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We present a model for the rheological behavior of non-dilute suspensions of initially
spherical, viscoelastic particles in viscous fluids under uniform, Stokes flow conditions.
The particles are assumed to be neutrally buoyant, Kelvin-Voigt solids undergoing time-
dependent, finite deformations, and exhibiting generalized neo-Hookean behavior in their
purely elastic limit. We investigate the effects of the shape dynamics and constitutive
properties of the viscoelastic particles on the macroscopic rheological behavior of the
suspensions. The proposed model makes use of known homogenization estimates for com-
posite material systems consisting of random distributions of aligned ellipsoidal particles
with prescribed two-point correlation functions to generate corresponding estimates for
the instantaneous (incremental) response of the suspensions, together with appropriate
evolution laws for the relevant microstructural variables. To illustrate the essential fea-
tures of the model, we consider two special cases: (1) extensional flow, and (2) simple
shear flow. For each case, we provide the time-dependent response, and when available,
the steady-state solution for the average particle shape and orientation, as well as for the
effective viscosity and normal stress differences in the suspensions. The results exhibit
shear thickening for extensional flows and shear thinning for simple shear flows, and it is
found that the volume fraction and constitutive properties of the particles significantly
influence the rheology of the suspensions under both types of flows. In particular, for
extensional flows, suspensions of particles with finite extensibility constraints are always
found to reach a steady state, while this is only the case at sufficiently low strain rates for
suspensions of (less realistic) neo-Hookean particles, as originally reported by Roscoe (J.
Fluid Mech., vol. 28, 1967, pp. 273-293) and Gao et al. (J. Fluid Mech., vol. 687, 2011,
pp. 209-237). For shear flows, viscoelastic particles with high viscosities can experience
a damped oscillatory motion of decreasing amplitude before reaching the steady state.

1. Introduction

Suspensions of interacting deformable particles in a fluid are used in numerous appli-
cations of current interest (e.g., tissue engineering, drug delivery, paints and coatings),
and they constitute a large class of naturally existing mixtures as well (e.g., blood and
milk). Among them, solid-fluid mixtures consisting of large numbers of deformable, micro-
scaled, solid particles suspended in Newtonian fluids are of particular importance. Well-
known examples of these mixtures include suspensions of red blood cells in blood plasma
(Skalak et al. 1989), and suspensions of microgel particles in a solvent (Pal 2010). When
subjected to shear flows, the suspended particles undergo significant changes in shape
and orientation, and this evolution of the microstructure is expected to have a strong
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influence on the macroscopic rheological properties of the suspension. It follows that
sound models for the constitutive behavior of such suspensions must properly account
for appropriate microstructural variables, such as the average shape and orientation of
the particles, as well as for the constitutive nonlinearities associated with the mechanical
response of the particles.

In the past decades, a vast amount of research has focused on estimating the effec-
tive viscosity of dilute and non-dilute suspensions of rigid particles (Einstein 1906; Jef-
fery 1922; Saito 1950; Krieger & Dougherty 1959; Keller et al. 1967; Frankel & Acrivos
1967; Batchelor 1970; Batchelor & Green 1972; Jeffrey & Acrivos 1976; Gadala-Maria
& Acrivos 1980; Brady & Bossis 1985; Phung et al. 1996; Stickel & Powell 2005, to cite
only a few). By comparison, fewer studies deal with the rheology of suspensions of dilute
and non-dilute concentrations of deformable solid particles in a Newtonian fluid. Among
the pioneering studies, Frohlich & Sack (1946) considered suspensions of elastic spherical
particles in a Newtonian fluid undergoing a pure extensional flow and derived constitu-
tive equations relating the macroscopic extensional stress and the applied strain rate for
small deformations of the microstructure. Cerf (1952) investigated a suspension of spheres
with special viscoelastic properties in a viscous liquid under oscillatory motion of small
amplitude. More than a decade later, Roscoe (1967) studied the rheological behavior of
dilute suspensions of solid viscoelastic spheres in a Newtonian fluid within the context of
finite strains. In that work, which was limited to steady-state (SS) responses, Roscoe ob-
tained the effective viscosity and normal stress differences for the suspension as functions
of the solid and liquid material properties and the flow conditions. In addition, Roscoe
demonstrated that, for initially spherical particles and shear-flow conditions, steady-state
solutions are possible, under certain conditions, such that the particle deforms into an
ellipsoid of fixed orientation, and the material within the ellipsoid undergoes a tank-
treading motion deforming and rotating continuously with uniform velocity gradient and
stress. In closely related work, Goddard & Miller (1967) investigated the time-dependent
behavior of a viscoelastic sphere in a Newtonian fluid within the limits of small defor-
mations of the particle. Based on the coupled solutions for the flow field around the
particle and the deformation of the particle, they derived a constitutive equation for
the rheological behavior of suspensions of slightly deformed spheres in the dilute limit.
In the regime of non-dilute concentrations of particles but, again, within the small de-
formations limit, Goddard (1977) generalized the analysis of Frankel & Acrivos (1967)
for highly concentrated suspensions of rigid particles to account for the effect of small
deformation of the particles on the rheology of the suspension. In addition, Snabre &
Mills (1999) made use of an effective medium approximation for an isotropic dispersion
of rigid spheres, together with an estimate for the effect of particle deformations on the
maximum packing fraction of the suspension under flow, to develop a model for the ef-
fective shear viscosity of concentrated suspensions of viscoelastic particles. This model
was able to the describe the effective viscosity of suspensions of red cells, but due to
the implicit isotropy assumptions cannot account for the development of normal stress
differences in the suspension. Again, within the context of small deformations, Pal (2003)
derived a semi-empirical equation for the effective viscosity of non-dilute suspensions of
elastic particles by means of the differential effective medium approximation, together
with the constitutive model developed by Goddard & Miller (1967) for dilute suspen-
sions of spherical, elastic particles. The author found good agreement with experimental
data for the effective shear viscosity of un-aggregated red cells in saline solution, but this
model also ignores the development of normal shear stress differences under simple shear
loading. There has also been a considerable amount of work on suspensions of viscous
droplets or emulsions, where it is crucial to account for interfacial tension between the
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two fluids (see, for example, Taylor 1932; Oldroyd 1953; Keller et al. 1967; Bilby et al.
1975; Palierne 1990; Lowenberg & Hinch 1996; Almusallam et al. 2000; Tucker & Molde-
naers 2002; Vlahovska et al. 2009). In addition, numerous works have been published for
suspensions of capsules (e.g., Barthes-Biesel 1980; Barthes-Biesel & Rallison 1981; Keller
& Skalak 1982; Ramanujan & Pozrikidis 1998; Lac et al. 2004), as well as for vesicles
(e.g., Danker & Misbah 2007; Ghigliotti et al. 2010; Zhao & Shagfeh 2013; Abreu et al.
2014).

As demonstrated by several of the above-mentioned studies, the constitutive properties
of the particles strongly influence the rheology of suspensions of deformable particles in a
viscous fluid. Although these studies can capture to some extent the influence of particle
deformation on the effective properties of the suspensions, they are confined to small
strains and/or dilute concentrations. Indeed, rheological models that can address general
morphologies and particle volume fractions, as well as general constitutive behavior and
finite deformations for the deformable particles in the suspension are still largely lacking.
Recently, Gao et al. (2011) investigated the rheology of dilute suspensions of neo-Hookean
particles in a Newtonian fluid under Stokes flow conditions. Making use of a polarization
technique, the authors developed an ezact analytical estimate describing the finite-strain,
time-dependent response of a neo-Hookean elastic particle in a viscous shear flow. (This
result has recently been verified numerically for initially spherical particles by Villone
et al. (2014).) Gao et al. (2011) found that the (time-dependent) “excess” viscosity of
the dilute suspensions of such particles exhibits strong coupling with the large changes
in the particle shape and orientation leading to a shear thinning effect. Most recently,
they made use of their model to study the rheology of dilute suspensions of neo-Hookean
particles in extensional flows (Gao et al. 2013), and found a shear-thickening effect in-
stead. In addition, Gao et al. (2012) showed that it was possible to have three types of
motions—steady-state, “trembling” (oscillatory), and “tumbling”—for dilute concentra-
tion of elastic particles, depending on the shear rate, elastic shear modulus, and initial
particle shape.

With the perspectives afforded by the work of Gao et al. (2011) for dilute suspensions of
elastic particles in mind, the goal of the present work is to investigate the time-dependent
rheological properties of non-dilute suspensions of deformable viscoelastic particles in the
regime of arbitrarily large deformations. In particular, we investigate the effective rheo-
logical response, as well as the microstructure evolution, in suspensions of initially spher-
ical, nonlinear KV viscoelastic particles with generalized neo-Hookean elastic behavior
in a Newtonian viscous fluid subjected to macroscopically uniform flows. We assume
that the characteristic size of the particles is larger than 1 um so that we can neglect
Brownian forces acting on the particles. Also, we confine our attention to the Stokes
flow regime (i.e., Re — 0), where viscous forces dominate over inertial effects. We de-
velop a homogenization model to obtain time-dependent estimates, and when available,
steady-state estimates for the rheological behavior of these suspensions. The model is
based on the Hashin-Shtrikman-Willis (HSW) homogenization theory (Hashin & Shtrik-
man 1963; Willis 1977), which was originally developed for elastic composite materials.
More specifically, we make use of the bounds of Ponte Castaneda & Willis (1995) for
composites consisting of aligned ellipsoidal particles that are distributed randomly with
(generally different) “ellipsoidal” angular dependence for the two-point correlations of
the particle centers in a matrix of a different material. Thus, these bounds incorporate
dependence on both the shape and orientation of the particles, as well as on the “shape”
and “orientation” of the two-point correlation function for their distribution, through two
independent microstructural tensors. However, they cannot distinguish between mono-
and poly-disperse distributions of particles, and must hold for all possible particle size
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distributions—although they are known to be more appropriate for poly-disperse distri-
butions. As a consequence, these bounds cannot be directly compared with the estimates
of Batchelor & Green (1972) and Chen & Acrivos (1978) for mono-disperse distributions
of rigid spherical particles. The homogenization estimates of Ponte Castaneda & Willis
(1995) were generalized for two-phase viscous systems by Kailasam et al. (1997) and
Kailasam & Ponte Castafieda (1998), and used to generate estimates for the deformation
inside the particles, which when combined with nonlinear equations for the evolution
of the shape and orientation of the particles, can in turn be used to characterize the
macroscopic rheological behavior of such purely viscous suspensions in uniform flows.

The structure of the paper is as follows. Section 2 addresses the constitutive behavior
of the deforming solid particles and the types of particulate microstructures considered
in this work. In section 3, we lay out the homogenization strategy. We first provide re-
sults for the instantaneous macroscopic stress in the suspensions in terms of the average
elastic stress and strain rate inside the particles, which can in turn be related to the
macroscopic strain rate in the suspension. Next, we confine our attention to suspensions
of initially spherical particles that are initially distributed with statistical isotropy. Then,
using consistent homogenization estimates for the average strain-rate and vorticity ten-
sors in the particles, we develop evolution equations for the average particle shape and
orientation. For simplicity, we assume that the evolution of the shape and orientation of
the angular dependence of the two-point correlation functions (for the particle centers) is
the same as that for the particles. Section 4 provides explicit expressions for steady-state
conditions for non-dilute concentration of Kelvin-Voigt and purely elastic particles, thus
generalizing the results of Roscoe (1967) for dilute concentrations. In section 5, we apply
our model for two important special cases. First, we consider the problem of suspensions
of initially spherical particles in an extensional flow, and provide representative numerical
examples, as well as closed-form results for steady-state conditions. Second, we consider
the application of the model to suspensions of initially spherical particles in a shear flow.
Finally, some conclusions are drawn in section 6.

2. Suspensions of viscoelastic particles in a viscous fluid

As already mentioned, in this work, we consider random dispersions of (solid) nonlinear
viscoelastic particles in a Newtonian fluid (matrix phase). The solid particles and fluid
phases are incompressible and have the same density, so that the particles are neutrally
buoyant in the fluid. In this section, we describe in some detail the constitutive behavior
of the homogeneous matrix and particle phases in the suspension, as well as for the
microstructures of interest. Following this section, our aim will be to deliver estimates
for the macroscopic rheological response and associated microstructure evolution in these
suspensions under uniform flow conditions.

We begin with a quick review of the basic kinematic relations, in particular, to fix the
notation. Under the application of mechanical loadings, a material point X in the refer-
ence configuration moves to a new point x at time ¢ in the deformed configuration of the
particle. In the Lagrangian description of the motion, the deformation is described by the
map x(X, t), assumed to be continuous and one-to-one. The deformation gradient tensor
F = Grad x (with Cartesian components F;; = 0x;/0X;) then serves to characterize the
deformation of the material, and is such that F = RU = VR, where R is the rotation,
and U and V are the right- and left-stretch tensors, respectively. We will also make use of
the right and left Cauchy-Green tensors, given by C = FTF = U? and B = FFT = V2,
respectively. (B is also known as the Finger tensor.) Correspondingly, in the Eulerian
description, the motion is described by the velocity field v(x,t), such that the Eulerian
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strain rate and vorticity tensors are given by D = % (L + LT) and W = % (L — LT), re-
spectively, where L = grad v is the velocity gradient, which is related to the deformation
gradient by L = FF~!, with F denoting the (material) time derivative of F.

