mechanicstheory-based modd for temperature and strain rate
dependent proportionality limit stressof mild steel

Noushad Bin Jamal M?, C. Lakshmana Rac? and Cemal Basaran®
®Department of Applied Mechanics, Indian Institufe echnology, Madras600036.
®Civil, Structural and Environmental Engineering,ivmsity at Buffalo, State University of New York.

Abstract

Strain rate and temperature dependent elastic difmtild steel is investigated by developing a
dislocation incipient motion-based proportionalltgnit stress model. Temperature effect on
strain energy of an edge dislocation is modeleduting unified mechanics theory. Unified
mechanics theory-based index, called thermodynataite index, is used to model thermally
assisted degradation of strain energy. Kinetic gneue to thermal vibrations is added to the
kinetic energy of an accelerating dislocation.sltshown that, prior to the onset of observable
plastic slip at the macrolevel, dislocation incigienotion is dominated by inertial effects within
the elastic limit, rather than drag controlled meubms, that are normally observed in the post-
yield response of metals. A new model for tempeeatind strain rate dependent critical shear
stress is derived. Validation of the derived modéh experimental data and comparison of
model predictions with Johnson-Cook model predngidor mild steel at zero plastic strain
shows that the micromechanics of rate and temperatependence of the elastic response of
mild steel involve inertia dominated mechanismighér temperatures.

Keywords: Dislocation; Proportionality limit stres¥emperature dependence; Strain rate; Unified er@ch
theory;

1. Introduction

Strain rate and temperature dependence of propatip limit stress (initial yield point) in
metals are very well known (Campbell and Fergusd@v,0). In metals, proportionality limit
represents a limiting point, beyond which the defation is inelastic. As an example, the strain
rate dependence of proportionality limit stressrfold steel is highlighted at zone A, as shown
in Fig. 1. Elastic deformation in metals and otheaterials can be non-proportional as well.

However, on the basis of mechanical experimentkl steel is observed to have a proportional
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behavior between stress and strain, before thet afsglastic yielding. High strain rate
mechanical tests (within a strain rate of 18) are performed using a dynamic testing machine
such as Split Hopkinson Pressure Bar (SHPB), dymdmdraulic testing machine, or drop
weight tester. Experimental results shown in Fig. dre obtained by conducting tests on
cylindrical specimens, using a dynamic hydraulistitey machine (Campbell and Ferguson,
1970). Even though a constant strain rate is saimbtensured during experiments, the strain rate
will accelerate from zero to a constant value. Herauring the initial stages of high-speed
deformation in mild steel, elastic deformation ilwes inertial effects, leading to an increase in
proportionality limit stress, as shown in Fig. In @e other hand, the effect of temperature in
mild steel is reverse, in preheated specimens (Galhpnd Ferguson, 1970). As the specimen
temperature is increased by preheating, propotitgrianit stress is reduced for a given strain
rate(Campbell and Ferguson, 1970). Therefore, iteisvant to study the strain rate and
temperature dependent elastic response of metadsnild steel. For modeling the behavior of
crystalline materials like metals, several macrelglength scale in the order of mechanical
experiments) models (Johnson and Cook, 1983),alriestel (length and time scales are of the
order of nanoseconds and micrometers respectivebdels (Pellegrini, 2010; Voyiadjis and
Abed, 2005) and atomic level (length and time sdalef the order of femtoseconds and
nanometers respectively) models (Brandl et al.92@@e available in the literature. Curve fitting
of macrolevel models to experimental data (Johrewmh Cook, 1983) gives better prediction
than lower length scale models. However, such eagbicurve-fit models do not explain the
physics behind temperature and strain rate depegdanproportionality limit stress (onset of
yielding). Computational domain length and timelsgan atomic-level studies are of the order
of nanometres and femtoseconds (Brandl et al., )2088ectively. Hence, using an atomic level
model to predict proportionality limit stress atpeximental level length and times scales is

computationally very expensive.

Page 2 of 42



©
=}
=}

Zone A (Proportionality limit stress)

o
o
S

900

Stress(MPa)
B
o
o

800

n
=]
=]

700

strain rate: 0.001 1/s
strain rate: 2 1/s
strain rate: 10 1/s
strain rate: 55 1/s
strain rate: 106 1/s
strain rate: 1750 1/s

Ponts at zone A are represented by '+
| 0.01 0.02
< 600 Strain
% Magnified view of zone A
7 500 |
3
# 400 strain rate: 0.001 1/s
j strain rate: 2 1/s
300 g strain rate: 10 1/s
200 4 strain rate: 55 1/s
strain rate: 106 1/s
100 strain rate: 1750 1/s

0 T T T T
0.2

T T T p 1
0.4 0.5 0.6

T
0.3
Strain

Fig. 1. Stress-strain plots for a wide range ddistrates in tensile loading experiments on mild
steel (Blazynski, 1987)

Physics of elastic response of metals is explabetter, by micromechanics-based models such
as dislocation models (Hirth and Lothe, 1983). fibsition, geometry, incipient motion, density,
etc., of inherent defects such as inclusions, vadd dislocations play a major role in the elastic
behavior of metals (Hirth and Lothe, 1983; Ni, 2D05lastic response of dislocation and their
strain energy-based critical slip resistance ark kmown in the field of dislocation mechanics
since 1934 (Eshelby, 1953; Hirth and Lothe, 1988laRyi, 1934). However, strain rate
dependent elastic response of metals as highligintdéig. 1., as an example, has not been
completely explained by dislocation models. Newddhs, it is generally assumed that the

dislocations are immobile during elastic deformasio

Molecular dynamics could simulate the mechanicslisfocation incipient motion prior to the
onset of observable plastic slip, under high strata and temperature(Brandl et al., 2009). From
atomic level numerical studies, it is reported I titerature (Brandl et al., 2009) that the
dislocation motion is delayed and the number qissis increased at higher strain rates and lower
temperatures. Load dependent delayed response ataimic level can be due to drag controlled
mechanisms. However, the dislocation drag mechansmdissipative and hence they are

insignificant within the proportionality limit. O#r hypotheses on the rate-dependent elastic limit
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of metals are, the interaction of dislocations widhstacles while in motion, dislocation
generation by Frank-Read sources, and decelerasdocation annihilation. But, increasing
dislocation density causes more plastic slip, atef elastic deformation at the macro-level
(Suzuki et al., 2013; Taylor, 1992). Hence, thesmanisms reported in the literature could
capture the post-yield behavior of metals undeh Isitgain rates. However, such hypotheses may
not be fully validated before the onset of obselwaitastic slip (Ansart and Dormeval, 1989),
which is the focus of this study. In this study, ateempt to investigate the rate and temperature
dependent proportionality limit stress of mild $t€@ampbell and Ferguson, 1970), by applying

dislocation inertia as a non-dissipative probabéehanism.

Fig. 1 shows that the proportionality limit of mikteel is highly dependent on the strain rate.
The literature on temperature and strain rate digrere of mild steel (Campbell and Ferguson,
1970) and other metals (Blazynski, 2012) showsttiaeffects of strain rate and temperature are
not only coupled but the effect of one on the prapoality limit stress, is opposite to the other.
It is reported in the literature (Suzuki et al.919that, dislocation annihilation is acceleratéd a
high temperatures. There are many experimental mmderical models (Johnson and Cook,
1983) reported in the literature, to capture thetyyeeld response of metals, successfully.
However, until recently, there has been no propem®t to model coupled thermal and rate
dependence of the elastic response of metals, loastakir micro-mechanisms.

