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ABSTRACT

Nanocomposite structure, consisting of hard mineral and soft protein, is the elementary
building block of biological materials, where the mineral crystals are arranged in a
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staggered manner in protein matrix. This special alignment of mineral is supposed to be
crucial to the structural stability of the biological materials under compressive load, but
the underlying mechanism is not yet clear. In this study, we performed analytical
analysis on the buckling strength of the nanocomposite structure by explicitly
Keywords: considering the staggered alignment of the mineral crystals, as well as the coordination
Biological materials among the minerals during the buckling deformation. Two local buckling modes of the
ng:/d;;lfe;tsrii?\iig nanostructure were identiﬁed, i.e., the symmetric mode and anti—symmetric mode. We
Staggered alignment showed that the symmetric mode often happens at large aspect ratio and large volume
Aspect ratio fraction of mineral, while the anti-symmetric happens at small aspect ratio and small

volume fraction. In addition, we showed that because of the coordination of minerals
with the help of their staggered alignment, the buckling strength of these two modes
approached to that of the ideally continuous fiber reinforced composites at large aspect
ratio given by Rosen’s model, insensitive to the existing “gap”-like flaws between
mineral tips. Furthermore, we identified a mechanism of buckling mode transition from
local to global buckling with increase of aspect ratio, which was attributed to the
biphasic dependence of the buckling strength on the aspect ratio. That is, for small
aspect ratio, the local buckling strength is smaller than that of global buckling so that it
dominates the buckling behavior of the nanocomposite; for comparatively larger aspect
ratio, the local buckling strength is higher than that of global buckling so that the global
buckling dominates the buckling behavior. We also found that the hierarchical structure
can effectively enhance the buckling strength, particularly, this structural design
enables biological nanocomposites to avoid local buckling so as to achieve global
buckling at macroscopic scales through hierarchical design. These features are remark-
ably important for the mechanical functions of biological materials, such as bone, teeth
and nacre, which often sustain large compressive load.

© 2012 Elsevier Ltd. All rights reserved.

* Corresponding author at: Biomechanics and Biomaterials Laboratory, Department of Applied Mechanics, School of Aerospace Engineering, Beijing
Institute of Technology, Beijing 100081, PR China.
** Corresponding author at: Department of Civil and Environmental Engineering and Mechanical Engineering, Northwestern University, Evanston, IL
60208, USA.
E-mail addresses: bhji@bit.edu.cn, bhji@mail.tsinghua.edu.cn (B. Ji), y-huang@northwestern.edu (Y. Huang).

0022-5096/$ - see front matter © 2012 Elsevier Ltd. All rights reserved.
http://dx.doi.org/10.1016/j.jmps.2012.05.003


www.elsevier.com/locate/jmps
www.elsevier.com/locate/jmps
dx.doi.org/10.1016/j.jmps.2012.05.003
dx.doi.org/10.1016/j.jmps.2012.05.003
dx.doi.org/10.1016/j.jmps.2012.05.003
mailto:bhji@bit.edu.cn
mailto:bhji@mail.tsinghua.edu.cn
mailto:y-huang@northwestern.edu
dx.doi.org/10.1016/j.jmps.2012.05.003

1772 Y. Su et al. / J. Mech. Phys. Solids 60 (2012) 1771-1790

1. Introduction

Biological composite materials have attracted intensive attention of scientific research due to their superior mechanical
properties (Currey, 1977; Fratzl and Weinkamer, 2007; Gao et al., 2003; Jackson et al., 1988; Jager and Fratzl, 2000; Ji and
Gao, 2004b; Su, 2010). They are thought as excellent model systems for synthesis of advanced nanocomposites. For
example, tooth and bone have a combination of high hardness and high strength for cutting the food and for supporting the
weight of animals, respectively. Nacre has high strength in both compression and bending for protecting animals from the
attack of predators (Katti et al., 2001). Mechanical principles inspired by these biological materials were recently proposed
regarding the effect of length scale, geometry of microstructure and levels of hierarchy on optimization of the hardness,
strength and toughness of these materials (Gao, 2006; Ji and Gao, 2010; Zhang et al,, 2011). Although these biological
materials have various macroscopic structures with different levels of hierarchy and mechanical functions, they often
process a convergent nanocomposite structure as their basic building block (Gupta et al., 2006; Jager and Fratzl, 2000;
Kamat et al., 2000; Landis, 1995; Landis et al., 1996; Rho et al., 1998; Tesch et al., 2001; Wang et al., 2001; Warshawsky,
1989) (see Fig. 1). This exquisite nanostructure consists of mineral crystals with a large aspect ratio embedded in the
protein matrix in a staggered manner. Its mechanical features has been depicted by the so-called tension-shear chain (TSC)
model proposed by Gao et al. (2003), i.e., the mineral crystals bear most of the tensile or compressive load, while the protein
matrix transfers forces between adjacent crystals via shear. The TSC model has been serving as a basic model for
understanding the mechanical properties, such as the fracture strength, toughness, hardness, and elastic stability, etc., of
biological and biomimicking nanocomposites (Bonderer et al., 2008; Dashkovskiy et al., 2007; Fang et al., 2007; Gao, 2006;
He and Swain, 2007; Ji and Gao, 2004a, 2006; Katti and Katti, 2006; Kauffmann et al., 2005; Mayer, 2005; Zuo and Wei,
2008).

In contrast to the studies of hardness, strength and toughness, those on the buckling behaviors of the biological
nanocomposites are comparatively less. However, because the mineral crystals have slender geometry with large aspect
ratio, they are susceptible to buckling under the compressive load. Meyer and coworkers (Menig et al., 2000, 2001) carried
out compression tests on sea shells samples (from conch and abalone) and found that local buckling and kinking occurs in
the lamellar structures of the samples. Ji et al. (2004) performed a preliminary analysis on the compressive strength of the
nanocomposite structure of biological materials. In their study, they analyzed the local buckling behavior of a single

a

Fig. 1. Biological materials and their nanocomposite structures. (a) Macroscopic bone tissue under compressive loading; (b) the nanostructure of bone
made up of plate-like crystals (2-4 nm thick, up to 100 nm long) embedded in a protein matrix; (c) macroscopic nacre under pressure; (d) the
nanostructure of nacre made up of plate-like crystals (200-500 nm thick and a few micrometers long) with very thin protein matrix. These
nanocomposite structures share a “brick-and-motar” like structural feature of hard platelets with very large aspect ratio arranged in a staggered
manner in soft matrix.
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mineral crystal in the nanostructure by assuming that its neighboring crystals were rigid so that they acted as strong
confinement on this single crystal. They showed that there exists a transition of buckling strength from an aspect-ratio-
dependent regime of compressive strength to a lower threshold value independent of the crystal geometry. They found
that the typical values of aspect ratio of mineral crystals of bone and nacre fall in this transition region. Although this study
provided some insights into the compressive strength of the nanostructure of biological materials, one weakness of this
analysis (Ji et al., 2004) is that they did not consider possible coordination among the adjacent minerals during buckling
deformation, therefore the buckling strength they obtained corresponds to the higher order buckling modes.