2.1. Constitutive behavior of the phases

We assume that the suspended particles are homogeneous and made of deformable, in-
compressible, isotropic solids. We consider particles with viscoelastic behavior and make
use of a generalized Kelvin-Voigt (KV) model to describe their constitutive response.
This model consists of a hyperelastic spring and a dashpot connected in parallel. (More
general models, such as Jeffreys model, could be considered at the expense of somewhat
more complicated expressions.) We will also consider suspensions of purely elastic parti-
cles, which are one limiting case of the KV particles. For the incompressible KV material,
the Cauchy stress o can be written as (Joseph 1990)

o=—-pl+1, T=T.+T,, (2.1)

where pg is an arbitrary hydrostatic pressure associated with the incompressibility con-
straint, and 7. and T, are the elastic and viscous parts of the total “extra” stress tensor
7 in the particle (which need not be deviatoric in general, tr(7) # 0.) Note that the
actual hydrostatic pressure p is given by p = pg — tr 7.

The elastic stress may be described in terms of a stored-energy function ¢, which, on
account of frame invariance, is a function of C, via

Te= 2FMFT, det(F) = 1. (2.2)
0C

In addition, elastic isotropy (and incompressibility) implies that ¢ depends on C through
its first two invariants. For simplicity, in this work, we will consider generalized neo-
Hookean behavior such that ¥(C) = g(I), where I = tr(C) and ¢ is a generally nonlinear
function of I satisfying the requirements that g(3) = 0, ¢’(3) = p/2, where p is the
ground state shear modulus of the elastic particle. Then, the elastic extra stress tensor
T in (2.2) can be expressed as

T.=24¢(I)B — ul, (2.3)

where the term proportional to p arises from the linearization requirements at the ground
state (i.e., 7.(I) = 0).
Making use of the fact that (Joseph 1990)

v DB
B= -, ~LB- BL” =0, (2.4)

a rate (hypo-elastic) form of equation for the elastic constitutive relation (2.3) may be
obtained in terms of the upper-convected (or Oldroyd) time derivative such that

Ye=Fe—Lre —7.LT =4¢"tr(DB) B + 2D, (2.5)

where 7. = (07./0t) + v - V1. denotes the material time derivative of the tensor 7.
For the more general elastic behavior given by (2.2), corresponding expressions for the
evolution of the extra stress may be found in the work of Bernstein (1960).

The simplest possible choice for the elastic behavior of the particles is of course the
neo-Hookean model with g(I) = §(I — 3). However, this model is unrealistic at large
stretches for most materials, including elastomers, as it ignores the significant stiffening
that such materials exhibit at large stretches. For this reason, in the applications to be
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considered below, we will make use of the Gent model (Gent 1996), characterized by the
choice
N=-"Em(1-—= 2.6
o0 =~ (1122, (2.6)
where the dimensionless parameter J,, > 0, known as the strain-locking parameter,
corresponds to the limiting value of I — 3 at which the elastomer locks up (and the
argument of the logarithm vanishes). Note that the Gent model (2.6) reduces to the
neo-Hookean model in the limit as J,,, — oco. The corresponding specialization of the
constitutive relation (2.3) can then be written as

T — —1
Tezul<1_T3) B-1

which in turn leads to the following evolution equation for the elastic extra stress tensor

: (2.7)

Te=2uD+

2
0 tr[D (e + pD)] (Te + p1), (2.8)
where use has been made of (2.7) to express B in terms of 7.. Note that these expressions
reduce to the well-known neo-Hookean expressions (Joseph 1990) in the limit as J,,, — oo,
namely,

v
Te=p(B-I), and 7.=2uD. (2.9)
Going back to the general expressions for the KV material, the viscous part of the
extra stress can likewise be described in terms of a dissipation potential ¢, which, on
account of incompressibility and frame invariance, is a function of the last two invariants
of D, via
9¢(D)
oD ’
Although more general nonlinear forms could be considered, in this work, again for
simplicity, we will focus our attention on linearly viscous behavior, such that

Ty =

tr(D) = 0. (2.10)

7o =27P D, (2.11)

where 72 describes the constant viscosity of the particle material.

It should be noted that the set of constitutive relations for KV particles reduces to
those for purely elastic particles by taking the limit as the viscosity (2 goes to zero. In
this limit, the KV model simplifies to a hyperelastic model characterized by the stored-
energy function ¢ (F'). In other words, in this limit, the viscous part of the stress vanishes
(T, = 0) and the elastic part coincides with the total stress (7. = 7). Therefore, for the
case of (incompressible) Gent particles, the constitutive relation for the extra stress tensor

(1) and its evolution (¥) are given by (2.7) and (2.8), respectively, with 7. being replaced
by 7. These relations have been shown to provide good agreement with experimental
data for rubber-like materials (Ogden et al. 2004). Similarly, for the case of neo-Hookean
particles, the corresponding relations are given by (2.9) with 7. being replaced by 7. In
addition, it should be noted that the constitutive relations for KV particles also reduce to
those for purely viscous (Newtonian) particles by taking the limit as the shear modulus
1 tends to zero. However, our main interest in this work is on “solid” particles and we
shall not consider this limit here, which would be more relevant for “fluid” inclusions
(droplets) in the context of emulsions.

The suspending fluid (or the matrix) will be assumed here to be an incompressible
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Newtonian fluid, with constitutive relation given by expression (2.1) with
r=71,=27YD, tr(D)=0. (2.12)

In other words, the constitutive behavior of the matrix will be taken to be purely viscous
with linear response and constant viscosity 77(1).

2.2. Microstructures

In this paper, we confine our attention to suspensions consisting of initially spherical,
highly deformable, viscoelastic, solid particles that are distributed isotropically in a New-
tonian viscous fluid (matrix). Based on earlier theoretical work for dilute concentrations
of (non-interacting) deformable particles (Goddard & Miller 1967; Roscoe 1967; Gao
et al. 2011, 2013), the particles are expected to change their shape and orientation when
subjected to a shear flow. As already mentioned, for dilute concentrations, the initial
spherical particles become aligned ellipsoids with a shape and orientation that evolves
with the deformation until (possibly) reaching a steady state. On the other hand, for non-
dilute concentrations (see the numerical simulations of Clausen et al. 2011, for moderately
concentrated suspensions of capsules), it may be expected that the shape assumed by the
viscoelastic particles in our suspensions will not be precisely ellipsoidal-—deviations would
be expected due to the non-uniform deformation fields that would be generated inside the
particles as a consequence of the particle interactions. In addition, it would be expected
that the shape and orientation of all the particles in the suspension would not be pre-
cisely the same, due to differences in the local environments “seen” by different particles.
Nevertheless, in the spirit of generating simplified (homogenized) constitutive models for
the instantaneous response of the non-dilute suspensions, as well as for the evolution
of their microstructure, it makes sense to define suitable homogenized microstructural
variables serving to characterize the evolution of the “average” shape and orientation of
the particles, as functions of the deformation. Similarly, the two- and higher-point corre-
lation functions for the distribution of the particle centers would be expected to evolve in
a complicated way with the deformation. However, once again in the spirit of developing
homogenized rheological models, it is reasonable to make use of simplified assumptions
for the evolution of such correlation functions.

In the context of purely viscous systems, and ignoring surface tension effects (i.e.,
distributions of viscous drops in a viscous fluid), Kailasam & Ponte Castaneda (1998)
proposed such a model utilizing a suitable application/generalization of the homogeniza-
tion estimates of Ponte Castaneda & Willis (1995) for the “macroscopic” viscosity, as
well as for the “average” strain rate and vorticity fields in the particle phase, to gen-
erate corresponding estimates for the instantaneous response of the suspension, as well
as evolution laws for suitable microstructural variables characterizing the average shape
and orientation of the particles, and of the two-point correlation functions describing the
relative positions of the particles in the flow. In this context, it should be emphasized
that the homogenization estimates of Ponte Castaneda & Willis (1995) provide a gen-
eralization of the dilute estimates of Eshelby (1957) for non-dilute dispersions of elastic
particles in an elastic matrix (with different elastic moduli)—which can be reinterpreted
for viscous particles in a viscous matrix—accounting for general ellipsoidal particle shapes
distributed with generally different ellipsoidal shape for the two-point probability func-
tion for the particle-center distribution. The constitutive theory of Kailasam & Ponte
Castaneda (1998) applies not only for linearly viscous behavior for the phases, but can
also be used for nonlinearly viscous (including ideally plastic in the rate-independent
limit) phases, and generalizes earlier work in this context by Kailasam et al. (1997) for
the evolution of the particle shape and distribution (with fixed orientation). In this work,
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FIGURE 1. Schematic illustration of the microstructure in the suspension, identifying the various
microstructural variables. The particles shapes and orientations evolve with the deformation and
are depicted as grey ellipses, while their two-point probability functions are depicted as larger
dotted ellipses surrounding the particles. (a) At ¢ = 0, the particles are spherical and distributed
randomly with statistical isotropy in the Newtonian fluid. (b) At a later time ¢, after application
of the macroscopic velocity gradient L, the particles have become ellipsoidal and are distributed
with ellipsoidal symmetry (with the same shape and orientation). (¢) The particles are described
by a “representative ellipsoid” with aspect ratios w; = z2/z1 and wy = z3/21, and with principal
axes defined by the unit vectors n;, n, and nzg = n; x n, (which rotate relative to the laboratory
axes {E;}, 1=1,2,3.)

we propose a corresponding generalization of this theory to account for viscoelastic effects
in the particles at non-dilute concentrations, building on the earlier work by Gao et al.
(2011) for dilute concentration of elastic particles. This will require extending the notion
of suitable microstructural variables to include the average elastic stress in the particles,
as shall be seen in more detail further below.

Consistent with the just-stated objectives, we define next a special class of microstruc-
tures characterizing the instantaneous state of the system. Thus, it is assumed that at
the present time all the initially (at zero time) spherical particles become ellipsoidal with
identical shape and orientation as described by representative (average) ellipsoids

Q¥ =Ix:((Z2) x| <1}, (2.13)

where Z is the so-called shape tensor. In addition, it will be assumed here that the
relative position of the particles is described by two-point correlation functions having
“ellipsoidal” symmetry. This notion was introduced by Willis (1977) to describe the
shape for the angular dependence of two-point correlation functions, thus generalizing
the notion of “statistical isotropy,” which corresponds to spherical angular dependence. It
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was used in the work of Ponte Castaneda & Willis (1995) to describe the shape of the two-
point probabilities for the distribution of the centers of ellipsoidal particles with possibly
different shapes and orientations, thus resulting in estimates depending on two generally
different Eshelby-type microstructural tensors, one describing the shape and orientation
of the particles and the other that of their distribution. While in general it may be
expected that the shape and orientation of the particle distribution will evolve differently
from the shape and orientation of the particles themselves, in this first investigation of the
problem, we will assume, for simplicity, that the shape and orientation of the distribution
functions is identical to that of the individual particles. We expect this to be a reasonable
approximation for small to moderate particle volume fractions for two reasons. First, the
effect of the particle distribution is expected to be of order volume fraction squared, while
that of the particle themselves is expected to be of order volume fraction. Therefore, the
effect of the shape of the distribution functions is expected to be small compared to
that of the particle shapes themselves, at least for small to moderate volume fractions.
Second, the numerical simulations of Clausen et al. (2011) for suspensions of concentrated
capsules in a simple shear flow (see figures 11 and 13 in that paper) seem to suggest that
this is not a bad approximation—certainly better than assuming that the distribution of
the (non-Brownian) particles remains isotropic. Another possibility would be to assume
that the shape and orientation of the particles evolves with the macroscopic deformation
(Kailasam et al. 1997), as would be the case for periodic distributions of particles, but
such an approximation would only be accurate for small enough volume fractions, and
will not be pursued in this work, again mostly for simplicity, as it is much easier two
work with one shape tensor than with two.