The main goal of the present work is to model #ragerature and strain rate dependent elastic
limit stress in mild steel, using a semi-infinitisldcation model. To achieve the goal, in the first
stage, we introduce an edge dislocation modelaorsinuum framework. Using the dislocation
model, we write the Lagrangian of the dislocatio apply Hamilton’s principle to get the
critical stress at dislocation incipient motion.rSaering non-dissipative mechanisms prior to
the onset of observable plastic slip (within elastisponse), strain energy of dislocation and the
kinetic energy at the incipient motion of dislocatj are presented and Lagrangian of the
dislocation is written. Strain energy is deriveddih on elasticity theory as detailed in section 2.
In the second stage of this work, temperature digrese is introduced in the strain rate
dependent governing equation. Temperature is cliaimgthe test specimens by preheating the
samples, before the mechanical tests. Since theerturfocus is on the modeling of
proportionality limit stresses (at negligible plasstrains), we do not consider any plastic

dissipation processes, within the proportionalityiil stresses. By heating the samples, atomic
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vibrations change and the dislocation starts alating by a decrement in strain energy of
dislocations. Such existence of dislocations atvargtemperature to annihilated state can be
modeled by introducing a life index, using unifieschanics theory (Basaran, 2020; Bin Jamal
M. et al., 2020), called Thermodynamic State Ind€$]. Unified mechanics theory is the
unification of the second law of thermodynamics ddewton’s laws of motion. Unified
mechanics theory introduces an additional axis|edalThermodynamic State Index, TSI
(Basaran, 2020; Bin Jamal M. et al., 2020) to syiewe coordinate axes. The life axis, TSl is a
function of thermodynamic quantity, called entropyl axis coordinate defines the system in
thermodynamic space. This theory has been matheatigtproven, experimentally validated for
different materials, and reported in the literat{Basaran, 2020). Temperature dependence of
strain energy of dislocation is formulated by usihg unified mechanics theory (Basaran, 2020;
Bin Jamal M. et al., 2020). Section 2 presentsagh@ication of the Thermodynamic State Index
in deriving temperature dependent strain energy dislocation. The concept of inertia and the
mathematical form of kinetic energy are detailedention 3. Temperature dependence of kinetic
energy at the microlevel is expressed by introdydunctional dependence of accelerating
dislocation mass with the vibrational characterstf associated atoms, as detailed in section 3.
Lagrangian of the accelerating dislocation systerthé elastic region of loading is expressed in
its functional form as detailed in section 4. letgen 5, Hamiltonian formalism is used to derive
a temperature dependent threshold stress and sudvdbg the unknown terms are derived.
Verification of the proposed model is done by conmmqawith test data for a wide range of
temperature and strain rate, as detailed in se@id@ince, a consistent ratio between the initial
yield point and proportionality limit stress is elpged from the experimental results on mild
steel(Campbell and Ferguson, 1970), the derivedeinsdused to predict lower yield stress
values, at different strain rates and then compavéd well-known Johnson-Cook model
(Johnson and Cook, 1983) predictions at zero plagtiain, as detailed in section 7. Major
observations on the procedure, model structurejtanthture of predictions in comparison with
experimental observations (Blazynski, 2012; Canipéeti Ferguson, 1970) and the Johnson-
Cook model (Johnson and Cook, 1983) are discussegdtion 8 and major conclusions are

listed in section 9.

2. Strain energy of an edge didocation
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In this section, we introduce a time-dependent fofhstrain energy of a semi-infinite edge
dislocation model to explain the strain rate-degenctlastic response of metals such as zone A
shown in Fig. 1. The physical background of distmea formation and strain energy of
dislocation is, as follows. Dislocations are getemtaduring the crystallization of metallic
materials. Hence, the equilibrium of dislocation rast conditions is attained through the
creation of a strain energy field around the distmn. A schematic diagram of idealized
equilibrium geometry, including the geometric featiof the edge dislocation, is shown in Fig.
2. A two-dimensional representation of atomic sitagks shown in red color, in Fig. 2. Origin
of the coordinate axes X and Y in Fig. 2., is tleater of a semi-infinite edge dislocation. The
disregistry between atoms at each point along ¥ction is represented byx). At each point
along X-axis, the disregistry, represents infinitesimal Burgers vector and surionaif all the
disregistry give the Burgers vector, b. Hence,dary from the dislocation, disregistdyjs
zero. Local displacements at= x') between the atoms are represented by u. A magnifew

of the displacement u is shown in Fig. 2. The aotatsapproach (Hirth and Lothe, 1983)
considers this strain energy to calculate the tiagidorce of metallic crystal at the onset of
dislocation incipient motion. In this study, we sader a straight edge dislocation in a semi-
infinite domain as shown in Fig. 2. An edge distamais represented as distributed disregistries
around the dislocation, as shown in Fig. 3. Locate¢ of the disregistries shown in Fig. 3., is
used to show the gradient of disregistry. It isvehan Fig. 3., that at the center of dislocatioh (a
x=0, y=0), the disregistry is maximum and equalstiie magnitude of Burgers vector, b,
however, disregistry asymptotically reduces to zatoa distance, +L and -L, which are
considered as the bounds of the domain. A Burgectov at a given time is represented by the
summation of all these disregistries (Hirth andnegt1983) as follows,

+L

f_ ; ds(x,t) = f §' (x,)dx = S(-+L, £) — 8(=L, t) = g— (— g) —b (1)
2 —-L

o

wheredd andd’ are the disregistry and the gradient of localedjstry, as shown in Fig. 3. The
magnitude of Burgers vector is represented byob'tfie infinitely large domain, bounded by [-
L, +L], where L tends to infinity in the domain, silsown in Fig. 2.
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Since the slip occurs at a plane, y=0, only shgass exists at the slip plane (Hirth and Lothe,
1983). Hence, stable geometry of the edge dislocattiructure gives a stress field (Hirth and
Lothe, 1983) as follows,

_Gb X(X2-Y?) ,
OXY T o1 —v) (X2 + Y2)2 )

where G represents the shear modulus of bulk nahterdv represents the Poisson’s ratio. X
and Y represent the difference in co-ordinates betwthe point at which stress is evaluated (x,
y) and the point at which disregistry is considefedy’). At the slip plane, Y=0, the shear stress
given in equation (2) is reduced to the followiogrh,

G /
2m(1-v) d5(x’,t) (3)

(x—x')

where, the distance, X is calculated(as- x"). Hence, the work done per unit length, in creating

Oxy(%,0) =

an infinitesimally small disregistry around an edijgocation is given by the following
equation,

G '
P—— dé(x’,t)

(x—x)

S§AWE = 8(x, t)dx (4)

6(x)=b/2 +2u(x); x>0
5(x)=-b/2 +2u(x); x<0
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Fig. 2. Schematic representation of geometric patars of an idealized edge dislocation model
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Fig. 3. Trace of disregistry along the x-axis

where,d(X, t) is the infinitesimally small disregistry. Op integration of the equation (4) over
the domain, -L to +L, we get the total work donda®ws,

b
L 2

B G d8(,0)
SWE = _f _[Zn(l 8(%,t) |z dx (5)

—Vv) (x—x')

2

Using equation (1) in equation (5) and integrabgoarts, we get the following equation,

L L
SWE = — %_{ _.{ 8 (x,t) 8'(x',t) In(x —x") dx dx’ (6)

We assume that the dislocation geometry is nobdexd at rest and also during the incipient
motion. However, under extreme dynamic events, aaghltra-high strain rate deformation,
dislocation geometry can get distorted by the adgon of neighbouring dislocations, cross-slip
mechanism, etc. A separate study shall be donentesiigate the change in geometry of
dislocation core, under extreme dynamics. The foaushis study is limited to model the

incipient motion of single dislocation and deriveetproportionality limit stress, within a
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benchmark strain rate of 4@/s and hence, the above assumption on fixed geoenetry is
valid. The total strain energy required to nullihe formation of an edge dislocation system is

given as follows,

1 (L (S (L
UE(S) = Ef fdf OxyExydx dy dz (7)
—LJ-2JoL

where,UE represents the total strain energy. Integral bswidcequation (7) are shown in Fig. 2.