Rosen (1964) analyzed the elastic buckling of ideally continuous fibers reinforced composites considering coordination
between the continuous fibers. He showed that the composites normally exhibit two kinds of buckling modes: the tension
buckling mode (TBM) where the fibers in matrix exhibit anti-phase deformation, and the shear buckling mode (SBM)
where the fibers exhibit in-phase deformation. The tension mode occurs for relatively low fiber volume fraction, while the
shear mode takes place for larger volume fraction. Since then, many studies followed (Guz and Checkhov, 1992; Hull,
1981; Jones, 1975; Schuerch, 1966). Recently, Parnes and Chiskis (2002) re-studied the two buckling modes by employing
more rigorous analysis. They showed that the buckling stress of the TBM is always larger than that of the SBM. In addition,
in the case of dilute composites, the TBM stress was seen to converge to the SBM one. In particular, they showed that while
the SBM exhibited infinite wavelengths in the non-dilute composites, it had finite wavelengths in the dilute composites.
In above studies, the fibers were all considered as continuous and infinite long. Therefore, the method as well as the results
of these studies cannot be applied to the analysis of buckling behaviors of the nanocomposite structure of biological
materials which features a unique staggered alignment of mineral of finite length in the protein matrix.

Regarding the unique microstructure of biological materials, several basic scientific questions have remained
unresolved, e.g., how to model the effect of coordination among the staggered minerals, and what are the roles of the
coordination of minerals as well as the structural hierarchy in the buckling strength of biological materials? In this paper, a
theoretical model considering the staggered alignment of mineral was developed for studying the buckling behaviors of
the nanocomposite structure of biological materials. One special interest is to focus on the effect of the coordination
among neighboring mineral crystals on the buckling behaviors because of this unique arrangement of minerals. This study
would be helpful for understanding of the mechanical strength of biological materials by considering micro-buckling as a
possible failure mechanism. The minerals were modeled as Euler beams while the protein matrix as elastic substrate
providing both shear and lateral confinement to the minerals and coordinating their buckling deformation. The challenge
is that the complex arrangement of minerals poses an enormous difficulty to the analytical analysis. Here the perturbation
method and energy method were adopted for deriving the critical buckling modes and strength. Two local buckling modes
of the nanostructure were studied, i.e., the symmetric mode and the anti-symmetric mode. The effect of the geometry and
volume fraction of mineral crystals on the competition between the symmetric and anti-symmetric modes was analyzed.
Furthermore, the role of the structural hierarchy in buckling behaviors of biological nanocomposites was discussed.

2. The model

Fig. 2a depicts the “brick-and-motar” like nanostructure of biological nanocomposites where the mineral crystals align
in the protein matrix in a staggered manner. To study the buckling behaviors of the nanostructure, one representative unit

P . Tip zon
a Periodic unit p zone

Traction Free
-P, c- A ———— 4 H,
H],

-_P(‘

T G et /1 Traction Free

Fig. 2. Theoretical model of the nanocomposite structure of biological materials. (a) The brick-and-motar-like nanocomposite structure in which the
mineral crystals align in the protein matrix in a staggered manner. A periodic structural unit is identified by a dashed rectangle; (b) the simplified model
consisting of one half of the periodic unit plus one half mineral of its neighboring periodic unit, where the tip zones are modeled by crack-like traction
free surfaces.
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cell can be extracted as shown in the dotted line. We consider one half of the periodic unit (because it is symmetric about
its Y axis) plus one more half of mineral in the neighboring unit (see Fig. 2a and b). For simplicity, a uniform compressive
displacement load on the nanocomposite was assumed. This assumption can be justified as follows:

(1) Firstly, the nanostructures we are considering are far enough from the loading position of the macroscopic force, where
the effect of non-uniformity of the macroscopic force will be largely attenuated at the position we are interested
according to Saint-Venant’s Principle.

(2) Secondly, the nanostructure and its higher level structure where it was embedded are 7-8 orders of magnitude smaller
than the macroscopic scales of biological materials, therefore the spatial non-uniform distribution of loading at
macroscale will be largely smoothed down at the nanoscale.

(3) Thirdly, regarding the effect of structural gradation on the loading distribution, it has been shown that the unique
deformation mechanisms of biological materials can induce an approximately uniform deformation transformation
from the high level to the low level scales with the help of its hierarchical gradation. For example, Gupta et al. (2005,
2006) showed that the deformation of a bone sample at tissue level (millimeter scale) under a uniaxial loading can
have an uniformly distributed deformation of the embedded mineralized fibrils (100 nm level) at different position of
the tissue sample (across a length scale of 5 mm), as well as the uniformly distributed deformation of minerals (a few
nanometers) at different position of mineralized fibrils. Therefore, our assumption about the uniform displacement
loading condition on the nanostructure and its unit cell is reasonable and supported by the experimental observations.

Furthermore, according to the TSC model, the role of protein in the tip zone between the mineral tips (see Fig. 2a) can
be neglected due to the softness of protein compared with the mineral (modulus ratio between them is as high as 3 orders
of magnitude) and due to the relative small size of the tip zone compared with the length of the mineral (Gao et al., 2003).
Therefore, the tip zones are equivalent to crack-like traction free surfaces, and our model is then simplified to Fig. 2b. In
this study, the mineral crystals are modeled as Euler-Bernoulli beams, denoted by A'B’, CD’, and G'H’, where G’'H’ is the
repeat of A’B’ in the neighboring periodic unit. The protein matrix acts as a 2D elastic support through both shear and
normal deformation. The two blocks of protein matrix are denoted by ABCD and EFGH. For simplicity of analysis, here we
assume that the relative displacement of the tips of two neighboring minerals is smaller than the size of the tip zone so
that the traction free condition is always satisfied during the buckling analysis of the nanostructure. This assumption will
be further justified later in the discussion.

