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1. Introduction

ABSTRACT

A versatile strategy for fabricating stretchable electronics involves controlled buckling
of bridge structures in circuits that are configured into open, mesh layouts (i.e. islands
connected by bridges) and bonded to elastomeric substrates. Quantitative analytical
mechanics treatments of the responses of these bridges can be challenging, due to the
range and diversity of possible motions. Koiter (1945) pointed out that the postbuckling
analysis needs to account for all terms up to the 4th power of displacements in the
potential energy. Existing postbuckling analyses, however, are accurate only to the
2nd power of displacements in the potential energy since they assume a linear
displacement-curvature relation. Here, a systematic method is established for accurate
postbuckling analysis of beams. This framework enables straightforward study of the
complex buckling modes under arbitrary loading, such as lateral buckling of the island-
bridge, mesh structure subject to shear (or twist) or diagonal stretching observed in
experiments. Simple, analytical expressions are obtained for the critical load at the
onset of buckling, and for the maximum bending, torsion (shear) and principal strains in
the structure during postbuckling.

Crown Copyright © 2011 Published by Elsevier Ltd. All rights reserved.

Recent work suggests that it is possible to configure high performance electronic circuits, conventionally found in rigid,
planar formats, into layouts that match the soft, curvilinear mechanics of biological tissues (Rogers et al., 2010). The
resulting capabilities open up many application opportunities that cannot be addressed using established technologies.
Examples include ultralight weight, rugged circuits (Kim et al., 2008a), flexible inorganic solar cells (Yoon et al., 2008) and
LEDs (Park et al., 2009), soft, bio-integrated devices (Kim et al., 20103, 2010b, 20114, 2011b; Viventi et al., 2010), flexible
displays (Crawford, 2005), eye-like digital cameras (Jin et al., 2004; Ko et al., 2008; Jung et al., 2011), structural health
monitoring devices (Nathan et al., 2000), and electronic sensors for robotics (Someya et al., 2004; Mannsfeld et al., 2010;
Takei et al., 2010) and even ‘epidermal’ electronics capable of mechanically invisible integration onto human skin (Kim
et al., 2011b). Work in this area emphasizes mechanics and geometry, in systems that integrate hard materials for the
active components of the devices with elastomers for the substrates and packaging components. (Rogers et al., 2010).
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Fig. 1. (a) A schematic diagram of island-bridge, mesh structure in stretchable electronics; (b) SEM image (colorized for ease of viewing) of the island-
bridge, mesh structure under shear; and (c) SEM image of the island-bridge, mesh structure under diagonal stretch.
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A particularly successful strategy to stretchable electronics uses postbuckling of stiff, inorganic films on compliant,
polymeric substrates (Bowden et al., 1998). Kim et al. (2008b) further improved by structuring the film into a mesh and
bonding it to the substrate only at the nodes, as shown in Fig. 1a. Once buckled, the arc-shaped interconnects between the
nodes can move freely out of the mesh plane to accommodate large applied strain (Song et al., 2009). The interconnects
undergo complex buckling modes, such as lateral buckling, when subject to shear (Fig. 1b) or diagonal stretching (45° from
the interconnects) (Fig. 1c). Different from Euler buckling, these complex buckling modes involve large torsion and out-of-
plane bending. It is important to ensure the maximum strain in interconnects are below their fracture limit.

Koiter (1945, 1963, 2009) established a robust method for postbuckling analysis via energy minimization. The potential
energy was expanded up to 4th power of displacement (from the non-buckled state), and the 3rd and 4th power terms
actually governed the postbuckling behavior (Koiter, 1945). The existing analyses for postbuckling of plates (or shells),
however, only account for the 1st power of the displacement in the curvature (von Karman and Tsien, 1941; Budiansky,
1973), which translates to the 2nd power of the displacement in the potential energy. This can be illustrated via a beam,
whose curvature x is approximately the 2nd order derivative of the deflection w, i.e., k=w’. The bending energy is
(EI/2) f w"2dx, where EI is the bending stiffness, and the integration is along the central axis x of the beam. The accurate
expression of the curvature is xk=w"/(1+w?*?2~w'[1-(3/2)w?], which gives bending energy (EI/2) [K?dx~
(E1/2) fw2(1-3w?)dx. It is different from the approximate expression above by (3EI/2) [ w"?w?dx, which is the 4th
power of displacement, and may be important in the postbuckling analysis (Koiter, 1945).

The objective of this work is to establish a systematic method for postbuckling analysis of beams that may involve
rather complex buckling modes such as lateral buckling of the island-bridge, mesh structure in stretchable electronics.
It avoids the complex geometric analysis for lateral buckling (Timoshenko and Gere, 1961) and establishes a straightfor-
ward method to study any buckling mode. It accounts for all terms up to the 4th power of displacements in the potential
energy, as suggested by Koiter (1945). Examples are given to show the importance of the 4th power of displacement,
including the complex buckling patterns of the island-bridge, mesh structure for stretchable electronics (Fig. 1). Analytical
expressions are obtained for the amplitude of, and the maximum strain in, buckled interconnects, which are important to
the design of stretchable electronics.

2. Postbuckling analysis
2.1. Membrane strain and curvatures

Let Z denote the central axis of the beam before deformation. The unit vectors in the Cartesian coordinates (X,Y,Z) before
deformation are E; (i=1,2,3). A point X=(0,0,Z) on the central axis moves to X+ U=(U,,U,Us+Z) after deformation, where
U{(Z) (i=1,2,3) are the displacements. The stretch along the axis is

a / " 7 '’ 1 /. /. 1 ! !, .
A= \JUPHUS + (14 U)? = 14 Us + 5 (U +UF)— 5 Us(UF +U3), 1)

where () =d()/dZ, and terms higher than the 3rd power of displacement are neglected because their contribution to the
potential energy are beyond the 4th power. The length dZ becomes AdZ after deformation.

The unit vector along the deformed central axis is es=d(X+ U)/(AdZ). The other two unit vectors, e; and e,, involve twist
angle ¢ of the cross section around the central axis. Their derivatives are related to the curvature vector k of the central



Y. Su et al. / J. Mech. Phys. Solids 60 (2012) 487-508 489

axis by Love (1927)

y
i

% —kxe (i=123) 2.2)

where k; and K, are the curvatures in the (e,,es) and (e;,es) surfaces, respectively, and the twist curvature k3 is related to
the twist angle ¢ of the cross section by

K3 = % (2.3)
The unit vectors before and after deformation are related by the direction cosine a;;

e;=a;E; (i=1,2,3, summation over j). 2.4)
Eq. (2.2) gives 6 independent equations, while the orthonormal conditions e;- e;=¢;; give another 6. These 12 equations are
solved to determine 9 direction cosines a; and 3 curvatures k; in terms of the displacements U; and twist angle ¢ as

100 0 ¢ -U —31P*+UD)  —IUU+Y? U U —¢U,
{a5}=40 1 0048 =6 0 Uy b4d —JUU,—y?  —3@*+UD)  UpUs+9U; b+ {af}, 2.5)
00 1 Up U; 0 ~U, U, ~U,U;, —1UZ+U%)

where Yy = %fg(U’l U3 —U1U,)dZ is the 2nd power of displacements, and a,(f’ are the 3rd power of displacements and twist
angle given in Appendix A. As to be shown in the next section, the work conjugate of bending moment and torque is
K = Ak, which is given in terms of the power of U; and ¢ by

-Uy PU; +(ULULY
{kiy=14 Ul 3+{ gU—(U UL ¢ +(k), 2.6)
¢ 0

3

where &;’ are the 3rd power of displacements given in Appendix A.