Inter-planar distance between the slip planes psesented by ‘d’ and the shear straig,
represents the shear strain angis the shear stress to be applied to counteractatmation-
energy around the dislocation. Heneg, in equation (3) and equation (7) are similar. Fiéig
2 and Fig. 3, we write the shear straig, as follows,

28(x, 1)
sxy = d

(8)

The assumption on undistorted edge dislocation gggnmay not be valid during a plastic slip,
under ultra-high strain rates. However, it is vémportant to emphasize that, we are only
interested in the incipient motion of dislocatiopsior to attaining a terminal velocity for the
plastic slip. Since the local vibrations of theratoare governed by the energy levels of atoms,
the geometrical aspect of dislocation is governgdhe energy levels of atoms. Temperature
variation is one of the reasons to alter the gepmef the dislocations. The stability of the
geometry of dislocation is assumed here, only bekwritical temperature. Hence, using
equation (3), equation (7), equation (8) and witle assumption of unaltered dislocation
geometry at a given temperature, the total stragrgy per unit length of dislocation is written

as follows,

L
G +L 1 ds(x,0)
Iﬁw):ZRTTWJL[l{@—XU o dx}S@Jﬂm 9)

The integral form of strain energy of an edge diatmn, given in equation (9), does not
explicitly represent temperature dependency. Howeres can define the material parametérs,
andv as a function of temperature. In this study, we t® unified mechanics theory to model

the temperature dependency of strain energy gimeequation (9) and incorporate thermally
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assisted dislocation annihilation process. Detaiilshe functional dependency of equation (9)
with temperature, are given in the succeeding @esti

3. Kinetic energy of a mobile edge dislocation under thermo-mechanical
loading

In this section, we explain the physical backgroohéhertia of dislocation at incipient motion
and represent the kinetic energy, as follows. Wharetallic material is subjected to mechanical
loading, the atoms move and attain new equilibripositions at a deformed configuration.
These new equilibrium positions of the atoms in Ibiodk material represent strain. Once the
motion of the atoms is initiated, the dislocatidosmed by the atoms also have to move. The
inertia involved in the onset of mobilization okMtication incipient motion from a state of rest
to reach a terminal state is governed by the apdieain rate (Orowan, 1934). Hence the
motion of dislocations during mechanical deformatis quantified in terms of the kinetic
energy of dislocation, in addition to the mobilipatresistance due to the strain energy, given in
equation (9).

The incipient motion of dislocation is governed thg incipient motion of surrounding atoms.
Hence, the inertia of dislocations is associateti widislocation mass. Inertial mass is a function
of dislocation geometry. In the current formulatione represent the inertial mass of an

infinitesimally small disregistry, as follows,
dm = a p,6'dx dy (20)

wheredm represents the mass per unit length of disregi$tng mass density of the material is
represented by, and the factorx represents a mass factor for calculating the &stsocmass
in the accelerated motion of a dislocation. Herwee,write the kinetic energy of dislocation
incipient motion during the elastic deformatiorntioé bulk material as follows,

2
dy dx (11)

d
Lot a8
Ke(,t) = = §'(xt |—
(5,0 f_Lf_gzapm 05

Using equation (1) and equation (11), we get thieviang equation,

+L

1 98)°
K(8,t) = > o prmdl f 8 (x, t) |E dx (12)
-L
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where Kg represents the kinetic energy due to mechaniealimg. Under thermal loading, the
kinetic energy of the dislocation has an additigpait. Kinetic energy induced by the thermal
vibration of atoms associated with the same disiocas represented by a mass factorjn

equation (12), and can be written as follows,

+L

1
Kg(5,0) = S« pmdf 8’ (x,£)|Vg|%dx (13)
L

where, Vg represents the mean vibrational velocity of atéonsa given thermal loading. Hence,
the total kinetic energy can be written as the sation of equation (12) and equation (13), as

follows,

ZK _1 df+L5'( 0 |aa

In equation (14), the rate of change of mean mositif atomic vibration is represented by mean

2

+ |v9|2> dx (14)

vibrational velocity,vg. Hence the equation (14) can be represented mstaf the mean

position of atoms as follows,

1 +L 81> 10%\*
_ = ’ - 2ia 15
DK zapde_L S(X't)<|6t +(50) ) dx (13)

where,X represents the mean position of atoms due to tiewbration. Since the value of

disregistry,6 and the mean position of atorsare evaluated for the dislocation, we represent

the equation (15) in terms of a dimensionless rpligti, ¢ for the disregistry$ as follows,

+L

> e = gapnd [ 05650 (|5 (09

where,g represents a dimensionless multiplier for theedjstry,§, to account for the heat-

) dx (16)

induced kinetic energy of atoms, surrounding thslodation. Under thermal loading (by

preheating the sample) atomic vibration amplitutleange (Owen and Evans, 1967). Hence, due
to eventual change in strain energy, bounds o$lachtion geometry changes. Consequently, the
increment in temperature reduces dislocation mdsesce, the equation (16) is represented in

terms of the mean amplitude of atomic vibratioriciews,
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1 +L as|”
ZKE = zae(ﬁe) Pmd f_L 8'(x,t) <|E ) dx (7)

where, the dimensionless factog® in equation (16) is represented in equation (1y)ab
dimensionless functiomg(tig) in terms of the mean amplitude of atomic vibratiag for a
given temperaturd). In equation (17) the parametag, represents temperature dependent mass

factor.
4. Temperature-dependent model using unified mechanicstheory

Under different test temperatures, both the stramergy and kinetic energy levels of a
dislocation, changes. Temperature dependency dditie¢ic energy of an edge dislocation under
incipient motion and thermally induced vibratiorss gresented in section 3. However, strain
energy of an edge dislocation, presented in se@jos independent of temperature. Thermally-
induced dislocation annihilation (Suzuki et al.919is a well-known mechanism. In this study,
we attempt to model preheating induced dislocasionihilation as a process of degradation,
along a life axis called Thermodynamic State In(ERI) axis. According to the laws of unified

mechanics theory (Basaran, 2020), Thermodynamide Stadex (TSI) axis represents

thermodynamic space in addition to the Newtoniaacegime axes. Using unified mechanics
theory (Basaran, 2020), thermally induced degradati strain energy of dislocation at a given
temperature, in comparison with the strain energyw aeference temperature, is written as

follows,
U = (1-(0))U" (18)

where,U’F is the strain energy of dislocation at a givengemture an@°”is the strain energy
at a reference temperature. The TSI is represdadel which starts at zero and progresses to
one (Basaran, 2020; Bin Jamal M. et al., 2020). flinetional form of TSI (Basaran, 2020) is

given as follows,
d=d, (1 — exp (—AS(G) %)) (19)

where,®., mg and R represents the critical value of TSI, maolass of the material, and gas
constant, respectively. The total change in entmipthe dislocation structure due to change in

test temperature is represented Asy0). The evolution of TSI from zero to one depicts
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thermally assisted dislocation annihilation progdassequation (18). Temperature-dependent
model for change in entropy in equation (19), iespnted in the succeeding section. Hence,
strain rate and temperature dependency of distmtaticipient motion is incorporated in kinetic
energy and strain energy equations. To derive thieat stress at the incipient motion of a
dislocation, the total Lagrangian of dislocatiomistten using the above strain energy equation
and kinetic energy equations, and the resultingnfof functional is minimized, as detailed in the

following section.

