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The authors would like to dedicate this note to the
memory of Prof. K.L. Johnson (1925-2015).
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A generalized Johnson parameter for pull-off decay
in the adhesion of rough surfaces

M. Ciavarella', A. Papangelo®

! Politecnico di Bari, Bari, 70125, Italy
2 Department of Mechanical Engineering, Hamburg University of Technology, Hamburg, 21073, Germany

There is no simple theory at present to predict accurately the decay of pull-off in the adhesion of randomly rough surfaces. The
asperity model of Fuller and Tabor has shown significant error in recent numerical investigations by Pastewka and Robbins of self-affine
random roughness from micrometer to atomic scale which corresponds to low values of Tabor parameter. For sinusoidal contact, the
Johnson parameter, originally introduced for the JKR regime (from Johnson-Kendall-Roberts) is the dominant parameter ruling the pull-
off at intermediate Tabor values. Hence, we define a generalized Johnson parameter as the ratio between the adhesive energy to the elastic
strain energy to flatten the surface in the case of multiscale roughness and find that it correlates very well with the data of Pastewka and
Robbins spanning almost five orders of magnitude of reduction from theoretical strength, improving significantly with respect to other
possible single parameter criteria. For the most important case in practice, that of low fractal dimensions, this suggests the product of
amplitude and slope of the largest wavelength components of roughness dominate pull-off decay, and not small scales features like slopes
and curvatures, as suggested by Pastewka and Robbins.

Keywords: roughness, adhesion, Johnson—Kendall-Roberts adhesion, Derjaguin—Muller—Toporov adhesion, Pastewka and Robbins’s
theory, Persson and Tosatti’s theory, Fuller and Tabor’s theory

O0600mennbIii mapamerp J’KOHCOHA VIS MOPOTa Pe3KOro YMeHbIIeHHS
CHJIBI OTPBIBA NIPH A/IT€3UM LIEPOXOBATHIX NOBEPXHOCTEM
M. Ciavarella', A. Papangelo?

! Tlonurexunyeckuit yausepcurer bapu, Bapu, 70125, Uramust
2TaMOyprekuil yHuBepeHuTeT Texuosoruit, [amOypr, 21073, Tepmanust

B Hacrosimiee BpeMst OTCYTCTBYET IIPOCTasi TEOPHS ISl TOYHOTO IPEICKAa3aHuUs IIOPOTa Pe3KOro yMEHBIIIEHHS! CHIIBI OTPBIBA B CIIydace
aJIre3H CITy4YaifHO IEePOXOBATHIX MOBepXHOCTEH. Moznens quckperHoro koHtakra Oymiepa n Taiibopa BEIIBHIA 3HAYUTENBHYIO OIIHOKY
B YHCJICHHBIX HccienoBaHmsx [TacreBku n Po66uHca camoadpuHHOM cirydaiiHOI IepOXOBaTOi MOBEPXHOCTH C pa3MEPaMH IePOXOBATOCTeH
OT MHKpOMETpa JI0 aTOMHOTO MacmTaba IpH HH3KHX 3HAUCHUSX mapamerpa Taibopa. 1 cHHycOMAAIBHON IIEpPOXOBATOCTH PEKHM
aJIre3uy oIpesersieTcs mapamerpoM JHKOHCOHa, TepBOHaYaIEHO BBeieHHBIM Juis pexknma JKR (Johnson—Kendall-Roberts). OcHoBbIBasich
Ha 9TOM, B JaHHOU paboTe 0000IeHHbIH TapaMeTp J[)kOHCOHa OIpe e Kak OTHOLICHHE YHEPTHHU are3UH K )HEPTHHU YIPYToH AedopManuy
IIPY IOJTHOM YIUTOIICHUH IIIEPOXOBATOCTEN Ha BCEX MACIITaOHBIX YPOBHAX. OOHAPYKEHO, YTO JaHHBIN MapaMeTp XOPOIIO KOPPETUPYeET ¢
pe3ynbraraMy, HoxydeHHbIME [TacTeBkoit 1 PoOOHHCOM B 001IaCTH apaMeTpoB, OXBATHIBAIOIIECH IIITh IOPSIIKOB BEIUIUHBI B PELYKIIIH
CHJIBI /IT€3HHU 10 CPAaBHEHUIO C TEOPETHIECKON IPOYHOCTEI0. DTOT MapaMeTp 00ecIeurBaeT CyIeCTBEHHOE YIyIIeHIe KOPPEIIHH [0
CPaBHEHUIO € JTIOOBIMH JPYTUMH KPHTEPHIMHU, OCHOBAHHEIMH Ha €ANHCTBEHHOM KPHTHYECKOM IapameTpe. B cirydae Manoil (ppakTansHol
Pa3MepHOCTH, HanboJIee BaXKHOM JUIS IPUIIOKEHHH, 9TOT TapaMeTp CBOAUTCS B IIPOM3BENICHHUIO aMIUIHTY/BI IIEPOXOBATOCTH U HAKIIOHA,
OTBEYAIOIIEr0 [UIMHHOBOJHOBBIM KOMIIOHEHTAM IIEPOXOBATOCTU. VIMEHHO OH oIpe/ensieT CILy aAre3ny, a He HapaMeTpsl OoIee MeIKoro
MacIITabHOTO YPOBHS, TaKHe KaK HAKIOHBI M KPUBHU3HA, Kak ObLIO mpeamnoinoxkeHo [lacteBkoil u Po66uHCcOM.