2.2. Force, bending moment and torque

Let t=t;e; and m=m;e; denote the forces and bending moment (and torque) in the cross section Z of the beam after
deformation. Equilibrium of forces requires

¢ faff2k3+t3k2+)vp1 =0

—+p=0, or { ty+t1K3—t3K1+4ip,; =0, 2.7)
A ; . .
r3—t]K2+t2K] +).p3 =0

where p is the distributed force on the beam (per unit length after deformation). Equilibrium of moments requires
m)—myK3+mzky—Aty+4q; =0
m’ - -
- +esx t+q=0, or My +MmyK3—M3kq+At1+2q, =0, 2.8)
m’3—m1 kz +m2f<1 —I—)uq?, =0

where q is the distributed moment on the beam (per unit length after deformation). Elimination of shear forces t; and ¢,
from Egs. (2.7) and (2.8) yields 4 equations for t3 and m. Principle of Virtual Work gives their work conjugates to be 1 —1
and K, respectively. For example, the virtual work of m is [m-kds, where ds=/dZ represents the integration along the
central axis in the current (deformed) configuration. This integral can be equivalently written as [m-kdZ in the initial
(undeformed) configuration.

2.3. Onset of buckling and postbuckling

Let £ and 1 denote the critical forces, bending moments and torque at the onset of buckoling, at which the deformation
is still small. The distributed force and moment at the onset of buckling are denoted by p and q. Equilibrium Eqgs. (2.7)
and (2.8) at the onset of buckling are

o
t+p;=0 (i=1.23), 2.9

o 0

o 0 o o 0 0
mj—ty+q; =0, my+t1+¢, =0, m3+q;=0. (2.10)
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The forces, bending moments and torque during postbuckling can be written as t = g+At and m = 1(1)1+Am, where At and
Am are the changes beyond the onset of buckling. Equilibrium Eqgs. (2.7) and (2.8) become

At (63 + Aty)ics + (3 + Ats)ics + (Apy —py) = 0
Aty (6 + Aty yics (63 + Ats)icy + (Apy—Pp) =0, 211)
Afé*(fol + Aty +(t02 +Af)R1 +(Aps *53) =0

Ay — (M + Amy)ics + (M3 + Ams )iy —[(Ai— 1) + AL ]+(Ag; —q;) = 0
Amly+ (1M -+ Amy)Rs—(ms + Ams )iy +[(A—1)t) + A+ (s —p) = 0 2.12)

A1y + Amy )iy + (i + AR +(Ag3—q3) =0
Elimination of At; and At from Eqgs. (2.11) and (2.12) yields 4 equations for Ats and Am.

The linear elastic relations give At; and Am in terms of the displacements U; and twist angle ¢ by

Af3 = EA(Z—]), Am1 =El fC] , Am2 = Elzkz, Am3 = Ck3, (213)

where EA is the tensile stiffness, EI; and El, are the bending stiffness, and C is the torsion stiffness. Substitution of Eq. (2.13)
into Egs. (2.11) and (2.12) leads to four ordinary differential equations (ODEs) for U; and ¢.

Examples in the following sections show that the buckling analysis (both onset of buckling and postbuckling) is
straightforward even for complex buckling modes such as the island-bridge, mesh structure in stretchable electronics in
Section 5. It is much simpler than the existing analysis for the onset of buckling, which works only for relatively simple

buckling modes (Timoshenko and Gere, 1961). It is also more accurate than the existing postbuckling analysis, which
neglects the 2nd and 3rd power of displacements in the curvature (von Karman and Tsien, 1941; Budiansky, 1973).

3. Euler-type buckling

Consider a beam of length L with one end clamped and the other simply supported. The beam is subject to uniaxial
o
compression force P. There are no distributed force and moment in the beam, p=q=0. Let P denote the critical
()
compression at the onset of buckling (to be determined), and AP the change of P beyond P. The forces, bending moments

o)
and torque at the onset of buckling are t01 = toz =0, t03 — —P and m = 0. Without losing generality it is assumed the bending
stiffness EI; > EI, such that the beam buckles within the (X,Z) plane (Fig. 2). This gives U,=¢ =0, and therefore k; = k3 =0
from Eq. (2.6) and Am;=Ams=0 from Eq. (2.13). Egs. (2.11) and (2.12) give At,=0, and
At + (P4 Ats)icy =0, Aty—Atiicy =0, Aml+ At =0. 3.1)
Elimination of At;, together with the linear elastic relation Eq. (2.13), give

A

El, <K2) + [Ig—EA(/l—l)] iy =0, (EAZ2+ELi2Y =0. 32)

Eq. (2.6) gives k; on the order of U;. Its substitution into Eq. (3.1) gives At; and Am; on the order of Uy, and At; on
the order of (U;)%. The linear elastic relation At3;=EA(.—1) in Eq. (2.13) and the stretch A in Eq. (2.1) suggest Us on the
order of (U;)?

Us ~ (Ur)?. (3.3)
The stretch in Eq. (2.1) becomes

. S,
A:1+U3+§u12+o[(ul)4] (3.4)

0|~

Fig. 2. Illustration of beam buckling under compression, with one end clamped and the other simply supported.
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The only non-zero curvature obtained from Eq. (2.6) and & in Appendix A is

" a ! 1 /. '
:U1_<U1U3+§U13> +O[(U1)5], (3.5)
where the underlined are the higher-order terms in the curvature neglected by von Karman and Tsien (1941) and
Budiansky (1973). (Their curvatures neglected the 2nd and 3rd power of displacements in the postbuckling analysis of

plates.) Substitution of Egs. (3.4) and (3.5) into (3.2) gives two equations for U; and Us

(o] 0
" ’ 1 2 ' P " A ” 4 2 B8 1 /3 " B d 3 5| _
{ul (puriulﬂ + g Vi Ui (U3+2U1 )—(U1U3+§U1 751 U U3+3U +o[(ul) | =0, (3.6)
{—(2U3+U1)+Uﬂ +o[(ul)4} —0. (3.7)

The boundary conditions at the clamped end (Z= —L/2, Fig. 2) are
Uy =U;=U3=0 at Z=-L/)2 (3.8)

The vanishing displacement and bending moment Am,=0 at the simply supported end (Z=L/2) gives

-1 !
U1:U’]’—<U’1U’3+§U’13> +o[(u1)5]:o at z=1/2, (3.9)

)
where Egs. (2.13) and (3.5) have been used. The traction at this end is At;e; +(—P+At3)es; its component along the axial

o
direction E; in the initial (undeformed) configuration must be —(P+ AP), which gives
o o
At1e1'E3+(—P+At3)e3~E3:—(P+AP), at Z:L/Z, (3.10)

or using the direction cosines a; in Eq. (2.5) (and a‘3) in Appendix A)

—At U — (l—%U’2)+At3_—(P+AP)+O[(U1)4] at z=1L)2 (3.10a)

Elimination of At; and Ats in the above equation via Egs. (3.1), (2.13), (3.4) and (3.5) gives

o]
P
ViU + 35,

EA 1 AP
U2+ o, <U3 5u’3>+ﬁ+o[(ul)4] 0 at Z=L/2. (3.11)

The perturbation method is used to solve ODEs (3.6) and (3.7) with boundary conditions (3.8), (3.9) and (3.11). Let a be
the ratio of the maximum deflection Ujmax to the beam length L; a is small such that displacements U; and Us are
expressed as the power series of a. It can be shown that U; and Us correspond to the odd and even powers of a,
respectively, and can be written as

U; = aU1(0)+a3U1(1)+. ..
U3=(12U3(0)+..., (3.12)

where terms higher than the 3rd power of displacement (i.e., higher than a®) are neglected in the postbuckling analysis.
Similarly, AP is on the order of a?, and can be written as

AP = APy +. ... (3.13)

Substitution of Egs. (3.12) and (3.13) into Egs. (3.6)-(3.9) and (3.11) gives

” IDJ
<U1(0)+ E_lz U](())) = O

, (3.14)
Ul(O)‘z: -L27 U/1<0)’

"
=Ui0;-12=Ulo

Z=—-L)2 z=12

2 ELy2 )
(ZU/3(0) + U/1(0) + A Uq(O)) =0

o —0 (3.15)
4 1. 0;
Usoly— 1p= <U3(0>+ Ufo + % UioUio + 25 U1(0)+ ; )>

Z=1)2
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for the leading powers of a, and
o " ’
" P " 72 EAgyp / 17712
(Um) + mul(l)) = [U1(0) (U/3<0) + %Ul(O))] + &, Vo (U3(0)+ 2 U1(0)>

’ ’ 13 " p ’ 3 !
+(UsoUs0+3Uto) + = (UioUso+ 3 Ut (3.16)