5. The resistance of motion of didocation and representation of total

L agrangian

Classical Lagrangian describes conservative systeowgever, an extension of the Lagrangian
can be used to model nonconservative forces sufticasn. In this study, no nonconservative
forces are considered and the deformation withan gloportionality limit is non-dissipative.
Dissipation due to temperature change is included separate section, which takes care of the
initial state of dislocation (before the mechanitedting) strain energy in a given preheated
sample. Hence, the classical Lagrangian represbatsleformation process of a given sample
without any nonconservative forces. Externally agpkenergyWr,:(6) at the incipient motion
of an edge dislocation is balanced by the work dmniternal restoring forc&g (8, §,6,;). At

the incipient motion of edge dislocation, the in@rrestoring force resists the creation of new
discontinuity in stacking and annihilation of theésting stacking fault. The restoring fordg, in
moving the edge dislocation, is stored as potertakgy at the incipient motion. This restoring
surface energy is called generalized stacking fanéirgy,y™ (Vitek, 1968). We consider the
formal interpretation of stacking fault energy @kt 1968) to derive the resisting surface force
as the gradient of stacking fault energy, Hence, the balance of force can be written (Vitek
1968) as follows,

FE(8,6,0,5) + V[y"(5,6,6,5)] =0 (20)

where,(; represents a set of all other internal variabfab@ surface energy functional. Classical

Lagrangian has the following form,
L= z Ky — Z % 1)
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where,L is the Lagrangian, arfldKg, Y. V represents the total kinetic energy and total itk
energy of dislocation at incipient motion, respesly. Hence, substituting the equation (9),
equation (18), equation (17), and equation (20@qnation (21), we get the following form of

Lagrangian of the system,

1 +L 98|° L :
£ =50 pmd f 8'(x,t) <|E ) dx+f YT(8(x, 1), 8,6,7)dx

(22)

dx’} S(x,t) dx

G(1—-d) (b 1 dé(x’,0)
211(1—\))_[ [J x—x") dx’

Equation (22) involves kinetic energy and potengakrgy terms of dislocation at incipient
motion, in their integral form. The following semti is detailed with the application of
Hamiltonian on equation (22), to get a thresholdieaf resistance of dislocation at its incipient

motion.
6. Temperature-dependent threshold stressformulation
6.1.Critical resistance of edge didocation at incipient motion
Hamilton’s principle is applied to the action intalggiven in equation (22), to get the critical
resisting force on an edge dislocation at its ilecipmotion. According to Hamilton’s principle,

the stationary path of an action integral in thespnt case can be mathematically represented as

follows,

ftz %‘& .)bS] dt =0 23)

The validity of the above integral form shall hdtat even the smallest possible domain. Hence,
equation (23) can be written as follows,
oL d (612) B

= 24
a5  dt\g (24)

Surface energy! required to move a dislocation from one placéhtodther inherently involves
dislocation annihilation and generation processndde equation (24) applied on the surface

energy termyT represents the net force required to move thedhsion. In the present case, we
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introduce this resisting force as given in equa{i@®), which can be derived by using surface

energy,y" and equation (24), as follows.

d L . d/o L )
7 l f_ LYT(S(X, t),6,8, Z)dx] - E(% l f_ LyT(S(X, t),5,8, z)de = —b * opcs, (25)

where,opcs, represents temperature dependent threshold sitess sequired for a dislocation
to move. The negative sign on the right-hand sidthe equation (25) represents the reaction
force that has taken its form from equation (20). r€éduce the complexity of derivation, we
consider that during the elastic deformation, digtmn is stable for a given temperature, below
an annihilation threshold. Hence, for a given terapge, the movement of dislocation is
considered to be unaltering the strain energy. Hssumption brings a condition that the
gradient of disregistry is constant throughout #oeeleration process of an edge dislocation.
Therefore, from equation (17) and equation (24)gefethe following,

%(ZKE)—%(%(ZK)):—%%M AL (26)

Hence, from equation (22), equation (24), equati), and equation (26), we get the following

equation,
b g [T 628(X o Ga-o) (¢ |
*0Opcsg = %o Pm f_L "(x,1) X+2n(1—v) ] _f{(x—x’) x} X
GoF w ds(x’, 0)
"I -v ). lf G—x) d = } 5(x )dx (27)
L4 G % (™ 1 d8,0)
dt 21'[(1 - v) [ _[ (x—x) dx } 8(x, t)dx

It can be noticed that unlike the force balanceaéiqus using Newtonian mechanics (Hirth and
Lothe, 1983), equation (27) involves Thermodynafiiate Index (TSI)p, and its derivatives
which relate Newtonian mechanics with the secomwd ¢d thermodynamics. Equation (27)
represents the most general form of threshold s$teass of dislocation at its incipient motion.

The integral terms are identified in the followisgction, by applying suitable conditions.
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6.2. Initial conditions of dislocation and derivation of threshold shear stress
model

Identification of integral terms in equation (2#volves the application of initial condition.
Initially, (t=0), there is zero applied stress dmehce, when the edge dislocation is at rest, the
inertia term is equal to zero in equation (27).sTéan be identified by applying zero velocity

condition for dislocation incipient motion as foNs,

28 08
= = 28

S =0-55=0 (28)

In this study, we investigate the non-dissipatix@cpsses of an edge dislocation incipient motion
under thermo-mechanical loading. Thermally-induc@y preheating the test specimen)

annihilation of a dislocation, represented by T®Is a function of temperature. Hence, it is
reasonable to neglect derivative ter%%and Z—? representing the evolution of TSI with strain

and strain rate in equation (27). However, thigelaassumption is invalid in the post-yield slip
process. Therefore, neglecting the derivative teom3SI, ® in equation (27) and combining

with equation (28) gives the following simplifiedrfn,

L
G(1 — ) 1
ODCSgle=0 = 21t(1 —v) _,{ {(x —x') 8'dx } (29)

Using the literature (Hirth and Lothe, 1983), inche shown that the right-hand side of the

equation (29) represents the following form,
ODCSpliee = Opn(1 — @) (30)

where, opy represents the Peierls-Nabarro model of at-rgstesistance of a finite zone around
the dislocation, formally known as Peierls-Nabastoess (Hirth and Lothe, 1983). We have
assumed that the dislocation geometry is unaltdueghg the incipient motion. Hence, the strain
energy is independent of time (strain rate) and dpe remain unchanged during elastic
deformation. Therefore, using equation (27) andaéign (30), we write the following equation

for temperature-dependent threshold shear stress,
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928(x, t)

ot2 dx + GPN(]‘ - q)) (31)

d +L
Opcsg = Qo ngf 8'(x,t)
L

2
Equation (31) involves acceleration teHaqqgg—'t) inside an integral term, dislocation mass factor,

ag and the TSI variablep. These model parameters are derived to get a Wwigrkaodel for

threshold shear stress, in the following sections.
6.3. Derivation of model parameter: Acceleration of an edge dislocation

Numerically, it is shown (Oren et al., 2017) tha dislocation attains a stable terminal velocity
through an acceleration process. However, no knexperimental methods on the measurement
of the acceleration of dislocation incipient motiarthe elastic region of loading are found in the
literature. Nevertheless, the dependence of distotéerminal velocity on applied stress levels
has been studied and reported in the literaturazlls et al., 2008). Hence, the dislocation has

to undergo an acceleration process from a stateestf and the magnitude and period of

2
acceleration are dependent on the applied stréén Vée consider that the acceleration te%gsq,

in equation (31) is dependent on the applied stai® Based on the conservation of energy and
momentum, a mathematical form can be derived feratceleration and duration. The applied
strain rate can be related to a terminal velocitgislocation motion using Orowan’s (Orowan,
1934) equation. Modified versions of the equatidndislocation terminal velocity (Orowan,
1934) are reported in the literature (Yaghoobi &uwyiadjis, 2018) to predict the dislocation
velocity, leading to dislocation multiplication arslibsequent plastic slip. Since we assume
dominance of a non-dissipative process within topertionality limit, we use the fundamental

equation of dislocation velocity proposed by Oroy@nmowan, 1934), as follows,
V= (32)

where,p andv represent the mobile dislocation density and aeerterminal velocity of
dislocation, respectively represents the applied shear strain rate. Undgliedpstrain rate,
dislocation incipient motion initiates from a staté rest to a terminal velocity through an
acceleration process. Since the current knowledgeitathe acceleration of dislocation in the
elastic region of loading is limited, it is not gdde to conclude that the dislocation accelerates

uniformly or non-uniformly. However, for the sakésamplification, we assume that an average
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value of dislocation acceleration can representtiaieforce given in the integral term of the
right-hand side of the equation (31). Hence, adtaée is introduced to represent the transient

motion of dislocation within the proportionalityrit, as follows,

A = - (33)

where, a, T represents the average uniform acceleration asusignt period of dislocation
incipient motion, within the proportionality limitespectively. Hence, by using equation (1) and
equation (33) in equation (31), we get the follogvrelation,

dy
Opcsy = O Pm bpt + opn(1 — @) (34)