Knioueswle crosa: mepoxoBatoCTs, afresus, JxoHcoH, Kennann, Podeprce, lepsirun, Mrosuiep, Toporos, Teopusi [lacreBkn—Po66uHCa,
teopus [Tepccona—Tocarru, Teopust Oymiepa—Taiibopa
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1. Introduction

Contact in the presence of adhesion is a lot richer of
phenomena and parametric dependences than its counter-
part without adhesion. It is instructive to start from a simple

© Ciavarella M., Papangelo A., 2017

case, to show already quite a number of effects and, more
importantly, to introduce a parameter which we shall gene-
ralize in a more general contact condition. For a single si-
nusoid of wavelength and amplitude A, & paper [1] dis-
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cusses that the adhesive contact problem under the Johnson—
Kendall-Roberts (JKR) regime [2] of short range adhe-
sion is governed by a single parameter o, defined as (no-
tice that this is the square of the original Johnson para-
meter)

2 A

o= ?la e (1
where [, = w/ E" is a characteristic length of adhesion, w
is the work of adhesion, E* = E/(1-v?) is the elastic
modulus under plane strain, and v is Poisson’s ratio. The
physical meaning of o is that it represents the ratio of the
surface energy in one wavelength to the elastic strain ener-
gy when the wave is flattened, U,;. The precise behavior
can be obtained only by solving the partial contact prob-
lem exactly and not from energy considerations alone as
there are energy barriers between states, and it turns out
that for o > 0.57% = 0.325, there is a spontaneous snap into
full contact, from which detachment should occur only at
theoretical strength. It is important to remark that this para-
meter (and this alone) governs the entire behavior of the
system, also in partial contact. In particular, pull-off de-
pends on o in the regime where full contact is not obtained
first. It has been shown in more recent extensions with cohe-
sive models [3] that, in a more general regime, the pull-off
strength depends also on another parameter, the so-called
Tabor parameter [4]

3
_Pa| R 2
u E[lj , (2

a

where py, is theoretical strength, and R is the radius of the
tip of the sinusoid. There is an extensive range of interme-
diate values of this second parameter, when p is lower than
1, in which the pull-off depends exclusively on . Indeed,
it is very close to the value expected from the JKR regime
pull-off at asperities (see [3] for further details). This moti-
vated the present investigation, since for a large class of
problems, including the case we are going to consider for
the comparison with simulations [5], pull-off occurs at as-
perities in this range. An important remark here is that we
refer, as many do, to this as shortly the DMT regime
(Derjaguin—Muller—Toporov), but we do not imply we re-
fer to the DMT solution for the sphere. In fact more than
one DMT solution exists [6—8], all of which are instead
quite controversial (see [9, 10]), since they assume com-
pressive forces only deform the surfaces, and not tensile
forces, despite the latter are of the same order of magni-
tude, if not larger.

For a rough surface, an estimate of L when py, = 0.05E"
and [, /a, =0.05 (as in Lennard-Jones potential, where a,
is the interatomic distance), gives 1 < 1 for R/a, <20’ x
%x0.05 =400 and hence for asperities not larger than 400
times the range of attractive forces, we expect that the main
parameter for pull-off will be a according to the full solu-

tion of [3]—which does not assume a DMT method of so-
lution.