3. Static analysis of the nanocomposite structure

To begin with, we derive the static stress field in the nanostructure under a uniaxial load before the buckling. According
to the TSC model, the protein matrix transfers load between adjacent mineral crystals through shear deformation, as
depicted in Fig. 3. Assuming that the shear deformation in protein matrix is uniform along the Y; direction (thickness), the
shear strain in protein ABCD is obtained as,

i @iy’ @
. u —u
V2@ == H 2 M
P
where H, is the thickness of protein. The superscript - denotes the values before buckling, and the subscript “3”
denotes the Z direction. Similarly, subscript “1” and “2” denote X and Y directions, respectively, in the following
derivations. Because of the symmetry, the shear strain in protein EFGH is equal to }y,(Z). The shear stress and strain obey

Hooke’s law as,

Ty2(Z) = GpYyz(2) ()

C - D

Ty, —P,.

P c

c I > -

Fig. 3. Schematic illustration of the shear stress at the interface between minerals (A’'B' and C'D’) and protein matrix (ABCD) along the longitudinal
direction of mineral.
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and the axial force in mineral is

A'B A'B
t; (2)=EnHm 5%
D ail” @) 3
t3 (Z) = EmHm 3d—z
where G, and E,, are the shear modulus of protein and Young’s modulus of mineral, respectively. H, denotes the thickness
of mineral crystal.

According to the equilibrium of mineral, we have

A'B
i @ -
1982 1v,2)=0

d o 7 R (4)
19852 +1v22)=0
where the boundary conditions at the ends of the beams A'B' and C'D’ are
AB P AB 0
t3 (- *)= Cr t3 (*)=
! i )

.C'D' L VCD/L
t3 (-p=0, t3 =P

in which P, is the given axial load. The positive value means tension, while the negative means compression. The
distribution of the axial force in mineral can be solved as,

AB P shk)
L D=7 <] B sh(kL/4)> ®6a)
0 p.( shkz)

where k= /4G, /(EnHnHp).

The shear stress in protein ABCD and EFGH is obtained as
Pck ch(kZ)

Tyz(Z) = — TW (7)
For the convenience of derivation, we rewrite Eqs. (6a), (6b) and (7) as

AB P sh(y&)

b ©=5 (-5 m) ®

oD P sh(y&)

o5 (1gm) &)

Fya(e)= - PeL N0 ©

" 4L sh(y/4)

where y = \/2p2V, /[ik(1 +v,)(1—Vm)] is a dimensionless parameter composed of geometrical and material parameters of
the nanocomposite structure, where « =Ey/E,, p=L/Hn and Vy =H;y/(Hm+Hp) are modulus ratio, aspect ratio and
volume fraction of mineral, respectively. In addition, £=Z/L denotes the normalized coordinate of Z. Note that the axial

oA'B' A'B oC'D .C'D o B
force t5 (&)=t; (2), t; (&)=t; (2) and shear stress Tyz(¢) =1Tyz(Z) are obtained by simply substituting Z=¢L into

E;‘B ), ng (2) and Tyz(2). This notation is also applicable to other functions in the following derivation.

Egs. (8) and (9) show that the distribution of axial force and shear stress along the longitudinal direction of mineral is in
hyperbolic functions, determined by the parameter y. According to the recent study (Liu et al., 2011), when y <4, as in the
cases of biological materials, such as nacre and bone (p ~ 10-40, E,,/E, ~ 1000), the shearing stress is approximately a
constant along the longitudinal direction, and the axial force is approximately linearly distributed along the length of
mineral (as shown in Fig. 4), consistent with the assumption made in previous works (Gao et al., 2003).

4. Buckling analysis
4.1. Deformation energy of the system

4.1.1. Total energy of the system before buckling
The total energy of the system before buckling is composed of

U=Un+Us (10)
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Fig. 4. Illustration of the distribution of (a) the shear stress and (b) the axial force of mineral along its longitudinal direction for different aspect ratio
of mineral.

where Uy, is the membrane energy of mineral A’B' and C'D’ (see Fig. 2),

AN Pip (1 1 Nen(L)_?
Un ZZ/L/425 i @ @ dz= 4k, <§+W(Sh(z)f"(z>—z> (13
and US is the shear deformation energy of protein of ABCD and EFGH (see Fig. 2),
P2y (1=Vim) Y y
u_z/ (@) dz= UV (5h(Tyen 11b
s YZ( )> 165h2(y/4)meGp( ( ) ( ) 4) (11b)

4.1.2. Total energy of the system after buckling
The total energy of the buckled system is

U=Un+Uy,+Us+Ur (12)

where U, and U, are the membrane energy and bending energy of mineral, respectively, while Us and Uy are the shear
deformation energy and tension deformation energy of protein, respectively. These energy terms will be derived as
follows.

We assume the incremental buckling deformation of minerals A’B’, CD’ and G’'H’ in Y direction (see Fig. 2) as

W2 =v1@2)+C
uSP 2y =v22) (13)
ug'”' ) =1r1@D)+C,

where C; and C; are constant, representing the displacements of minerals A’B' and G'H' at A’ and (' in Y direction,
respectively, on the condition of v{(Z= —L/4) = 0. Because we adopt the displacement loading method in this work, the
incremental displacement of minerals in Z direction is negligible.