Figure 1(a) provides a schematic representation of the isotropic distribution of spherical
particles in the suspension at ¢ = 0. The spheres with solid and dotted lines represent
cross sections of the particles and the distributional spheres, respectively. The triad
{E;}, (1 = 1,2,3) is used to characterize the fixed laboratory coordinates. Figure 1(b)
depicts a snapshot of the suitably idealized microstructure in the suspension at a future
time instant ¢ (recall that the particles and distributional ellipsoids are assumed to have
the same shape and orientation at any moment). Also, Fig. 1(c) provides a schematic
representation of the relevant microstructural variables at time ¢. The three orthonormal
vectors ny, ny and ng = nj X ny are used to characterize the principal axes of the particle.
In this principal coordinate system, the shape tensor Z has the matrix representation
Z = diag(z1, 22, 23) with 21, 292, 23 being the three principal semi-axes of the ellipsoid.
For future reference, it is convenient to define two aspect ratios

wy = 22/z1 and wy = z3/21, (2.14)

which fully characterize the shape of the particle.
Consistent with the above-described microstructural model, we choose the following
set of variables to characterize the state of the ellipsoidal microstructure:

S = {wl,’LUQ,Ill,IIQ,Ilg =nj; X IIQ}. (215)

3. Macroscopic response

The objective of this section is to determine macroscopic constitutive relations for the
rheological behavior of the suspensions described in the preceding section. As we have
seen, we expect the mixture to go through a sequence of microstructures, approximately
consisting of aligned ellipsoids that are distributed with ellipsoidal two-point statistics
(with the same shape and orientation), which evolve in time, starting from an initial
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state. In this work, we therefore break up the analysis of the macroscopic behavior of
the suspensions into two parts. In the first, we assume that at a given instant the mi-
crostructure is specified, and make use of this information to estimate the instantaneous
response of the mixture by means of a homogenization approach. In the second, we derive
consistent evolution equations for the relevant microstructural variables making use of
the corresponding instantaneous homogenization estimates for the average deformation
and stress fields in the particles.

3.1. Homogenization estimates for the instantaneous response

We consider a representative volume element (RVE) of the suspension, which occupies
a volume € with boundary 9€2. The fluid and particle phases are in turn assumed to
occupy volumes Q) and Q@) | respectively, such that Q = QM) + Q) It is assumed that
the RVE satisfies the separation of length scales hypothesis implying that the typical size
of the neutrally buoyant particles is much smaller than the size of the RVE, as well as
the Stokes condition in the fluid phase, such that

1) 5 g2

Re = p(iy)dp ~o, (3.1)

Ui
where p(!) is the density of the fluid, 4 is a measure of the macroscopic strain rate and
dp is a measure of the particle diameter. Noting that the microstructure of the RVE is
statistically uniform, a uniform macroscopic stress field will be generated in the RVE
when an affine velocity boundary condition is applied on the boundary of the RVE (912).
Thus, the suspension is subjected to the boundary condition

v(x) = Lx, on 9%, (3.2)

where L (tr L = 0) is the macroscopic, or average velocity gradient, defined by

_ 1
) /LdV. (3.3)
Q

(This follows from the mean value theorem for the strain rate, e.g., Ponte Castanieda &
Suquet, 1998, which states that the volume average of the local strain-rate tensor L over
the RVE under the affine velocity boundary condition (3.2) is precisely L.) Similarly, the
average or macroscopic Cauchy stress is defined as

_ 1
Q

and the instantaneous macroscopic constitutive response is determined by the relation
between & and L.

For future reference, we also define the phase averages of the strain-rate field over
phase r (r =1,2) via

_ 1
DM =_— — DdvV, 3.5
VO](Q(T)) Q@ ( )
such that
D = (VDM 4 (2 DO, (3.6)

with the ¢® and ¢ denoting the volume fractions of fluid and particle phases, respec-
tively. Similarly, defining #() and 7(?) as the averages of the extra stress in the fluid and
particle phases, respectively, the macroscopic stress, as defined by (3.4), can be rewritten
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(on account of the incompressibility of the phases) as
=—pol+cM 70 4272 (3.7)

where pg is an indeterminate hydrostatic pressure associated with the overall incompress-
ibility of the suspension. Note that the effect of the compressibility of the bulk fluid has
been considered by Brady et al. (2006) in the context of suspensions of rigid spherical
particles.

Now, taking advantage of the special form of the constitutive relations for the fluid
matrix and solid particle phases, as described in Section 2.1, pseudo-dissipation potentials
are introduced

WD) =y""D -D+7.-D, tr(D)=0, (3.8)
such that the local constitutive relation of the phases can be written as
oW ()
o0=—-poI+7, where 7= 5D =29"D + 7, (3.9)

where pg is an indeterminate hydrostatic pressure. It should also be emphasized that the
elastic strains 7. are considered to be fixed in taking the derivative with respect to D.
Thus, it can be seen that the addition of the linear term in the strain-rate tensor D to
the dissipation function ¢, defined by equation (2.10), allows the inclusion of the elastic
stress T., assuming that it is known at the given instant. More specifically, labeling
the quantities associated with the matrix and particle phases by the superscripts (1)
and (2), respectively, the local constitutive relation (3.9) can be used to recover the
constitutive relations for the elastic particles and fluid matrix phases, as given by (2.1)
to (2.12), provided that we let n(Y) and 7(®) be the viscosities of the fluid and elastic
particles, respectively, and that we let 7. = 0 in the fluid phase and 7, = 7'22), as
characterized by the evolution equation (2.8), in the particle phase. In addition, in this
last expression, we use y and J,,, to describe the ground shear modulus and strain-locking
parameter of the elastic particles, the subscript (2) having been dropped from g and J,,
for convenience (since only the particle phase has elastic properties, thus eliminating the
risk of confusion).
We define next, for compactness, the local pseudo-dissipation potential

W(x, D) = xV )W (D) + x? (x)W* (D), (3.10)

where the x(")(x) (7 = 1,2) are the characteristic functions of the two phases, such that
they are equal to one if the position vector x is in phase r (i.e., x € Q(T)) and zero

otherwise. Then, we can state the principle of minimum dissipation (see Keller et al.
1967) via

]I)IIGI%/W(X,D) dv;, (3.11)
Q

where K denotes the set of kinematically admissible strain rates:

K = {D| there is vsuch thatD = (Vv + (Vv)T)/2,divv = 0 in ©, andv = Lx on 9Q}.

(3.12)
It is noted (see Ekeland & Témam 1999, for the purely viscous problem) that the Euler-
Lagrange equations of this variational principle are precisely the Stokes equations for the
fluid phase

2nVViv —Vp=0, V.-v=0, (3.13)

together with the equilibrium equations for the solid particles, which in Eulerian form
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become
20IViv —Vpo+V-7¥ =0, V.v=0, (3.14)

where once again the elastic extra stress 7'((3) in the particles is assumed to be known

at the present instant. Note that the variational principle also ensures continuity of
the velocity v and traction components of the total stress o across the particle-fluid
boundaries, as well as satisfaction of the affine boundary condition (3.2).

Finally, it is noted that the dissipation functional in equation (3.11), evaluated at the
minimum, defines a function of the macroscopic strain-rate D, as given by the symmetric
part of the average velocity gradient L. When normalized by the volume of the RVE €,
it can be shown (see, for example, Ponte Castanieda & Suquet 1998) that it provides a
pseudo-dissipation potential for the macroscopic constitutive relation, in the sense that

oW
oD’
and where pg is the Lagrange multiplier associated with the macroscopic incompressibility
constraint and

06=—-pol+7, where T= (3.15)

WD) = min ﬁ(ﬁ) /W(X,D)dV. (3.16)
Q

The homogenization problem defined by equations (3.15) and (3.16) for the instan-
taneous response of the viscoelastic composite characterized by (3.8)—(3.10) is mathe-
matically analogous to the corresponding problem for an incompressible thermoelastic
composite with “elastic moduli” (") and “thermal stresses” T, (provided that the strain
rate and velocity fields are identified with the “strain” and “displacement” fields, re-
spectively). For the specific problem of interest here, the viscosities (moduli) n) are
uniform-per-phase, and while the elastic stress (thermal stress) in the matrix phase is
zero, the corresponding elastic stress (thermal stress) in the particle phase is not only
non-vanishing, but in fact also non-uniform. More general situations, including the case of
nonuniform thermal stresses in the matrix phase has been considered recently by Lahellec
et al. (2011).

To estimate the effective dissipation function W(D), we make use of the Hashin-
Shtrikman-Willis (HSW) variational method, which was originally developed for isotropic
linear-elastic composites by Hashin & Shtrikman (1963), and extended later for generally
anisotropic linear-elastic composites by Willis (1977, 1981). For the particulate material
systems of interest in this work consisting of random distributions of ellipsoidal inclu-
sions in a given matrix, more explicit estimates have been given by Ponte Castaneda
& Willis (1995) still making use of the HSW variational method. When applied to the
above-described viscous systems, the key feature of this method is the use of a “polariza-
tion field” relative to a homogeneous “comparison fluid” (with viscosity n°). By means
of this subterfuge, it is possible to make use of simple, constant-per-phase trial fields for
the stress polarization to obtain bounds and estimates for the effective response of the
composite system, which only depend on the appropriate first- and second-order statis-
tics of the microstructure (i.e., the volume fraction and average shape and orientation of
the particles, as well as the “shape” and “orientation” of the two-point statistics for the
particle centers). The application of the method of Ponte Castanieda & Willis (PCW) to
the class of suspensions of “thermoelastic” particles of interest in this work was given by
Ponte Castaneda (2005). For completeness, the adaptation of these results to the above-
defined problem for suspensions of viscoelastic particles is given in Appendix A. In this
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section, we will only provide the final results for the macroscopic response, as well as for
the average strain-rate and vorticity fields in the particle phase. .

Thus, the resulting variational estimate for the effective dissipation function W (D)
can be expressed as

WD) =nD-D+c(n® —n®) DD+ Sr. (D®+D), (3.17)
where
D® — {H —2(1-¢) (n(” - n@)) ]P’}il {f) —(1-0) ]P’i-é”} (3.18)

is the corresponding estimate for the average strain-rate over the particles. In these
expressions, it is recalled from Appendix A that ¢ = ¢/? is the volume fraction of the
particle phase, 7_'22) is the average elastic stress in the particles, and IP is a microstructural
(Eshelby-type) tensor given by (A 11);.

For later reference, we note that the procedure also provides an estimate for the average

vorticity tensor in the particle phase (see Appendix A), which is given by
WO =W+ (1-0)R [2 (n(” - 77(2)) D@ - %gﬂ : (3.19)

where R is the microstructural tensor defined by (A 11)s.

Finally, the instantaneous macroscopic constitutive relation for the suspension of vis-
coelastic particles can be obtained from the estimate (3.17) for W (D) by means of equa-
tion (3.15). However, given D(® and 7’&2), it is simpler to make use of expression (3.6)
to write the average extra stress in the matrix phase as

7 = 27D = 25 (1 — )71 (D - cD<2>) . (3.20)

Then, substituting this expression into expression (3.7) for the macroscopic stress, we
arrive at

o= —]31—1—277(1)]_34—(:(7"(2) —277“)[_)(2’), (3.21)

which, using (3.9)2 to express the average extra stress over the inclusion phase in terms
of the extra elastic stress over the particles, finally leads to

=—pol+2nD+2¢ (n@) - 77(1)) D® 4+ ¢c7®, (3.22)

Thus, it can be seen that for given macroscopic strain rate D, particle volume fraction
¢, and viscosities (1) and 7(?), the macroscopic Cauchy stress tensor & may determined
from expression (3.22), by means of expression (3.18) for D(®) in terms of the current
values of the average of the extra stress tensor over the particle 7"9, together with the
current values of the average aspect ratio and orientation of the particles, as defined
by expression (2.15). It should be emphasized that the above results reduce to the cor-
responding ezact results of Gao et al. (2011) for dilute concentrations (¢ << 1) and
vanishing viscosity (7(®) = 0) of the particles. (However, the results can also be shown
to be exact for dilute concentrations of KV and other more general types of vicoelastic
particles.) In the next subsection, we address the characterization of these variables by
means of appropriate evolution equations, starting from an appropriate initial state where
the particles are initially spherical and unstressed.

3.2. Ewolution equations for the microstructural variables and particle elastic stress

So far, we have made use of Eulerian kinematics to describe the incremental behavior
of the host fluid and particle phases, and accordingly generated estimates for the in-
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stantaneous response of the suspension for a given state of the microstructure. However,
when subjected to simple flows, the microstructure in the suspensions generally evolves
in time as the applied deformation progresses. Therefore, in order to predict the effective
time-dependent behavior of suspensions from a given initial state of the microstructure,
it is crucial to first characterize the evolution of relevant microstructural variables. In
addition, given that the instantaneous response depends on the current values of elas-
tic stresses acting on the particles, which are determined by incremental constitutive
equations of the type (2.8), it is also necessary to develop evolution laws for the aver-
age elastic stresses in the particles. As already anticipated in section 2.2, the initially
spherical particles will deform—on average— through a sequence of ellipsoidal shapes
throughout the deformation process. The average shape and orientation of the parti-
cles will be determined by standard kinematic arguments from expressions (3.18) and
(3.19) for the instantaneous values of the average strain-rate and vorticity in the inclu-
sion phase. In this connection, it is important to emphasize that the above expressions
for the instantaneous average strain rate and vorticity inside particles will continue to
apply at each increment of time, except that at each step the current values of the mi-
crostructural variables and of the elastic stresses in the particles will need to be used.
It is also recalled from section 2.2 that, for simplicity, the “shape” and “orientation” of
the angular dependence of the two-point correlation functions for the distribution of the
particle centers will be assumed in this first work to be identical to the average shape and
orientation of the particles themselves. As already mentioned, this reduces the number
of microstructural variables required, and results in considerable simplification of the
constitutive model.

