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Abstract 

 

In general fracture theory, stress intensity factor or energy release rate have been obtained 

through the assumption of 2D problem. In other words, the energy release rate is constant along 

the crack line(front) in the z direction. However, when we consider a 3D crack problem, the 

energy release rates value shows a significant drop close to the free surface when compared to 

the 2D solution. This is considered due to the “free surface effect” when a crack meets a free 

surface. Precisely, stress intensity factor is zero on free surface and the singularity does not have 

the classical square-root any more. In this term project, I will show the tendency of energy 

release rates along the crack front by dint of this free surface effect. So the distribution of energy 

release rate, G across the specimen width will be evaluated numerically by ABAQUS/standard 

and then, the results will be compared to the 2D solution. A double cantilever beam(DCB) 

specimen is introduced for a numerical solution. The specimen is idealized 3D structure with 

isotropic material. Finally, I will also explain the process of obtaining the semi-analytic solution 

for stress intensity factor of the free surface in a half space by introducing the Boussinesq-

Papkovich-Neuber functions. This semi-analytic solution shows that at the half-space surface the 

stress-intensity factor is zero, and stresses are related with poisson’s ratio. 

 

Keywords: Energy release rate, DCB, Stress intensity factor, Quarter-infinite crack in a half-

Space, Boussinesq-Papkovich-Neuber functions 

 

 

 

 

 

 



I. Introduction 

 

Fracture analysis and prevention are important functions to all of the engineering fields. 

So many engineers often play a lead role in the analysis of failures, whether a component or 

product fails in service or if failure occurs in manufacturing or during production processing. 

During the past 40 years, linear elastic fracture mechanics(LEFM) has been used for predicting 

the fracture behavior. However, most analytic or numerical investigators focused on the 2D or 

axi-symmetric problem. As you can see, the real structure has mostly 3D dimension such that the 

state of deformation near the crack tip is always three-dimensional. Thus, if we apply 2D linear 

elastic fracture mechanics, sometimes we can’t fully understand the occurrence. To overcome the 

limit of 2D, some researcher tried to find out the solution for a structure with 3D crack. For a flat 

plate of finite thickness with a through-the-thickness crack, attempts were made by Hartranft and 

Sih (1969) to obtain stress distribution close to the crack front, but the closed form solutions 

were intractable. The profile of stress intensity in the thickness direction was not determined, but 

the functional form of the stresses was obtained. The functional form showed that stress 

singularity is the inverse square root type at the crack front. A year later, Hartranft and Sih (1970) 

proposed an approximate three-dimensional plate theory that approximately satisfies the stress-

displacement relations. Later, Benthem showed that at the intersection of the crack front and a 

free surface, the singularity does not have the classical square-root power but is a function of the 

material poisson’s ratio. Additionally, this results explained why stress intensity factor drop 

dramatically at the free surface. In this term paper, I showed briefly the process of obtaining his 

solution.  

In recent years, the development of computers can provide better accuracy of solutions in 

three-dimensional problems involving singularities. In this paper, I also evaluated the energy 

release rate for 3D crack problem by using ABAQUS[v6.1] and observe the varying trend 

according to some different factors.  

 

 



II. Double Cantilever Beam Specimen 

 

Analytic Solution 

In fracture mechanics, the simplest model, double-cantilever beam (DCB) (Fig 1) for 

determining the strain energy release rate is used theoretically (Oh et al., 1987; Kook and 

Dauskardt, 2002). The equation of energy release rate per unit length for homogeneous DCB 

specimen is given by [1] 
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where P means loading forces at the tip of double cantilever,  a is delamination length, B is the 

width of double cantilever, H is the substrate half-thickness and Eഥ is elastic modulus. This 

analytic solution shows that the energy release rate for plane stress is higher than for plane strain 

since modulus for plane stress is smaller.  

 

Numerical Solution 

In this paper, a double cantilever beam (Fig 1) made of silicon material with distributing load is 

implemented as a FEA model for a numerical solution. ABAQUS(v6.6-1), one of famous general 

purpose FEA programs is used to analyze FEA model. Young’s modulus for silicon is 130.2 Gpa 

and poisson’s ratio is 0.28  

 

 
                                   Fig 1. Double Cantilever Beam Specimen 



First, different depths(B) are introduced to investigate the 3D effect along the crack line. 