_Ir _ _ " 4 ’ 177173 ! _
Uiyl 12 = Uiz 12 =Vl 1o = Ui = (ViU + 3UTo)) | ‘Z:L/Z =

for the next power of a, where the underline represents the higher-order terms neglected in the existing postbuckling
analysis.
Eq. (3.14) constitutes an eigenvalue problem for U;g). The critical buckling load is the eigenvalue, and is given by

8_ K’El, _ 20.19EL

2 12 3.17)
where k=4.493 is the smallest positive root of the equation
tank =k. (3.18)
The corresponding buckling mode is
_ k(L-22) Lsin(k5#)
V10 = =47~ Zncosk 319
and its maximum is L. Eq. (3.15) gives Ujq, as
2 o
, k* [cos(kl5%2) kP [cos? (kL5%2) AP,
Vi0 =3z [ cosk ~ Y| t8m@EA| sk VT EA (3.20)

Its integration, together with U3(0)\Z: _1/2=0in Eq. (3.15), gives Us).
The higher-order displacement Uy(;y could be obtained from Eq. (3.16). However, AP can be determined directly

(o]
without solving Uy(1). This is because {U’{(U+[P/(Elz)]U1(1)}” in Eq. (3.16) is orthogonal to Uy

L/2 o ,
/L/Z { ’{(1,+[P/(E12)]U1(1)} UrodZ =0

o
(also shown in Appendix A). Substitution of {U},+[P/(E[;)]U11)}” in Eq. (3.16) into the above integral gives the equation
for AP

" , 17772 " EA g ’ 1772
e [U1(0) <U3(0) +2 Ul(O))} + £, V1o <U3(0>+ 2 Ul(O))

/ , , , moo , , . » pUi0dZ=0. (3.21)
e <U1(0>U3<0> + %U13(0>) + 1, (U1<O>U3<o> + %U13<0>)
This gives
9K?—25_(27k*—3) b — (20+ 12 i)
2 EA EA 2 2
AP, —p K ~ ROk —25-20) (3.22)

2882 2882

1-P/(EA)
where the underline represents the contribution neglected in the existing postbuckling analysis, without which the

o o
existing postbuckling analysis would give AP, = 1.113P, which is 15% larger than AP, =0.971P obtained from Eq. (3.22).
The compression force P is then related to the maximum deflection Uqnyax during postbuckling by

2 2 2 2 2
5. ppktOK¥-25-20) o {1+k (9k*—~25-20) <U1mx> } 3.23)

P~ P+a? =P
+a 28812 2882 L

where a = Ujnmax/L has been used. The critical compressive strain at the onset of buckling, —E/(EA) = —20.19E12/(EAL2), is
negligible. The applied (compressive) strain during postbuckling is

Uslz_1p0=Uslz— 1p a® (12 K ruy 2 U, 2
Eapplied = L =T e U3(O)dZ - 1672 ( zmx) =-2.58 <$> . (3.29)
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The compression force P is then related to the applied (compressive) strain &qppiiea by

9k*-25-20

o o
P~P (1 + ]8k2 — |8applied> =P +0~3762‘8applied|)v (3.25)

while the existing postbuckling analysis would give P~ 1%(1 +0.4312 |egppiied|)-

The maximum membrane strain in the beam is —Ig/(EA)~ {14 O[(U1max/L)?1}, which is on the order of h?/L?, where h is the
beam height. It is negligible as compared to the bending strain given below for the maximum deflection U;,.x much larger
than h. The maximum bending strain in the beam is given by

h , h
Emax = jmax{U1 |= 4.603I \/ | €applied] (3.26)

which is much smaller than the applied strain for Ujpax > h.

4. Lateral buckling
In general, the following orders of displacement and rotation increments hold during postbuckling:

(i) The increment of axial displacement Us is always 2nd order;
(ii) The deflection and rotations increments during postbuckling are 1st order if these increments are zero prior to the
onset of buckling (e.g., Uy and ¢ in this section);
(iii) The deflection and rotations increments during postbuckling are 2nd order if these increments are not zero prior to
the onset of buckling (e.g., U, in this section).

Fig. 3 shows a beam of length L with the left end clamped and the right end subject to a shear force P in the Y direction
without any rotation. Let Z denote the central axis of the beam before deformation, and with Z=0 at the beam center. The

beam buckles out of the Y-Z plane (i.e., lateral buckling) when the shear force P reaches the critical buckling load Ig (to be

a
b
h Z |<—>
- ] ®p ﬁ%h
A A
X
| L | L |
| 5 I~ 5 ]
b
P
Y h
yb 4 >
. _£_>Z_ ........ | M b
N
—_—T
| L L L J
| I~ 1
C

‘ symmetric o anti-symmetric

Fig. 3. lllustration of lateral buckling of a beam under shear along the thick direction (b > h) of the cross section; (a) view along the direction of shear;
(b) view normal to the direction of shear; and (c) the symmetric and anti-symmetric buckling modes.
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determined). As to be shown at the end of Section 4, this represents a special case of the island-bridge, mesh structure in
stretchable electronics (Kim et al., 2008b).

4.1. Equations for postbuckling analysis

There are no distributed force and moment, p=q=0. The force, bending moment and torque in the beam prior to the
onset of buckling are
o o
f=fy=my=ms=0, =P, my=PZ for _% <z<
o
Let AP = P—P denote the change of shear force during postbuckling. Only the displacements along Z and Y directions are
not zero prior to the onset of buckling. Therefore the displacement U; and rotation ¢ during postbuckling are 1st order,
and displacements U, and Us are 2nd order, i.e.,

. 4.1)

N[~

¢~Uy, Us~Us~ Uy’ 4.2)
The stretch in Eq. (2.1) becomes

, , 1

=1+Us+ U +0[Wn?]. 43)

Eq. (2.6) and &;® in Appendix A give the curvatures
o1 = —Uj+U; +0[W?],

) " " ! (NG ] " 1 7. / A !
Ry =Uj 4+ pUy—(U,UsY — = ¢° UG — = (UDY +0|(Uy)°|, Rs=¢, (4.4
2 3

where the underlined are the higher-order terms in the curvatures neglected in the existing postbuckling analysis (von
Karman and Tsien, 1941; Budiansky, 1973). Substitution Eqs. (4.1)-(4.4) into Egs. (2.11)-(2.13) gives the ODEs for U and ¢

" " " " 9 " " U N4 1 " ] 7. 4
Co" +(EL —El)U} (U — U} )—PZ [Ul QU (UL U — 5 9*U{— 3 (UF) } +o[wy?] =o, 4.5)

" U 1 ! ' / " " ' TT Y 1 ” 1 13/ !
512{U<;‘LU1 (U3+ jUE) —¢2U; + [qsuf(U] Us) —jqﬁZUl—g(UE)} }

—El [ (U3~ U} )+26/(Us— U} Y | +C [ (U5 —gUD )+ (U5 U} Y +° U5 |

—EAU; (Uy+ U2 4Py + Bz y—Pzgy (Us + LU /+o[(u =0 (4.6)
1 3T 91 EE | 1 =Y .
"y " TN 9 / 1 / "o /.
EL (U5 —pUY)" +EL (@)U +2¢'U7)~C(@'US) +P(U3+ juﬁ) +PZ¢p* +0| W] =0, 47)
’ 1 12 1 "2 "o " ” 2 2 4
EA(Us+ 5 U7 ) + 5 ERUY | —P(U3—gU})+PZ§'UT 40| U] =0. 4.8)

The increments of axial force At; and bending moment and torque Am can be obtained from Egs. (2.13), (4.3) and (4.4).
The shear forces, needed in the boundary conditions, are given by

bl " " a (NG 1 " l /. ’ ! ’ " " o ’
AAty = —El, { 1+oU—(U1U3) —§¢2U1—§(U13) } +(EL-0O)¢'(Us— U )—~PZ +O[(U1 )5]

bl " "N\ ’ " 9 ! l 7,
Ity = —EL/(Uy— U} Y —(EL,—C)¢'U; —P<U3 + jUE) +0 [(w )4]. 4.9