The displacement in protein matrix can be derived based on the deformation of the mineral. According to the continuity
of the displacement field at the mineral-protein interface, the deformation of protein in Y direction at the interface can be
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derived as
ufB(Z) = 1v1(2)+C;
usP(2) =v,(2)
usF(Z)=12(2)
uSt(2) =11(2)+C;

(14a)

while the incremental displacements of the interface in Z direction are mainly produced by the bending deformation of the
beams (Parnes and Chiskis, 2002) as,

UAB(Z) — 2 £ uAB (Z) H,,l Ul (Z)

usP(Z)=— 2U,ZuCD(Z) Hny,(2)

14b
uFz) =4 ”Z D(Z) Hmvz(Z) (14b)
ut(2)= -t Lu§H 2)= - vy (2)

Now we derive the strain and stress fields in the buckled mineral and protein. Because the length of projection of the
mineral in Z direction is constant considering the displacement loading condition, the total membrane strain in mineral
due to the bending (which elongates the arc length of mineral) is

D) =T @)+ ) (LT D)

oy oy oy 2 (15a)
5P D=6 D+ 1 ($u57 @)
and the curvature (Su, 2012) is
KE =4 ¢ Ul (2) (15b)
K (@)= Fuz Y @)

The stress in protein ABCD in Y direction is assumed as constant because of its small thickness compared with its length,
and could be estimated as the average of the stress of the protein-mineral interfaces AB and CD as

WD) =Gy (GUEP D) + HuSP @)+ g WP @) —usP@))]
uB2)-uP2) (16a)

AD(7y — _E
ayy(2) = 175‘,2 B

Similarly, the stress field in protein EFGH was derived as
H(2) = Gy (GuS @)+ LuSH @)+ HLP(UEF @)—u§t@))

16b
oD = By O e

Once we obtain the stress field in mineral and protein, the elastic energy of the system can be derived as follows.
The membrane energy of mineral is given by

Y4 EmHm  ap 72, .CD 2
Un = / S (AB (22 +eSP(2)%)dz (17a)
—L/4 2
and the bending energy of mineral is
L/4 E.H
b_/ m m(KAB(Z) +1EP 2)?)dz (17b)
Also, the shear energy of protein is given by
Hp/2 /4 q 2 Hp/2 (LA q
Us = / / ‘EYZ(Z)—i-‘L' (Z)) dz dy + / / ryz(Z)+r (Z)) dz dy 170
—Hp/2 J-1/4 2G, J-H,/2 J-L/4 2G,
and the tension energy of protein is
Hp/2  pL/4 1_y2 /41
Ur = / / "(ofy‘e(z» dz dy + / / p(a (2% dz dY (17d)
~Hp/2 J-L/4 2Ep Hp/2 J-L/4 2Ep

Because the work done by external load is zero considering the displacement loading condition, we have U= U,
ie.

(Un—Un)+Up+(Us—Ug)+Ur =0 (18)
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Substituting Eqs. (15) and (16) into the corresponding equations of Eqs. (17) and (18), we obtain the equation for the
critical load P of buckling as,

Py EmHyp  Gp(Him+Hp)” Epl _
arm* 2413 s hot 4H,L S+2Hp(1_vg) T 19)
where
/4 N L (o N shgd) ((d N d
= (((dvvl(é)) +(ge720) )—SMM) (@) - (Fm@) )) @
2 2 2
- / ( 1(€)> <dyz w(é)) ¢
/ (dévl(f)-kdél’z(f)) G
hr—/1 (T1(E)—T2(E)+C1)? +(T1(E)—T2(E)+C2)* dE (20)
in which 71(¢) =v1(2) and 7,(&) = v, (2). If we define
_ P
0= 3By Hy) @b
as the normalized critical stress, then we have the expression of G. from Eq. (19) as,
o= IZEPLI:;TH".+H )hb+ GP(QIE';I:;;HP) hs + H,,(H,,,+1L12,,)(Lv,,2)hT 22)

4.2. Buckling strength

Before we calculate the buckling strength of the nanocomposite structure, the buckling deformation of the mineral and
protein has to be determined. Because of the complex staggered alignment of mineral, the estimation of the trial functions
of v; and v, in Egs. (13) and (14) is not a trivial task. Here we first adopted the energy variation method to obtain the
equilibrium governing equation (see Section S.1 in Supporting information), and then we solved its initial perturbation
solution using the perturbation method, by which we obtained two buckling modes, one is the symmetric mode and the
other is the anti-symmetric mode (see Section S.2 in Supporting information). In order to verify our perturbation solution,
we further adopted the numerical simulation method to directly solving the governing equations (see Section S.3 and
Fig. S1 in Supporting information) and got the two buckling modes as well, which supports the perturbation solution.

4.2.1. Symmetric buckling mode
Based on the initial solution of the symmetric buckling mode Eqs. (S14) and (S5) (Section S.1 in Supporting information)

and numerical simulation results (Section S.3 and Fig. S2 in Supporting information), we assume the buckling mode of

a

D’ Fixed t— After buckling

L 7 % | /]-]' \ j"* Before buckling

Fig. 5. Illustration of the symmetric mode of local buckling of mineral in the nanocomposite structure. (a) Buckling deformation pattern in a periodic
manner and (b) illustration of equilibrium analysis of minerals under the axial loading in one periodic structure unit.
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minerals A’B’ and C'D’ (see Fig. 5) as
71(&) = —A sin2m + B cosm(¢ +3)—(A+B)
U3(&) = —A sin2né—B cosm(E—}) +(A+B)

where the parameters Cy, C5, A and B will be determined using the energy method.
Substituting Eq. (23) into Eq. (20), we have

- 2 16,0 1 o o (2437327 coth(y/4) , , 7 coth(y/4) o
hm_rc<2nA + —AB+ 5 B°)-2n (81 2+ 702 1 972) AB+ 2t an? B

3 27
hy = 7°(87A® +-18 AB+1nB?)
hs = ni(4nA® +32 AB+(Im+1)B?)

1 4 16 14
hr = j(c% +C§)+(*2A+(572)B)(C1 +Cy)+4A% +(8— —AB+(5— ?)32

Substituting Eq. (24) into Eq. (22), we have

T2KkVm
3p2

3 2(0=Vm)(1+v,) 3

P AV (1-vp2) 7

<2nA2 + gABJr 1n32) + __ (2nA2 + EAB+ (%m %)32)

212 1 4 16
PV <§(C%+C§)+(—2A+(——2>B)(C1+C2)+4A2+(8—?