In practice, real-time measurement of the transperiod,t defined in the current study, is

difficult. Hence, a model for the transient periods derived to define an appropriate measure of
temperature dependency of threshold shear stiggg,. Since the velocity and acceleration of
dislocation is dependent on the applied strain (a¢g® equation (32) and equation (33)), we
postulate that the average acceleration at twoergifit strain rates can be related to the

corresponding terminal velocity ratio as follows,

ay) _ #) _h<V> (35)

a(yo) B #(vo) B %
where,y, andv, represent reference strain rate and referencecdisbn terminal velocity,
respectively. Since the velocity of dislocation mnot is influenced by thermal loading,
temperature dependence is introduced to the prdpuoseel of equation (35) as follows,

3 q(e)

= =(3) (36)

do Vo
where,a, andq(0) are the reference acceleration and accelerati@nengponent, respectively.
Using equation (32) in equation (36), we get tHWwing equation,

3 v\ ~4(0)

~=(%) (37)

do Y

Substituting equation (33) in equation (37), wetpetfollowing equation,
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o\ 1-a(6)
T (l) (38)
To Yo
where,t, represents a reference time-scale of dislocatcmelaration. Representipg = 1 —

q(®), the transient period of dislocation incipient oot within the proportionality limit, is

given by the following equation,
5\ Po
T="1 (l> (39)

Recent studies postulated that the dislocation trayel at speeds, higher than the shear wave
velocity through the material (Pellegrini, 2014pwever, in this study, we consider the limiting
speed of the dislocation as the shear wave spestiflyy, 1953; Hirth and Lothe, 1983). Hence
the maximum strain rate in our study is limited Mogllow a value (order af0*) calculated from
equation (32). Terminal velocity attained by a alisition through an acceleration process has a
varying mass (Eshelby, 1953; Ni, 2005) dependenthenacceleration (or applied strain rate).
Hence, the mass of an accelerating dislocatiorfusietion of the transient period. In this study,
we use reference transient periogiwhich is derived based on Eshelby’s model (Eshelb$3)

for accelerating dislocation mass. Reference tesutgieriod is given by the following equation,

d
— (40)

TO =
8¢y

where,c, represents the elastic wave speed through theumedtor a reference strain rate at
which the inertial effects are negligible, the refece time scale is given by the equation (40).
Hence, equation (34) is modified by using equati®d) and equation (40) to arrive at the

following equation,

8Y,c /\1Po
Opcsy = %o Yo Op_m(.l) + opn(1 — D) (41)
b p \v

It is to be noted that, equation (41) has an iagrm and strain energy term for the critical
resistance. Temperature dependence of both thes texrmot in similar form. Inertia term is
affected by temperature in its mass, and straimggneerm is influenced by the temperature

through the Thermodynamic State Index.

6.4. Derivation of model parameter: Dislocation mass at incipient motion
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Dislocation activities in BCC metals like mild skee low temperatures and low strain rates may
be dominated by screw dislocations. However, edgtoahtions are also active in high
temperatures and high strain rate deformation o€ B@etals. Since the equation (41) is derived
for an edge dislocation, we use the mass convefaatar proposed by Weertman (Ni, 2005) for
the mass of a screw dislocation. Mass of edge aresdislocations are related (Ni, 2005) as
follows,

c 4
Medge = [1 + (é) ] Mgcrew (42)

where,megg. andmge,, are the masses of screw and edge dislocationse \8fzeeds; andc,

are given by the following equations,

A+ 2

¢, = / H (43)
Pm

Q= |= (44)

Pm
whereA andp are the Lame’s parameters.

Dislocations annihilate at high temperatures (Suetikal., 1991). Annihilation of dislocations

during the preheating of test specimens leadsremaction in dislocation density. In this study,
we consider the reference dislocation density t@satemperature, T=293K. Since, plasticity is
out of the scope of the current study, dislocationihilation due to strain-induced heating is not
considered in this study. Many of the temperatgpemhdent models in the literature,
successfully use an Arrhenius type function. InAarhenius type function, activation energy is
the key parameter. Heat-induced annihilation ofodetions in metals is activated by the
attainment of activation energy for the annihilatiprocess. We introduce a similar form
(ag = constant x ef(D) for dislocation mass at incipient motiong, by considering the

exponential decline of proportionality limit stresdbserved in experimental results (Blazynski,
2012; Campbell and Ferguson, 1970) for mild stiées. well known that change in temperature
in any metals causes a change in atomic vibratibins.amplitude of atomic vibrations increases
with an increase in temperature. Such a changaomia vibrations leads to change in the

microstructure, such as a change in the dislocagmsity due to thermally activated annihilation

Page 20 of 42



(Suzuki et al., 1991). In this study, we attemptdlate the change in dislocation density due to
temperature change, with the amplitude of atomixations in preheated specimens. Evolution
of mean amplitudes of atomic vibrationg at different temperatures from experimental
observation in mild steel (Owen and Evans, 19674)sid to relate mean amplitude of atomic
vibration (ag = constant x ef2("6)). Hence, a decrease in dislocation density redavesage
mass of dislocations from an initial value, at &vated test temperature. Dislocation masses at
incipient motion for reference temperaturg,and at given temperature, are related through
corresponding mean amplitudes of atomic vibratifmg= aye’Uevo)). Consecutively, the

condition on equality of dislocation mass at theprent motion for a reference temperaturg,
and functional value afg at a reference temperature is impoé&c{ue,uo) = f3 (z_a)) Hence,
0

we introduce an exponential form for the tempemtigpendent mass factag, which is given

by the following equation,

g = aAeehe(l_E_g) (45)

where, Ag andhg are temperature dependent material parametgrsu, represents mean
amplitudes of atomic vibration at a given tempamtand reference temperature, respectively.
Equation (41), equation (42), and equation (45) wsed to get the functional form of the
proposed model. Since equation (41) is derived $ingle dislocation, appropriate
homogenization is required to derive the modeldomparing the results of model prediction

using equation (41) with the test data.
6.5. Homogenization of the mode at continuum level RVE

Since the model is derived for single edge disiooathomogenization of the model is done to
represent Representative Volume Element (RVE), wulith following assumptions. (i) The
density of dislocation is uniform and they are assd to be homogeneously distributed.
Mechanical properties of metals are governed byriteeostructure, such as dislocation density.
In general practice, the material properties fgien mild steel test samples are assumed to be
homogeneous and uniform. However, this assumptidh b invalid when the standard
deviations of the measurements for mechanical ptiegeare considerably high, at various

points of the sample. Hence, the assumption onuthfoerm and homogeneously distributed

Page 21 of 42



dislocation density reasonably support the assumpin homogeneous material properties of
mild steel, at an experimental level. (ii) Effedt reeighboring dislocation, point defects, and
long-range effects such as forest dislocationsingb@undaries, etc., are negligible on the
dislocation incipient motion, within the proportality limit. This assumption may be invalid for
deformations at ultra-high strain rates, in whidke tboundary effects are not negligible.
However, the present study is limited to a benchrsgmin rate of 1b1/s, which well below the
limiting strain rate at which the deformation speedches wave speed within the material.
Hence, the assumption is valid for the presentystMiith the above assumptions, model
predictions are averaged out for grain level repmegtive volume element (RVE) from the
derived microlevel dislocation model.