The displacements U, and Us at the left end are zero
U2=U3 =0 at Z:—L/2 (410)
The boundary conditions at the two ends are zero displacement
U =0 at Z= +1L/)2 4.11)

and zero rotation, e;=E; (i=1,2,3), and therefore direction cosines a;j=J;, which are expressed in terms of displacements
and rotation as

U;=0, Uy=0, ¢p+yP+y® =0 at Z= +L/2, 4.12)

where

z
1 ! " " !
WP =5 [ WiU5-UiUsiz
6
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given after Eq. (2.5) is in the order of O[(U;)*], and ¢ given in Appendix A is also in the order of O[(U;)?]. The traction
condition at the right end Z=L/2 is

At; =AP, At;=0 at Z=L/2. (4.13)
Substitution of At; in Eq. (4.9) and Ats from Egs. (2.13) and (4.3) into the above equation gives
Uj +o[(ul)4] -0

o]
" "N\ E127C U p ’ AP 4| _ _
U5 -gULY + =g (/>U1+EU3+E+O[(U1)]_0 at z=L/2. 4.14)

4.2. Perturbation method

The perturbation method is used to solve the ODEs (4.5)-(4.8) with boundary conditions (4.10)-(4.12) and (4.14). Let a
denote a small non-dimensional parameter, such as the ratio of the maximum deflection U ax to the beam length L or the
maximum twist ¢. The displacements and rotation are expanded to the power series of a, with ¢ and U; to the odd powers
of a, and U, and Us to the even powers of a

¢= a¢>(0)+a3¢(1)+. .

U, = aU1(0)+a3U1(1) +...

U, = a2U2(0)+. ..

Us =(12U3(0)+..., (4.15)
where terms higher than the 3rd power of displacement [i.e., o(a®)] are neglected in the postbuckling analysis. Similarly,
AP is in the order of a2, and can be written as

Substitution of the above two equations into the ODEs and boundary conditions gives

o
Chlo)—PZU} g =0

o] o]
EL Uy, +Pio,+(PZig) =0 , 417)
¢(0)‘Z: N Ui P = Ul(O)‘Z: 12 =0

" / U ’ 9 U ’ r9 /
EN (U0~ 10 Ui0)" + Ela(l0) U0, 260, U'si0)~Clcbio) U0 + P (Uso) + Uy ) +PZebig, =0

’ o o
[EA(Us0)+ 3 UT) + §ELUS) | —P(US 0~ $10)U'i0))+ PZ65(0)U'0) =0
(4.18)

2 a
U2(0>|zz L2 Us) ‘zz L2 = U2(0) ‘zz +12 = U3(O) )Z: L2 =0

(o}
" " ’ El,—C 4./ " 1 U _ AP,
[(Uz(ord)(muum) + % doUro + & P U3(0>]Z Lao

for the leading powers of a, and

Cplh —PZUS ) = —(El —ED)U' 0, (U0 b0, U0+ PZ [#0U30~UioUso) ~ ¥ Usio~ U3 ]

Uso) (Usor+ 3 Ufo)) +éRUlo

- [‘%) U0 —(U'0Us0) — 3 bl Ut~ %(Uﬁm)’] !

+Eh [4’2/0)(” 50~ U10)+200 Uk~ P U’{(o))’] (4.19)
—C [¢’2/0>(U§<0)*¢<0>Uq<0))+ b0/ Us0— b0 Ui0) + 90 U’{(o)]

@ D B v
E12U1(1)+P(i)(1)+(PZ¢(1)) :EIZ

12 9 ’ ’ 2 !
+EAU ) (U§<0> + %UuO)) +PZ$ig, <U3(0> + %U/l(O)>

(2) (3) — —U. _
(D1 +¥oHbollz- crp=Uinlzo L1p= Ul(l)‘zz N

for the next power of a, where

zZ
1 1 2
@ y " P 3) 2 )
Vo =3 / Ui0U20-UioU20)dZ and Y == 70 <§ b0+ U1<0>> :
0
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Eq. (4.17) constitutes an eigenvalue problem for ¢y and Uy(o). Elimination of Uy, yields the equation for ¢(o)

d w2, (PZ)
az ‘15(0)*?‘15(0) EL, C¢(0) =u. (4.20)

It has two sets of solutions, corresponding to even and odd functions of Z, respectively, which are called symmetric and
anti-symmetric buckling modes in Sections 4.3 and 4.4. It can be shown that Uy (g is odd for an even ¢o), and Uy (g, is even
when ¢, is odd.

For the beam with a narrow cross section such that El; > El,,C as in experiments, Eq. (4.18) can be significantly
simplified by neglecting El,/(El,) and C/(El;)

(UQ(O)_d’(O)U/l/(O) )'=0

% " " ’
Uz, _ 12T UZ(O)‘Z —a12 Wz(OFM) z=12

/ 2 !
(Us0+13U%) =0

, (4.18a)
Usl, - -2~ U3(0)‘Z 12 0,

(o]
where the deformation at the onset of buckling is negligible since P and AP, are proportional to /EI,C (to be shown in
Sections 4.3 and 4.4) and the bridge length L is much larger than the cross section dimension (e.g., thickness). The above
equation, together with ¢ o) and Us(o) being opposite even or odd functions, give Ujq, = ¢, U, and Uy = —Ufrg, /2. Its
solution is

L2 z L2
Uyoy=—Z ¢ U10dZ1- /214’(0)%0)‘121—/0 Z190) U141

U3 = 2/ Ul(O)dzl 2/ U1(o)dzl~ 4.21)

Similar to Eq. (3.21), the normality condition (or the existence condition for ¢y and Uy(1)) gives APq). The underlined
terms in Eq. (4.21) clearly show the importance of the 4th power of displacement in the potential energy: the
displacement U,y would be zero if the 4th power of displacement were not accounted for.

4.3. Symmetric buckling mode

The symmetric buckling mode corresponds to an even function for ¢ (o), and an odd function for Uy(). Without losing

generality only half of the beam, 0 <Z < L/2, is considered. By introducing a new variable { = /\/EIZ CZ, integration of
Eq. (4.20) and ¢(o) being an even function give

P, 2 P 24P

+ -0 422
a2 C de S @.22)
It is a 2nd order ODE for d¢)/dC, and has the solution
d(b(O) 3/2 CZ
a =B34 5 (4.23)

for an even function ¢), where By is a constant to be determined, ] is the Bessel function of the first kind (Gradshteyn and
Ryzhik, 2007). Integration of the above equation together with the boundary condition ¢o)|z=12=0 in Eq. (4.17) gives

o Cmax 3/ ﬁ B {ﬁﬂ B g
N A S CR S IV o VTR C | (424)

o
where {max =\ P/V/ELC(L/2) corresponds to the end Z=L/2. The parameter B, is determined from max(¢)=1 as

. -1
B = [\/Cmaxj% (%)—WL%] in terms of the I' function (Gradshteyn and Ryzhik, 2007), to ensure the parameter a in

Eq. (4.15) to be the maximum angle of twist, ¢max.
Integration of the 1st equation in (4.17) gives Uy (o) as

Uroy =Ly VCmax Cmax—C g‘““ [ o 425
10) = ZC EI max(Cmax )13/4 / \/—]3/4 (4.25)
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Its being an odd function requires Uyg)=0 at Z=0, which gives

{2
]3/4( r;ax> = 0 (426)

and has the solution (,,x = 2.642. The critical buckling load is then given by
P—2793Y Elzc 4.27)

The constant B;= —0.5423. Eqs. (4.24) and (4.25) can then be written explicitly as

2
b0 =03742+05423V/(, <%>

3
um,) o 1 < [0.079860-0.078798% )4 (5 ) H-3/4(%)
~01026 g =\, : (4.28)
2

\/13/4 E | +0.030518%3.4(5)scmam (%)

where H is the Struve Function and s is the Lommel Function (Gradshteyn and Ryzhik, 2007). Eq. (4.21) then gives Uy,
and U3(0).
The applied nominal shear strain during postbuckling is obtained from Eqs. (4.21) and (4.28) as

Ualz—12=Uz2lz = _12 202 (L2 ) c
Voppled = ) == | 20U 42 = 02444 [ 429)

It would give Yqppiiea=0 without the underlined terms, which clearly suggests the importance of higher-order terms in the
curvature in the postbuckling analysis.

