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ARTICLE INFO ABSTRACT

Keywords: This study presents an integration of machine learning (ML) with a multiscale computational framework to
Solidification predict primary dendrite arm spacing (PDAS) during alloy solidification. Analytical models, such as Hunt (HT)
Microstructures

and Kurz-Fisher (KF), provide the basis for developing parametric and non-parametric ML models that capture
the influence of processing conditions and material properties on PDAS. The training and testing dataset is
generated from high-throughput phase-field simulations across various alloy systems, incorporating material
properties calculated via molecular dynamics. While non-parametric models, such as decision trees, random
forests, and gradient boosting decision trees, perform well in training, they encounter overfitting challenges due
to the limited size of the computational dataset. In contrast, parametric models, including linear, ridge, and lasso
regression, successfully capture key PDAS features, producing predictions that align closely with experimental
data. Overall, parametric ML-based models show a stronger dependence on pulling velocity, temperature
gradient, and material properties compared to the HT and KF models, offering a more accurate tool for predicting

Machine learning
Molecular dynamics
Phase-field modeling

PDAS and optimizing alloy solidification processes.

1. Introduction

Many alloy manufacturing processes involve some form of solidifi-
cation or melting [1,2]. These processes includes both traditional and
advanced processing methods, such as casting [3], additive
manufacturing [4], welding [5], and powder metallurgy [6]. At the
nanoscale, the solid-liquid (SL) interfacial properties dictate the
microscale morphology, pattern selection, and growth dynamics of
asymmetric solid structures known as dendrites [7-9]. The anisotropic
nature of SL interfacial properties makes growth along certain crystal-
lographic directions energetically more favorable [10,11]. Previous
theoretical [12,13], experimental [14,15], and computational [9,
16-18] studies have shown that the spacing between dendrites de-
creases with increasing solidification velocity or temperature gradient.
Thus, a homogeneous initial composition in the melt transforms into a
complex distribution of solute ahead of the advancing dendrites and in
the interdimeric regions. This results in the growth of important
microstructural characteristics affecting the mechanical properties of
the product [19-22] and solutioning heat treatment times [23-25].

Early mathematical models of dendritic growth are focused on pre-
dicting the morphology and stability of a single dendritic crystal
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growing in undercooled melt [26-31]. Hunt (HT) [12] and Kurz-Fisher
(KF) [13] models were among the first studies to consider an array of
dendrites when providing theoretical predictions of their morphology,
spacing, and resulting thermodynamic microstate at their interface.
These models relate primary dendritic arm spacing (PDAS) to a
material-related term and processing conditions, namely pulling solid-
ification velocity (V) and temperature gradient (G) at the dendrite tip.
Hunt considered only the geometry of the cell tip and obtained the
following relation:

PDASyr = 2.83 x (ke['A ToDp )" x V702 x G035, 1)

where k. is the equilibrium partition coefficient, T is the Gibbs-
Thompson coefficient, A Ty is the equilibrium freezing range, and Dy,
is the liquid diffusion coefficient. KF model considered the geometry of
the cell tip and trunk and obtained:

PDASyy = 4.3 x (TA ToDy /ke)>% x V0% x G093, @)

While both models exhibit similar functional forms, they differ pri-
marily in their material-related term and the pre-factor. There are other
analytical models for PDAS in the literature [23,32-36], some of these,
such as the one proposed by Trivedi [32], feature a slightly different
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pre-factor coefficient. Some other models have more complicated forms.
For example, Hunt-Lu [36] developed a model in which they used the
velocity-dependent distribution coefficient, liquidus slope and diffusion
coefficient. This model, as represented by Eq. (3), determines the com-
plex correlation between PDAS and Vor G based on their
non-dimensional form of (PDAS), V' and G’ given by Eq. (4).

(PDAS) = 0.7798 x 107! V(@079 (v _ G)*73G 06028, 3
. PDASx AT, _, GIk _ VIk

(PDAS) = Tk , G = ATy 14 = D,ATy and

a=—-1.13 —0.1[logG] — 0.0076[logG|* 4)

Uncovering how pulling velocity and temperature gradient play a
role in PDAS calculations is more complicated for these complex models.
There are also other models which incorporate scaling factors specif-
ically chosen to fit to the experimental results [23,37,38]. There are
specific some studies which support the accuracy of these models
through validation by experimental results for limited material systems.
However, discrepancies arise between these model predictions and
experimental results when further comparisons are conducted for
various material systems [23,37,39-47].

Physics-based models, such as phase-field (PF), which have also been
used to study the dynamic growth of morphology and pattern formation
during solidification, predict microstructural characteristics like PDAS
differently from analytical models under various processing conditions
[41,48-51]. Due to the intricate interplay between factors influencing
dendritic spacing obtained from both experimental and computational
results, optimizing mechanical properties through microstructural con-
trol is challenging. This complexity requires adjusting one input at a
time, making the process both expensive and time consuming. Machine
learning (ML) have recently been used to accelerate the material design
[52]. ML have been used in predicting the mechanical properties of the
alloys [53] and developing new alloy systems [54]. Different studies
have applied ML-based regression methods to correlate the processing
conditions to the mechanical properties of the final product [19-22].