First, recalling that the fluid and particle phases have been assumed to be incompress-
ible, it follows that the volume fraction of the particles will remain constant throughout
any deformation process, i.e.,

¢ = const. (3.23)

On the other hand, the evolution for the particle aspect ratios wy and we, as defined by
(2.14), are obtained by identifying the rate of change of the stretch of the particles along
its principal axes with the appropriate normal components of the average strain-rate
tensor in the particles, such that (see, for example, Bilby & Kolbuszewski 1977)

iy =wi (D2 — DY), by = wy(DY) — D)), (3.24)

where it is noted that the overdot here denotes simple time derivatives (since w; and
wo depend only on time). It is also remarked in this context that the components of the
tensorial variables associated with the particle phase, here and elsewhere, are referred to
the principal axes of the ellipsoidal particle in their current state, as given by the triad
{n1,ny,n3}.

Next, the evolution of the orthonormal vectors n;, ns and nj, serving to characterize
the orientation of particles, are determined by means of the kinematical relations

I.lz' = Qni, 1= 1, 2,3, (325)

where Q is the (antisymmetric) spin tensor of the particle, whose components in the
principal coordinate system {ni,ns,ns} are determined in terms of the average strain
rate and vorticity in the particles by means of the following relations (Kailasam & Ponte
Castafieda 1998; Aravas & Ponte Castaneda 2004)
2 2
Q0 — Wi(f) B (wz_1)2 + (wj_l)2 Dg), it (3.26)
(wi-1)” = (wj-1)
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In this notation, when ¢ or j is equal to 1, we define wy_1 = wg = 1. It should also be
noted that alternative expressions for the evolution of the microstructure can be derived
directly in terms of the particle shape tensors Z, as shown by Goddard & Miller (1967).
As can be seen from relations (3.22), together with (3.18), the calculation of the instan-
taneous macroscopic stress in the suspension requires knowledge of the average elastic
extra stress in the particle phase. As discussed in Appendix A, due to the choice of
constant-per-phase polarization fields, together with the choice of n° = (1), the PCW
homogenization theory results in uniform stress and strain fields in the particle phase. As
a consequence of this result, the constitutive relations for the average elastic stress fields
in the particle phase take the same form as in the corresponding relations for the local
fields. Therefore, for the case of KV particles with a Gent-type elastic stress (character-
ized by relations (2.7) and (2.8)), the evolution equations for the average elastic extra

stress in the particles is given by

7@ Z 30 @70 _z@fe)T
=2uD® 4 2 {]_)(2) ('7'22) + ul)} ('7'22) + uI) : (3.27)
B Im

where the material time derivative i’f) appearing in the above expression is a simple,

time derivative, due to the fact that the stress field inside the particle is uniform (as
already mentioned) and the convective terms hence vanish. Note that the corresponding
“integral” form of the constitutive equation is given by

I? -3
j
(-5)

where 12 = tr(B®)), B® = FO(F®)T and F® is the average deformation gradient
in the particles.

It should also be noted that, in the limit as J,, — oo (corresponding to KV particles
with a neo-Hookean elastic part), the above evolution equation simplifies to

—1
73 = p

50 _ 1] ) (3.28)

v _
7 =2,D®). (3.29)

In summary, for a given macroscopic velocity gradient L = D + W, the macroscopic
stress & in the suspension is given by expression (3.22), where D®) is given by expression
(3.18). These quantities depend on the particle volume fraction ¢, and on the current
values of the microstructural variables .7, as defined by expression (2.15), and determined
by the evolution equations (3.24) and (3.25) from some known initial state, as well as on
the current value of the average extra elastic stress 7"22) in the particles, as determined by
expression (3.27). Note that the evolution equation for the particle axes (3.25) involves
the average vorticity tensor in the particles, which is given in terms of other “known”
variables at the given time instant by expression (3.19). Due to the complex dependence
of the microstructural tensors P and R on the microstructural variables ., it is not
possible to simplify further these expressions in general.

In the context of the above-developed rheological model for dispersions of viscoelastic
solid particles, it is important to emphasize that although the exact solution for the
fields in the particles is not uniform in general, the uniform-field approximation in the
inclusion phase is ezact for dilute concentrations of particles (¢ << 1), as originally
argued by Roscoe (1967) for the steady-state solutions (when available), and shown
by Gao et al. (2011) for more general time-dependent motions of dilute suspensions of
purely elastic particles (n(?) = 0). (The work of Gao et al. (2011) can be easily generalized
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to consider more general types of viscoelastic behavior for the particles, including the
Kevin-Voigt model used in this work.) For non-dilute concentrations of particles, it is
expected that the approximation of uniform fields in the particles will lead to fairly
accurate results for low to moderate concentrations. However, as already mentioned,
although serving to provide bounds for both poly- and mono-disperse microstructures, the
PCW-type estimates on which the model is based are more appropriate for poly-disperse
microstructures. For these reasons, it would be expected that the domain of application
of the above-developed model for suspensions of elastic particles would be larger for
poly-disperse suspensions than for mono-disperse suspensions. For related reasons, the
homogenization model cannot handle strong interaction effects among the particles, such
as the formation of clusters, which would be expected for mono-disperse systems at fairly
high concentrations. Finally, it should be remarked that in the limit as the shear modulus
of the particles p tends to zero, the constitutive model developed in the present work
formally reduces to corresponding models developed by Kailasam & Ponte Castafieda
(1998) for non-dilute dispersions of viscous particles (and, therefore also, to the results
of Wetzel & Tucker 2001, for dilute dispersions of such particles). However, in spite of
their theoretical interest, such models do not account for the effects of surface tension
at the droplet-matrix interfaces, and as such cannot be used in practice as constitutive
models for emulsions. In fact, the main objective of the work of Kailasam & Ponte
Castaneda (1998) was to develop nonlinear constitutive models for the high-temperature
creep (or high strain-rate flow) of two-phase metals or rocks, where the viscous response
of the phases can be described by non-linear (power-law) constitutive laws, and interfacial
tension can be neglected.

4. Steady-state estimates for the suspensions

It is known from earlier works (Roscoe 1967; Goddard & Miller 1967) that an initially
spherical particle with Kelvin-Voigt viscoelastic behavior suspended in an infinite New-
tonian fluid can admit, under certain conditions, steady-state (SS) solutions, where the
particle becomes an ellipsoid with fixed shape and orientation, while undergoing tank-
treading motion with constant stress, strain rate and vorticity. According to the theory
developed in Section 3, the stress and strain-rate fields are (approximately) uniform in-
side the particle phase, and steady-state solutions should still be possible for non-dilute
concentrations of initially spherical, viscoelastic particles. In this case, existence of a SS
solution will depend on flow conditions, as well as on the constitutive properties and vol-
ume fraction of the particles. For definiteness, we note that all variables in this section
are evaluated at the steady state.

The SS solutions, if they exist, can be determined by setting the terms involving time
derivatives equal to zero in the evolution equations for the extra stress tensor inside
the particle, as well as in the evolution equations for the particle shape and orientation.
The resulting expressions provide a set of algebraic equations to be solved for the six
components of the extra stress tensor in the particle, 7(2), the two aspect ratios, w1, wa,
and the three orientational angles defined by the particle axes, ny, ns, and ns.

First, making use of the incompressibility constraint in the particle phase (tr(D(Q)) =
0), together with the evolution equation for the aspect ratios (3.24), we deduce that, at
the steady state, the normal components of the strain-rate tensor in the particle phase,
relative to the principal axes n; of the ellipsoidal particles, are equal to zero:

= (2 = (2 = (2
Dgl) = DgQ) = Dg:s) =0. (4.1)

Also, at the steady state, the evolution equations for the particle orientation, given by
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(3.25) and (3.26), imply that the three components of the vorticity tensor in the particle
phase are given by

= (2 1+wi - = (2 1+wsd —o — (o) wi4wi 2
W1(2) = 1 w% Dgz)v Wl(B) = 1_ w% D§3)7 Wz(s) = ﬁl)&s}- (4.2)

Next, recalling that the principal axes of the Finger tensor B(?) = (V(?))2 correspond to
the Eulerian axes of the deformation in the particles, so that the Eulerian axes coincide
with the principal axes of the ellipsoidal particles, it follows that, at the steady state,
when the particles have reached a fixed orientation, their orientation becomes fixed and
is characterized by the triad {ni,ny, ng}. This implies that, at the steady-state solution,
the shear components of the Finger tensor (relative to the particle axes) must all vanish:

(2 (2 (2
B =B% =B o (4.3)

Moreover, the normal components of B(2) = (V(2))? (again, relative to the particle axes)
correspond to the principal stretches of the deformation in the particles:

_ _ 2
BS’:(AE”) , i=1,2,3 (no sum), (4.4)

where 5\52) (i = 1,2, 3) denote the principal stretches of the deformation in the particles,
i.e., the principal values of the left stretch tensor V() in the particle. On the other hand,
the shape of the particle is described by the principal stretches as (see Figure 1(c) for
definitions of wy and wy)

w =22 /2P o, =3P /AP, (4.5)

Making use of the above relations in (4.4), together with the incompressibility constraint
in the particle phase (J) = det(F(?)) = 5\?) 5\22) 5\52) = 1), we find that

BY = (wiws) ™, BE) = (wi)*? (ws) ™, BE) = (w1) T (wa)*. (4.6)

In this context, it is worth mentioning that the components of the tensor B(?) in rela-
tions (4.3) and (4.6) identically satisfy the evolution equation for the Finger tensor B()

v
(i.e., B® = 0) at the steady-state solution. Finally, we emphasize that the kinematical
equations (4.1)-(4.6) are valid at SS solutions (if they exist) regardless of the constitutive
behavior of particles. In the following subsection, we outline the additional constitutive
equations in SS solutions for the case of KV particles.

4.1. Steady-state solution for Kelvin-Voigt particles

In this subsection, we consider steady-state solutions in non-dilute suspensions of Kelvin-
Voigt particles, characterized by constitutive equations (3.28). Making use of (4.3) in
(3.28)1, we find that the shear components of the elastic extra stress tensor (relative to
the particle axes) are zero at the SS solution:

(712 = (7P )15 = (7))23 = 0. (4.7)

Similarly, we find the three remaining (normal) components of the elastic extra stress
tensor by making use of (4.6) in the constitutive relation (3.28);. The final results read
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as
(711 = pdy {J 5)l/3 { (wy wa) } +cw},

(722 = prdu {J { (w1 wy) /3} + cw}, (4.8)
s = pdy { I (w2>1/3 [(wgf — (wiwa)?] +eu )

where ¢,, = (w)'/? [(w1)2 + (wq)? + l] =3 (w1)?/3 wy, and d,, = [Jm (w1)?/3 wy — cw}
In the limit as J,,, — oo (corresponding to KV particles with neo-Hookean elastic behav-
ior), relations (4.8) simplify to

(7752))11 =u [(wl wg)_2/3 — 1} , (%{52))22 =0 {(w1)4/3 (wz)—2/3 B 1} ’
(7 )z = p [ ()™ (we)* —1].

Now, making use of (4.7) in (3.18) and (3.19), the non-zero components of the particle
strain-rate D® and vorticity W at the steady state can be written as
__ D @ _ i ORijij Dij

Y j+1—0¢]P>7;jij

-1

(4.9)

i,7 =1,2,3 (no sum, i # j), (4.10)

where a = 4(1 — ¢) (g™ — 1®) and all components are given relative to the particle
axes.

Next, relations (4.1) together with the constitutive equation (3.28)y imply that, at the
steady state, the normal components of the viscous part of extra stress tensor (relative
to the particle axes) in the KV particles must all vanish:

711 = (72)22 = (7?))33 = 0. (4.11)
Moreover, substituting the shear components of D) from (4.10); into (3.28)s, we find

the shear components of 7_'1()2) as follows

2 77(2) D”
—4(1—¢) (77(1) - 77(2)) zm

Finally, the components of the total extra stress tensor in the KV particles at the steady
state can be obtained in terms of the above estimates for the viscous and elastic extra
stresses in the particles by means of the relation

7 = (D) + G (4.13)

(7P =

i=1,2,3 (i#j). (4.12)

At this stage, all non-zero components of the particle stress 7(?), strain-rate D(?) and
vorticity W) are written in terms of steady-sate values of the aspect ratios, wy and ws,
and the three orientational angle defined by the particles axes, nj, ny, and ng. Making use
of (4.8) into (3.18), together with the three equations obtained by substituting relations
(4.10) into (4.2), and expression (4.1), we obtain a system of algebraic equations for the
unknowns wi, ws, Ny, Na, N3.