Naturally, if both u and a are high, there is a tendency
towards the theoretical strength and to hysteretic behavior
(pressure-dependent pull-off) as predicted by the simple
JKR model of Johnson [1], see again [3]—which poses
some restriction on the generality of our results—as we
shall discuss later. But since no simple theory exists for
considering all the possible ranges, we shall be satisfied to
make some progress in the more complicated cases.

1.1. Attempts of quantitative theories of rough adhesion

The only simple theory which gives the roughness-re-
duction of stickiness seems still to be that given already
40 years ago, with the classical Fuller—Tabor asperity model
[11], but unfortunately it contains a number of strong ap-
proximations. It defines an adhesion stickiness parameter
(A, in the original paper) which depends on the ratio be-
tween the separation at pull-off in the JKR model, §,, and
the rms amplitude of asperities heights /.

80 B 0 R1/3
= () o, 3)
ms ms
where R the radius of asperities. The main parameter there-
fore reducing roughness is rms amplitude, although there
is a weak sensitivity to the short wavelengths content of the
roughness, due to the cubic root of the radius. Although
Fuller—Tabor theory was corroborated by some experi-
ments, the correlation was not investigated in fine details
as it is now possible to do with numerical investigations.

Authors [12, 13] develop a theory of adhesion of rough
surfaces in the JKR regime. In its first part, it assumes full
contact, and argues with an energy balance between the
state of full contact and that of complete loss of contact
that the effective energy available at pull-off is
Weg =— W~ Y @)
eff >
A A
where, for full contact, they intended to add an effect of
roughness-induced increase of contact area, 4/ A4, >1. This
latter element is controversial as gradients are usually very
small [14] and was disproved also in Persson’s own later
experiments [15].

In other words, Persson and Tosatti write that the elas-
tic strain energy stored at the interface is available during
the peeling process and reduces the nominal work of adhe-
sion linearly, and this can be used at macroscopic scale to
estimate pull-off knowing the nominal contact area. With
this simple assumption, they can use the theory also for a
sphere, and indeed attempted to estimate the pull-off va-
lues of Fuller—Tabor classical experiments [11], but found
only very qualitative agreement, although better agreement
was found in a new set of experiments [15]. Persson [12]
continues with very elegant extensions of the theory for
cases involving partial contact, and another theory [16] at-
tempts to solve the problem using the DMT approxima-

e:
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tions. None of these theories however led unfortunately to
simple analytic predictions or has been tested with exten-
sive numerical simulations of adhesive contact.

1.2. Pastewka and Robbins’ simulations

Pastewka and Robbins ([5], PR in the following) have
a quite extensive set of numerical results for pull-off of
(nominally flat) rough surfaces, and found that the pull-off
data decay [5] not only did not correlate well with the pre-
diction of the classical Fuller—Tabor asperity model [11],
but that orders of magnitude variations could be observed
with the different set of parameters tested. They obtain a
set of scaling equations to define the slope of the area-load
equation making some assumptions similar to the DMT
model (no deformation due to the cohesive stresses, see
[17]) but working with the “fractal” geometry of the con-
tact area, which introduces a dependence on a range of at-
traction Ar (of the order of atomic spacing), absent in Fuller—
Tabor theory. They obtain a stickiness parameter which
depends uniquely on small scale features of the roughness,
like rms slopes and curvatures. However, they are not able
to obtain a prediction of the pull-off stress. It should be
remarked that they suggest that there is no hysteresis until
the tangent becomes vertical and surfaces become sticky.
However, more recent appraisal of their results have shown
that their stickiness criterion (which we assume was tuned
for the slope of the area-load, presumably during loading),
is not an indication of stickiness in terms of pull-off [14],
although their parameter can be used as an empirical pa-
rameter to correlate pull-off, as it has been attempted in
[18]. We shall show this correlation here, as one of the
possible alternative to the present proposal.

1.3. Outline of the present work

In the present paper, we will not make an attempt to
derive a quantitative method of solution for adhesive con-
tact, since we do not believe at this stage that very simple
one can be found, but rather introduce a new “stickiness”
single parameter, which is a natural extension of the Johnson
parameter for a single contact, being the ratio between the
adhesion energy and the elastic energy to flatten the con-
tact. With this new parameter, we hope to find a good single
parameter correlation with adhesion in the “intermediate”
range of Tabor parameters—what is commonly called the
DMT regime, although we would in principle prefer to avoid
this denomination as it generates the confusion with the
DMT theory of spheres which assumes no effect of adhe-
sive forces on deformations.