For a rectangular section with height h < width b, EI;=Ehb3/12, El,=Eh3b/12 and C=Gh3b/3, where G is the shear
modulus. The maximum bending strain, which is reached at the two ends of the beam, is the sum of bending strains at the
onset of buckling and during postbuckling, and is given by

bP(L/2 , / G h h G
Ebending = 2 (EI/ ) + aX}U | -7 (7 474 /applled \/>+13 97 - \/>> ~7. 474 /applled\/; (4-30)

where the approximation on the 2nd line holds for ¢, > h/b. The maximum shear strain due to torsion is given by

/ h | E
Vtorsion = hmax|¢> | = 66062 Vapplied \/% (4.31)

4.4. Anti-symmetric buckling mode

The anti-symmetric buckling mode corresponds to an odd function for ¢, and an even function for Uy(). Without
losing generality only half of the beam, 0 <Z < L/2, is considered. Integration of Eq. (4.20) gives the same equation as (4.22)
except that the right-hand side is replaced by a constant of integration B, (to be determined)

& b 24 b0y 29%0
—= =B,. 4.32
a3 T d? + a =5 (4.32)
It has the solution
dd) B o2
dg” =By F()+Bs*%) 34 (%) (4.33)

for an odd function ¢ o), where the constant Bs is to be determined, and

2 2
F(C)=—%C2+%\/¥F<%> |:C2H5/4 <%> —Hy)4 (%)} (4.34)

Its integration together with the boundary condition ¢(o)|z-1,2=0 in Eq. (4.17) gives

Cmax 2 2
b0 =—B2 / F({)d{—Bs |:\/ CmaxJ1/4 <érgax> - \/Z./1/4 <%>} . (4.35)
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Its being an odd function requires ¢)=0 at Z=0, i.e.

Cmax 2
By [ FQOAC B3\ (Cg) -o. (4:36)
Integration of the 1st equation in (4.17) and the boundary condition U/l(o)‘ =0 give

d L C bmax 1dF(0) ., tmax 1 d
dCU](O) m\/E—TZ{BZA Zd_(:dg+33/g Cdc|: 2] 3/4< >:|d§} 4.37)

It is an odd function (since Uy(o) is even), which requires U}y =0 at Z=0. This gives

L.mxldp(o C.mxld 32
B [ g B | Cdé{c 13/4( )}dc 0. (438)

Eqgs. (4.36) and (4.38) give two linear, homogeneous equations for B, and Bs. Their determinant must be zero in order to
have a non-trivial solution, which gives the equation for the critical buckling load

FFOd Vomadija ()

j(;.mx 1 dm)dg léman d [53/21 5 4( )}d( (4.39)
It has the solution {,,x = 3.038. The critical buckling load is then given by
P=36.92 \/fF (4.40)
which is larger than Eq. (4.27) for the symmetric mode.
Integration of Eq. (4.37) and the boundary condition Uj(o)|z—12=0 give
, By [t Flima) = [ 12|
o= %\/; +B3 [@@m—m% () - g e sa()a]| [ @an
The parameter a in Eq. (4.15) is the ratio of maximum displacement to L, i.e., a=Ujnax/L, Which, together with
Eq. (4.41), give
BaF(Cona) B | (3] 4 (%)—ir(i)] = 222 (4.42)

Eqgs. (4.36) and (4.42) determine B, =3.850,/El,/C and B3 = —1.166+/EI,/C. Eqgs. (4.35) and (4.41) can then be written
explicitly as

3.038 )
b0 = 7\/5722 {0 7250+ 3. 850/ FO)dC+1.1661/T4 4 <52>]

U](O) B 3.038 F(C) 3.038 C
—% =0.8503-0.2799(~0.6337( [ 7 dL+01919 /g \/1 ER (4.43)

Eq. (4.21) then gives Uy gy and Us(o).
The applied nominal shear strain during postbuckling is obtained from Egs. (4.21) and (4.43) as

Ualz—12=Ualz=1p _ 2UF JEL (Uimax
Vapplied = Z=1/2 . Z=-L2 _ lrnax/ Z¢(0)U1(0)d2—1038 T2( 121ax> ) (4.44)

It would also give ygppiiea=0 without the underlined terms, which confirms the importance of higher-order terms in the
curvature in the postbuckling analysis.

The maximum bending strain at the onset of buckling is €penging = 18.46 [hz/(Lb)} +/G/E. The maximum bending strain
and torsion (shear) strain due to postbuckling are

h | G
Epending = 6.833 I Yapplied \/%' (4.45)
, h E
Ytorsion = hmax|q5 } =8.632 L Yapplied s (4.46)

Their comparison with Eqgs. (4.30) and (4.31) suggests that the anti-symmetric buckling mode gives a smaller bending
strain but a larger shear strain than the symmetric buckling mode.




Y. Su et al. / J. Mech. Phys. Solids 60 (2012) 487-508 499

a
|
= z
Yk ol ¢
A\ ) \\ // i Z
Lisland ;’4 _XQ_PB
L
- -
[ C 4\ D ,T\b
Li;arll
L e L
/ I [ T |
PZ T
b
L L
< Lofels
h 2 2 7
\ — v — L gl h
Substrate
Xy
C symmetric anti-symmetric
()]
c
£
L
g
®
()]
£
[)]
(%]
o
g— 0
o
o a1

0.4

01 0.1

Fig. 4. Illustration of the island-bridge, mesh structure in the stretchable electronics subject to stretching/compressing along the 45° (diagonal)
direction; (a) top view; (b) side view; and (c) the symmetric and anti-symmetric buckling modes for both stretching and compressing.

Fig. 3c shows the symmetric and anti-symmetric buckling modes in Sections 4.3 and 4.4, respectively. The applied
nominal shear strain is Yappiiea=20%, and C/(El;)=1.57. The buckling mode for the anti-symmetric appears to be rather

similar to the experimentally observed buckling profile in Fig. 1b for the shear case.
The analysis in this section also holds for the island-bridge, mesh structure in stretchable electronics (Fig. 4) subject to

pure shear. For example, the bending and torsion strains in Eqs. (4.30), (4.31), (4.45) and (4.46) still hold if the applied
nominal shear strain Ygppiieq to the beam is replaced by y(L+ Ligqna)/L, where v is the shear strain applied to the island-
bridge, mesh structure, and Lisiqng is the island size (Fig. 4).
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Fig. 5. Free-body diagram of the island-bridge, mesh structure prior to the onset of buckling.
5. Buckling of island-bridge, mesh structure in stretchable electronics

Fig. 4a shows the top view of an island-bridge, mesh structure in stretchable electronics (Kim et al., 2008b). The square
islands of size Lisqng are linked by bridges of length L. The islands are well attached to the substrate, but bridges are not, as
seen from the side view in Fig. 4b. The bridges buckle to shield the islands from large deformation. Let Z denote the central
axis of the bridge before deformation, with Z=0 at the bridge center (Fig. 4a), and Y axis in the plane of the island-bridge,
mesh structure and be normal to Z.

Euler buckling occurs in bridges for the island-bridge, mesh structure subject to compression along Z or Y directions.
Tension or compression along the diagonal direction (Z in Fig. 4a) of the square islands, as in experiments, is studied in the
following.

5.1. State prior to the onset of buckling

Let P; denote the tension force (per unit length) along Z direction (Fig. 4a). There are no distributed force and moment,
p=4q=0. The force, bending moment and torque in bridges t01 = n?z = rﬁg =0, and the non-zero forces and bending moment

t02, t03 and n1; are symmetric about Z and Y directions.
Fig. 5 shows the free body diagram of the left and lower half of the island-bridge, mesh structure that is cut along Y direction.