In conclusion, it is important to remark that the SS solutions provided in this section
generalize the work of Roscoe (1967) in two ways: (1) they extend the results of Roscoe
to the finite concentration regime, (2) they apply for Kelvin-Voigt particles with more
general elastic parts (Gent behavior), which allows these results to incorporate the de-
pendence on the extensibility of the particles (through the parameter J,,). Indeed, in
the limiting case of ¢ << 1 and J,,, — oo, the aforementioned system of equations, when
applied for the cases of simple shear flow and extensional flow, will recover, respectively,
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the system of equations (78)-(80) and equation (98) in Roscoe (1967), given for a dilute
suspension of KV particles with neo-Hookean elastic response. (We emphasize, in this
connection, that there is a typo in the RHS of equation (79) in Roscoe’s paper: the plus
sign should be replaced by a minus sign. This error can be verified by doing the pertinent
algebra mentioned before equation (78) in that paper.)

We remark that the SS solutions for suspensions of KV particles reduce to those for

1,

relations (4.7)-(4.13). For the special case of neo-Hookean particles, relations (4.9) agree
exactly with the corresponding steady-state relations provided in Gao et al. (2011) for
the normal components of the extra stress tensor (see relations (4.9) in the reference). In
addition, in the limit as ¢ — 0, the above expressions reproduce exactly the corresponding
exact estimates of Gao et al. (2011) for the particle aspect ratios and orientation angles
for dilute concentration of particles.

suspensions of elastic particles by setting (Fe(z))ij = 7‘-,],2) and (7_'52))1‘]‘ =0(i,5=1,2,3) in

5. Applications and discussion

With the objective of illustrating the physical implications of the constitutive model de-
veloped in Section 3, in this section we apply the model to suspensions of incompressible,
viscoelastic particles in macroscopically uniform flows for representative volume fractions
and constitutive properties of the particles. In particular, we consider suspensions of ini-
tially spherical particles in Newtonian fluids under two special types of flows: extensional
and shear flows. For convenience, we make use of the dimensionless parameters

2 1) 4
KZL), and G:ﬂ()’Y’
nt) 7
serving to characterize the particle-fluid viscosity ratio and the ratio of viscous forces in
the fluid to the elastic forces in the particles, respectively.

5.1. Suspensions of initially spherical particles in an extensional flow

First, we consider suspensions of initially spherical particles in an extensional flow with
_ 1
LZDZ")/E1®E1—§’.7(E2®E2+E3®E3), (5.1)

where the {E;} refer to the fixed laboratory coordinate system and 4 > 0 is the macro-
scopic strain rate. Because of the symmetry of the flow, as well as the incompressibility
of the particles in the suspension, the particles do not rotate and the only microstruc-
tural parameter which evolves under the flow is the aspect ratio of the (axi-symmetric)
particles, w = w; = wo. In this case the microstructural tensor P is explicit and we can
derive correspondingly explicit expressions for the evolution of the aspect ratio w and
the extra elastic stresses 7.°) in the particles, as determined by (3.24) and (3.27), respec-
tively. To maintain continuity, these equations are provided in Appendix B. Then, given
the current values of the elastic stresses 7"22) and the aspect ratio w of the particles, the
macroscopic stress & can be derived by means of expression (3.22), together with (3.18).
For the purpose of efficiently describing the macroscopic response of the suspension
in an extensional flow, it is useful to introduce the effective extensional viscosity of the
suspensions via
3(011 —022) 1 _
2(bn—Dw) 507 52)
where the components of the relevant tensors are relative to the fixed laboratory axes

g =
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and use has been made of G335 = d92 (which follows from the flow symmetry). Also, the
corresponding intrinsic viscosity of the suspension is defined by

, 1 nE

To obtain the initial viscosity of the suspension, we make use of the (initial) condition
=(2)
Te

= 0, which implies that, at ¢t = 0, the suspension of KV particles behaves like
t=0

a suspension of spherical viscous drops with viscosity ratio K = 5 /p(1). Therefore,
making use of the corresponding estimates of Kailasam & Ponte Castaneda (1998) for
suspensions of viscous drops (which ignore surface tension effects), the initial relative
viscosity can be written as

E
377(1)

31—+ (2430 K
mo 342c+2(1—0)K (5.4)

However, for the special case of purely elastic particles, the initial response of the sus-
pension is like that of suspensions of incompressible voids (K = 0). Hence, in this case,
the relative viscosity at ¢t = 0 is given by

3(1—2¢)

= —7. (5.5)
+=0 3+2c¢

NE
3 7](1)

Figure 2 presents results for the time-dependent behavior of a suspension of purely
elastic particles with G = 0.3 in extensional flow. Thus, figures 2(a) and (b) show re-
spectively the results for the evolution of w for suspensions of NH particles at several
values of the particle volume fraction, and for suspensions of Gent particles at the fixed
volume fraction ¢ = 0.2 and different values of the strain-locking parameter. We observe
from figure 2(a) that the particle volume fraction has a critical effect on the transient
elongation of the NH particles. In particular, we observe that, for higher values of ¢
(¢ = 0.15,0.2), the time-dependent deformation of NH particles never reaches a steady
state, and instead the NH particles keep elongating. On the contrary, we observe from
figure 2(b) that the time-dependent deformation of Gent particles with ¢ = 0.2 reaches
a steady state, except for the case of J,, — oo which corresponds to NH particles. This
is because the inextensibility constraint of the Gent particles with a finite value of J,,
prevents the particles from deforming indefinitely under the applied flow. Although re-
sults are shown only for ¢ = 0.2 for the Gent particles, as we will see later, the response
of the Gent particles—unlike that of the NH particles—is qualitatively the same for
all values of ¢. Next, figures 2(c) and (d) show corresponding results for the non-zero
components of 7(2), for the cases of NH and Gent particles, respectively. We observe
from figure 2(c) that the continuous elongation of the NH particles for higher values of
¢ leads to very high—eventually becoming unbounded—stresses in these particles along
the extensional direction (i.e., Ej-direction). On the other hand, as observed from figure
2(d) for the Gent particles with ¢ = 0.2, all the stresses reach finite values (including
for J,, = 500, although for stresses higher than shown in the figure). This is because
the Gent particles—different from the NH particles—cannot continue to stretch indefi-
nitely and therefore can no longer completely “block” the overall flow. Finally, figures
2(e) and (f) show corresponding results for the intrinsic viscosities 77 of the suspensions,
for the cases of NH and Gent particles, respectively. For the case of NH particles (figures
2(e)), we see that the effective viscosity blows up for the higher values of ¢, which is a
consequence of the unbounded stresses that develop in the NH particles. On the other
hand, we observe from figure 2(f) that for the case of Gent particles (including those with
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FIGURE 2. Results for the time-dependent response of suspensions of initially spherical
neo-Hookean and Gent particles with G = 0.3 in an extensional flow. (a)-(b) Average aspect
ratio of the particles. (c)-(d) Average extra stresses in the particles. (e)-(f) Intrinsic viscosity of
the suspension.

Jm = 500, although not apparent from the plot), the effective viscosity always reaches
finite SS values, such that the smaller the value of J,,, the smaller the SS value of the

effective viscosity.
Figure 3 provides estimates for the time-dependent response of the suspensions of
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FIGURE 3. Results for the time-dependent response of suspensions of initially spherical Kelv-
in-Voigt particles (with NH elastic part) for ¢ = 0.2 in an extensional flow. (a)-(b) Average aspect
ratio of the particles. (c)-(d) Average extra stresses in the particles. (e)-(f) Relative viscosity of

the suspension.

Kelvin-Voigt particles (with a NH elastic part) in an extensional flow. Results are shown
for a fixed volume fraction (¢ = 0.2) and various values of the viscosity ratio K. Figures
3(a) and (b) show results for evolution of w calculated at G = 0.2 and G = 0.3, respec-
tively. In the same way, figures 3(c) to (d) and (e) to (f) show results for the non-zero
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components of 7(2) and the viscosity 7z, respectively. It is recalled that the extreme lim-
its K = 0 and K — oo in these figures correspond to the cases of purely elastic and rigid
particles, respectively. An important observation from figures 3(a), (¢) and (e) is that the
suspensions of KV particles reach the same steady state as in suspensions of NH particles,
despite the evident differences in their respective time-dependent responses (this point
will be explained in more detail shortly). In particular, we can see from figure 3(a) that
the KV particles, before reaching the steady state, exhibit decreasing deformability as K
increases. This produces smaller stresses in the particles (see figure 3 (c)), which results
in smaller extensional viscosities in the suspension (see figure 3 (e)). Figures 3(b), (d)
and (f) present corresponding results for a higher value of G(= 0.3). For this larger value
of G, the KV particles keep deforming as long as the applied stresses are large enough,
and the suspension can not reach a steady state, similar to the case of purely elastic NH
particles (K = 0) discussed in the context of figures 2(a), (c¢) and (e).

Next, we consider the steady-state response of the suspensions of initially spherical
particles in the extensional flow (5.1). It follows from the symmetry of the problem that
the shear components of the stress and strain rate are zero in the particle phase. Hence,
for the case of KV particles, the steady-state stress in the particle phase is purely elastic,
ie. f(JQ) = (?6(2))ij (this can be verified from relations (4.12) and (4.13) by noting that

1,
D;; =0, i # j.) This implies that the SS values for the particle shape, stress and strain
rate, in the suspensions of KV particles subjected to an extensional flow, are independent
of the parameter K and, therefore, are equal to those corresponding to the elastic limit of
the particles, characterized by K = 0. However, note that the case of K — oo corresponds
to rigid particles for which the particles do not deform. In this context, it is worthwhile
to provide an expression for the steady-state value of the particle aspect ratio, denoted
by wg, in extensional flow. Thus, ws is obtained as the acceptable root of the non-linear

equation
4Gw, — (1 —c)w? [(wf + 2)was — 6w15} Ay =0, (5.6)

S

where the variables wi; = /1 — w2 and was = 2 In(wys + 1) — 2 In(w,) are introduced

for conciseness, and

A T (1= w02/ [(Jm + 3)w(*3) — (2w? 4 1)], for Gent particle, 5.7)
- w3 (1 —w?), for NH particle. .
The steady-state value of the effective viscosity (5.2) can also be obtained as
1
g =371 (1—¢cDy+ —=cA .
e =31 ( cDst+omchs ), (5.8)

where the variable D, is given by

_ w? (1 —¢) [(w? + 2)was — 6wis] Ay — 4G wf,
CG{3(1—c)w? (w2 +2)was — 2wis 2wl +9(1 —c)w?]}’

s (5.9)
with wg being the steady-state aspect ratio.

Figure 4 shows estimates for the SS value of the (extensional) effective viscosity for
suspensions of (initially spherical) elastic particles. Figures 4(a) and (b) show plots as
a function of G for neo-Hookean and Gent particles, respectively, while figures 4(¢) and
(d) show plots as a function of the volume fraction for neo-Hookean and Gent particles,
respectively. We observe from figures 4(a), (b) and (c) that 7 grows monotonically as G
increases, indicating a shear-thickening effect in suspensions of NH and Gent particles.
This growth is stronger at higher values of the particle volume fraction. Also, for the
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FIGURE 4. Results for the steady-state relative viscosities of suspensions of initially spherical,
neo-Hookean and Gent particles in extensional flow.

case of NH particles, there is a critical value for G (marked with x) beyond which the
response of the suspension can not reach a steady state (refer to figure 2(e), and for which
the time-dependent effective viscosity of the suspension tends to infinity.) However, as
shown in figures 4(b) and (d), this unrealistic feature disappears for suspensions of Gent
particles with a finite J,,, in which case the time-dependent response reaches a steady
state with a finite value for 7. As discussed in the context of figure 2, this is because the
Gent model provides a more realistic constitutive description of the elastomeric particles
by capturing the experimentally observed, finite extensibility of such materials.

5.2. Suspensions of initially spherical particles in a shear flow
Next, we consider suspensions of initially spherical particles in a simple shear flow, char-
acterized by

_ 1 1
L=4E®E;, D= §(E0E+EoE), W= §(E ok -EoE), (5.10)

where the {E;} refer to the fixed laboratory coordinates, and 4 > 0 is the shear strain
rate. In this case, the initially spherical particles deform into ellipsoids of general shape
characterized by the two aspect ratios w; and ws, which in turn rotate remaining in the
E; — E5 plane in such a way that their current orientation may be described in terms of a
single angle 6 (measured positive in the counterclockwise direction from the E; direction).