Notice that although we use one ingredient of the simple
theory of adhesion of [12, 13] under full contact, namely
the elastic energy to flatten the roughness, we shall not as-
sume “full contact” and we shall not assume that the pull-
off reduction can be obtained from [12]. Actually, the predic-
tion of the latter assumption will be shown for comparison,
and will result in a very poor estimate, at least in our regime.

2. The new stickiness parameter

We start by the postulate that, as in sinusoidal case the
pull-off value depends mainly on o (at intermediate range
of Tabor parameters), the multiscale problem will depend
mostly on a generalized Johnson o parameter—this intrin-
sically assumes that the contact is either nonhysteretic, or
if it is, that we take the smallest pull-off value, that ob-
tained after just gentle approach of the surfaces. A generaliz-
ed Johnson parameter is readily defined based in general
on the entire power spectrum density (PSD) of the (isotro-
pic) rough surface C(q), up to the magnification { =g, /q,,
where ¢, g, are the low cutoff and high wave vector cut-
off, as

a(8)=

w I, l

Uel(z;) - n/z?qZC(q)dq - Z(C)’

qo
where we have introduced an effective length of adhesion
1(§), and U, () has been derived in [12].

Notice that we are not looking at the problem at differ-
ent “magnifications”, like Persson’s theories do, but we are
only interested in the actual problem with the entire spec-
trum content. The parameter oo depends therefore on the
second moment of the surface PSD as line integral, not to
be confused with the usual second moment of the PSD as
area integral, which assuming an isotropic roughness, is

6))

q 27
m, =m, = | [ [gcos8]"C(q)qdqdd =
40 0
2n )]
= [ cos"0d0 [ C(q)¢""dgq (6)
0

90

for n =0, 2, 4. Therefore, the moment giving the stored
elastic energy has dimensions of a length, and is neither the
actual Oth moment (rms amplitude squared, hrzms) which
depends mostly on the low wavevectors content, nor the
second moment (rms slopes squared hr’ﬁls) which depends
mostly on the high wave vectors content. The weight of the
different part of the spectrum highly depends on fractal di-
mension. In fact, if for illustrative purposes we take a typi-
cal power law PSD Zg 2™ for ¢ > g,, where H is the
Hurst exponent (equal to 3 —D where D is the fractal di-
mension of the surface), the integral depends on whether
H> 0.5 or not. Specifically, as

2 —2(H+1)
2o (W V(7
27| g, 90
where hy =2h2 . (see [12]), for H #0.5

9
1©=7 ] ¢°Clg)dg =
qo
)|

nZ
_TI

90

2
21g, - Th
g dq Zkof(H’Q’ (7



68 Ciavarella M., Papangelo A. / ®@uzuueckas mezomexanurxa 20 5 (2017) 65-72

e
00 02 04 06 08 H

Fig. 1. The function f(H, {) versus H for magnifications £ = 10
(1), 100 (2), 1000 (3), == (4)

where f(H,{)=H (""" - 1)/(—2H+ 1) is a function
identified also in [13], and is plotted in Fig. 1 as a function
of H and of magnification { = 10, 100, 1000, c. Notice that
[13] only show the curve for H > 0.4 (D < 2.6) which,
although is probably the range of most practical interest, is
not necessarily the range used in simulations—indeed, PR
have extensive data for H=0.3.

For the usual case of H> 0.5 (low D) the integral con-
verges quickly, is relatively insensitive to high wave vector
truncation and indeed in most cases we can use even the
limit value

nhy H
20 2H -1
which gives a very gentle dependence on Hurst exponent:
the energy is mainly stored in the long wavelength compo-
nents, which depends on the factor /; / Aq like for the single
sinusoid of the longest wavelength, and notice that this can
be seen as the product of the amplitude and the slope. Hence,
if we have larger long wavelengths (for a given self-affine
power law PSD) the energy will increase, a({) and hence
the stickiness will be reduced’. This prediction for the fractal
dimensions of practical interest (if of course the parameter
is correctly correlated) is in contrast both with Fuller and
Tabor parameter which gives a leading role to rms ampli-
tude of roughness alone (the large wavelength slope is not
present, although there is a mean radius of the asperities),
but also in contrast for example with PR criterion, which
seems to suggest that stickiness only depends on high wave
vector content (rms slopes and curvature, which depend
only on the tail of the spectrum), see Appendix. In [14] we
already remarked that this prediction of the PR criterion to
large size bodies was surprising and perhaps counterin-
tuitive.