The forces toz and tog in the bridges along Z and Y directions satisfy the symmetry about Z and Y directions. Equilibrium of forces in

— o [0} o — o [
Z direction gives t; +t3—P5(L+ Lisigng) = 0. Similarly, force equilibrium in Y direction gives t;—t3 = 0. These give

[ 1o 0 1o
t2 = 5 P7(L+Listana),  t3 = 5 Pz(L+Lisiana)- (CRY
The islands do not rotate due to symmetry about Z and Y directions. The bending moment 17[1)1 can then be found as
0 1° L L
my = jPZ(L"'Lisland)Z for ) <Z< 3 5.2)
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5.2. Equations for postbuckling analysis

Let I%Z denote the critical tension at the onset of buckling, and AP; the changes during postbuckling. Only the
displacements along Z and Y directions are not zero prior to the onset of buckling. Therefore the orders of displacements
and rotation ¢ during postbuckling are the same as Eq. (4.2). The stretch and curvatures are still given by Egs. (4.3) and
(4.4). Their substitution into Egs. (2.11)-(2.13) gives the ODEs for U and ¢

" " " " " " U !N 1 4 ] 4 /
Cp" -+ (El —EL)U; (U —pU; )~y [Ul +pUs—(U; Us) =5 §* Uy —3(UP) } +0[Wy°] =0, (53)

" ! 1 . ! /. " " I 1 " 1 73/ "
EIZ{U(14)_U1 <U3+ §U12> _(/)ZUI + |:(/)U2_(Ul U3) _§¢2U1_§(U13) :| }

" 4 " ’ " (NA /! " " / " (N4 /. " " ! l /. 0 /
Bl [ (U~ 9US) 20/ U3~ QU | + [ (U3 U3+ /U3 U7+ 003 | ~EAUS (U5 4 U7 ) + 620

Ol , 1 ” sy 1 R P IN; ’ , 1 '
~t3 {Ul (1 +Us+ §Uf) +PUs (U3 U) —5 ¢* Uy 5 (UP) ] +(my 'y~ <U3+ ZUE) +0[Wy?] =0, (5.4)
" N "y rr” TN 0 U 1 . "o " U .
ElL(U5—¢U]) +EL(¢ U7 +2¢'U; ) —C(p'UT) +t3 (U3+§U12> —t3(U2—¢U1)+rﬁ1¢2+O[(U1)4} =0, (5.5)
/ 1 2 1 ”2 /_0 " ” O 41 _
EA( U+ 5 U7 ) + S ELUP | —6a(Us U+ ¢’ Ui +0[(Un)*] =0, (5.6)

where the underlined are the higher-order terms in the curvatures neglected in the existing postbuckling analysis
(von Karman and Tsien, 1941; Budiansky, 1973). The increments of axial force At; and bending moment and torque Am
can be obtained from Egs. (2.13), (4.3) and (4.4). The shear forces are given by

" " ! N\ ] " 1 /. / ' ’ " " U
AAty = —El, |:Ul +¢U;—(U1U3) *2‘152”1 *§(U13) } +(EL-O)¢ (U2*¢U1)*’Tg1¢ +O[(U1)5}

" /ANA ’ " 0 U 1 /.
JAty = —EL (Uy— U} Y —(EL—C)¢' U —t, <U3 +5 Uﬁ) +0 [(U1)4] (5.7)
Eqgs. (5.3)-(5.7) hold for arbitrary equilibrium state g and m prior to the onset of buckling. For example, for the state in Eq.
(4.1), the above equations degenerate to Egs. (4.5)-(4.9).
The displacements U, and Us at the midpoint are zero to remove the rigid body translation

Uy=Us=0 at Z=0 (5.8)

The other boundary conditions (4.11) and (4.12) still hold. The traction conditions at the end Z=L/2 are At; =At; =
APZ(L+ Ligiang)/2, which can be expressed in terms of the displacements as

’ APZ(L+Lislund) 4
Uy— =25 0[] =0
[0}
y oy EL—C oty APL+L
Uy—pU}Y + 13‘11 </>U1+E—121U3+7Z ZEI]“’“”d)Jro{(Ul)‘*]:o at Z=L/2. (5.9)

5.3. Perturbation method

The perturbation method is used to solve the ODEs (5.3)-(5.6) with boundary conditions (4.11), (4.12), (5.8), and (5.9).
Let a denote the ratio of the maximum deflection U;mna.x to the beam length L or the maximum twist ¢max. The
displacements and rotation are expanded to the power series of a as in Eq. (4.15). Similarly, AP; is written as

AP; = a*APz, +. . . (5.10)
Substitution of Egs. (4.15) and (5.10) into Egs. (5.3)-(5.6), (5.8) and (5.9) gives
14 0 "
Céo=miUi =0

ELUY 460 —t5Ul o + (M o) =0
2810 T 2907310 1Py = (5.11)

= U/1(0)|Z: +L/2= 0,

b =U10
Z= Z=+L)2

+L/2
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ElL (U0~ 0)\U'0))" +EL(di0) U 0) + 210 Ut0))—C(bio, U' o))
0 ’ 17772 ro " " o 2
+62 (U + 3 Uflg) ) ~t3(Us0— B0 Utio)+ 1M1 95, = 0
1 n 1 L " ” 0 ’
[EA(Usi0)+ 3 Ufloy ) + S ELUT | ~t2(US0)~ 10 Uio) 411160 U0, =0 (5.12)
, , AP o (L+ Ligiana)
Uxo)lz=0=U30)lz=0=Ux0)lz= 112 =Us0)lz=12——"3gz7—— =0

AP (L4 Liiand)
_C _ 70 island
{(Uzm) ¢(0)U1(0>) +E 511 b0 Ul + a7 t2U3(0)} U2 =——gg—

for the leading powers of a, and
” o o " ’ 2 73
Chlyy = US 1) = —(ER—EI)U3 (U~ 10 Ui0)+ 11 10, Usi0~ Wi Uso) — 3 b1 Uiio — § (Urlo) |
EL, U ° 0 4 VN
Uiy + 29y —t3U1 )+ (M)
12 ! 2 ” 3 1"
= Elz{U%) (Ué(m + %Ul(m) +¢0Ul0— [‘%) Uy~ Wi Uso) ~  $ioUio— 3 Uto) ] }

’ ” ’ ” ’ 2
+Eh WOKUQ(O)—</5<0)Uq<o>)+2<’520>(U/§(0>—‘/§<O>Uq<0>) | ~C[#lo0/ V30~ b0 Uie) + 90U~ b0 Uin) + P Uio)]
+EAUS ) (Uso)+ 3 UT) ) + g Ui (Usor+ 21U ) + B0Usi0~(Usi0 Us0) ~ 3 $io Usio— 3 Uste) |
+my b0y (U/3<0) + %U/um)

(2) (3)
[%a) +¢(0) (0)]|Z =+L2= Ul(l)!z =412~

U””)z: L2

(5.13)
for the next power of a, where
(2) ” " ’ d d A3) 1 2 2 72
Vo) = (U1<0)U2(0>*U1<0>U2<0)) Z and Y =—7%0/|3%0+Vio )-
Elimination of Uj(g) in Eq. (5.11) yields the equation for ¢
o

d " 2., [P*(L"‘Lisland)z]2 ’ (L+Llsland)
ﬁ{f/)w)—zd’(orF z 4EL,C b0~ E] bo) (5.14)

for the state prior to the onset of buckling in Eqgs. (5.1) and (5.2). The symmetric and anti-symmetric buckling modes
correspond to even and odd ¢y, respectively, and U; () is odd for an even ¢q), and is even for an odd ¢(o).

For bridges with a narrow cross section such that El; > EI,,C as in experiments, Eq. (5.12) can be significantly simplified
by neglecting El>/(El;) and C/(El,)

U0 ~¢0Vi0)" =0 (U3 +3UT) =0

” ” ’ y (51 Za)
= (UZ(O)_¢(O)U1(0))

U =U, =0’ U —
20lz-0=Vs0),_ +1/2 z=1/2 U3, _ o= U3 Zoip

where the deformation at the onset of buckling is negligible since P and AP: P, are proportional to v/EL;C (to be shown in
Sections 5.4 and 5.5) and the bridge length L is much larger than the cross section dimension (e.g., thickness). The above
equation, together with ¢ and Uyoy being opposite even or odd functions, give U, = ¢ U}, and Uy =—Ufg /2.
Its solution is

L2 -z
Uz =—2Z ¢(0)U1(0)dzl_/ Z1¢0)U70)dZ1

1 /%
Usoy=—3 [ Ufodz:. (5.15)

For both symmetric or anti-symmetric buckling modes, U,y and Us() are always odd functions. Similar to Eq. (3.21), the
normality condition for Eq. (5.13) gives AP 70y The displacement Uy would be zero in Eq. (5.15) without accounting for
the 4th power of displacement in the potential energy.
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Fig. 6. The normalized critical buckling load versus the Poisson’s ratio of the bridge for the symmetric and anti-symmetric buckling modes, subject to
stretching or compressing along 45° (diagonal) direction.