Experimental results on polycrystalline mild stegimples (Campbell and Ferguson, 1970)
cannot be directly compared with the results oleifrom the single grain-level RVE model.
Critically resolved shear stress at grain level ssaled by Taylor's factor, M, to get
proportionality limit stress of the bulk materiatder direct tensile loading (Shen et al., 2013).
Taylor’'s factor can be estimated for a given saniplean experimental approach, like crystal
orientation imaging technique or by a computatistatistical averaging technique (Shen et al.,
2013). In the present study, we assume that amgeefalue of Taylor’s factors for a given set of
samples from the same batch of material can be taspedict proportionality limit stress of all
the samples under direct tensile loading. Sincerimétion for the determination of Taylor’s
factor for the experimental samples (Campbell amedgéson, 1970) are not available, we
consider the fundamental relation of Taylor's factd (Taylor, 1938) with the critical shear
stress and proportionality limit stress under ditensile loading, as follows,
O

M= " (46)

OpPN
where,o,  represents the proportionality limit stress vabfi@olycrystalline metals at low strain
rates, under direct tensile loading, for which thertial part of stress is negligible ang is
represents the critically resolved shear stregheatcrystal grain level. The value of Taylor's
factor, M used in the current study are listed &bl€ 1. In equation (41), rate-independent part
of grain level critical shear stress, is estimated from the final form of equation (2®jen in
the literature (Hirth and Lothe, 1983), as follows,
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26 4
OpN — mEXP (— T) (47)

where, represents the half-width parameter of dislocatiiven by the following equation,

d

=3 -w

(48)

Interplanar slip distance, d is given by the foliogvequation,

d=a/vyh'2+Kk2+1? (49)

where a represents lattice factor ad’,1’ represents slip plane direction cosines. An aliggti
theory-based model for strain energy part of stirgsgis given in equation (47). The second
part of the right-hand side of equation (41) islaepd with equation (47). However, an
appropriate estimate of the Thermodynamic StateXyd is required for the model prediction.
Using the laws of unified mechanics theory, Thergmaunic State Index® requires
computation of entropy generation, as stated iragg (19). A model for entropy generation in

dislocation-surrounding-system, due to thermal gears derived in the following section.
6.6. Derivation of the entropy generation function

In this section, our objective is to model changemtropy, due to temperature change. To use
the equation (41), Thermodynamic State Index (T&l),given in equation (19) has to be
calculated. TSl is a function of change in entropgtal change in entropys of a system, is the
summation of internal entropys; and entropy due to external sourcas,. Considering
dislocation as a system, the boundary of dislonaodefined by the surrounding atoms. Once
the specimen is heated, atomic vibrations changeh & change in atomic vibrations causes a
change in the strain energy of dislocations. Hercenart of heat energy, carried by the
surrounding atoms, is dissipated in reducing steai@rgy of dislocation. As described in section
2., we do not consider any change in the dislonattoucture during mechanical tests. Thus, the
total entropy changeds in dislocation is due to the change in atomic afions of the
surrounding atoms, which is an external sourcentfopy. Hence, for a preheated specimen,

change in entrops is given by the following equation,
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B
As = m mep(G - 90) (50)

where, C, and 6, represents the specific heat capacity of the nadtemd the reference
temperature, respectively. The parametgrsand6, represents mass density and temperature,
respectively. The ternf is the ratio between heat required to change nterrial entropy in
dislocation, leading to dislocation annihilatiordameat required to increase the temperature of a
specimen. While deriving equation (29) from equat{@7), the entropy generation by internal
heat generation due to strain and strain rate adletrprocesses are considered to be negligible,
during the elastic deformation. Hence the totatapyt generation is calculated from heat flux
transfer as given in equation (50), due to changkinetic energy of atoms. For temperatures
lower than the reference temperatig, the absolute value of change in entrajyyis used to
calculate TSI. Experimental results are reporteddwer yield stress (after the upper yield point
representing proportionality limit) of mild ste€@gmpbell and Ferguson, 1970) and the proposed
model in equation (41) predicts the proportiondiityit stress, which is the upper yield point in
case of mild steel. A proportionality factd, is used to predict the lower yield stress valtes
different temperatures and strain rates. The fatos calculated as the ratio between lower and
upper vyield stresses from the test data for a gieemperature and different strain rates. Values
of temperature dependent rate exponggtof the strain rate term in equation (41) are
determined for three different sets of experimedtth and a relationship is obtained gigrin
terms of a reference valug, and temperature to predict the valuespgfat different
temperatures, as follows,

(em - e)

o= pom (51)

p

where,0,, represents the melting temperature of the matérred value off is to be determined
based on the thermodynamics of dislocation. Fa, thiechanism of thermally aided dislocation
annihilation (Suzuki et al., 1991) is considerechc® the annihilation process is initiated, the
strain energy level around the dislocation is redu@ complete annihilation leads to zero strain
energy. Life of a dislocation from its existencectimplete annihilation due to preheating of the
test specimen is defined by using an index, calleermodynamic state index, (TS#p, which

starts at zero and progresses to one (Basaran; B@2Q@amal M. et al., 2020). TSh =1 in
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unified mechanics theory (Basaran, 2020; Bin Jamal et al., 2020), represents the
completeness of the life of a system. In this stu@yconsider preheating-induced dislocation
annihilation from a reference stateé & 0) to a nearly annihilated staté & 0.99), representing
the validity of the strain energy equation of aatation, during the process. Strain energy of
edge dislocation from the elasticity theory by Hsi&labarro model is given by the following
equation (Hirth and Lothe, 1983),

Ggb? Iy
— 52
Eeage 4m(1 —v) In (r()) (2)

where,Gg is the shear modulus at a given temperag@yeb is the Burgers vector and is the
poisons ratior,, r, are the upper and lower integration bounds ofodaon in the radial
direction, respectively. Generally, the valuergpis of the order of the distance between two
adjacent dislocations. Hence, the following expmesss used to calculate the valuergf

r,. =+1/p (53)

wherep represents the dislocation density. To get a nmeguli value for dislocation energy, it is
suggested that the value wf shall be of the order af00b (Schoeck, 1995). Hence, the

following equation is used to calculate the loweuidd,r, in equation (52),
ro = Igb (54)

where I represents the energetic-zone coefficient. Ifwaant energy given in equation (52), is
supplied, the dislocation gets neutralized. Therspaicific energy supplied to the system can be

written as,
q= pmcpAe (55)

where,C,, is the specific heat capacity of the material, ggds the mass density of the material.

Change in temperature from a reference temperetgigen by the following equation,
AB=0-16, (56)

By assuming that the dislocation core arelghsd, heat energy supplied to the dislocation from

equation (55), is given by the following equation,

Qdis = 1de-pmcpAe (57)
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wherel; represents the dislocation geometry coefficienadoount for an irregular dislocation

geometry.