In this work, we present a comprehensive ML-integrated multiscale
framework to predict PDAS across a wide range of processing conditions
and alloy compositions. PF simulations of solidification for Al-Cu, Mg-
Al, and Ti-Ni alloy systems, with corresponding face-centered cubic
(FCQ), hexagonal close-packed (HCP), and body-centered cubic (BCC)
crystal structures, provide the necessary data for training an ML model.
This model uncovers the effects of chemical concentration and solidifi-
cation conditions on the PDAS. Key properties required for PF simula-
tions, such as material properties (ke, I, A Ty, D;) and other SL

Molecu.lar e Solid-Liquid Interface Free Energy
DIREIIS |« Kinetic Coefficient

Phase-Field
Model

Parameterizing

Machine
Learning |

Train/Test Data

Acta Materialia 289 (2025) 120860

interfacial properties (SL interface free energy, kinetic coefficient,
diffusive interface velocity) are calculated by atomistic scale molecular
dynamics (MD) simulations. Subsequently, the results from high
throughput PF simulations of solidification are used to train different ML
methods capable of providing an analytical expression for the PDAS.
Finally, we validate our proposed ML-guided PDAS models which are
trained by computational data against experimental data for various
alloys and processing conditions.

2. Methodology

The workflow depicted in Fig. 1 outlines our ML-integrated multi-
scale computational framework to identify the correlation between
PDAS, processing conditions and material properties. The methodology
comprises four key sub-sections. The proposed ML model is trained and
tested only by PDAS obtained from MD-guided PF simulations of solid-
ification. The accuracy and reliability of the proposed ML models will be
tested using a separate set of experimental data. Sub-Section 2.1 sum-
marizes the details of the PF modeling followed by parameterizing of the
PF model based on material properties in Sub-Section 2.2. Details of SL
interfacial property calculations with MD are covered in Sub-Section
2.3. Finally, ML regression models that we used to find the correlation
between PDAS, processing conditions and material properties are pre-
sented in Sub-Section 2.4.

2.1. Phase-field modeling

A quantitative PF model [55] is used to simulate directional solidi-
fication. In this model, the PF order parameter ¢ takes the value +1 in
the solid and —1 in the liquid, and it varies smoothly across the SL
interface. The time evolution equation of ¢ is given by:

% _

“(n) ot 5

VW Ve + Yo {W(n) 3‘(’1‘;( ¢) \wﬂ

i

+f(#)

)

W(n) and (n) are the anisotropic interface width and PF characteristic
time, respectively, which both depend on the orientation of the normal
to the SL interface n. ¢; is the partial derivative inthex i=1) andy (i =
2) directions. f(¢) and g(¢) are given by:

flp)=9"/4-¢%/2, @)
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Fig. 1. The workflow for ML modeling and predicting PDAS based on the training and testing dataset generated by MD-integrated PF simulations of solidification.



S. Kavousi and M. Asle Zaeem

gp) = (1-¢%)". @

Directional solidification is a reasonable approximation in modeling
temperature field evolution in additive manufacturing [55-58]. Thus,
instead of solving the heat diffusion equation, the temperature field, as
shown in Eq. (5), is assumed to translate linearly along the growth di-
rection and is described by T(y, t) = To+ G(y — Vt), where T, is a
reference temperature. The dimensionless chemical potential u is
defined as:

- 2ck. /ch
u_ln<1+kef¢x(17ke)>' ®

where c is the alloy composition, c§ is the equilibrium liquid composi-
tion, and my® is the liquidus line slope, which can be obtained from the
phase diagram. The parameter 1 is a coupling constant representing the
correlation between the interface width and the capillary length, dis-
cussed further in Section 2.2. To enhance computational efficiency and
numerical stability, we will replace the concentration evolution equa-
tion with Egs. (9)-(11) where U is dimensionless supersaturation. The
antitrapping flux j is incorporated in Eq. (9) to account for the physical
effects of solute-trapping in the SL interface.

(Hktl_kw)aﬂ:v.(ml;‘/’vu +ja[) P4 -ku L%

2 2 ot 2 0t
(€)]
.1 B op Vo
Jar = 2\/§W(n)[1+(1 ke)U] ot Vgl (10)
et —1
U=tk; (11)

The PF simulations are performed for Ti-Ni, Mg-Al, and Al-Cu alloys
with corresponding body-centered-cubic (BCC), hexagonal-closed-pack
(HCP) and face-centered-cubic (FCC) crystal structures, respectively.
We have adjusted the temperature gradient G and the puling velocity V
to cover a wide range of solidification conditions. Table 1 summarizes
the details of the PF simulations including the alloy composition, V, G,
and the total number of simulations for each alloy system. Each simu-
lation starts with a thin layer of solid phase at the bottom of the domain,
and during the directional solidification, the solid phase grows as the
temperature gradient G moves with the puling velocity V inside the
liquid. Our prior knowledge [57,58] on the direct correlation between
the thermal diffusion length Ir (Eq.(12)) and the transient time to reach
steady-state regime, leads us to choose a system size in the y-direction to
be at least 20 x Ir. The simulation system size along the x-direction is
chosen such that at least 8 dendrites grow in the steady-state regime.