5.4. Symmetric buckling mode

For an even function ¢y and odd function Uy, only half of the beam, 0<Z<L/2, is considered. Integration of
Eq. (5.14) and ¢ (o being an even function give

oo 2d%¢ d¢ d¢
dC3(O)_Z dCZ(O)JFéz 0 _,7%0 _ g, (5.16)

d¢ d¢
where ( = ¢

The solution of the above equation is

d L
(520) =B4\/(Re [Mi(a/4),(3/4)(142)} (5.17)

Igz (L+Lisiana)/ 2V ELC)Z, o0 = «/C/(Elz)sign(lgz), sign(lgz)=l for tension and sign(IO’Z)z —1 for compression.

for an even function ¢o), where B, is a constant to be determined, Re stands for the real part, M is the Whittaker M function
with indices i«/4 and 3/4 (Gradshteyn and Ryzhik, 2007), and i = +/—1. Integration of Eq. (5.17) together with the boundary
condition ¢g)|z—1>=0 in Eq. (5.11) gives

b0 = —Ba / " TRMigsya) 34y (ICNE, (5.18)
J¢

where (ax = \/

. -1
max(¢ ) =1as By = —{jém“ \/ZRe[Mi(a/‘l)v(gM)(iCz)]d{} , which ensures the parameter a in Eq. (4.15) to be the maximum

angle of twist, @max-
Integration of the 1st equation in (5.11) gives Uy (g as

[
P; (L4 Ligiang)L? /(8+/EIL,C) corresponds to the end Z=L/2. The parameter B, is determined from

_ oBy lmax ) 202 gmax_g ) ;o2
Ul(o)_—LZme{C/C WRG [MM./4>,<3/4)(IC )] di— \/mRe [Ml(a/4),(3/4)(l€max)] : (5.19)

Its being an odd function requires U;o)=0 at Z=0, which gives the following simple equation for the critical buckling
load:

Re[Mix/a)3/4)({max)] =0, (5.20)
which has the solution {,.x = {max(®). The critical buckling load is
0 8\/EILC 5
Psl= —2Y"2" (a0, (5.21)
‘ (L + Lisland)L2 e

o
The normalized critical buckling load, 'Pz (L+ Ligiana)L? /(8+/EL,C), is shown versus the Poisson’s ratio v of the bridge in

Fig. 6, where o= /2/(1+ v)sign(lgz) for a rectangular cross section of the bridge. The critical buckling load for stretching is
clearly larger than that for compressing, and both are essentially independent of v.
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Table 1
The coefficients f versus the Poisson’s ratio v of the bridge for the symmetric and anti-symmetric buckling modes under 45° stretching.

Poisson’s ratio Stretching
Symmetric Anti-symmetric

Sb};rr?ding ﬁZJ;Tding g;nsion ﬂggéiiing ﬁggﬁliiing ?g:siion
v=0.1 11.55 6.796 10.07 16.23 8.111 12.75
v=0.2 10.96 6.622 10.20 15.43 7.775 12.94
v=0.3 10.46 6.467 10.33 14.71 7.671 13.11
v=0.4 10.01 6.328 10.45 14.11 7.262 13.29
v=0.5 9.614 6.201 10.56 13.56 6.897 13.46

Table 2

The coefficients  versus the Poisson’s ratio v of the bridge for the symmetric and anti-symmetric buckling modes under 45° compressing.

Poisson’s ratio Compressing
Symmetric Anti-symmetric
o sym sym 0 . i i
ﬂl?:;:ding ﬂbending torsion ngrt:ding /ngnlding ?c;lrrs’ion
v=0.1 7.570 5.503 6.216 7.290 4.639 7.328
v=0.2 7.316 5.410 6.426 7.149 4.557 7.680
v=0.3 7.087 5.324 6.623 7.016 4.481 8.008
v=0.4 6.880 5.246 6.807 6.891 4.409 8.313
v=0.5 6.691 5.173 6.981 6.773 4.342 8.600
Eq. (5.19) can then be simplified to
Ui ol Cmax 1 2
I - —B4 20— ) @ﬁ Re [Mi(a/4),(3/4)(l€ )] dg. (5.22)
max J{

Eq. (5.15) then gives Uy and Us(o).
The applied strain along Z (45°) direction during postbuckling is

1 L)2 L2 Lp? P TN boax [d (Ui 12
f45 = ——— U,dZ+ U,dz | = —Pmax_ / ( <>> de—2¢0 / {— (#ﬂ acy, (5.23
* L+Lisland < —L/2 3 J—L/2 2 > L+Lisland Cmax. 0 dC C sma JOo dé/ L C ( )

where the coefficient inside (von Karman and Tsien, 1941) depends only on o since {ax = {max(%)-
For a rectangular section with height h < width b, EI; =Ehb3/12, El,=Eh®b/12 and C=Gh>b/3. The maximum bending
strain is the sum of bending strains at the onset of buckling and during postbuckling, and is given by

h L+L; p h
Ebending = | <BZ{,Tdmg\/ % le4s-|+ Biming b>. (5.24)

The maximum shear strain due to torsion is given by

h /L+L;
Ytorsion = .B?(;’rq;,'on I % [€45°]- (5.25)

The coefficients f’s in the above two equations are shown versus the Poisson’s ratio v of the bridge in Tables 1 and 2 for
stretching and compressing along 45°, respectively. They are essentially independent of v.

Without accounting for the 4th power of displacement in the potential energy one could not study postbuckling for
stretching along 45° because Eq. (5.23) would give a compressive strain ¢45- < 0. For compressing along 45°, the maximum
bending and shear strains would be overestimated by more than a factor of 2.

5.5. Anti-symmetric buckling mode
For an odd function ¢ and even function U only half of the beam, 0<Z<L/2, is considered. Integration of

Eq. (5.14) and ¢y being an odd function give

& d? d d
d?f)—% d?£°>+€2 o290 p, (5.26)

d( d¢
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where Bs is a constant of integration to be determined. The solution of the above equation is

d
f;g” = BsD(()+Bs v/IRe [Miy ay3/4,(iL)| (527)

for an odd function ¢ o), where Bs and Bg are constants to be determined, the function D is given in Appendix A, M is the
Whittaker M function with indices io/4 and —3/4 (Gradshteyn and Ryzhik, 2007). Integration of Eq. (5.27) together with
the boundary condition ¢)|z=1>=0 in Eq. (5.11) gives

Cmax Cmax
$0=—Bs | DBy /C VEREIM 03 (LML, (5.28)
S

Its being an odd function requires ¢)=0 at Z=0, i.e.