It can be expected for the depth expansion to give an effect on the ERRs along the crack line 

since the variation of boundary condition corresponding to position along the depth would affect 

the effective modulus and stress. For this numerical model, the length(L) is fixed as 200mm. Fig 

2 indicates that the strain energy release rate for relatively small width shows locally highest 

pitch value in the middle part of the specimen progressively decreasing towards the edges. 

However, as the depth is increased, the energy release rates are getting lower near the center of 

DCB. Usually, the plane stress condition is applied for a thin elastic problem and the plane strain 

condition is for an infinite case. As mentioned before, the ERR for plane stress is larger than 

plane strain. Through the Fig 2, we can observe the transition of boundary condition.  For a 

relatively narrow width, the energy release rate shows higher value. Then, as the width is 

increased, the energy release rate is getting lower. However, when considering the averaged 

ERRs along the crack line, the mean ERRs pretty accord with one of plane stress/strain (Fig 3). 

For a relatively thin width, the averaged ERR corresponds to the plane stress and as the width 

approaches to the infinite, the mean value also translates into ERR for plane strain. Furthermore, 

the relative effect of delamination length on the width is investigated. For the fixed width(200 

mm), normalized ERRs with respect to one of plane stress show clearly the effect of these 

parameters (Fig 4). The tendency appears similar with the first study for the width effect. From 

the numerical solution, the relationship between width and delamination length can be explained. 

If width is much smaller than crack length, the constraint effect of plane strain is activated. 

Reversely, when width is larger or similar with delamination length, the constraint effect 

corresponds to the state of plane stress. 

Finally, we can observe the energy release rate drops dramatically at the free surface even 

though some factors are changed. In many numerical solutions for energy release rate, this 

similar trend can be seen [2]. From next section, I will explain why this happens through the 

Benthem’s semi-analytic solution [3].  

 

 



 

Fig 2. The energy release rate according to different width 

 

 

Fig 3. The averaged energy release rate 
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Fig 4. The energy release rate according to different delamination length 
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III. State of Stress at the vertex of Quarter-Infinite Crack in a Half-Space 

 

Boussinesq-Papkovich-Neuber Stress Functions  

The quarter-infinite crack in a half-space is shown in Fig 5. Cartesian coordinates are x, y, z 

spherical coordinates are r, θ, φ  

ݔ                                                                                                ൌ   θcosφ݊݅ݏݎ

ݕ                                                                                                ൌ  θsinφ݊݅ݏݎ

ݖ                                                                                                ൌ  cosθݎ

 

 

 

        Fig 5. Quarter-infiniate crack in a half-space 

The crack occurs in the quarter-plane y=0, x>0, z>0. The state of stress in the half-space around 
the crack is                           

௫௫ߪ                                        ൌ λݎ ௫݂௫ሺλ, θ,φሻ ,   ߪ௫௬ ൌ λݎ ௫݂௬ሺλ, θ,φሻ,   etc …                                                       

To find solutions, Boussinesq-Papkovich-Neuber Stress Functions are introduced. Boussinesq 

created 7 basice solutions of the Navier equations with the aid of harmonic functions [4]. 

       ሺsol. 1ሻ        u ൌ 0, ݒ ൌ
߲ψଵ
ݖ߲ , w ൌ െ

߲ψଵ
ݕ߲  ,   

       ሺsol. 2ሻ          u ൌ డψమ
డ௭

  ,   vൌ 0 ,  wൌ డψమ
డ௫

 

       ሺsol. 3ሻ          u ൌ డψయ
డ௬

 ,  vൌ െ డψయ
డ௬

  ,  wൌ 0 

       ሺsol. 4ሻ          u ൌ డψర
డ௫

 ,  vൌ డψర
డ௬

  ,  wൌ డψర
డ௭

 



      ሺsol. 5ሻ          u ൌ ሺെ3 ൅ ሻψହݒ4 ൅ x డψఱ
డ௫

   ,    vൌ ݔ డψఱ
డ௬

   ,   wൌ ݔ డψఱ
డ௭

 