Ir = [m.® |(1 —ke)eg/ (keG). 12)

The system of governing equations for the evolution of ¢ and U are
solved numerically in the two-dimensional domain using a finite-
difference algorithm, and the PETSC package is used as the solver
[59]. The governing equations are discretized with second order
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approximation. The time stepping is performed using adaptive time step
based on the backward differentiation formula method, which is suitable
for stiff problems due to its implicit nature [60]. Using adaptive time
stepping enhances stability by adjusting the time step dynamically based
on error estimates. We used generalized minimal residual algorithm
[61] as the linear solver and bypassed the nonlinear solver and only used
linear iterations for solving the nonlinear equations. Setting block Jacobi
preconditioner, which is effective for parallel computing, transforms the
original linear system into a form that is easier for iterative solvers to
handle. Thus, it improves the convergence rates and reduces the number
of iterations required to reach the solution. The results from PF simu-
lations are used as training and testing datasets for the ML modeling, as
discussed in Section 2.4 and presented in Fig. 2.

2.2. Parameterizing the phase-field model

The initial PF studies produced solidification structures that quali-
tatively resemble those observed in experiments [62,63]. Karma et al.
advanced the PF models towards quantitative predictions by using thin
interface asymptotic analysis [55,56]. This analysis maps the PF equa-
tions to the sharp interface equations, allowing for the parameterization
of the PF model based on material properties to represent the physical
system. Specifically, the thin interface analysis relates the PF parameters
7, W, and 4 to SL material properties, namely, SL interface free energy 7,
and kinetic coefficient y, as shown in Egs. (13), and (14) [55,56]:

-\ 7(7) Tin _ w (7)
do(n)fmfal 7 (13)
W) = ar- ;’;(’% _ alaz”;") 1+ (1-k)Uo] a4

a; and aj are equal to 0.8839 and 0.6867, respectively. dy is the capillary
length, the characteristics length over which surface tension effects
become significant compared to gravitational forces. In this study, we
determine the PF model parameters using the material properties
calculated by MD simulations. Researchers interested in PF parameter-
ization based on material properties can refer to our previous works
[64-66].

2.3. Molecular dynamics simulations

MD simulation provides a unique advantage by capturing the
movements and dynamic interactions of atoms that are often chal-
lenging to observe experimentally. This capability allows for a deeper
understanding of transformation mechanisms [67,68] and the calcula-
tion of material properties that are otherwise difficult, if not impossible,
to obtain experimentally. In this section, we provide calculation details
of the SL interfacial material properties that are essential in providing
valuable insights into the fundamental mechanisms of alloy
solidification.

2.3.1. Interatomic potential
The interactions between particles in MD simulations are described

Table 1
Details of PF simulations, including the alloy systems, concentrations, puling velocity (V), temperature gradient (G), and the total number of PF simulations for each
system.
Alloy Composition V (m/s) G (K/m) Number of PF simulations
Ti-x at% Ni x =34 0.01-0.09 5 x 10°-107 45
x=71 0.01-0.09 5 x 10°-107 42
x =104 0.0001-0.02 5 x 10°-107 22
Mg-x at% Al x=9 0.005-0.12 1 x 10%-5 x 10° 21
Al-x at% Cu x=6 0.001-0.06 5 x 10°-107 47
x=82 0.01-0.08 5 x 10°-107 43
x =106 0.008-0.005 6 x 10°-107 30
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Fig. 2. 3D scatterplot of the PF-calculated PDAS distributed across various V and G for (a) HT-based and (b) KF-based models. The linear distribution of In(PDAS)

versus (a) In(V), and (b) In(G).

by interatomic potentials. Among the various interatomic potential
models, the embedded atomic method (EAM) [69] and modified-EAM
(MEAM) [70] are particularly well-suited for accurately representing
the atomic interactions in metallic systems. Recent advancements in this
field have focused on developing interatomic potentials that can pre-
cisely model atomic interactions in both the solid and liquid phases.
These potentials are designed to capture the essential thermodynamic
and physical properties and are rigorously validated against experi-
mental data, such as phase diagram, enthalpy of fusion, density mea-
surements. The interatomic potentials used in this study can accurately
predict the high-temperature solid and liquid properties for Ti-Ni [66],
Al-Cu [71] and Mg-Al [72] systems.

2.3.2. Phase diagram

Performing PF simulations of solidification of alloys require precise
knowledge of their freezing temperature range, equilibrium solidus and
liquidus concentration, and the resulted partition coefficient. Moreover,
MD simulations for determining the SL interface energy and kinetic
coefficient require prior knowledge on the capability of interatomic
potentials in predicting the equilibrium thermodynamic state of mate-
rials. The hybrid MD-Monte Carlo (MC) semi-grand canonical (SGC)
ensemble method [73] is often used to determine the free energy and
chemical potential differences between atomic species in an alloy sys-
tem, which are crucial for calculating the phase diagram. We used this
method to calculate the Ni-Ti phase diagram. Coexistence method is the
alternative approach where different atomic species are allowed to swap
across the simulation box while the whole simulation system is being
equilibrated at the target thermodynamic state. Using this method, we
calculated the Al-Cu and Mg-Al phase diagrams. Researchers interested
in computational details of both methods can refer to our previous works
[64,74].

2.3.3. SL interface free energy

To calculate SL interface free energy, we used the Capillary fluctu-
ation method (CFM) [75]. In this method, a solid-liquid (SL) interface is
generated within the MD simulation box using composition-temperature
values obtained from the phase diagrams (Section 2.3.2), and this
interface is allowed to fluctuate under thermodynamic equilibrium
conditions. We analyze these fluctuations to extract the capillary wave
spectrum, which provides insights into the interfacial stiffness. By fitting
the spectrum to theoretical models, the solid-liquid interface energy can
be determined.