Non-dilute dispersions of viscoelastic particles 25

Then, the evolution equations (3.24) to (3.29) can be shown to specialize to equations
(C1) in Appendix C. This system of equations, together with relations (3.18) and (3.19),
can be integrated numerically for the time-dependent solution. For completeness, the
components of the shape tensors P and R, required for this integration, are provided in
Appendix D. Finally, given the current values of the elastic stresses *7'22), aspect ratios
wy and we and orientation @ of the particles, the macroscopic stress & can be derived by
means of expression (3.22), together with (3.18).

To conveniently describe the macroscopic response of the suspension in shear flow,
we introduce the effective shear viscosity, as well as the first and second normal stress
differences of the suspensions, defined by

1 1
g = —=— 513 = = F1z, 5.11
Ns 2D12012 f.y012 ( )
and
Iy = 611 — G922, IIy = G99 — 733, (5.12)

respectively, where the components are relative to the fixed laboratory axes. Also, the
corresponding intrinsic viscosity of the suspension is defined by

1
oo _ Lo )
s = (ns/n 1), (5.13)

and similarly for the intrinsic normal stress differences 1T} and ITj.

As was the case for extensional flow, we make use of the initial condition 7"&2)‘ =0

t=0
to obtain the initial viscosity of the suspension. As already mentioned, at ¢ = 0, the
suspensions of KV particles behave like suspensions of spherical drops with viscosity
ratio K. The initial relative viscosity (7js/n7(!)) for this suspension is then given by

s _ (Be+2)K+3(1—c) (5.14)
nW],_y 2(0-c)K+2c+3" '
For the case of elastic particles (K = 0), the above relation reduces to
775 1—c
— =—. 5.15
nMl,_, 1+2¢/3 (5:.15)

Before proceeding with the detailed examples, it is emphasized that the components of
the stress and strain rate tensors in the particle phase are shown below relative to the
instantaneous principal axes of the particle.

Figure 5 shows estimates for the time-dependent response of dilute and non-dilute
suspensions of initially spherical NH particles in a shear flow. The results are given for
G = 0.2 and various values of particle volume fraction. Figure 5 (a) and (b) depict
the evolutions for the aspect ratios w; and ws and the particle orientation angle 6,
respectively. It is helpful to recall that w; and ws correspond to the aspect ratios of the
particle in the plane of the flow and in the plane perpendicular to the short in-plane
axis of the particles, respectively. The evolutions of wi, we and 6 in figures 5 (a) and
(b) indicate that the particles in suspensions with a higher volume fraction become more
elongated and their major axis becomes more aligned with the shear direction, before
reaching a steady state. We emphasize that while the particle shape and orientation do
not change in the steady state, material points in the particle undergo a periodic tank-
treading motion. This motion has been frequently reported in suspensions of red blood
cells (see, e.g., Keller & Skalak (1982)) and capsules (Clausen & Aidun 2010; Clausen
et al. 2011), in which the enclosing membrane continues to rotate around the interior
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FIGURE 5. Results for the time-dependent response of suspensions of initially spherical
neo-Hookean particles with G = 0.2 and various values of ¢ in a shear flow. (a) In-plane (w1)
and out-of-plane (w2) average aspect ratios of the particles. (b) Average (in-plane) inclination
angle of the particles. (¢) Average strain-rates in the particles (relative to the principal axes of
the particle). (d) Average extra stresses in the particles (relative to the principal axes of the
particle). (e) Intrinsic viscosity of the suspension. (f) Corresponding “intrinsic” values of the
normal stress differences in the suspension (relative to the laboratory coordinates).
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fluid in a tank-treading motion. As can be seen from figures 5 (c¢) and (d), the normal
components of the strain rate (relative to the instantaneous axes of the particle) decay
to zero with the deformation, while the shear component of the strain rate and normal
components of the extra elastic stress in the particles build up from zero until reaching
their steady-state values. Also, we observe from figure 5(d) that the normal components
of the average stress in the particles exhibit a progressive increase (in magnitude) as
the volume fraction of the particles increases, which, correspondingly, leads to a higher
intrinsic viscosity and normal stress differences, as can be seen in figures 5(e) and (f).

Figures 6(a) to (c) depict estimates for the time-dependent behavior of the particle
shape and orientation in suspensions of NH particles with ¢ = 0.2 in shear flows with
varying values of G. The results suggest that the NH particles exhibit larger stretches,
which increase monotonically with increasing values of G. For the largest value of G
(i.e., G = 1.5 for this figure), we have also included the corresponding results for Gent
particles with .J,, = 5. For this case, we observe a significant reduction in the level
of deformation resulting from the inextensibility constraint. On the other hand, figures
6(d) and (f) show the corresponding time-dependent results for the effective viscosity
and normal stress differences. We observe from figure 6(d) that the initial value of the
effective shear viscosity is independent of the value of G and is approximately equal
to 0.7 (this matches the value calculated from (5.15) for ¢ = 0.2.) We further observe
that the time-dependent behavior of the effective viscosity and the first normal stress
shows a more pronounced “overshoot” with increasing values of GG. As explained by Gao
et al. (2011), the overshoot and the subsequent decay observed in these figures are due
to the fact that the particles rotation continues even after the particles have stopped
elongating in the plane of shear (see figures 6(a) and (c).) Consistently, we notice from
figures 6(a) and (c) that the time interval between the arrest of the particles elongations
in the plane of shear and the corresponding arrest of the particles rotations becomes
progressively larger as G increases. Finally, we observe from figure 6(d) that the SS value
of the effective viscosity drops as the value of G increases which suggests a shear-thinning
effect.

Figure 7 shows estimates for the time-dependent rheological behavior of suspensions
of KV particles in shear flow. In particular, we investigate the influence of the viscosity
of the particles, characterized by the parameter K = n(® /n) on the time-dependent
behavior, calculated at fixed values G = 0.2 and ¢ = 0.2. We recall that the extreme
cases K = (0 and K — oo correspond to suspension of purely elastic and rigid particles,
respectively. We observe from figures 7(a) and (b) that, for low values of K, the motion
of the particles follows the same general trends as those of the purely elastic particles.
However, for higher values of K, the particles undergo a damped oscillatory motion of
decreasing amplitude before reaching the steady state. This motion is similar to that
observed for capsules under similar flow conditions, as reported by Clausen et al. (2011).
In the limit of rigid particles (K — o), the rotation of particles is entirely given by the
rigid body rotation of the imposed shear flow, i.e. § = w/4 — 4t/2. Figure 7(c¢) shows
the components of the extra stress tensor in the particle (7#(2)) relative to the principal
axes of particles. It is interesting to note that, for the case of KV particles (K # 0), the
shear component %1(3) has a non-zero value, which has no contribution from the elastic
part of the stress, i.e. 7"1(3) = (’52))12 =273 Dg). Next, figures 7(d), (e), and (f) show
the corresponding effective viscosity, first and second normal stress differences of the
suspensions, respectively. As expected, it can be seen from figure 7(d) that the values of
the effective viscosity at ¢ = 0 match the corresponding values calculated from relation
(5.14). Also, we observe from figure 7(f) that, at higher values of K, the second normal
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FIGURE 6. Results for the time-dependent response of suspensions of initially spherical
neo-Hookean and Gent particles with ¢ = 0.2 and various values of the dimensionless parameter
G in a shear flow. Higher values of GG correspond to softer particles, or to larger shear-strain
rates. (a) In-plane and (b) out-of-plane average aspect ratios of the particles. (c) Average (in-
-plane) inclination angle of the particles. (d) Relative viscosity of the suspension. (e) and (f)
Normal stress differences in the suspension (relative to the laboratory coordinates).
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stress difference has an initial overshoot with positive values, similar to the results for
the case of suspensions of concentrated capsules, as reported by Clausen et al. (2011).

Next, we investigate the steady-state response of the suspensions of neo-Hookean par-
ticles under the shear flow conditions (5.10). Figures 8(a) and (b) show estimates for SS
values of the aspect ratios and orientation of the particles, respectively, as a function of
G, for several values of the particle volume fraction. These figures indicate that, as G
increases, the NH particles reach larger elongations, as well as closer alignments with the
shear direction at the steady state. This behavior of the particles is seen to be weakly
affected by the value of c. Next, figure 8(c) and (d) show the corresponding estimates
for the effective viscosity and normal stresses, respectively. We observe from figure 8(c)
that the effective viscosity ng decreases as G increases, thus showing a shear-thinning
response. Moreover, when G — 0, which corresponds to suspensions of rigid spherical
particles, we recover the Saito (1950) formula (also the Hashin-Shtrikman lower bound),
as given by

’f]s _1+3C/2

(5.16)
G—0 I-c
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FIGURE 9. Results for the steady-state response of suspensions of initially spherical Kelvin-Voigt
particles (with NH elastic behavior) for various values of K in a shear flow. (a) In-plane and
out-of-plane average aspect ratios of the particles. (b) Average inclination angle of the particles.
(c) Relative viscosity of the suspension. (d) Normal stress differences in the suspension (relative
to the laboratory coordinates).

Another interesting observation from figure 8(c) is that, at approximately G = 0.88, the
relative viscosity becomes unity. This implies that, at this value of G, the suspended
elastic particles do not change the effective viscosity of the host liquid. Particles having
this property have been found in other physical phenomena (Milton 2002) and are known
in the literature as “neutral” particles. We observe from figure 8(c) that the value of G at
which the NH particles become neutral, Gy say, has a weak dependence on the volume
fraction of the particles (G is slightly smaller than 0.88 for ¢ > 0.3.) For G > Gy,
the effective viscosity of the suspension is actually less than unity, similar to the case of
suspensions of viscous droplets in a more viscous liquid.

Figure 9 presents estimates for the SS behavior of the particles, as well as for the
associated macroscopic rheological properties, of suspensions of KV particles (with NH
elastic behavior) subjected to shear flow conditions. Figure 8(a) and (b) show results for
the aspect ratios and orientations of the particles, respectively, at several values of K,
for a fixed value of ¢ = 0.2. As expected, we observe from these figures that, for a fixed
value of GG, but for increasing values of K, the particles behave more like stiff particles
by deforming less and rotating more, recovering the case of rigid particles in the limit of
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K — oo. Figures 9(c) and (d) show results for the corresponding effective viscosity and
normal stress differences, respectively. We observe from these figures that the viscosity of
the particles (controlled by the parameter K) has a more significant effect on the steady-
state behavior of the suspension at higher values of G. In addition, we observe from figure
9(a) that the value of G, at which the particles become neutral (75 = 7)), increases
with K up to a certain value of K, beyond which the particles may never become neutral.

Next, in figure 10, we investigate the influence of the particle volume fractions on the
SS values of the effective viscosity and normal stress differences of suspensions with dif-
ferent types of particles. Thus, figures 10(a) to (b), (¢) to (d), and (e) to (f) show plots
as functions of ¢ for neo-Hookean, Gent and Kelvin-Voigt (with NH elastic behavior)
particles, respectively. Consistent with earlier comments in the context of figure 8, we
observe from figure 10(a) that, for suspensions of NH particles with G < 0.88, the relative
viscosity (7s/ 77(1)) is greater than unity and increases with increasing particle concentra-
tion ¢, while for for suspensions with G > 0.88, the relative viscosity is less than one and
decreases with increasing values of c¢. For G ~ 0.88, the relative viscosity is close to one
and is fairly insensitive to the particle concentration. On the other hand, we see from
figure 10(c) that, even at a high value of G(= 2), the relative viscosity of suspensions
of Gent particles with a small enough value of .J,,,, can still be greater than unity and
exhibits monotonic growth in ¢. Furthermore, we note from figure 10(e) that the viscosity
of KV particles with G = 0.2 has a weak effect on the relative viscosity of the suspension
up to moderate levels of concentration (¢ < 0.3). In addition, it is observed from figures
10 (b), (d) and (f) that the magnitude of the normal stresses always increases with the
particle concentration ¢, but is fairly insensitive to the values of G and J,,, although a
little more sensitive to the viscosity ratio K.