      ሺsol. 6ሻ          u ൌ ݕ డψల
డ௫

   ,    vൌ ሺെ3 ൅ ሻψ଺ݒ4 ൅ y డψల
డ௬

   ,   wൌ ݕ డψల
డ௭

 

      ሺsol. 7ሻ          u ൌ ݖ డψళ
డ௫

   ,    vൌ ݖ డψళ
డ௬

   ,   wൌ ሺെ3 ൅ ሻψ଻ݒ4 ൅ z డψళ
డ௭

 

 

Separation of variables technique 

Benthem used the method of separation of variables. He attempted to determine the singular 

stress distribution in the neighborhood of the vertex of a quarter plane crack using a semi-

analytical approach. So seven functions separated into the variables of the spherical coordinate 

are considered [5].  

ψ ൌ λାଶݎ expሺ݅ߤφሻ Pλାଶ
ఓ ሺcos θ) 

where Pλାଶ
ఓ ሺcos θ) is an associated Legendre function of the first kind and ߤ, λ may have any 

complex value. 

Starting from the seven basic solutions, the differentiation formulas allow to compute their 

displacement, strain and stress. However, in this investigation, we limit problem to stress system 

which are symmetrical with respect to the plane  φ ൌ π. Thus, these solutions[6] are 

                  Sol. A ൌ  sol. 2 ൛ ψଶ ൌ ψAൟ 

                                     ψA ൌ λାଶݎ expሺ݅ߤφሻ Pλାଶ
ఓ ሺcos θሻ/G        ( ߤ ൌ 0, െ1, െ2, … ሻ 

                Sol. B= sol. 1  ൛ ψଵ ൌ ሺ1 െ vሻψAൟ ൅ sol. 6ሺ ψ଺ ൌ ଵ
ଶ

பψB
ப୸

ሻ 

                                     ψB ൌ λାଶݎ expሺ݅ߤφሻ Pλାଶ
ఓ ሺcos θሻ/G        (ߤ ൌ െ1, െ2, െ3, …) 

                 Sol. C= sol. 4  ቄ ψଵ ൌ ሺଵ
ଶ

െ vሻψCቅ ൅ sol. 6ሺ ψ଺ ൌ ଵ
ଶ

பψC
ப୷

ሻ  

                                     ψC ൌ λାଶݎ expሺ݅ߤφሻ Pλାଶ
ఓ ሺcos θሻ/G        (ߤ ൌ െ ଷ

ଶ
, െ ହ

ଶ
, െ ଻

ଶ
, … ሻ 

The stress fields obtained satisfy the differential equation, but does not satisfy the free surface 

boundary conditions in the pointwise sense. 

 



The approximate weighted residual operator 

Therefore, he was forced to apply approximate weighted residual type operators to satisfy the 

boundary condition. This operation leads to a system of algebraic equations of infinite order, 

which must be truncated to obtain numerical results. Here the approximate weighted residual 

operators are  

             On ߪ௭௫,    ׬ … cosሺ݊ െ 1ሻφdφ ൌ 0ଶగ
଴  

             On ߪ௭௬,    ׬ … sin ݊φdφଶగ
଴ ൌ 0 

               On ߪ௭௭ ׬   , … cosሺ݊ െ 1ሻφdφ ൌ 0ଶగ
଴       ሺ݊ ൌ 1,2,3 … ሻ 

 

Assumption 

However, unfortunately this operator also did not succeed in achieving convergence. Therefore, 

he assumed that the half-space surface(z=0) is “struck” by an arbitrary load. 

௭௫ߪ                                                       ൌ ௭௬ߪ    ,0 ൌ ௭௭ߪ   ,0 ൌ  λݎ

In order to obtain the order of singularity, he had to assume some loading distribution on the 

surface. Here this assumption shows that his results do not exactly satisfy free surface boundary 

conditions. Even though assuming this imaginary load, he could not satisfy the free surface 

boundary condition. Thus, finally he created additional solution for getting more degree of 

freedom. To achieve the additional solution, he introduced another coordinate, which is skew-

symmetrical(spherical coordinate*) to the plane z=0 since he intended to remove the unwanted 

stress. 