For a crystal with cubic symmetry, the SL interface free energy is an
anisotropic property, depending on the interface orientation, given by:

3 3
3
1+51<§ n;'5>+52(3§ n;‘+66nfn§n§17/7>] (15)
i=1 i=1

Y="70

where y, is the average interfacial free energy, A ; and A 5 are the
anisotropy parameters, and n; are the components of the unit vector, 1,
normal to the interface plane [76]. We perform MD simulations for
different SL interface orientations and fit the MD-calculated stiffness to
the equation derived from Eq. (15) to determine the average SL interface
energy and corresponding anisotropy parameters. Researchers inter-
ested in computational details of the CFM can refer to our previous
works on Al-Cu [77] and Ti-Ni [66,78].

2.3.4. Kinetic coefficient

The solidification kinetic coefficient characterizes the rate at which a
liquid transforms into a solid under different thermodynamic conditions
[79]. To determine this coefficient, a MD simulation of the alloy un-
dergoing solidification is performed. The solidification driving force is
considered as any condition that results in deviation of the alloy from
the thermodynamic equilibrium condition predicted by the phase
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diagram. The solidification driving force for solidification of pure metals
is undercooling below the melting point. By analyzing the relationship
between the SL interface velocity and undercooling, the solidification
kinetic coefficient can be extracted. There are well-developed MD
methods for calculating the kinetic coefficient for pure metals [65,79].
For alloys, either undercooling below the liquidous temperature or
decreasing the alloy composition below the liquidous composition will
initiate solidification. However, due to the lack of an established method
for calculating kinetic coefficient for alloys and complexity of MD
post-processing steps, the original PF models considered this property to
be zero [55] . However, recent studies of directional solidification at a
relatively higher velocity range emphasized the importance of kinetic
coefficient on microstructural evolution during the solidification [64,
80]. Kavousi et al. developed an algorithm based on hybrid MD and MC
simulations to investigate the nonequilibrium interface kinetics during
the solidification to calculate the kinetic coefficient; computational de-
tails of this algorithm are provided in [74]. For a crystal with cubic
symmetry, the kinetic coefficient 4 is an anisotropic property, depending
on the interface orientation, given by:

3
i = lg <1+3€1 —4e an) (16)
i=1

where y, is the average kinetic coefficient, and ¢; is the anisotropy
parameter [80]. We will perform MD simulations for different SL
interface orientations and fit the corresponding kinetic coefficient to the
equation derived from Eq. (16) to determine the average SL interface
energy and corresponding anisotropy parameters.

2.4. Machine learning regression modeling

We use two different approaches, known as parametric and
nonparametric regression models, to perform data analytics. The para-
metric regression models follow a predetermined functional form. Either
linear [81] or non-linear [82,83] functions can be used to describe the
relationship between the response (dependent) and explanatory (inde-
pendent) variables. Linear regression, polynomial regression, and
non-linear regression models are some examples of this category. On the
contrary, the predictors in the nonparametric models do not take pre-
determined forms. These models are more flexible and may better cap-
ture the unexpected or unusual features of the data [84]. However, they
need a larger sample size than the regression parametric models because
the data must both determine the model structure and estimate its
parameters.

2.4.1. Parametric regression models

Parametric linear regression models construct the best-fit regression
line through data points such that the overall distance between the data

Table 2
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points and the line itself (also referred as error or residual) is minimized.
Although there are various types of regression models, in this study we
focus on Linear (LR), Lasso Regression (LaR), and Ridge Regression (RR)
models. The LR model simply fits the correlation between the features x;
(i = 1..m) and target variable (y) into a line [81]:

Y =a1X] + asXy + a3x3 + ... + QX + b a7z

The parameters a; (i= 1..m) and b are selected to minimize the loss
function Loss;g, also known as residual sum of squares (RSS). Y is the
observed values, Y is the model predictions. The loss function is defined
by:

n

Lossig = Z (Yl — ?i)Z (18)

i=1

n is the sample size. LR model does not have any limitations on the
magnitudes of a; and b coefficients. Thus, large coefficients can lead to a
model that overfits the training dataset. To overcome this shortcoming,
we will investigate the regularized LaR and RR models, which introduce
penalties on the magnitude of regression coefficients.

RR and LaR models enhance the accuracy and promote making
informed decisions in data The L1 regularization employed in LaR adds a
penalty of absolute values of the coefficients to the loss function Lossgqr
[85,86].

Lossqr :Z(Yi_ ﬁ)2+w<2ai+b> (19)
i1 i=1

The L2 regularization employed in RR, adds a penalty of squared of
magnitude of coefficients to the loss function [87,88]

n m
Lossgr = Y (Vi — ﬁ)2+w<zaf+b2> (20)
= -1

A larger value for @ adds a more aggressive penalization to the LaR
and RR models and setting o value of zero produces results similar to the
LR model. The optimal value for parameter a is obtained through
hyperparameter tuning based of minimizing the mean squared error
(MSE). We evaluate the accuracy of each method using two metrics: R
value and MSE, given by [81]:

1¢ P
MSE =~ ; (Y, - Y) 21)
» . RSss
R=1"7s (22)
1 —
T887£Z(Yi7Y) (23)

The MD-calculated material properties, including equilibrium partition coefficient ke, equilibrium freezing range AT, (K), Gibbs-Thomson coefficient I'( x 10~7Km),

Liquid diffusion coefficient D, ( x 10~° m? /s), capillary length do(nm), solid-liquid interfacial free energy y,(J /m?) and its corresponding anisotropy & and 3.