For H < 0.5 (high fractal dimensions), vice versa, the
integral does not converge and is much more sensitive on
the large wave vectors content

®)

l(oo)lowD =

! Unless we enter into a JKR regime where perhaps stickiness shows a
more complicated (and pressure-sensitive) dependence.

2 1-2H 2 1-2H
1@ nignp = Tl gy S Il (}L—Oj L ©)
2% 1-2H 2% A 1-2H
and therefore small wavelength cutoff implies larger /()
and stored energy and smaller stickiness, and in the “fractal”
limit, zero stickiness. Here, to compare with the PR crite-
rion, one should observe also the variation in rms slopes
and curvature, which strongly depend on the truncation.
Appendix shows that qualitatively a similar conclusion is
reached by PR in the range of high fractal dimensions, ex-
cept perhaps for the threshold fractal dimension which is
not D=2.5but D=2.4 (as H=0.6).

As aremark, one could conclude from this analysis that
there is a sharp difference between fractal surfaces depend-
ing on the fractal dimension: this is certainly true, for a
given amplitude and slope of the longest wavelength com-
ponents, /q /)Vo- However, if we compare cases of same
rms slope, which depends essentially on the value of the
spectrum at large wave vectors, as for example do PR (see
below), then the difference in o will not be so large, since
for large fractal dimension, /; / Ao will be much smaller.

Finally, to compare to the stickiness criterion of the origi-
nal Persson’s theory assuming full contact, the condition
W <0 leads to loss of stickiness when

@) <1 (10)

whereas here we are not assuming any threshold on o({).

3. Application to Pastewka and Robbins data

PR study self-affine surfaces with Hurst exponent H =
=0.3,0.5, 0.8, i.e. a power law PSD Z|q|_2(1+H) for wave
vectors g, <|q| < g, (¢ =2m/)\) with roll off to a constant
for ¢; <|q|<g, (limited to x =g, /g, =1/2, in the data
presented) and zero otherwise. They introduce a truncated
potential (cubic spline) which mimics the Lennard-Jones
potential, and therefore have an atomic spacing a,. Units
of wavelengths are therefore introduced as A, /a, =4,8, ...,
64, whereas A; =4096a, and A, =2048q,, which means
magnification {=A, /A, =512, 256, ..., 32. They introduce
two levels of rms slopes 7, =0.1,0.3 and two levels of
range of attractive forces, , /a, = 0.05,0.005, the former
being closer to a true Lennard-Jones potential having range
of attractive forces Ar = q;, and the second having much
shorter range?, Ar=0.35q,. In [5], the pull-off decay is
shown in terms of a scale which mimics the Fuller—Tabor
scale of reduction of pull-off with respect to the theoretical
pull-off of a set of aligned asperities [14, 18]. Hence, we
have re-evaluated the actual pull-off values in terms of de-
cay from theoretical strength. Indeed, mean pressure at pull-
off is normalized by the factor

2 This derives from their assumption of potential of fixed stiffness at
z=aqa,, equal to k= E*ao/Z, so that the adhesion energy w =
= kAr? / (1 2a§ ) was changed by varying the range of attraction. One

immediately obtains therefore Ar/a, = (24, / a,)"2
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Table 1

Estimated values of A /a, for A =0.1.
For hy,=0.3, obviously multiply by 3

H
hs/ay 0.3 0.5 0.8
4 0.70 1.68 5.92
1.13 2.39 6.79
16 1.85 337 7.81
32 3.00 478 8.98
64 4.86 6.75 10.32
w _w /h

™ms
4h  4ay/ a ’

Considering the truncated potentials PR define for the case
I, /a, =0.05, the peak of their truncated potential is at about
Pu =0.07E". For [, /a, =0.005, p, =0.025E", and
therefore, to estimate the actual pull-off values, we only
need to estimate A, /a,, from the PSD. Writing
T(n)=2m,m,3/4n (n =0, 2, 4), we get from the general
definition (moment-general), that the moments of order n
(variance of amplitude, slopes and curvature for n = 0, 2,
4) in the case of roll-off are

l_xn+2 («;n—ZH -1
m, = ZT(n)k;’_ZH( + J (11)

n+2 n—2H
For example, from the ratio of m, and m, we obtain
from (moments) for x =1/2, and considering 4/, =+/2m,
R LA om
h 2-2H =7, 12
me = -2 G 3¢ (12)

2n
which permits to estimate the rms amplitudes in Table 1.
Estimates of the mean radius of asperities based on the m,
value from (11) leads to consistent values of 4, /5 ,which
confirms our estimates are correct'.