5_-~*
m

Ocs=

§7I

For the critical load of the lowest buckling mode, there should be

00cs _
< =0
0Oes _
oCy =0

0Ges _
oA =0
0Ges _
B =0

We first apply Eq. (26a). By substituting Eq. (25) into Eq. (26a), we obtain

and

C1::C2::2A4-(2—-%>B

Substituting Eq. (27) into Eq. (25), we have

_ N
Ocs = ij
where
L WA S 1 , 16 1. 1\,

_ PV (1,2 16\p
+7r(1—V,,,)(1—vf,) 1+7r 72 B

_ 5, 16 1 2\ (y? +37%)—2my coth(y/4) y coth(y/4)
D= (27‘EA +?AB+ j7'cB ) 2n(8n G021 9m2) AB+ ran? B

Then substituting Eq. (28) into Eq. (26b), we have

a1—0csb1  ay—G¢sby (A>—0
az3—0¢sbs as—Gcsha [\ B)

where
0 — 473KV N 27
'3 T A Va4
472KV 8
a; =

902 " 3A-VmA1vy)

2, 16 1 ) (7* +37%) 27y coth(y/4) 7 coth(y/4) o
(ZnA + g AR+ B ) am(8n e AR e B

)

1779

(23)

(24a)

(24b)

(240)

(24d)

(25)

(26a)

(26b)

27)

(28)

(29)

(30)
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e — 472KV N 8
T 907 T 3A-Va(d+vy)
KV n+2 2p%V2, 2 16
U= 202 T AAV A4y T RA-Vad(1-12) ( E‘ﬁ) (31a)
and
b] =A4r
_16 2 (?+37%)—2mny coth(y/4)
O B =)
_16 2 (2 +37%)—2my coth(y/4)
b= 3 I e e o)
by =m— 4my coth(y/4) b

V2 +4m?

The criterion for non-zero solution of Eq. (30) is
a1—0csb1  a2—0cshy
det _ _ =0 32
<|:a3o-c,5b3 G4Uc.sb4}> 32)

by which we obtain the expression of the normalized critical buckling load as

(a1bg+asbi—azbs—azhy)— \/(al by +asby —azb3—azby)* —4(b1ba—babs3)(a1as—azas)

Oes = 3(b1ba—bsbs) 33)
If we further define

B B _ aq _ac,Sbl

b= A= a5 G

and substitute Eq. (34) back to Eq. (25) (note that B is already known), we get an alternative expression of the normalized
critical buckling force as

2
Ocs = %W@H 2(1—Vm])(1 +vp)'72(§)+ n(l_‘f:)/(q?_vpz)%(ﬁ) a5
where
m®B = % (27‘c+ 4B+ %7@2)
n,(B)=1 (27'c+ 8B+dn+ %)§2>
nsB)=3(1+ 210 .
D= (27‘c+ 8B+ %TEEZ) ,27r<87r 0> :tjgif;;)z(g;/fgg;~/4)§+ 75?3{1%;‘) EZ)

We can see that the three terms in Eq. (35) have clear physical implication. The first term is coming from the bending
energy of mineral, the second term is from the shear deformation energy of protein, and the third term is from the tension
deformation energy of protein. This result indicated that the release of the membrane energy is balanced by the increase of
the bending energy of mineral, and the changing of the shear energy and tension energy of the protein matrix.

4.2.2. Anti-symmetric buckling mode

Similarly, based on the initial perturbation solution of the buckling mode Eqs. (S17) and (S5) and numerical simulation
results (Section S.3 and Fig. S2 in Supporting information), we assume the anti-symmetric buckling mode of minerals A’B’
and C'D’ (see Fig. 6) as

{ 71(8) =A cos2mé +B(E +7)

72(&) = A cos2mé—B(E—] 37
Substituting Eq. (37) into Eq. (20), we have
167y coth(y/4
5242, B2 Y (7/4)
hy =2n“A°+B° + 7))24-4752 AB (38a)
h, = 87*A? (38b)

hs = 4n2A? (38¢c)
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t— After buckling

%’- - »Before buckling

Fig. 6. Illustration of the anti-symmetric mode of local buckling of mineral in the nanocomposite structure. (a) Buckling deformation pattern in a periodic
manner; (b) illustration of equilibrium analysis of minerals under the axial loading in one periodic structure unit.

hr =4 (G +C5)+15B° (38d)
Then substituting Eq. (38) into Eq. (22) results in

2KV, 242 1 222 pZV,2 2 2 n p2
S 2A Y sy 2TA s i G (G Q)+ 158

27'[2A2 +BZ + 16my coth(y/4)AB

12 +4n?

ﬁc,A = (3 9)

To derive the lowest critical buckling force, we first use Eq. (26a) to determine the value of C; and C,. Substituting Eq.
(39) into Eq. (26a) immediately results in

C;=C,=0 (40)
Substituting Eq. (40) into Eq. (39), we have
_ N
OcA= D (41)
where
_ KV o 5.0 242 PZV; K
N= 5 2P A sy a2 A T rd v =2 120
D= 2242 4 B2 4. 1677 COO/Y) (42)
Y% +4n?
Then substituting Eq. (41) into Eq. (26b), we have
a1—0Gcab1 ay—Gcab A
1 _C,Al 2 _c,Az ( >:0 43)
a3—0cabs  a4—Gcabs |\ B
where
A4V 272
a = +
3p? (1=Vm)(A+vp)
a,=0
az;=0
_ PV
4= 60V (1-v,2) (44a)
and
b] = 47'[2
by — 167y coth(y/4)
2= )
b 167y coth(y/4)
g=

Y2 +4m?
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by=2 (44b)

Applying the criterion of nonzero solution to Eq. (43), we have

a1—Geaby ay—Gcab
det({ 1 _C,A 1 2 _c,A 2:|>=0 (45)

a3—0cabs  a4—Gcaby

which results in

(a1bs+asby—azbs—asby)— \/(al bs-+asby —azbs—azby)* —4(b1bs—bsbs)(a1as—aas)

Geh= 2(b1bs—b;ybs3) (46)
Similarly, if we define

5 B a1—0cab

B= Z - azfﬁmbz (47)
and substitute Eq. (47) back to Eq. (39), we obtain

— KV - 1 — /)2an _

7= 3 MO 2 v PO s @9

where
1,(B)= -2, n,B)=2, 1;B)=L
1 D 2 3 12D (49)

167y coth(}/4)

Again, we can see that the first, second and third terms of Eq. (48) are coming from the bending energy of mineral, the
shear energy and the tension energy of protein, respectively.

5. Results and discussion
5.1. Effect of the aspect ratio on the buckling strength

The expressions of buckling strength of the symmetric and anti-symmetric modes of the nanocomposite structure are
given in Egs. (35) and (48), respectively. The comparison between these two buckling modes is illustrated in Fig. 7. As we
can see, the buckling strength of the symmetric mode is higher than that of the anti-symmetric mode at small aspect ratio,
while it becomes lower when the aspect ratio is larger than a critical value (e.g., around 12 for V,,=45% in the case of bone
and around 6 for V,;,=95% in the case of nacre). That is, the anti-symmetric mode is dominant at small aspect ratio, while
the symmetric mode is dominant at comparatively large aspect ratio. However, the buckling strength of these two modes
asymptotically approaches to each other when the aspect ratio becomes extremely large.