Alloy ke ATy r D, doy %0 6 )

Ti-3.4 at% 0.28 63.1 2.91 3.92 4.61 0.185 0.007 —0.003
Ni

Ti-7.1 at% 0.31 126 2.75 3.12 2.18 0.175 0.01 —0.002
Ni

Ti-10.4 at% 0.36 177 2.69 2.05 1.52 0.171 0.025 —0.002
Ni

Mg-9 at% 0.315 36.4 2.0 2.56 5.48 0.153 0.02 0.001
Al

Al-6 at% 0.19 31.9 0.95 4.00 2.98 0.096 0.014 —0.004
Cu

Al-8.2 at% 0.236 41.1 0.91 4.90 2.22 0.092 0.008 —0.004
Cu

Al-10 at% 0.246 47.9 0.89 4.88 1.86 0.090 0.01 —0.008
Cu
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Fig. 3. Heatmap of the Pearson correlations between PF-calculated PDAS, the
processing conditions and material properties. Off-diagonal non-zero elements
imply statistical dependency in the data. Colors indicate the strength of the
correlation, where dark red and dark blue indicate perfect correlation and anti-
correlation, respectively.

Total sum of squares (TSS) measures the total variance in the
response Y by comparing it to the average value Y. TSS determines the
variability in the response, and a lower MSE and a higher R? results in a
better model predictive accuracy and a better regression model.

2.4.2. Nonparametric regression models

Nonparametric regression models are powerful techniques for
modeling complex relationships in data without assuming a specific
parametric form. Nonparametric regression analysis relaxes the
assumption of linearity, substituting the much weaker assumption of a
smooth population regression function [82]. They are flexible and can
capture complex, non-linear patterns in data, making them highly
effective in many ML tasks. This drastically increases the computational
time, but meanwhile, makes the model predictions more accurate. The
fact that nonparametric regression models do not follow a specific
function form to correlate features to the dependent variables, also
makes them more sensitive to the outliers than the parametric regression
models [82,83]. In this study we will use decision tree (DT) [89],
random forest (RF) [90]and gradient boosting decision tree (GBDT) [91]
as the three nonparametric models. We focus on these models based on
an initial evaluation of different models’ performance on our dataset.
The initial evaluation included other models, such as K-Nearest
Neighbor and AdaBoost regression models, which did not pass the initial
evaluation based on MSE and R2. It should be noted that the initial
evaluation step did not include either the hyperparameter tuning nor
k-fold evaluation of the models. The refinement of models in this step
was just made based on the default parameter settings and only one set
of train-test dataset assignments.

DT regression analyzes the features of an object and trains a tree-
structured model to make predictions, yielding meaningful continuous
output [92,93]. This method is particularly effective for capturing
non-linear patterns in data. The tree is built by a sequence of
step-by-step questions, with each answer directing the model along a
particular branch. The tree grows during the learning process depending
on the complexity of the fed-in data [84]. This model operates based on
"if-then" rules, ultimately resulting in a specific prediction [92,93].
However, individual DTs can be prone to overfitting [94]. To address
this, random forest regression builds an ensemble of multiple DTs, each
trained on a random subset of the data and features and averaging their
predictions to improve accuracy and reduce overfitting [95]. GBDT is
another ensemble method, which builds sequential trees with each new
tree correcting the errors of the previous ones by focusing on the re-
siduals. This results in a more accurate model by iteratively refining
predictions. We utilize the scikit-learn library [96] for ML tasks, and
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employ Seaborn [97] and Matplotlib [98] for data visualization.
3. Results and discussions

Table 2 provides comprehensive summary of the material properties
derived from MD simulations, which are essential to accurately model
the solidification process and quantitatively predict dendritic growth
characteristic. The dataset includes the following parameters: ke, A To,
T, Dl7 do, Yo A, and A 2.

Widely adopted approaches in the literature [39,40,45,50,51]
employ analytical models to elucidate the relationship between the
PDAS and the processing-material properties. In this study, we use
models in the following power-law form:

PDAS =C x (A)Y xV*x G’ 24

Here, C, 7, @, and $ are the unknown parameters to be determined
through data analysis. The dimensionless parameter A encapsulates
material-specific properties and exhibit distinct definitions for the HT
(Agr) and KF (Agr) models. Thus, the proposed parametric models in this
study will be classified as HT-based and KF-based models.