In [5] A, =0.1,0.3 are indicated with closed (open)
symbols, /, /a, =0.05,0.005 (red, blue), and shape de-
pends on H (triangles are H= 0.3 in the original plot, squares
are H= 0.5 and circles are H = 0.8, before the likely inver-
sion of H=0.3, 0.8) we shall use the same symbols in our
own plot. We have discussed these results in [14] in par-
ticular elucidating more in details the difference with re-
spect to asperity models in the stickiness criterion, and in
[18], remarking that the stickiness criterion for the slope
does not seem to correspond to the stickiness in terms of
pull-off values, as it will also appear evident from the plots
we are about to show.

In order to compute o/({) from o, we therefore start from
a given value of slope, for example, A, =0.1, use the
moments equation (11) to extract the PSD Z value for a

! Although there is clear indication that the # = 0.3, 0.8 symbols have
been inverted.

pmax/plh
1 mearo /
0.1 *®2
0.014 Proposed fit
a exp(—1.62 —2.14x)
0.0014 Oa R?=0.93
0.0001 7 Persson full
contact criterion ®
0.00001{ _
0 1 2 3 4 1/o0u&)

Fig. 2. Correlation of PR data for pull-off in terms of ratio with
theoretical strength, with the the new stickiness parameter. Also
shown, the Persson full contact parameter prediction. As in [12],
s =0.1,0.3 closed (open) symbols, 7, /a, == 0.05 (1), 0.005
(2), and shape depends on H

given H and A /a,, and then compute o including the
presence of roll-off, although small.

Figure 2 shows the pull-off values of PR re-elaborated
in terms of the new stickiness parameter, namely plotted
against 1/a(8). Clearly, there is a very good correlation
with all the data from [5], with an exponential decay—for
example, using the line fit

M:exp(—l.62—2.l4/oc(§)) (13)
Pn

shows a very high coefficient of determination of R’=
=0.93. It is obvious that this law does not include the limit
case of extremely high stickiness, where there should be a
transition towards the theoretical strength—for which there
are no data either. Instead, the full contact Persson crite-
rion [12] becomes in this plot a highly nonlinear curve which
rapidly decays at o({) = 1 and clearly does not seem either
quantitatively, nor qualitatively useful. It remains unclear
under which conditions this criterion could be used, as in
[15].

Notice that the dependence on the range of attraction is
different from that in the PR stickiness criterion (see Ap-

pmax/pth
14 meaDo /
*®2
0.1 exp(-2.22 — 0.349x)

R2*055

oo00O1{ ___\ ___
0 5 10 15 20

hrms/Bc
Fig. 3. Comparison of PR pull-off data with Fuller—Tabor sticki-
ness parameter. Notice that we are plotting also approximately
the original Fuller—Tabor asperity model curve, which would give

a sharp loss of stickiness at A, /8, >5. Details of symbols as
Fig. 2



70 Ciavarella M., Papangelo A. / ®@uzuueckas mezomexanurxa 20 5 (2017) 65-72

pmax/pth
13 PR stickiness mearo /
0.1] :. criterion *®2
] L [SNO)
0.017 a
0.001 4 A
E exp(-3.2 - 0.91x)
0.0001 ? RZ =0.69 *
ooo0014 _ |
0 1 2 3 4 AN

Fig. 4. Comparison of PR pull-off data with PR stickiness param-
eter. Notice that the original PR criterion suggests loss of sticki-
ness for A / A; >1, which clearly is largely in error. Details of
symbols as Fig. 2

pendix), since in the o equation, the elastic energy terms is
proportional to a, and therefore o becomes proportional
to 1, /ay.

Considering the largely varying conditions on fractal
dimension, cut-off wavelength, range of attractive forces,
the correlation found is very good, and much better than
correlation with other alternative stickiness parameters.