If thermal energy is supplied sufficiently to anfake the dislocation, strain energy at the
reference temperature reduces to zero. Hencepliogving is relation valid, from equation (52)
and equation (57) as follows,

Gob? Iy
— % In(&)= 58
I =) In (I‘o) lcbdpm CpA8, (58)

where, 0, represents the ultimate temperature at which tiseoahtion diffuses (thermally
assisted core diffusion) and dislocation annihilatgis the shear modulus at the reference

temperature,. Equation (58) is rearranged as follows,

B o (r—“) = A0 (59)
4rtlepmCp(1 —v)d  \ry "

From equation (56) and equation (59), we get tlieviing equation,

B, = 6 + N a (r“) 60
U0 T alepmCy (T — W) d \r (60)

According to the unified mechanics theory (Basa2f20; Bin Jamal M. et al., 2020), when the
temperature reaches annihilation temperatyfe,T'SI of dislocation reaches unity. Hence, the
evolution of the dislocation annihilation proceswdlves a change in entropy, at each test
temperature. The Ultimate change in entropy forntadly assisted dislocation annihilation in

preheated specimens can be written by using equgii®), as follows,
By
As, =B C, (9—0 — 1) (61)

When entropy reaches its ultimate value, the Tends to 0.99. Hence, from equation (19) for

a value ofd. = 1, we get the following,
4.606 R A 62
6067 = Asy (62)

Hence, from equation (61) and equation (62), welgeftollowing equation,
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4.606 R (0, -1
_ Pu _ 63
B m,Cp (90 1) 63)

Using equation (53), equation (54), and equatidd) {6 equation (63), we get the following

equation,
B R (41‘[1Cpm90(1 —v))d \/m - 64
B = 4.606m—s G, B<ln< b )) (64)

Using equation (64) in equation (50), the total e in entropy for thermally assisted
dislocation annihilation is calculated. Hence,omplete form of equation (41) is obtained by
using equation (45), equation (46), equation (éduation (50), and equation (64). The derived
model for continuum level predictions for the prapmality limit is used to compare with the
test data of mild steel (Blazynski, 2012; Camphalll Ferguson, 1970) for a wide range of strain

rates and temperatures.
7. Verification of the model prediction with test data

The proposed model in equation (41) is validatedh waxperimental data for mild steel
(Blazynski, 2012; Campbell and Ferguson, 1970)u¥slof strain at which the lower yield stress
reported in the literature (Blazynski, 2012; Canipaed Ferguson, 1970) are very close to their
corresponding proportionality limit stresses aswahan Fig. 1. In addition to that, the plastic
strains at lower yield stresses are negligible.ddemwe calculate the average ratio between lower
yield stresses and upper yield stresses, usingastshown in Fig. 1., and use the same factor to
calculate lower yield stress using the proposedahmdequation (41). By doing so, we assume
based on experimental observations shown in Figthat, the effects of various dislocation
mechanisms involved in the post-yield of mild st negligible at the lower yield point, where
plastic strain is negligible. Screw dislocationsnuitate over edge dislocations in the
deformation of mild steel. Hence, the mass of scaiglocations is calculated by using
Weertman’s (Ni, 2005) mass conversion factor. Tinergy of a screw dislocation is related to
the energy of an edge dislocation (Hirth and Lott883) given in equation (52) &crew =
Eegge(1 —v). Orowan’s (Orowan, 1934) model given in equati8@)(and the equation (64)
necessitates quantification of initial mobile detion density. Estimation of total dislocation

density from experimental observation is possibid aegregation of them into mobile and
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immobile dislocations, are reported in the literaftnumerically (Wang et al., 2007) as well as
analytically (Roters, 2003). However, an experiraemrocedure for the segregation of total
dislocation density is not established under zegmtl conditions. Nevertheless, mobile
dislocation density is directly proportional to, datess than the total dislocation density
(Voyiadjis and Abed, 2005). From numerical inveatigns (Wang et al., 2007), immobile
dislocation density is found to be less than 1%ndée we assume that a reasonable range of
total dislocation density represents the mobiléodation density. Under these assumptions, we
have listed the model parameters in Table 1. Dadlon geometry coefficienty; and energetic
zone coefficientlg (of the order of100b (Schoeck, 1995)) can be obtained by using test alat
two different temperatures and equation (41) amduwllue of the mass factorand reference
rate exponentg, can be obtained by using test data at referemopeature and equation (41).

All other parameters listed in Table 1., are thedfamental quantities of mild steel.

Ag in equation (45)p, in equation (51) anfl in equation (64) are determined by using test dat
(Campbell and Ferguson, 1970) at the referencedeatyref, and equation (41). To calculate
the value ohg in equation (45), we consider the following comafis. At a limiting amplitude of
vibration, for which the associated dislocation sneeduces to that for the core, the value of the
mass factorg reduces to unity. We have assumed the limitingevalfug in equation (45) as the
mean amplitude of vibration at a temperat@re1040 K, which is about 75% of the melting
temperature. Experimental values of the mean angaiof atomic vibration (Owen and Evans,

1967) at different temperatures are listed in T&ble

Table 1. Parameters used in the proposed modeiifdrsteel

Parameter Symbol Value Unit
Crystal structure BCC -
Lattice factor a 2.8710™° m
Burgers vector b 2.4810%° m
Young’'s modulus E 21010° N/m?
Poisson’s ratio v 0.33 -

Page 28 of 42



Mass density P 7850.00 kg/m
Initial dislocation density (Brindley and

Bamby, 1966) Y Y p 0.88x10™ m/nt®
Reference strain rate Yo 2.66x10° 1/s
Taylor’s factor M 2.66 -
Mass factor « 10° -
Reference temperature 9, 293 K
Melting temperature Om 1785 K
Mass decay coefficient Ag 0.266 -
Energetic zone coefficient lg 150 -
Dislocation geometry coefficient Ic 0.33 -
Specific heat capacity Co 510.8 J/kg-K
Molar mass mg 0.05497 kg/mo
Critical value of thermodynamic state index D, 1.0 -
Rate exponent at the reference temperature Po 0.819 -
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Fig. 4. Comparison between the proposed model gperienental results (Blazynski, 2012;
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Table 2. Mean amplitudes of atomic vibration afed#nt temperatures (Owen and Evans, 1967).
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Temperatured (K) 195 | 225 | 293 | 373 493 713 1040

Mean amplitude of atomic

_ _ 0.0975 0.1035| 0.1159| 0.1291| 0.1474| 0.1783| 0.2860
vibration,ug( x 1071% m) :

Fig. 4 through Fig. 9 shows that the model predigiat all the temperatures match well with the
experimental data (Blazynski, 2012; Campbell andyéson, 1970)L, norms of relative errors

in the model predictions are plotted against teiatpee, as shown in Fig. 10, to assess scalar
measures of error vectors whose components areulatdd at different strain rates.
Thermodynamic State Index (TSI) plotted in Fig.réfresents a decrease in strain energy with
an increase in temperature, leading to dislocationihilation. It is shown in Fig. 11 that the
external heat flux degrades the strain energy sibdation at a faster rate at lower temperatures

when compared with higher temperatures.

8. Comparison between proposed model predictions with Johnson-Cook

model predictions

In this section, we attempt to compare the proptisednodynamics-based model with that of an
experimental curve-fit-based phenomenological mamled the Johnson-Cook (J-C) model
(Johnson and Cook, 1983). The proposed model imatemu (41) is used to predict the
proportionality limit stress of mild steel at diféat strain rates and temperatures (Blazynski,
2012; Campbell and Ferguson, 1970). Predictionsgusquation (41) are then scaled to get the
lower vyield stresses. Since, the ratio between doyweld stresses and proportionality limit
stresses for mild steel shown in Fig.1., are founble very close, we use an average value of the
ratio between lower yield stress and proportiopdirhit stress to calculate the lower yield stress
from the predictions for proportionality limit s using equation (41). The scaled model
predictions are then compared with the predictiossg the J-C model (Johnson and Cook,
1983). J-C model is given by the following relation

oy = [A+ B (&°)"] [1 +Cln (yl)] [1— 0] (65)

0

where, A, B, n, m, and C are the material parareatéthe J-C model. The input varialie,

represents the magnitude of plastic strain. Siheevialues of strain at which proportionality
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limit stress (before the onset of macrolevel ptaslip) and lower yield stresses are very close to
each othergP is set to zero. Value of dimensionless temperatoedficient,0* in J-C model is

given by the following equations (Johnson and CA8i83),

0" = Hwhen 0> 06,

0" =0 when6 <6, (66)
0* =1 when0 > 6,

Hence, the following equation is valid for predagfithe proportionality limit stress.

o, =A [1 + Cln <Ylo)] [1—0""] (67)