Apnr = kA ToD; 25)

Axr = TA ToDy /ke (26)

Fig. 2 presents a 3D scatterplot of the PF-calculated PDAS distributed
across various velocities and temperature gradients for the investigated
material systems. Fig. 2(a) and (b) illustrate the dependence of PDAS on
V and G for Ayr and Agr, respectively, with the color bar indicating the
arm spacing values. These results present a direct relationship between
PDAS and the parameter A, and an inverse relationship with V and G. To
linearize the data and simplify the fitting process, a logarithmic trans-
formation is applied to both sides of the Eq. (24), thereby converting the
power-law model into:

In(PDAS) = In(C) +y x In(A) — a x In(V) — § x In(G) (27)

Fig. 2(c) and (d) reveal an almost linear correlation between
In(PDAS) with both In(V) and In(G) across seven investigated alloy
systems, validating the effectiveness of the power-law model in
describing the interaction between material properties, processing pa-
rameters and PDAS. Therefore, Eqs. (25)-(27) will be used to determine
the unknown parameters for both HT-based and KF-based ML models.
Additionally, Fig. 2(c) and (d) provide insights into the impact of pro-
cessing parameters on PDAS. The deviation from linear behavior is
greater for In(PDAS) — In(G) than In(PDAS) — In(V), suggesting that V
have a more pronounced effect on PDAS compared to G, and «a is ex-
pected to be a larger value than g. This is also supported by the heatmap
represented by Fig. 3. This figure is a graphical representation of the
Pearson correlation coefficient, a statistical measure quantifying the
strength and direction of linear relationships between In(PDAS) and
In(V), In(G), In(Agr), and In(Agr). Heatmaps use color gradients to
represent the variations in the data intensity, making patterns and trends
easy to spot. A positive Pearson coefficient in Fig. 3 relating In(PDAS) to
either In(Agr) or In(Akr) represent a positive linear impact of material
properties on arm spacing. On the other hand, there is a negative linear
correlation between In(PDAS) and processing conditions, namely In(V)
and InG. Despite their advantages on facilitating trend comparisons
within a dataset, heatmaps are limited to two-dimentional representa-
tions, making it challenging to effectively analyze multi-dimentional
relationships. Comparing heatmap predictions with those from para-
metric ML models (Section 3.1) will help understanding their
shortcommings.

3.1. Parametric ML models

In this section, we use parametric ML models based on the analytical
HT and KF models to determine the correlation between PDAS, pro-
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cessing conditions and material properties. This approach allows us to
quantify how variations in V, G, and Agr or Agr affect the PDAS. To
ensure robustness and generalizability of the model, a 10-fold cross-
validation process was employed during training. This technique
involved dividing the data into 10 subsets, iteratively training on 9
subsets and validating on the remaining 1. Each iteration results in a
different set of model parameters (C, y, a, and /), and R2 value, capturing
variations in the ML-predicted values for both the HT-based and KF-
based models. This process helps to minimize overfitting and provides
a more reliable estimate of the model’s predictive accuracy on unseen
data [99,100]. Fig. 4 highlights these slight variations among the k-fold
models, reflecting the differences in the correlation between In(PDAS)
and the input parameters for each model. These variations are also re-
flected in R? values and the predicted model parameters given by Egs.
(24)-(27), and the proposed process helps to minimize overfitting and
improve the model’s predictive accuracy on unseen data.

Fig. 5 illustrates the comparison between the PF-calculated PDAS
versus the predictions of original analytical models, and the parametric
and nonparametric ML models. As shown in this figure, the original
analytical models, given by Egs. (1) and (2), cannot accurately predict
the PF simulation results. The R? for HT and KF analytical models, as
given in Table 3, are 0.549 and —0.68, respectively. The poor perfor-
mance of the analytical model, especially the KF model, highlights the
need for obtaining a new model for predicting PDAS. We began inves-
tigating the parametric models focusing on HT-based and KF-based LR
models. The performance of the models is evaluated based on R? and
MSE values. For the HT-based LR model, with the model parameters

given in Table 4, with an R? of 0.89 and MSE of 0.137 for the training
data, and an R? of 0.87 and MSE of 0.141 for the testing data, demon-
strating strong predictive accuracy. The KF-based LR model is repre-
sented by model parameters given in Table 4, achieving R? of 0.879 and
MSE of 0.151 for the training data, and R* of 0.866 and MSE of 0.156 for
the testing data. Overall, the results indicate that the HT-based model is
more reliable than the KF-based model. Additionally, the comparison of
LR model parameters with the original analytical models reveals that the
PF simulation results exhibit a stronger linear correlation between PDAS
and key factors such as pulling velocity, temperature gradient, and the
material parameter A. A similar statistical analysis is performed for both
LaR and RR models. Tuning the hyperparameter w is crucial in finding
the optimal balance between model complexity and prediction accu-
racy, preventing overfitting in both LaR and RR models. One common
method for tuning w is through grid search [101,102], where a pre-
defined range of @ values is systematically explored to identify the one
that minimizes the error. We coupled hyperparameter tuning with k-fold
cross-validation to ensure robustness and mitigate the risk of overfitting.
The best grid search outcome for HT-based and KF-based RR models are
1.86 and 1.83, respectively. Similarly, the optimum values for LaR
models are 0.01 for both the HT-based and KF-based models. We used
these optimized w values were used for further analysis to enhance
model performance.

Table 4 provides a summary of the comparison between parameters
in the HT-based and KF-based linear regression models, as described by
Egs. (24)-(26), along with their corresponding performance metrics. The
standard deviation for the model parameters is calculated based on their
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Fig. 5. The comparison of PF-calculated PDAS with the predictions based on original analytical, parametric (LR, LaR, and RR), and nonparametric (DT, RF, and

XGDT) models for HT-based and KF-based ML models.

Table 3
The performance metrics (R? and MSE) for HT-based and KF-based parametric
(LR, RR, and LaR) and nonparametric (DT, RR, and GBDT) models.