It is noteworthy that in the above results, the volume fraction of mineral, such as 45% and 95% we chose for the
nanocomposite structures (the lowest level) of bone and shell, respectively, are approximate estimations according to
experimental observations, and may change in a range for different species. For example, for the nanocomposite structure
in mineralized fibrils of bone, the mineral content was estimated around 43% (Fratzl et al., 2004); for the nanostructure of
shell, volume fraction of mineral is 90-95.5% (Wang et al., 2001; Kamat et al., 2000). The volume fraction of higher
hierarchical levels should be larger according to references (Fratzl et al., 2004; Zhang et al., 2011).

To gain more insights into the effect of the aspect ratio, the buckling strength of the nanocomposite structure is
compared with that of the ideally continuous-fiber reinforced composite which is given by Rosen’s (1964) model as

_RS 1 m2m? VK
g, = + 3
20 +v)A—Vm) T 3p2

(50)

where pc=L¢c/Hn, (Lg is the global length of continuous fibers, see Fig. 8), V,,, and « are global aspect ratio, volume fraction
and modulus ratio, respectively (m in Eq. (50) is equal to 1 for the non-dilute fiber reinforced composites. The composites
may adopt the higher order modes with larger wave number, i.e.,, m > 1, only for the dilute ones (Parnes and Chiskis,
2002)). Fig. 7 shows that the buckling strength of the nanocomposite structures asymptotically approaches to that of
Rosen’s model as the aspect ratio p increases. This can be proved by checking the evolution of buckling modes with the
increase of the aspect ratio as shown in Fig. 9. At the small aspect ratio, the buckling modes of the nanocomposite structure
(the symmetric and anti-symmetric) are neither pure shear mode nor pure tension mode. But as the aspect ratio increases,
both of the two modes approach to the shear mode of Rosen’s model. For the sake of convenience of analysis, here we
define the first critical aspect ratio at which the G.s > 4 as p. in Fig. 7, and define a second critical aspect ratio as p. at
which the buckling strength of the two modes approaches that of Rosen’s model which given by the criterion

\@es =8P +Gea-a8 785 <1% 51)
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Fig. 7. Buckling strength of the symmetric and anti-symmetric modes of the nanocomposite structure in comparison with that of the continuous-fiber
reinforced composite predicted by Rosen’s model at different aspect ratio of mineral. (a) Volume fraction of mineral being equal to 45% in the case of
bone. (b) Volume fraction of mineral being equal to 95% in the case of nacre.

a

LG

b C
— NN S N N
—N N 2N N N
— N N TN N
— N N :'VW
— N N Sl N N

—L— —L—d

Fig. 8. Local buckling modes of the continuous-fiber reinforced composite. (a) The shear mode and (b) the tension mode (transverse mode).

The differences in the buckling strength between the biological nanocomposite structure and the ideally continuous-
fiber reinforced composite can be understood by a comparison of their microstructures (see Figs. 2a and 8a) as follows.
Imagining each two neighboring mineral crystals in longitudinal direction were welded together at their adjacent tips, the
nanocomposite would become the continuous nanofiber reinforced composites. Therefore, from this point of view, the
nanocomposite structure is “imperfect” structure in comparison with the continuous-fiber reinforce composite. The crack-
like flaws at the tip zones between neighboring minerals will weaken the buckling strength of the nanocomposite in
comparison with the flaw-free continuous fibers reinforced composites (Fig. 7). However, it is very difficult to fabricate the
ideally continuous fibers in the practical applications, therefore how to optimize the strength of the composites with the
discontinuous reinforcement is a challenging problem.

This study showed that the natural biological materials may have found a solution of solving above problem. According
to our analysis, the staggered alignment of mineral crystals takes important roles in the structural stability of the
nanocomposite structure. Although the crack-like tip zones may weaken the buckling strength, the effect of this
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Fig. 9. Evolution of the symmetric and anti-symmetric modes of the nanocomposite structure as a function of aspect ratio of mineral, showing that the
two buckling modes approach to the shear mode of the continuous-fiber reinforce composites as the aspect ratio increases.

imperfection can be largely eliminated by increasing the aspect ratio of mineral crystals with the help of their staggered
alignment. This staggered arrangement allows the buckling strength of the discontinuous mineral reinforced composite to
approach to that of the continuous-fiber reinforced composite when the aspect ratio of the mineral is increased to a
threshold value, as shown in Figs. 7 and 9. For example, for bone, the buckling strength of the nanocomposite structure can
reach that of Rosen’s model at an aspect ratio of 40, while for the nacre, the buckling strength can reach that of Rosen’s
model at an aspect ratio of 18. These results imply that the buckling strength becomes insensitive to the flaws (the crack-
like tip zones) at large aspect ratio.

To justify the assumption of traction free condition at mineral tips in our theoretical model, we double-checked the
value of relative displacement between the tips of neighboring minerals at the critical loading of buckling. The results
showed that it is much smaller than the size of tip zone for bone, i.e,, the mineral tips will never contact with each other
before buckling and therefore the traction free condition should be satisfied. But for shell, we found that there is possibility
of contact before buckling for relative small aspect ratio. Because this study is focused on the buckling behaviors at large
aspect ratio, the non-contacting assumption of the tips should be applicable.

5.2. Local buckling versus global buckling

This study has been focused on the local buckling of nanocomposites by assuming that the minerals buckle within the
periodic nanocomposite structure. However, in practical, whether local or global buckling will happen in the nanocom-
posite depends on the aspect ratio of the mineral. Here we will make a discussion about the relationship between the local
buckling and the global buckling.

According to the preceding sections, Eqgs. (35) and (48) give the local buckling strength of the symmetric and anti-
symmetric modes, respectively, while Eq. (50) gives the global buckling strength. When the nanocomposite performs
global buckling, because pc— oo and p — oo, Eq. (50) degenerates to

1
T 20 +vp)(1—Vp)

OcL (52)

which sets the lower limit of Rosen’s model. There is a cross point between this lower limit and the buckling strength
curve of the anti-symmetric mode as depicted in Fig. 10. We define the corresponding aspect ratio of this point as p.p
below which the local buckling strength is lower than the global buckling strength. Therefore, we can predict that once the
aspect ratio is lower than p.o, the nanocomposite will have local buckling. However, when the aspect ratio is larger than
Pc2, the nanocomposite will have global buckling. When p.o< p <pc2, the nanostructure may exhibit a mixed
buckling mode.