4. Comparison with alternative parameters

We start with the adhesion parameter defined by Fuller—
Tabor, and we remark that we use the parameter just to
correlate the data, and not using the actual Fuller—Tabor
asperity model curve of decay of pull-off with the param-
eter, which clearly would be extremely poor. In Fig. 3, in
fact, Fuller—Tabor would predict practically negligible pull-
offat /8, >5. However, in terms of pure correlation
with the parameter, Fig. 3 shows that the best fit exponen-
tial line has a coefficient of determination of only R*=
= 0.55, which is certainly quite poor as it is evident also to
the eye.

A similar result is obtained PR stickiness parameter
A, /\: which we derived in [18] and briefly described in
Appendix. Figure 4 shows that the best fit exponential line
shows a coefficient of determination, improved with re-
spect to the Fuller—Tabor case, but still of only R* = 0.69.
Notice, in using the PR stickiness parameter, we are not
using their “criterion”, which prescribes (quite inaccurately)
loss of stickiness for A, / A, >1. We have already remarked
in previous papers that this discrepancy between “slope”
of area—load criterion, and pull-off criterion, was not re-
marked in the original PR paper, and it is unclear if it stems
from an hysteretic behavior of the contacts, or from some
imprecise determination of the slope of the area—load curve,
which is probably very non-linear near the origin.

Finally, an interesting comparison can be given for a
simple A /Ar parameter—as would make sense for a
“rigid” limit model [19]. This is shown in Fig. 5, obtaining
a coefficient again very low, of only R? =0.47, but still of

pmax/pth
14

mearno /
° 02

exp(~1.878 — 0.768x) .
R?=0.45
0.00001 4

0.0001
®

—rT T T T 7T T

2 4 6 8

Ihl’l‘TIS/Ar

Fig. 5. Comparison of PR pull-off data with a criterion based on
rms amplitude of roughness, normalized by range of attraction.
Details as Fig. 2

the same order of that of the Fuller—Tabor asperity model
which apparently comes from a much more refined argu-
ment. In these respects, notice the deviation is distributed
differently: for very low amplitudes, a simple dependence
on rms amplitude is indeed obtained, as it is reasonable to
obtain with a transition towards the theoretical strength.

Also, notice that the improvement from the Fuller—Ta-
bor parameter to the PR one is only from R?=0.45 to
R* =0.69, is not as significant as the improvement made
with the present criterion, showing R* =0.93.

5. Discussion

The PR data do not clearly show a clear threshold for
stickiness, and accordingly, we have fitted the data with
exponential lines. Naturally, even a decay of few orders of
magnitude from the theoretical strength could still be sig-
nificant, and the question remains relatively obscure if there
should be a finite threshold.

An important remark concerns the Tabor parameter [4].
It is clear that we can define this quantity at different scales
and our assumption was that our correlation with o should
work when it does not grow very large even at macroscopic
scales. PR already remarks that in their cases, the Tabor
parameter defined at asperity scale was small. We estimate
the parameter using R =2/h;, . and the moments equation
(11) at small scale, and at large scales we use for simplicity
R=2/h" where for h” =4h_ X xnz/kﬁ, and results are
shown in the Table 2.

Table 2

Estimated values of Tabor parameter . at small scale
(and under parenthesis for large scale) for /, /a, =0.05
and 7. =0.1, for i =0.3 values are smaller,
whereas for /, /a, =0.005, they are slightly larger

H
}”s/ao
0.3 0.5 0.8
4 0.26 (6.30) 0.3 (3.1)
64 0.67 (3.30) 0.78 (2.6)
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It can be seen that the values do not grow very large
even at large scales (obviously because of the cubic root
dependence on radius). We expect that, as the Tabor num-
ber grows, the pull-off becomes pressure-sensitive, and the
contact more and more hysteretic. Indeed, PR remark that
they plot the pull-off force obtained as surfaces are “brought
together”, i.e. a lower bound for the pull-off force. In gen-
eral, there is some uncertainty over which cases they find
really hysteretic and which not, but most likely for the sticki-
est surfaces reported (those which satisfy also their crite-
rion), the pull-off is most likely non-unique and depends
on the peak loading pressure. In our correlation, we have
not found any strong departure from the exponential decay
at very high stickiness, suggesting perhaps that pull-off con-
tinues to be governed by the o parameter when the lower
bound value is considered. Perhaps there is a region in be-
tween our exponential curve, and Persson’s full contact
estimate, where various higher values of pull-off could be
found, depending on the peak loading pressure.