HT-based KF-based
Model Detail R? MSE  R? MSE
Analytical Original model 0.549 0.452 —-0.68 1.514
Parametric ML Linear Regression 0.87 0.141 0.855 0.156
modeles (LR)
Ridge Regression 0.87 0.141  0.855 0.156
(RR)
Lasso Regression 0.869 0.142 0.854 0.157
(LaR)
Nonparametric ML Decision tree (DT) 0.958 0.044 0.96 0.041
modeles Random forest 0.967  0.038  0.967 0.035
(RF)
Gradient boosting 0.991 0.011 0.985 0.016
(GBDT)

variation across the 10-fold cross validation. In general, the results
reveal the superiority of HT-based models, which exhibit slightly higher
R? and lower MSE compared to the KF-based models. The parameter a,
which governs the influence of velocity on PDAS, is slightly higher for
KF-based models (~0.72) compared to the HT-based models (~0.7).
Both values exceed the original analytical model’s value of 0.25, indi-
cating a greater sensitivity to pulling velocity in the PF simulations.

Similarly, parameter p, which measures the effect of temperature
gradient on PDAS, is set to 0.5 in the analytical models but is estimated
at ~0.65 for HT-based models and ~0.79 for KF-based models, sug-
gesting a stronger impact of temperature gradient in PF simulations,
particularly in the KF-based models. A comparable trend is observed for
parameter y, which governs the influence of parameter A. Furthermore,
for both HT-based and KT-based models, the additional regularizations
applied to the RR and LaR models did not make a noticeable effect on the
model parameters o, §, and y.

Compared to the values represented by heatmap (Fig. 3), the HT-
based and KF-based models followed the expected trend, showing a
positive correlation with the material properties and negative correla-
tion with the processing conditions. While the parameters o and y for
both of the parametric models are somewhat comparable to those in the
heatmap, the heatmap predicted a much weaker dependence of In
(PDAS) on In(G). In contrast, the ML-based models indicated a signifi-
cantly stronger dependence, with §§ values of 0.67 and 0.85 for HT-based
and KF-based LR models, respectively. Furthermore, the prefactor C
calculated in the ML models are substantially larger than the original
analytical models (Eqs. 1 and 2). To further investigate the differences,
we conducted ML modeling with various constraints on the parameter C.
The results, summarized in Tables S1 and S2 in the Supplementary
Material, indicate that changes in p are more pronounced compared to o
and y. This suggests that the factors influencing the effect of material
properties and velocity on PDAS are independent of the prefactor C,
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Table 4
Comparison of regression model parameters (C, «, B, and y) for HT-based and KF-based LR, RR, and LaR models.
Detail C o i Y
HT-based Linear Regression (LR) 8159+ 1656 0.7 £+ 0.006 0.67+0.01 0.46+0.004
Ridge Regression (RR) 4408862 0.7 + 0.006 0.65+0.01 0.46+0.004
Lasso Regression (LaR) 2319+474 0.69+0.006 0.62+0.01 0.45+0.004
KF-based Linear Regression (LR) (9.20+2.6)x10° 0.72+0.007 0.84+0.012 0.66+0.007
Ridge Regression (RR) (2.91+0.8) x10° 0.72+0.006 0.79+0.011 0.64+0.007
Lasso Regression (LaR) (1.38+0.4) x10° 0.71+0.006 0.77+0.012 0.63+0.007

whereas the impact of temprature gradient is not. Expanding the range
for parameter C improved the model’s performance by increasing R and
reducing MSE, reaching optimal values at approximately 8x10° and
9x10° for the HT-based and KF-based models, respectively. This is in
great agreement with the ML-estimated optimum value of parameter C
(represented in Table 4).

3.2. Nonparametric models

DT is one of the non-parametric regression models that we investi-
gated in this study. Unlike parametric models, DT makes fewer as-
sumptions about the underlying data distribution, making it flexible. DT
model is sensitive to hyperparameters such as maximum tree depth and
the minimum samples required to split a node. To optimize the DT’s
performance and prevent overfitting or underfitting, hyperparameter
tuning is essential. We have paired grid search with the k-fold cross-
validation to ensure that the hyperparameters generalize well to un-
seen data while controlling for variance and bias. The optimal hyper-
parameters were identified with a maximum depth of 13 and a minimum
sample split of 2. Fig. 5 compares the PDAS determined by PF simula-
tions with the predictions of the DT regression models. Similar to the
parametric models, we employed 10-fold cross-validation for training
the model and presented the model’s performance with both R? and MSE
values. In general, the nonparametric DT model for both HT-based and
KF-based models presents a very good performance for both training and
testing datasets. However, obtaining R?=1 and MSE=0 for the training
raises the question of model overfitting. Hyperparameter tuning of RR
includes determining maximum depth, number of trees, and boot-
strapping status. We perform hyperparameter tuning for GBDT model
based on learning rate, number of trees, and maximum depth. R? and
MSE presented in Table 5 show that, similar to the DT model, RR and
GBDT for both HT-based and KF-based models show a very high
performance.

One of the primary challenges in using DT, RF, or GBDT algorithms is
determining when to stop the tree-growing process. Most of the tree
building methods produce very complex models which may memorize
the training data instead of learning and forming patterns, which often
result in overfitted models [103,104]. The overfitting is especially more

Table 5

The performance metrics (R? and MSE) for testing the HT-based and KF-based
parametric (LR, RR, LaR) and nonparametric (DT, RR, GBDT) models with un-
seen experimental data.