Bs [ DL By |/ TReMi 20N = 0. (5.29)

Integration of the 1st equation in (5.11) and the boundary condition U’uo)‘ __=0give

d tmax 1 dD(0) Cmax 1d

d_CUHO) ZCmax <Bs /g Zd—ﬁdc—’_BG/g {\/_Re[ i(01/4),(— 3/4)(1L ] }dC . (5.30)
It is an odd function (since Uy(o) is even), which requires U}y =0 at Z=0

tmax 1 dD() {max 1 d _ ' 2 _
Bs /0 TTar d{+Bs /0 Tar {\/ZRe [Mz(ot/4),(—3/4)(lc )] }dC =0. (5.31)

Egs. (5.29) and (5.31) give two linear, homogeneous equations for Bs and Bg. Their determinant must be zero in order to
have a non-trivial solution, which gives the equation for the critical buckling load

[ D(0)de 5 /TRe M) 3/(iC%)] dC
Jemx 180y fomax 14, {\/Re[ i/ 3/ 0L ]}dé

Its solution {ax = {max(®) is different from (. after Eq. (5.20) for the symmetric buckling mode. The critical buckling load
is given by Eq. (5.21), but with the new (.., above for the anti-symmetric buckling mode. As shown in Fig. 6, the

(5.32)

(normalized) critical buckling load,

Igz‘(L+Lis,and)L2/(8\/EIZC), is essentially independent of v, and is larger for stretching

than for compressing. For the island-bridge, mesh structure under stretching along 45° direction, symmetric buckling

mode occurs since it gives a small buckling load than the anti-symmetric mode. For compressing along 45° direction,

however, both symmetric and anti-symmetric modes may occur since their corresponding buckling loads are very close.
Integration of Eq. (5.30) and the boundary condition Uj(o)|z—12=0 give

. ) ¢ frma Re[ i(r/4),(~3/4) (i )} = d
U Smax — <
Jio ___ & <B5 {C/ DLZC)dC—QTa;CD(Cmax) >

L 2€max C Cmax — i"}zv—xm;af Re {Ml(l/zl) (- 3/4)(1Cmax)]

B (5.33)

The parameter a in Eq. (4.15) is the ratio of maximum displacement to L, i.e., a=Ujnax/L, Which, together with
Eq. (5.33), give

BsD({imax)+Bs { \/ERE [ i(ot/4),(— 3/4)(1Cmax)} —Cos 7SZ}

Egs. (5.29) and (5.34) give two equations to determine Bs and Bg. Eq. (5.15) then gives U,y and Us(g).
The applied strain along Z (45°) direction during postbuckling is

U%max o /Cmax <d¢(0)) ? I3 /ima |: d <U1(0)) :| 2
N _* AE—2C e del. 5.35
45 (L + Lisland)L Cmax 0 dC C *ma 0 dé L Z ( )

anti
bending

2Cmax
o .

(5.34)

The maximum bending strain at the onset of buckling is &penging = ﬁ h? /(Lb). The maximum bending strain and torsion

(shear) strain due to postbuckling are

h JL+L;
Ebending = .Bgz;?dmg LV % €451, (5.36)
h JL+L;
Vtorsion = ﬁ?grtsllon L % |€45°]. (5.37)

Here the coefficients f’s are given in Tables 1 and 2, and are essentially independent of the Poisson’s ratio v. Without
accounting for the 4th power of displacement, postbuckling for stretching along 45° could not be studied because &45- <0
in Eq. (5.35), and the maximum bending and shear strains would be significantly overestimated for compressing along 45°.
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Fig. 4c shows the symmetric and anti-symmetric buckling modes in Sections 5.4 and 5.5, respectively. The applied
strain is €45 = + 10%-L/(L+Ligang) (for both stretching and compressing), and C/El=1.57. The buckling mode for the
anti-symmetric appears to be rather similar to the experimentally observed buckling profile in Fig. 1c for the
stretching case.

5.6. Maximum strains

5.6.1. 45°-Direction stretching

Comparison of Egs. (5.36) and (5.37) with Egs. (5.24) and (5.25), together with Tables 1 and 2, suggest that the
symmetric buckling mode always gives smaller bending and torsion strains than anti-symmetric buckling. The maximum
bending and torsion strains are then given by

h |L+L; h JL+L;
Epending ~ 6.5+~ =T island |€45°], Vtorsion ~ 10+ — T island [€45°], (538)
L L L L
where the bending strain at the onset of buckling is neglected, and the coefficient f’s for v=0.3 are used since their
variations are small (~5%) in Tables 1 and 2. These maximum strains are not reached at the same point in the bridge. The
maximum principal strain is the same as the maximum bending strain, i.e.

h JL+L;
Emax ~ GSZ % ‘845:‘-

5.6.2. 45°-Direction compressing

Egs. (5.24), (5.25), (5.36) and (5.37), together with Tables 1 and 2, suggest that the symmetric buckling mode gives
larger bending strain and but smaller torsion strain than anti-symmetric buckling. The maximum bending and torsion
strains can then be bounded as

h L+ h JL+L;
gbendingﬁs-sz #w%* ytorsionﬁg'ez #w%ﬁ- (5-39)

The maximum principal strain is the same as the maximum bending strain, i.e.

Emax < 5.5% A/ H% |€45¢].

For Euler buckling, Song et al. (2009) used both analytical and finite element methods to show that the maximum strain
in the island is much smaller than that in the bridge, even at the stress and strain concentration at the island-bridge
interface. This is also expected to hold also for the complex buckling modes in the present study.

6. Concluding remarks

(i) All terms up to the 4th power of displacements in the potential energy are necessary in the postbuckling analysis
(Koiter, 1945). The existing postbuckling analyses, however, are accurate only to the 2nd power of displacements in
the potential energy since they assume a linear displacement-curvature relation.

(ii) A systematic method is established for postbuckling analysis of beams that may involve complex buckling modes
(e.g., lateral buckling under arbitrary loading). It avoids complex geometric analysis of deformation for postbuckling
(Timoshenko and Gere, 1961), and accounts for all terms up to the 4th power of displacements in the potential
energy.

(iii) The lateral buckling mode of an island-bridge, mesh structure subject to shear (or twist), which is used in stretchable
electronics, involves the Bessel Function of the first kind. Simple, analytical expressions are obtained for the critical
load at the onset of buckling in Egs. (4.27) and (4.40), and for the maximum bending and torsion strains during
postbuckling in Eqgs. (4.30), (4.31), (4.45) and (4.46).

(iv) Buckling of the island-bridge, mesh structure subject to diagonal stretching (and compressing) involves the Whittaker
M function. Simple, analytical expressions are obtained for the maximum bending, torsion (shear) and principal
strains during postbuckling in Eq. (5.38).
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Appendix A

The 3rd order terms in the direction cosines a; and curvatures x; are
ai) = —3 U UGy +URU;, - 0t = fo(UT-UD) +U U U5+,
af) = § Uy + U U3~y P Uy~ U} [UF - JUF +UD)]
a5} = §UT-U)+U UsUs ", ag) = JpU Uy~ +UZ U5, A1)
05 = Uy~ $U; Uy +y P U; Uy [UR- L UZ + U],

a5} = Uy [UF WP+ UD)]. a =0 [UF— WP+ UD)] ) =UyUf +Uf),

Y =y PU + 1 p?Us— (U U5+ U, g>+ug(%u;2+u/§—u/32)+%U’{U3U’2—2ugu/2u;,

&S =y DU =3 $PUT (U3 U5 + UsUS)—U5 (U5 + U7 U3 )~ JUSU Uy +2U5U4 U, A2)
& =0,

where
3) z 1 /12 1 /2 ” ’ U
v :/o {—54505 —Z{QS(U] )} +(U U, -U U3 U; }

The orthogonal condition before Eq. (3.21) can be proven as

4 " 4
v U] Ig U Uy dZ e 1 1‘% U U U] 1‘3 U U dz
/_L/z mﬁ@ (1) 1004 = /_L/Z ‘“’+E_IZ 1(1) 10— “°)+E 10) 1(1)
(9]
" " Lj2 7 ’ ’ " L2 P ’ ’ L/2
=(U1(1)U1(0)_U1(1)U1(0))‘Z:4/2_( 1(1)U1(0)_U1(1)U1(0)) zsz/2+ ETZ(Ul(l)Ul(O)_Ul(l)Ul(O)) Z——1p2 =0. (A3)

The function D in Eq. (5.27) is given by

: T>($) 1)
DO =i [ T, noEE O A TG T A4

where
T1(0) = VIRe[Miga),3/a ()], T2(0) = v/IRe[Mig ay(3/a) )], (A5)

which have the limits

Tl(C)zég’cosS—n[1+%CZ+O(C4)] and Tz(é):COSE{lf%C2+O(C4)] as (-0.

8 8
The lower limit of the 1st integral {; in Eq. (A.4) is determined from
d ¢ T2
lim2 (¢ / ____dt| —o. (A.6)
{~odl { o GEOTAO-Ti O T
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