It can be noted from the conditions given in equa(i66) that, for all the temperatures below a
reference temperature (293K in the current stugsgportionality limit stress predictions for a
given strain rate, are the same. Another majoredifice between the proposed model in

equation (41) and the J-C model in equation (&7)hé& constant nature of the slope of the curve

in equation number (67) with respecﬂmiyl) for a given temperature. From equation (67), we
0

get the following form for derivative with respeotin (Yl)

d
ﬁ(ylo) (oy) =11 (68)

where,?;is a constant term representing the right-hand sfdde derivative of equation (67),

for a given temperature. Using equation (41), tieowing form for derivative with respect to
AW .
In (%) Is obtained,

d

ain (1) (00cs) = #2exp (= o) 1n (1) (69)

where, ¥, represents a constant coefficient term in thetsigind side of the derivative of
equation (41). Comparing the nature of derivatiiesequation (68) (constant slope for an
argument irnn(y)) and equation (69) (exponentially varying slopedo argument itn(y)) with

respect to that of experimental results plottedrion 4 through Fig. 9 (nonlinear variation in
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slope for an argument in(y)), the proposed model in equation (41) is very wefpturing the
rate and temperature dependence, observed in sheldéa (Blazynski, 2012; Campbell and
Ferguson, 1970) for mild steel. We made an attempdentify J-C material parameters using
test data (Blazynski, 2012; Campbell and Fergud®70), equation (67). J-C parameters are
listed in Table 3. The parameters listed in Tablar8 used to demonstrate trends of J-C
prediction and proposed model in equation (41)amjgarison with test data (Blazynski, 2012;
Campbell and Ferguson, 1970) for reference temyrerais shown in Fig. 12.

Table 3. Johnson-Cook model parameters for teat(@kzynski, 2012; Campbell and
Ferguson, 1970) of mild steel.

Thermal | Strain rate
Initial yield softening | hardening
J-C parameter J
stress, A (N/f) | coefficient,| parameter

m C

6
Value 109.0 x 10 0.57 0.105
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Fig. 12. Comparison between the proposed modelahdson-Cook model (Johnson and Cook,
1983) with test data (Blazynski, 2012; Campbell Bedguson, 1970) of mild steel@t293 K
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Using equation (65) and equation (66), it is obsithat the trend line of J-C model prediction at
the reference temperature is linear, as showngnl2. The proposed model predicts the trend of
proportionality limit stress very well when compareith that of test data (Blazynski, 2012;
Campbell and Ferguson, 1970) at the reference tetype.

9. Discussion

A micromechanics-based model for temperature depenare-yield dynamic response of mild
steel is presented. We have shown that the distocatertia has to be included in the governing
equation of motion of dislocations for modeling thigh strain rate response of mild steel.
Unlike commonly used macroscopic models (Johnsod @wok, 1983), the proposed
formulation is derived from an idealized microlewd$location model, based on the postulated
laws of mechanics. The proposed model is coupled avirate-independent part by introducing
strain energy of dislocation and rate-dependent pgrintroducing the kinetic energy of
dislocation incipient motion. The proposed modgjgests that the temperature effect is coupled
with strain rate effects. Temperature dependencatefdependent part of the elastic response is
modeled by introducing vibrational characteristi€éghe crystal lattice into the proposed model.
Unified mechanics theory is used on the rate-inddpet part by stating the thermodynamics of
strain energy evolution with temperature. Thermiéas on the geometrical parameters of
dislocation and the acceleration of dislocatiothi& pre-yield regime are incorporated to capture
the coupled effect of strain rate and temperatureha microlevel and under appropriate
assumptions. Macrolevel scaling is done to compghe: model prediction with test data
(Blazynski, 2012; Campbell and Ferguson, 1970).

Dependence of inertial mass on the applied steamis introduced by using the transient period,
t of dislocations. Since, the experimental datatl@r transient period of dislocation incipient

motion in mild steel within the proportionality litnis not available in the literature, a

phenomenological model is used to quantify it. pheposed power-law model is shown to be
well capturing the trend of dynamic proportionalltynit stress progression of mild steel at
different strain rates when compared with J-C madedlictions, as shown in Fig. 12.

The study presented here is limited to the deve@pnof a micromechanics-based model.
Discussion on the determination of atomic vibragioamplitudes is out of the scope of this

work. It is suggested that a molecular dynamicsukation may be used to get a measure of
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temperature-dependent amplitudes of atomic vibmatiwith appropriate interatomic potentials.
We have presented our model for mild steel for White experimental data for amplitudes of

atomic vibration are available in the literaturev@ and Evans, 1967).

The proposed proportionality limit stress predictinodel is validated for a wide range of strain
rates and temperature combinations. It is showFign10. that the model prediction is matching
well with the experimental data with an error bowfd.3% + 1.8%. Fig. 4 and Fig. 5 show
much more linear variation in yield stress. Singe test temperatures for the results shown in
Fig. 4 and Fig. 5 are below the reference temperafP93K), a similar linear trend can be
obtained by using the J-C model. The proposed misdslightly off from the linear trend in
prediction; however, the predicted results matchy weell with the test data. The nonlinear
trends in prediction by the proposed model couldbéeause, the temperature dependency in the
kinetic energy term of the proposed model is inocafed by using an Arrhenius type
exponential function in equation (41). The exporarfunction in equation (41), is used for
evaluating the dislocation mass at incipient mqtema function of amplitudes atomic vibration,
for a given temperature. Hence, the predictionsigishe equation always show a nonlinear
trend. Using equation (66) and equation (67), simlinearity is expected at the reference
temperature, by the use of the J-C model. Howetler,test data at reference temperature
(293K), as shown in Fig. 12, do not follow a lingeend as predicted by the J-C model. The
essential features of the proposed model in equéib), compared to the J-C model in equation
(65) can be listed in terms of three major aspdotsThe parameters in the proposed model,
when compared with the J-C model, are fundameniahtities of atom and crystal. J-C model is
derived by the experimental curve-fit procedurenf®mn and Cook, 1983) and hence the J-C
model does not explicitly represent any micro-lemehtomic level mechanism. (i) It is easy to
identify the material parameters in the J-C modetubrve-fit to experimental data. Microlevel
parameters such as dislocation density, transiembg of dislocation, and atomistic parameters
related to the crystal require sophisticated expents. Nevertheless, the proposed model is
shown to be predicting not only the test data lsd their evolution with temperature and strain
rate for mild steel, as shown in Fig. 6 through.Fgand Fig. 12. (iii) Model inputs in the
proposed equation (41) are microlevel and atomietiparameters. J-C model in equation (65)
doesn’t have such micromechanics-based paramdteisis because, J-C model separates the

effects of strain, strain rate, and temperatureugin the multiplicative decomposition of the
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proportionality limit stress only at experimentangth-scales. In this work, micro-level
thermodynamics of an edge dislocation is used tivele critical stress model. The proposed
model requires calculation of entropy to explaia thermodynamic state of the material using

the Thermodynamic State Index (TSI) axis.

10. Conclusions

» The temperature and strain rate-dependent distocatechanics based-model shows
that dominance of inertial effects before the orgedtbservable plastic slip (within
the proportionality limit) is a plausible hypothgsthat can explain the temperature
and strain rate dependency of proportionality listiess of mild steel.

* The model prediction matches very well with testaddlazynski, 2012; Campbell
and Ferguson, 1970) within an overall error bouhd.2% + 1.8% as shown in Fig.
10. Compared to the J-C model (Johnson and Coo&3)19he proposed model
predicts not only the values but also the trentksf data (Blazynski, 2012; Campbell
and Ferguson, 1970), as shown in Fig. 12. This shibe accuracy in prediction by
the proposed model, for mild steel.

» Critical shear stress in the proposed equation (41) conjunction with
Thermodynamic State Index (TSI) plotted in Fig.,ldxemplify the loss of strain
energy of dislocation at high temperatures and #wentual annihilation of
dislocations.
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