HT-based KF-based

Model Detail R? MSE R? MSE

Analytical Original model 0.686 0.431  0.381 0.851
Parametric ML models Linear 0.89 0.151 0.882 0.163
regression
Ridge 0.924 0.104 0.835 0.227
Regression
Lasso 0.924 0.104 0.835 0.227
Regression
Non-Parametric ML Decision tree 0.296  0.969 -0.273 1.751
models Random forest 0.282 0.988 —0.491 2.051
Gradient 0.737  0.361 —0.566  2.154
boosting

pronounced with small datasets [103,105], as overfitting becomes more
severe and negatively impacts the performance on unseen data. This is a
key barrier against the adoption of these models in practical applications
[103,104]. In this study, the limited dataset steaming from the compu-
tational costs of running MD and PF simulations made the nonpara-
metric models more prone to overfitting. Although we observed that
non-parametric models such as DT, RF, and GBDT outperformed para-
metric models like linear regression in terms of R? values, we remain
cautious about overfitting. To address this concern, we further evaluate
the model’s transferability by testing its performance on unseen exper-
imental data, ensuring that the models are not only effective for the
training and testing datasets but also generalizable to real-world
applications.

In order to validate and assess the transferability of our ML models,
we tested them on unseen experimental data [106-108], using models
previously trained with PF-calculated data. Fig. 6 compares the exper-
imentally measured PDAS with ML-predicted values based on the orig-
inal analytical, parametric (LR, RR, LaR) and nonparametric (DT, RR,
GBDT) models. The results show that the analytical HT and KF models
perform poorly, with R? values of 0.686 and 0.381, respectively (as
listed in Table 5). This confirms the previously recognized inefficiency of
the analytical models and highlights the need for development of robust
ML-based predictive models. However, contrary to the strong perfor-
mance shown in Fig. 5 for non-parametric models, the DT, RF, and GBDT
models exhibit poor performance when applied to experimental data,
especially for the KF-based model. This suggests that high R? obtained
earlier for these models were likely due to overfitting. In contrast, the
parametric models, LR, RR, and LaR, demonstrate much stronger
transferability, achieving R? values of 0.89, 0.924, and 0.924 for
HT-based, and 0.882, 0.835, and 0.835 for KF-based models, respec-
tively. These results highlight the parametric models’ ability to gener-
alize and reliably predict PDAS based on processing parameters and
material properties, reinforcing their utility as predictive tools in prac-
tical applications.

In summary, our proposed ML-based models uncovering the inter-
play between the processing parameters, material properties, and PDAS
are given as Egs. (28) and (29), which are chosen from the LR modeling
due to its simplicity and reasonable accuracy. Compared to original HT
and KF models, these models predict a stronger sensitivity to the pro-
cessing conditions (V and G) and material-dependent parameter A.
Several studies in literature have also discussed that the role of tem-
perature gradient [39,40,45,50] and velocity [37,39,40,43,45-51] on
the geometry of dendrite tip and arm spacing more pronounced than the
HT and KF models.

PDASyy_pr = (8159 ) x (Agr)*®® x V=06% x G076 (28)

PDASw xr = (9.20 x 10°) x (Age)*® x V0719 5 G083 (29)

4. Conclusion

This paper presented a comprehensive approach for predicting pri-
mary dendrite arm spacing (PDAS) in solidification processes by
combining ML models with MD-informed PF simulations, using estab-
lished HT and KF analytical frameworks. The training and testing
dataset generated by PF modeling of directional solidification covered
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Fig. 6. The regression analysis on the unseen testing dataset between experimental data [106-108] and predictions of original analytical, parametric (LR, LaR, and

RR), and nonparametric (DT, RF, and XGDT) HT-based and KF-based models.

seven different compositions of Mg-Al, Al-Cu, and Ti-Ni material systems
for a wide range of processing conditions. This study focused on un-
derstanding the relationship between PDAS, processing conditions, and
material properties through parametric and non-parametric ML models.
Specifically, parametric models like linear, ridge, and lasso regression,
are non-parametric models such as decision trees, random forests, and
gradient boosting were examined. The model’s accuracy and trans-
ferability were tested on unseen experimental data for some other alloys.

Parametric models demonstrated greater reliability and generaliz-
ability, showing consistent performance on both PF simulation data and
experimental data, particularly when tested on unseen experimental
results. In contrast, non-parametric models, while accurate on training
data, suffered from overfitting and performed poorly on unseen exper-
imental data. The results indicated that HT-based parametric models,
with higher R? values and lower mean squared error (MSE), offer slightly
better predictive performance than KF-based models. In general,
analytical HT and KF models represent an underestimation of the impact
of processing parameters. Pulling velocity and temperature gradient
effects are almost similar in ML-guided analytical models, but in the
original analytical models a much higher sensitivity of PDAS to tem-
perature gradient than pulling velocity was considered. The ML-derived
PDAS relationships also revealed a stronger sensitivity to pulling ve-
locity, temperature gradient, and material-dependent parameters

10

compared to the original analytical models.

The findings of this work highlight the value of ML, especially
parametric regression models, for optimizing alloy manufacturing pro-
cesses and controlling the microstructures.
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