Finally, comparisons are shown in figure 11 of the model’s predictions with numeri-
cal simulation results for suspensions of capsules, as well as with experimental data for
suspensions of red blood cells (RBCs) under shear flow conditions. While our model
has been developed to describe the effective response of suspensions of “homogeneous”
viscoelastic particles, we have not been able to find a sufficiently complete set of ex-
perimental results (including the constitutive properties of the particles) to make the
appropriate comparisons. In particular for this reason, but also because it is interesting
to explore possible connections with “inhomogeneous” particles, we will make here “qual-
itative” comparisons with experimental results for suspensions of capsules and cells, by
making appropriate choices for the properties of the KV particles, Thus, figures 11(a)
to (d) show comparisons between our model results for dilute suspensions of KV par-
ticles and the corresponding simulation results of Ramanujan & Pozrikidis (1998) for
dilute suspensions of spherical capsules in a shear flow. The initially spherical capsules
are composed of a fluid-filled interior (with radius a) enclosed by a NH elastic membrane
(with shear modulus p,,), where the viscosity of the internal fluid is equal to that of
the external suspending fluid. The dimensionless parameter G,, = 77(1)"7 a/ i for the
capsules is the counterpart of the parameter G for the KV particles. Then, a plausible
choice for the properties of the KV particles (with a NH elastic response) in our model
would be G = G,,, and K = 1. Figures 11(a) and (b) show the comparisons for the time-
dependent behavior of the Taylor deformation parameter D = (1 —wy)/(1 + wq) and the
particle orientation, respectively, while figures 11(c) and (d) show the comparisons for
the time-dependent behavior of the excess (or intrinsic) viscosity and the normal stress
differences, respectively. Surprisingly, the comparisons are actually quite good, at least
for these dilute concentrations. Although the KV particles correspond to an extremely
simple microstructural element consisting of a linear dashpot connected in parallel with
an NH spring, the model seems to be able to capture—at least in qualitative terms—the
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FIGURE 10. Results for the steady-state relative viscosity and normal stress differences of suspen-
sions of initially spherical (a)-(b) neo-Hookean, (c)-(d) Gent and (e)-(f) Kelvin-Voigt particles
(with NH elastic part) in a shear flow.

macroscopic features of the suspensions of capsules, which correspond to a much more
complex microstructural element consisting of a linearly viscous drop enclosed by a NH
membrane.

Next, in figure 11(e), comparisons are given between results for the steady-state re-
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FIGURE 11. Comparisons of the predictions of our model with numerical simulation results for
suspensions of initially spherical capsules, as well as with experimental data for suspensions of
RBCs under shear flow conditions. Comparisons of the time-dependent (a) Taylor deformation
parameter, (b) average inclination angle, (c) intrinsic viscosity, and (d) intrinsic normal stress
differences for dilute suspensions of KV particles with the simulation results of Ramanujan &
Pozrikidis (1998) for the corresponding response of dilute suspensions of capsules. (e¢) Compar-
isons of the SS response of suspensions of KV particles with the simulation results of Clausen
et al. (2011) for the SS behavior of non-dilute suspensions of capsules. (f) Comparisons of the
SS behavior of suspensions of KV particles with the experimental data of Brooks et al. (1970)
for the effective viscosity of suspensions of normal human RBCs, as a function of the shear rate
4, for different values of the RBC volume fraction.
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sponse of non-dilute suspensions of KV particles and the simulation results of Clausen
et al. (2011) for suspensions of NH capsules in a shear flow. Results are shown for the
effective viscosity and the normal stress differences for ¢ = 0.2, as functions of G'7jg/n).
We observe from this figure that our model results are still in quite good agreement with
the simulation results for the capsules, although the agreement becomes less good as the
particle volume fraction increases (results not shown). In addition, it should be recalled
that the model developed in this work is not expected to provide accurate predictions
for rigid particles, corresponding to a zero value for G in the figure, as a consequence of
the fact that the shape of (the angular dependence of) the two-point correlation func-
tion has been assumed (for simplicity) to be identical to that of the particles. Since for
rigid particles, the particle shape cannot change, this would mean that the two-point
correlations function remains isotropic, which is not expected to be the case for the non-
Brownian suspensions considered in this work. As already stated, for deformable particles
(G > 0), the changes in shape and orientation of the particles are expected to dominate
the higher-order effect (in ¢) of the corresponding changes in the particle distribution,
and the model is expected to be more accurate in these cases.

Lastly, figure 11(f) shows comparisons between the predictions of our model and the
experimental data of Brooks et al. (1970) for the effective viscosity of suspensions of nor-
mal human RBCs in a shear flow, as a function of the shear rate -, for different values
of the RBC volume fraction. The RBCs consist of a thin elastic membrane with shear
modulus ~ 4 x 107°N/m and the average radius 4 ym, filled with a nearly Newtonian
fluid with viscosity 6 — 7mPa.s. Also, the suspending fluid is a protein-free saline with
the viscosity 1 — 1.2 mPa.s. Similar to the case of capsules, we can use our model to esti-
mate the rheological properties of suspensions of RBCs by appropriately choosing K and
r](l)/,u. Consistent with the above-mentioned RBCs properties, we choose 7)) /p = 1 ms
and K = 6. The predictions of our model in figure 11(f) show quite good agreement with
the experimental data for small volume fractions (¢ < 20%). For higher volume fractions,
our results can still capture the shear-thinning behavior exhibited by the suspensions of
RBCs at the higher shear rates. However, the magnitude of the effect is under-predicted
by our model, which is probably due to the fact that the variational estimates of the
PCW-type tend to under-predict the strong interaction effects that develop among the
particles at the higher particle concentrations (¢ > 20%) for mono-disperse systems.

6. Conclusions

In this paper, we have developed a homogenization model characterizing the finite-
strain, time-dependent response of non-dilute suspensions of micro-scaled, deformable
particles in a Newtonian fluid under Stokes flow conditions. Although more general initial
shapes (e.g., ellipsoidal) and viscoelastic constitutive models (e.g., Jeffreys) could be used
for the particles, we have considered here suspensions of initially spherical particles whose
constitutive response is characterized by Kelvin-Voigt (KV) behavior incorporating finite
extensibility of the particles in the regime of arbitrarily large deformations. Our model is
based on the homogenization theory of Ponte Castanieda & Willis (1995) for linear-elastic
composite materials with particulate microstructures. Extended in the manner initially
suggested by Kailasam & Ponte Castaneda (1998) to account for viscous behavior and
finite strains, this technique has been used here to generate estimates for the averages of
the strain rate and vorticity tensors in the particle phase, as given by equations (3.18)
and (3.19), respectively. Such estimates, together with evolution equations for the elastic
stress in the particles, as given by (3.27), and for the average particle shape and orien-
tation, as given by (3.24) and (3.25), respectively, can then be used to obtain estimates



36 R. Avazmohammadi and P. Ponte Castaneda

for the macroscopic stress of the suspension by means of equation (3.22). The resulting
constitutive model provides a complete description for the time-dependent, macroscopic,
rheological response of the non-dilute suspensions of viscoelastic particles under macro-
scopically uniform flows, thus generalizing earlier work by Gao et al. (2011) for dilute sus-
pensions of neo-Hookean (NH) elastic particles. However, it should be emphasized that,
because of restrictions associated with the underlying homogenization technique (Ponte
Castaneda & Willis 1995), the model is more appropriate for poly-disperse suspensions,
although it could also be used for mono-disperse suspensions, provided that attention is
restricted to small to moderate particle volume fractions. In addition, it should also be
recalled that the model has made use of a rather simplistic (slave-type) evolution law
for the two-point correlation function of the particle centers, and should not be used for
suspensions of (nearly) rigid particles. Improvements to account for independent changes
in the particle distribution correlation function are certainly possible, but they would
probably make most sense in the context of more sophisticated homogenization methods
incorporating higher-order statistics (Milton 2002).

We have also used the model developed in this work to explore the rather rich and
complex rheological behavior of the deformable-particle suspensions by focusing on two
types of flows: extensional, and simple shear flows. These examples provide a broad
picture of the influence of the flow conditions, constitutive behaviors of the particles,
and the particle volume fractions on the dynamics of the suspended particles, as well
as on the macroscopic rheology of the suspension. For the case of extensional flows, we
found that there is a critical value of the dimensionless parameter G' = n™) 4/, beyond
which suspensions of KV particles with NH elastic behavior cannot reach a steady state,
and that this critical value of G decreases with increasing particle volume fraction. For
dilute concentrations of the KV particles, this critical value agrees exactly with the
corresponding results of Roscoe (1967). In addition, we showed that, when the value of
G is subcritical and a steady state is reached, the viscosity of KV particles does not
affect the rheological behavior of the suspension, although it does affect significantly
the time-dependent response prior to reaching the steady state. On the other hand, for
more realistic KV particles with Gent-type elastic behavior (exhibiting finite limits of
extensibility characterized by the parameter J,,), the corresponding results indicate that
steady-state (SS) solutions are available for the full range of values of G. In such cases, the
corresponding SS values of the effective extensional viscosities exhibit shear-thickening
and are lower for particles with a tighter extensibility constraint (lower values of .J,,).

For simple shear flows, the viscoelastic properties of the initially spherical particles are
found to have a significant effect on both the time-dependent and steady-state response
of the suspension. For particles with a high viscosity ratio K, the particles exhibit damped
oscillatory transient motions, before reaching a steady-state, tank-treading motion with
fixed particles shapes and orientations. Similar motions have also been reported in the
context of suspensions of initially spherical capsules by Clausen et al. (2011). On the
other hand, the results of Gao et al. (2012) for dilute concentrations of purely elastic
particles showed “trembling” (oscillatory) motions only for non-spherical initial shapes
for the particles, indicating more complex behaviors for viscoelastic particles. Moreover,
contrary to the SS results for extensional flows in which softer particles tend to increase
the effective viscosity of the suspension, the corresponding SS results show that softer
particles tend to reduce the effective viscosity in simple shear, and the suspension is found
to exhibit an overall shear-thinning effect. However, it is interesting to note that, the
shear-thickening /thinning effect is more pronounced for suspensions with higher particle
volume fractions for both cases. Furthermore, in agreement with earlier results by Gao
et al. (2011) for dilute concentrations, it has been found that the SS relative viscosity



Non-dilute dispersions of viscoelastic particles 37

of the suspension in shear can become unity at some critical value G = Gy =~ 0.88,
beyond which it becomes less than one. This result suggests that it should be possible
to design suspensions of “neutral” particles (Milton 2002), as well as suspensions with
lower viscosity than that of the suspending fluid. Our results show that the value of
Gn depends weakly on the volume fraction of the particles. However, for the case of
Gent-type particles, the value of Gy is strongly dependent on the value of .J,,, such
that the smaller the .J,,, the higher the Gy. It is also important to emphasize that, as
the steady state is approached for simple shear flow conditions, the model predicts the
development of significant normal stress differences, which are comparable in magnitude
to the corresponding changes in the effective viscosity of the suspensions. These effects
are a consequence of the development of microstructural anisotropy in the suspension,
and have been neglected by earlier effective-medium treatments of the problem (see, for
example, Snabre & Mills 1999; Pal 2003).

Finally, we made comparisons of the predictions of our model with simulation results
for suspensions of capsules (composed of an interior fluid enclosed by a NH membrane),
as well as with the experimental data for the suspensions of RBCs, in a shear flow. It was
found that the predictions of the model (for appropriate choices for the properties of the
KV particles) are in surprisingly good agreement with the simulation results for dilute
suspensions of capsules. For non-dilute suspensions, the corresponding predictions start
to deviate from the simulation results and experimental data at sufficiently large particle
concentrations, but they are still in relatively good qualitative agreement with both
simulation and experimental results. These comparisons suggest that simpler, analytical
constitutive models for suspensions of viscoelastic particles (with uniform properties),
such as the one developed in the present work, may be useful in describing at least some
of the macroscopic rheological features of suspensions of more complex particles with non-
uniform properties, possibly including capsules and vesicles. Such simplified constitutive
models have the further advantage that they can be easily implemented numerically for
use in standard finite element codes (Aravas & Ponte Castaneda 2004).
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Appendix A. The Hashin-Shtrikman-Willis variational estimates

Hashin & Shtrikman (1963) introduced a variational technique to estimate the ef-
fective behavior of linear-elastic composites with statistically isotropic microstructures.
This work was extended later by Willis (1977, 1981) for composites with more general
anisotropic microstructures. For the particulate material systems of interest in this work,
consisting of random distributions of ellipsoidal inclusions in a given matrix, more explicit
estimates have been given by Ponte Castaneda & Willis (1995). Given the well-known
analogy between the governing equations for a linear-elastic solid and a linearly viscous
fluid, Kailasam et al. (1997) and Kailasam & Ponte Castaneda (1998) applied and gener-
alized the PCW theory to estimate the instantaneous response of two-phase linearly and
nonlinearly viscous composites subjected to simple flows, assuming that surface tension,
buoyancy and dynamical effects could be neglected. In this appendix, we demonstrate
how this earlier work for viscous composites can still be further generalized to provide
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corresponding estimates for the class of suspensions of finitely deforming, viscoelastic
particles considered in this work.