A final remark about the general philosophy of search-
ing for “semi-empirical” single parameters correlating with
stickiness. Despite asperity models have shown clearly very
strong limitations for adhesion, no alternative simple theory
has so far been produced, that could be ultimately be col-
lapsed in analytic estimates for pull-off. PR own attempt to
produce a scaling theory for the slope of the area—load curve
using concepts similar to the DMT model for the sphere,
seem a lot less powerful in terms of actual pull-off values,
showing it is difficult to estimate these from a simple quan-
titative theory. The van der Waals interactions produce very
significant pressures, which may give rise to strong adhe-
sion of small objects, such as gecko setae because they can
accommodate roughness and be insensitive to shape. But
as soon as bulk bodies have macroscopic dimensions, the
large decay of adhesion due to roughness becomes evident,
and has been called the “adhesion paradox” [20]. Having a
model which accurately describes this interplay of strong
attractions across different lengths scales is a very difficult
task. PR data, despite showing about five orders of magni-
tude reduction of pull-off pressures, still are relative to
amplitude of roughness of just more than one order of mag-
nitude, from the atomic dimension to about 10-30 times
more. This was probably due to limitation in the calcula-
tions which must have been already at the boundary of
present computational possibilities, but it remains very
possible that, if many more orders of magnitude of rough-
ness are added, the behavior could be more complex. This
is therefore a warning also with respect to extrapolating
the present scaling results to wider range of conditions.

6. Conclusions

A new stickiness parameter has been introduced, which
generalizes the parameter defined by Johnson for a single
sinusoid. Indeed, the new parameter is simply the ratio of

the adhesion energy to the elastic energy stored to flatten
the rough surface. It is shown that this new parameter, for
the extensive set of results by Pastewka and Robbins, cor-
relates much better than Fuller—Tabor, Pastewka—Robbins,
and Persson full contact stickiness parameters with the data.
We suggest this parameter should work in the so-called
DMT regime where, more precisely, we refer to low values
of the Tabor parameter rather than to the DMT method of
solution assuming the cohesive attractions do not deform
the surfaces. Introduction of the new stickness parameter
based purely on the macroscopic energetic balance is sup-
ported by recent numerical and experimental studies of
adhesion of indenters with complicated contact shapes [21].

Appendix. Pastewka and Robbins criterion for
stickiness

PR stickiness criterion is obtained in the original paper
[5], in the form

, h/ d 2/3
hrmsAl” rms”~rep < 1, (A 1)
Ken! 4Ar

rep‘a

where Ar is range of attractive forces, and d,, is a charac-
teristic diameter of repulsive contact areas, which they es-
timate as d,q, = 4/ /B, and finally K., ~2. Notice
that PR define clearly 7/ = \/m>2 (see their Eq. (1))! and
h = \/m74 , and this is confirmed by the fact that our cal-
culations correspond to the results they plot in Fig. 4 for
the slope they measure with respect to the one they predict.

Depending only on small scale features, only the tail of
the PSD matters—and roll-off can have a role only to
achieve a more Gaussian and ergodic profile. Assuming
therefore the tail is a power law Z |q|_2(1+H) , from the mo-
ments (moments), we estimate (with their definitions)

h‘,‘“s =, /E—I_H (EJ (A2)

P 42-H\ A
and

1/2 1-H
P = (er)l/z(—2 _lej (%] (A3)

S

for { =k /k. >>1, and hence we obtain for stickiness

& 1—5/3H> k_: 1—5/31‘1_
21 27 B
A zZn )5/6(42—H)l/3

2, \2-2H ) \31-H
which permits to draw the plot in Fig. 4 of the main paper.

(A.4)

! Confusing the rms surface slope with the rms profile slope, whereas
normally for an isotropic surface, the sum of two orthogonal compo-
nents of the gradient should be summed and being uncorrelated, this
gives K, = m . In the rest of the paper, for our own calculation, we
have used the latter more correct result.
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Since 1-5/3H >0 when 3/5=0.6> H, for the usual
values of /4 >>0.5 (low fractal dimensions), in the fractal
limit there is always stickiness (provided of course that the
fractal limit has sense, i.e. that stickiness is reached before
A, becomes too small to apply this condition). However,
for H < 0.5 (high fractal dimensions), stickiness should
eventually be removed.
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