These results suggest a mechanism of buckling mode transition from the local to global buckling behaviors of biological
nanocomposites. We showed that the aspect ratio of mineral can regulate the coordination among minerals with staggered
alignment. Through this regulation, the buckling strength exhibits a biphasic dependence on the aspect ratio which
enables the local to global buckling transition.
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Fig. 10. Illustration of the competition between the local buckling mode and the global buckling mode of the nanocomposite structure as a function of
aspect ratio.

5.3. Effect of the volume fraction

Besides the aspect ratio, the volume fraction of mineral also influences the buckling strength of the two modes of
nanocomposites and their relationship with Rosen’s shear mode. Fig. 11 shows that increasing of the volume fraction of
mineral significantly increases the buckling strength of these two modes, suggesting that large volume fraction can
effectively restrict deformation of mineral crystals and protein matrix. In addition, the difference in the buckling strength
between the nanocomposite structure and that of Rosen’s model decreases with the increase of the volume fraction, which
indicates that the flaw-like imperfection caused by the tip zones are compensated by the large volume fraction.
Furthermore, we found that the volume fraction of mineral would influence the competition between the symmetric
mode and the anti-symmetric mode. For instance, Fig. 12 depicts the variation of p.; and p.> as the function of the volume
fraction. We can see that both of the two critical aspect ratio values decrease as the increase of the volume fraction, and
the value of p.; reduces much faster at the low volume fraction region than it does at the high volume fraction region, as
shown in Fig. 12. This result implies that a high volume fraction will allow the strength of the anti-symmetric mode to be
larger than that of the symmetric model at a comparatively small aspect ratio. In addition, the high volume fraction allows
the buckling strength of the two modes to approach that of Rosen’s model at small aspect ratio.

We also can see that there is a lower limit of p.; (/’én) value below which the buckling strength of the anti-symmetric
mode is always lower than that of the symmetric mode for different volume fraction of mineral (see Fig. 12), and there is
an upper limit of p.; (pgl) value beyond which the buckling strength of the anti-symmetric mode is always higher than
that of the symmetric mode (see Fig. 12). Similarly, there is also a lower limit of p.» (péz) value below which the buckling
strength of the two modes of the nanocomposite structure will never approach that of the Rosen mode by changing the
volume fraction, and there is an upper limit of p.» (p’gz) value beyond which the buckling strength of the two modes will
always approach to that of the Rosen mode at different volume fraction.

5.4. Effect of the hierarchical structures

Previous studies showed that the hierarchical structures can effectively enhance the stiffness and fracture toughness of
biological nanocomposites (Gao, 2006). In this section, we discuss the roles of hierarchical structure on the buckling
strength of these materials. According to the preceding discussion, the nanocomposites with large aspect ratio of mineral
crystals would perform global buckling with buckling strength given by Eq. (52) because the minerals behave like long and
continuous fibers. As we can see, the global buckling strength of the nanocomposite structure does not depend on the
elastic properties of mineral, but only depends on its volume fraction. If the total volume fraction of mineral is constant,
the structural hierarchy will effectively increase the volume fraction of hard phase in each level of hierarchy (note that for
the higher level, the hard phase itself will be the composite of mineral and protein). For example, for a self-similar
hierarchical structure depicted by the inset in Fig. 13, there is

N
Vm,T = H Vm(n) (53)
n=1

where V;,, 7 is the total volume fraction of the hierarchical structure and V) is the volume fraction of hard phase in the
nth level. For the nth level of hierarchical structure, there is,

Vinay = Vo y (54)
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Fig. 11. Buckling strength of the symmetric and the anti-symmetric modes of the nanocomposite structure in comparison with that of the continuous-
fiber reinforced composite predicted by Rosen’s model at different volume fraction of mineral. (a) p=5; (b) p=10 and (c) p=15.

Substituting Eq. (54) into Eq. (52), we obtain

1
OCcny=——"—"—"——+ 55
) 20141V (55)

m,T

It has been checked that the second term in Eq. (50) is always negligible at each level of the hierarchy. We can see that
the buckling strength of biological materials can be effectively increased by simply increasing the number of levels of the
hierarchy. Note that the materials have the same buckling strength at each level of their hierarchy, and the buckling
strength increases with the increase of the number of levels in the hierarchy, as shown in Fig. 13. Different from the tensile
strength of the hierarchical structures that degenerates with the increase of the levels of hierarchy (Gao, 2006), the
buckling strength is uniformly increased at all levels of the hierarchy. This feature is remarkably crucial for the functions of
biological materials, such as bone and nacre, which principally sustain the compressive load.



Y. Su et al. / J. Mech. Phys. Solids 60 (2012) 1771-1790 1787

57—

E,/E,=1000,v,= 0.5

4+

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Mineral Volume fraction

Fig. 12. The variation of the two critical aspect ratio p.; and p. as the functions of the volume fraction of mineral.

\

vp=0.5, Vn=45%

N

Fig. 13. Effect of the number of levels of hierarchy on the buckling strength of the self-similar hierarchical composite structure.

Note that this effect of the hierarchical structure is closely related to the results of local buckling analysis. It was
shown that when the aspect ratio of mineral is small, the nanocomposite will perform local buckling; however,
with the increase of the aspect ratio to a critical value, the nanocomposite will have a mode transition from
the local buckling to a global buckling behavior, insensitive to the existing defects (tip zones between mineral
crystals); therefore it achieves the buckling strength of ideally continuous fiber reinforced composites, i.e., global
buckling behavior. With this property of buckling, the biological materials can achieve global buckling at macro-
scopic scales through equally distributing buckling strength among different levels of hierarchy and therefore
avoiding local buckling at low levels of hierarchy, which allows the biological materials to achieve optimum buckling
strength. The local buckling analysis also provided the critical values of aspect ratio of the hard phase in each
hierarchical level.