                     Sol. D*= sol. 7 ൛ ψ଻ ൌ λାଵݎ cosሺߤφሻ Pλାଵ
ఓ ሺcos θሻ/Gൟ 

                               ൅ሺλ ൅ ߤ ൅ 1ሻሺλ െ ߤ ൅ 2ሻݎλାଵ cosሺߤ െ 2ሻφPλାଵ
ఓିଶሺcos θሻ/G    (ߤ ൌ 0 , െ1ሻ 

                     Sol. E*= sol. 7 ൛ ψ଻ ൌ λାଵݎ sinሺߤφሻ Pλାଵ
ఓ ሺcos θሻ/Gൟ 

                                ൅ ఓሺλାఓାଵሻሺλିఓାଶሻ
ఓିଶ

λାଵݎ sinሺߤ െ 2ሻφPλାଵ
ఓିଶሺcos θሻ/G  (ߤ ൌ െ ଷ

ଶ
 , െ ହ

ଶ
) 



Stress intensity factor 

Finally, he got five solution types(A,B,C,D*,E*) which is expressed in terms of eigenvalues. 

Through trial and error way in considering boundary condition, he can 

obtain eigenfunction for stresses and displacement corresponding to 

each eigenvalue. Here are some computed eigenvalues for the solution.  

Fig 6 shows the non-zero stresses at the half-space surface(z=0) for 

poisson’s ratio 0.5/0.3. It is remarkable that poisson’s ratio is also 

significant factor for the stresses. The stresses are normalized such 

that at the crackfront z=1, the stress intensity factor factor k= √2.

 

Fig 6. (a) Stress at z=0, r=1. Stress Intensity Factor           Fig 6. (b)Stress at z=0, r=1. Stress Intensity  

at the crack front at z=1 is √2.                                             Factor at the crack front at z=1 is √2. 

Poisson’s ratio=0.5                                                          Poisson’s ratio=0.3 

 

This indicates that stressߪ௬௬ in the plane z=1 behaves along the line  ߮ ൌ  is ߨ

௬௬ߪ ൌ
݇

ඥ2ߩ
ൌ

1
ඥߩ

ߩ               ՜ 0 

  

 



Here ߩ is a horizontal distance from z-axis. Then express it in terms of ߠ 

௬௬ߪ ൌ λݖ
1

ߠ√
ߠ                              ՜ 0 

Then from the relationship, 

௫௫ߪ                                       ൌ λݎ ௫݂௫ሺλ, θ,φሻ ,   ߪ௫௬ ൌ λݎ ௫݂௬ሺλ, θ,φሻ, ….                         

The above formula for other plane z=const becomes                                

௬௬ߪ ൌ λାଵ/ଶݖ 1
ඥߩ

 

Then finally, we can get  

௬௬ߪ ൌ
݇

ඥ2ߩ
ൌ λାଵ/ଶݖ 1

ඥߩ
 

Therefore, stress intensity factor at the vertex is  

݇ ൌ  λାଵ/ଶݖ2√

Hence at the half-space surface(z=0) the stress-intensity factor is zero. This means that in the 

plane z=0, there are no stresses which vary according to ିߩଵ/ଶ. In other words, the result shows 

clearly the stress intensity factor for two-dimensional concept looses it meaning in the vertex. At this 

region, stress intensity factor essentially require s three dimension one. 

 

 

 

 

 

 

 

 



Conclusion 

First, ERRs, showing generally locally highest value in the center of the specimen varies 

along the crack line in case of a 3D model. This result is able to explain why a curved crack front 

occurs briefly, and moreover is observed that the averaged ERRs lie near the theoretical solution, 

showing a good agreement with analytic solution.   

Then, through the observation of ERRs correspond to varying delamination lengths for a fixed 

width, we can see a relationship between width and delamination length. Relatively larger width 

than delamination length brings about the plane strain constraint. On the other hand, the 

constraint effect can be considered as a plane stress under the condition smaller or similar width 

when compared with crack length. 

Finally, Benthem semi-analytic solution showed that stress intensity factor at the vertex does not 

follow the square-singular root any more. In the free surface plane(z=0), there are no stresses that 

vary according to ρ-(1/2). In other words, 2D stress-intensity factor looses its meaning in the 

vertex region. Additionally, we can see the poisson’s ratio plays also a significant role in 

deciding stresses.   
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