We begin by recalling expressions (3.8) and (3.10) defining the local dissipation poten-
tial W of the suspension. We then introduce a homogeneous “comparison” Newtonian
fluid with viscosity n°, whose dissipation potential is given by

WD) =7"D-D, tr(D)=0. (A1)

Suppose for now that n° > 7 73 so that W — W is a concave function of D.
Then, following Talbot & Willis (1985), the Legendre-Fenchel transform of this difference
potential can be defined as

(W —w%" (x,E) =inf {2 D - [W(x,D) - WD)} . (A2)
Note that the stationary condition associated with this relation is
E=7-21°D, (A3)

where we have used the fact that 7 = OW/9D. As a consequence, the quantity = is
known as the “polarization” stress tensor relative to the comparison fluid. Noting that
(W — Wo)* is concave, we deduce from (A 2), by Legendre duality, that

W(x,D):iralf{Wo(D)—i—E-D—(W—WO)*(X,E)}. (A4)

Substituting (A 4) into expression (3.16), and interchanging the order of infima over D
and E, we obtain

W (D) = inf { min /(WO(D)+E-D) dv —/(W—WO)*(X,E)dV . (A5)
Q Q

as first shown by Talbot & Willis (1985) in the context of linear elasticity. Now, taking
the polarization stress field as given, it follows that the Euler-Lagrange equation for the
“inner” minimum problem over the field D is given by

"°V3v—-Vp=-V -E, and V-v=0 in Q, and v = Lx on 0. (A6)

The above differential equation corresponds to the Stokes equation for a homogeneous
Newtonian fluid with viscosity 1° subjected to the body force distribution V - Z in the
domain €, along with the affine condition v = Lx on the boundary 9. After choosing
n° to be equal to V), the above equations turns out to be the same as those considered
by Gao et al. (2011) in the context of dilute suspensions. As discussed in section 3 of
Gao et al. (2011), the solutions for the strain rate and vorticity fields in the domain
can be expressed in terms of the Green’s function G(x,x’) as

Di;(x) = D;j + / Lijpg(x,X') Epg(x') dx’, and (A7)
Q@

Wij(x) = Wij + / Aijpg (%, %) Epg(x') dx’, (A8)
02)

respectively, where I'ijpq = (82 Gip /05 0)))| (i), (pg) a0d Aijpg = (8 Gip /025 02)|113], (pa)
with the parentheses and square brackets (enclosing indices) denoting symmetric and
anti-symmetric parts, respectively. The above solution requires information on the po-
larization stress field in the particle phase (note that = is zero in the matrix because
of the choice n° = n(1).) For the case of dilute suspensions of ellipsoidal neo-Hookean
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particles, it was shown by Gao et al. (2011), building on earlier work by Willis (1977)
in linear elasticity, that the polarization field in the particles is uniform. On the other
hand, for non-dilute suspensions, the polarization field is not expected to be uniform in
the particles. However, again building on earlier work (Willis 1977; Ponte Castaneda &
Willis 1995), it is reasonable to make use of piecewise constant polarization trial fields
in the sense of a variational approximation. Thus, the use of the trial stress polarization
Ex) = xP(x)E®, where y®(x) is the characteristic function of the particle phase,
and E? the corresponding (uniform) stress polarizations in the inclusion phase (recall
that 2 = 0, due to the choice n° = (1), leads to the result that

wW(D ; ; 0 = 0)* =
W( )Sér(gf) oin /(W (D)+._.~D) dv —/(W—W ) (x,2)dV . (A9)
Q Q

Making use of this approximation of uniform polarizations in the particles, and un-
der the separation of length scales and no long-range order hypotheses for the random
distribution of the particle phase (Willis 1981; Ponte Castanieda & Willis 1995; Ponte
Castaneda 2005), the tensors I'jjps and A;jpe in relations (A7) and (A8) may be re-
placed by the corresponding tensors constructed from the infinite-body Green’s function.
(In this connection, it should be noted that at sufficiently large particle concentrations,
the later hypothesis may no longer be appropriate due to the possible development of
quasi-periodic order in the microstructures, although such effects are beyond the scope
of the model in its present form.) Then, for the case of ellipsoidal particles distributed
with ellipsoidal symmetry (i.e., such that the two-point correlation functions for the dis-
tribution of the particle centers exhibit ellipsoidal angular dependence), it can be shown
(Ponte Castaneda & Willis 1995; Ponte Castanieda 2005) that the averages over the
particle phase of the strain rate and vorticity tensors in (A7) and (A 8) are given by

D@ =D-(1-¢PE?, WO=W-(1-¢)RE?, (A 10)

respectively, where ¢ = ¢(?) is the volume fraction of the particle phase, and P and R are
fourth-order microstructural tensors defined by

1

1
P=—
A7 |Z] Jigi=1

-3
iz m:lﬁr(g) |ZT¢| "dS. (A11)

H(E) |Z"¢|°dS, and R=

In these expressions, the fourth-order tensor H and T are in turn defined by
Hijro = (M€ iy (k1) - Tijrr = (Mir&580) i ra) > (A12)

where M = n(M(I - € ®¢).

Having solved for the strain-rate in the “inner” minimum problem, we next need to
find the optimal (uniform) stress polarization =® in the inclusions. By evaluating the
derivative of the integrals in (A 9) with respect to 5(2), and solving for 5(2), we obtain
the result

=02 — £2) _ 27N DO, (A 13)

where 7 is the average of the extra stress in the particles at the current instant.
Substituting Z(*, as determined by relation (A 13), in relations (A 10), we obtain the
following expressions for the average strain rate and vorticity tensors in particles

D@ = [[-2(1 - ¢)nV) Jp}fl{f)— (l—c)]P%(Q)}, (A14)
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and
W& =W+ (1- )R (27D — 73 (A15)

As mentioned earlier, in this work, we consider suspensions of KV particles with a
linear viscous part (Tq(?) = 2@ D). Tt follows that the total average extra stress tensor

in the KV particles reads as (see relation (2.1))
7D =72 4 70 = 72 4 9,ADA), (A16)

Then, making use of this decomposition in relations (A 14) and (A 15), we arrive at
the results (3.18) and (3.19) for the averages of the strain rate and vorticity tensors,
respectively, in the particles. With this result, it can be shown that the effective pseudo-
dissipation potential (A 9) can be written in the form (3.17). Finally, it should be noted
that under the assumption that n° > n, it follows from (A 9) that the right-hand
side of (3.17) is a rigorous upper bound (see also Lahellec et al. 2011) for the effective
pseudo-dissipation potential W(D) On the other hand, if it is assumed instead that
n° < W, 1 the expression in the right-hand side of (3.17) can alternatively be shown
to provide a lower bound for W(f)), even if the corresponding expressions for D) and
7_'22) do not change. However, in this work, we will not insist on the bounding properties of
the estimate (3.17), and we make use of an equality in expression (3.17), in the sense of an
approximation. It is also relevant to mention here that alternative variational approaches
based directly on the minimum dissipation principle have been proposed to estimate the
macroscopic instantaneous rheology of suspensions of rigid particles and high surface
tension drops by Keller et al. (1967).

Appendix B. Governing equations for extensional flows

In this appendix, we present simplified evolution equations for the initially spherical
particles subjected to the extensional flow defined by (5.1). Because of the flow sym-
metry, the initially spherical particles remain fixed in orientation, evolving into prolate
spheroidal particles With aspect ratios w = w; = wsy. Also, the symmetry implies that
fég) = 7'22) and D D§2)
incompressibility in the particles.

With the above-mentioned simplifications, and for the case of KV particles with Gent
elastic behavior, the system of equations (3.18), (3.24), (3.27), and (A 16) can be shown

to reduce to

a2 2 @
B2 b (8 1) (52 ).

—Dﬁ /2, where the second equality follows from the

dt wdm

a72) 1 2 2 2) (2

B =0 (1) (2 2) ]
2D 20 9@ dw 3 5@
” - +27] D 7';.]_172537 dt - QWDll

w? (1 —c) [(w2 + 2)ws — 6w1] (7"1(%) — 7'( )) —4w? nM 4

D@ _ :

2w 91— w? (n® — M) —2winM] =3 (1 — ) w? (w? +2) ws (n?® — 1)}
(B1)

where w; = V1 — w? and wy = 2 In(wy + 1) — 2 In(w). Moreover, for the special case of

neo-Hookean elastic response for the KV particles, the above system of ODEs for 'T( )
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simplify further reducing to

ATy p) (- 173 _ o (-2,
W:2D11 (611 +M) T:_Dn ( Te22 N) (B2)

while Egs. (B1)s_5 remain the same.

Appendix C. Governing equations for shear flows

In this appendix, we provide simplified evolution equations for the initially spherical
particles, when subjected to the shear flow conditions defined by (5.10). For simplicity,
we provide equations only for the case of KV particles with neo-Hookean elastic response.
Recall that the particles take on general ellipsoidal shapes characterized by the aspect
ratios w1 and ws, but rotate only in the shear plane, the rotation being described by the
angle 6. Then, the system of equations (3.24), (3.25), (3.27), and (A 16) can be shown to
simplify to

71 =20% + Wi Rh + 2G5 + wDiY

7o =2DF) - WD) + 2 GG+ DS, 75 =275 + w (DY + DY),
75 =05 - wi)rH + (D + W7l + 75D + D)) + 2 DY),
72 =70 +29@DP i j=123

dwy — (2 dws — (2 do 1+ w?\ - 2 - (2
@ =R PR = e D = (o) D

(1)
The above equations are complemented by relations (3.18) and (3.19) for the average
strain rate D) and vorticity W(?) in the particles, respectively.

In the context of equations (C 1), it is noted that these equations are written relative
to a fixed coordinate system which is instantaneously aligned with the principal axes of
particles. As pointed out by Gao et al. (2011) (see Appendix A in that paper), because of
the rotation of particles in shear flow, one must account for the rotation of this coordinate
system in order to integrate the above system of equations. One simple way to account for
this rotation is to express the stress tensor in the rotating principal axes of the particles
(i.e., {n1,ng,n3}) as

'f‘g) = %e(fi nyn; + 7'(2% no no + 7'6(3; ns ns + 7'(1% (111 no + no Ill) (C 2)
Taking the time derivative from both sides of the above relation, we can express the
time derivative of the stress components in the fixed coordinates in terms of the time

derivative of those in the rotating principal coordinates as (see relations (A 10) and (A
11) in Gao et al. (2011))

(2 _(2
s _ i @0 o) _drg) Los@ 40
ell dt Te12 dt Te22 dt el2 dt7
=(2)
~(2 dT‘ (2 dT _(2 _ de
= d_etgg, 7= d—et12 + (75— 7o) = a (C3)

After substituting the above relations into the system of equations (C1), we can directly
apply an implicit (or explicit) time-discretization procedure to integrate the equations.
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Appendix D. The tensors P and R for an ellipsoidal inclusion

In this appendix, explicit analytical expressions are given for the components of the ten-
sors P and R for a general ellipsoidal particle suspended in an incompressible, isotropic,
linear viscous matrix with the viscosity constant 7). The final expressions for the com-
ponents of the tensor P in the principal coordinate system of the particle read as (Eshelby
1957; Kailasam 1998)

Pii11 = h1 (6111 — y1), Pazos = by (6 Lz wi — y2), Passs = h (6 Is3 w3 — y3),

Pii2a = by (2w} L1 — 311y — w3 I1s), Prigs = hy (2w Lis — 3111 — wi I12),

Paoss = hy (2w3 Iog — 3w? Ino — I12), Pi212 = ho (1 4+ w?) L12, Pis13 = ho (1 + w3) L1,

(D1)
and Posps = ho (w? + w?) Ing where hy = (247n(M)"1a? and hy = (167n(M) "1 a2, In
the above expressions the following variables have also been introduced for brevity

y1 = wi [z +wi iz, yo = o+ lawi, ys = iz + Iy wi, (D2)

and the rest of the variables are defined as

—1
I = 47w ws | (1 —w?) /1 — w? F—-E), L=4r—1, —Is,
1 2

~1
Is = 4w we | (w2 — w?) (/1 — w? wiwy /1 —w?—E|,
1 2 2 2 2

1 1 1

Lho=———Us—1), (1=—————5(U3s—11), Is5g3= ——-——-(I3— I
12 a2(1 _w%)( 2 1); 13 0,2(1 _w%)( 3 1)7 23 a2(w% _w%)( 3 2))
1 47 1, 4r 1, 4n
In==(28 o= I3), Iop = = (— — T — Iy), Iy = ~(—r — I15 — I
11 3( ) 12— I13), Ia2 3 (a2 w? 12 — In3), I3 3 (a2 w2 13 — I23),
(D 3)

in which the functions ' and E denote the incomplete elliptic integrals of the first and
second kinds, respectively, and are defined as

sin(©) 1 it o /sin(®) /1 — 1242 i
0 VI—2V/1—k22 0 Vi—t2
where © = sin™'(y/1 —w3), and k = \/1 —w}/+/1 — w3. Moreover, the three indepen-
dent components of the tensor R in the principal coordinate systems of the particle read
as

F =

(D4)

1
6D
The remaining non-zero components of the tensor R;;z; are obtained by recalling that
this tensor is symmetric with respect to the first two indices (Rjix; = Ryjp) and anti-
symmetric with respect to the last two indices (Ryji = —Ryjm)-

Rijij = Ij — Ii), for i, =1,2,3, andj > 1. (D 5)
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