On the other hand, if the nanocomposite structure can not achieve the transition from the local to global buckling, e.g.,
because of small aspect ratio, then the local buckling will happen, and this localization of deformation might propagate to
higher levels of hierarchy, which will largely decrease the buckling strength of high levels. However, the systematic
analysis of the propagation of buckling localization among different hierarchical levels will be another complex problem
and beyond the scope of this study.
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5.5. Further discussion with previous studies

Compared with existing studies, the scientific questions explored in the present work are different. We are interested in
the effect of the unique microstructures of biological materials on their micro-buckling behaviors, particularly, the roles of
the staggered alignment of minerals and their coordination in the buckling behaviors as well as the effects of the structure
hierarchy on the buckling strength. As a result, our mechanical model and predictions are also different from those of prior
studies.

Firstly, this study is different from the previous work (Ji et al., 2004). That work only studied a SINGLE mineral, and it
did not consider the coordination of this mineral with its neighboring minerals by adopting a strong assumption that the
neighboring minerals were rigid without deformation, which resulted in the buckling strength of a high order buckling
mode of the nanocomposite structure.

In comparison, the present study studied MULTIPLE minerals by focusing on the effect of coordination among these
minerals when they perform buckling deformation. Therefore, this study is significantly different from Ji et al. (2004) in
both the mechanics of buckling behaviors and the method and difficulty of mathematical analysis. For example, our results
showed that different from the single mineral, the multiple minerals have more complex buckling behaviors. For instance,
they have two different buckling modes because of the coordination, i.e., the symmetric mode and anti-symmetric mode.
There is a critical value of aspect ratio. When the aspect ratio is smaller than this critical value, the minerals will perform
anti-symmetric mode, while when the aspect ratio is larger than the critical value, they will perform symmetric mode.
Therefore, there is a biphasic dependence of the buckling strength on the aspect ratio of mineral, i.e., at small aspect ratio,
the buckling strength is increasing with the increase of aspect ratio, but at large aspect ratio, the buckling strength is
decreasing with the increase of the aspect ratio. This behavior of multiple minerals is new and distinct from that of single
mineral.

Secondly, this study is also different from the work by Rosen (1964). That work studied the buckling behavior of ideally
continuous fiber reinforced composite. Therefore, the predictions of Rosen model are not applicable to the nanocomposite
structure of biological materials with staggered alignment of minerals in protein matrix and discontinuity (gap) between
the minerals. It was shown that the buckling strength predicted by Rosen model is larger than that of the nanocomposite
structure, and monotonically decreases with the increase of the aspect ratio of mineral, which is very different from the
biphasic dependence of buckling strength of the nanocomposite structure with respect to the aspect ratio.

Thirdly, the effect of the hierarchical structure on buckling strength has not been studied before. We found that the
hierarchical structure play important roles in the buckling behavior of biological nanocomposites. We showed that with
the help of large aspect ratio, the local buckling can be suppressed at all levels of hierarchy, and achieve an equally
distributed buckling strength at each level. This novel property will enable the biological nanocomposites to achieve global
buckling at macroscopic scales by avoiding local buckling through hierarchical design. This finding is critically important
for the design of the bio-inspired novel composite materials with multiple levels of hierarchy.

6. Conclusions

This paper presents an analytical analysis of the buckling behaviors of biological nanocomposites, aimed to find
mechanical principles by which nature designs nanocomposites with high elastic stability. The unique geometry and
staggered arrangement of mineral crystals in the nanocomposite structure were explicitly considered in the theoretical
model. Despite of the structural complexity of the model, analytical solutions of the buckling strength were obtained by
solving the problem using a combination of the perturbation method and the energy method. Two local buckling modes,
i.e., the symmetric and anti-symmetric modes, were analyzed. The effect of the geometry, staggered arrangement and
volume fraction of mineral crystals as well as the structural hierarchy on the buckling behaviors of biological
nanocomposites were studied. The main findings of this study are summarized as follows.

The aspect ratio of minerals plays an important role in the buckling behaviors of the nanocomposite structure. When
the aspect ratio is small, the buckling strength of the anti-symmetric mode is lower than that of the symmetric mode,
while when the aspect ratio increases to a critical value p.; the buckling strength of the anti-symmetric mode becomes
larger than that of the symmetric mode. This property makes the buckling strength of the nanocomposites exhibit a
biphasic dependence on the aspect ratio. Furthermore, the buckling strength of these two modes of the nanocomposite
structure can approach to that of Rosen’s model when the aspect ratio increases to a second threshold value p., with help
of the staggered alignment of minerals. This implies that the buckling strength becomes insensitive to the existing flaws at
large aspect ratio, as the large aspect ratio compensates the weakening effects of the tip zones, which might explain why
the mineral crystals in biological nanocomposites always have large aspect ratio.

Further analyses suggest that once the aspect ratio is lower than the threshold value p. o, the nanocomposite structure
will have local buckling as shown in Fig. 10. In contrast, when the aspect ratio is larger than p.5, the nanocomposite will
have global buckling mode. When p.o < p < pc2, the nanostructure might have mixed buckling mode depending on the
ratio of Lg/L. These results suggested that the aspect ratio of mineral can regulate the coordination among minerals with
staggered alignment. Through this regulation, the buckling strength exhibits a biphasic dependence on the aspect ratio
which enables the local to global buckling transition.
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The volume fraction of mineral also plays important roles. Increasing the volume fraction can significantly enhance
the structural stability of the nanocomposite. The mechanism behind is that the large volume fraction will restrict the
deformation of minerals as well as that of protein matrix. It was shown that with the increase of the volume fraction, the
difference in buckling strength between the nanocomposite structure and Rosen’s model decreases, which indicates that
the effect of flaw-like tip zones between minerals are compensated by the large volume fraction. This result might suggest
that biological materials with large volume fraction of mineral are likely to have evolved to adapt to high compressive load
experienced by the animals such as nacre under the deep sea water.

In addition, we found that the hierarchical structure design can effectively improve the buckling strength of biological
materials. We showed that with the help of large aspect ratio, the local buckling can be suppressed at all levels of
hierarchy, and achieve an equally distributed buckling strength at each level. This property will enable the biological
nanocomposites achieve global buckling at macroscopic scales by avoiding local buckling through hierarchical design.
More remarkably, different from the tensile strength that degenerates with the increase of the levels of hierarchy, the
buckling strength will be uniformly increased at all the levels of the hierarchy. This point is critically important for the
design of the bio-inspired novel composite materials with multiple levels of hierarchy.
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