Can a Single-Wall Carbon Nanotube Be Modeled as a Thin Shell?
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Abstract

Single-wall carbon nanotubes (SWCNT) have been frequently modeled as thin
shells, but the shell thickness and Young’s modulus reported in literatures display
large scattering. The order of error to approximate SWCNTSs as thin shells is studied
in this paper via an atomistic-based finite-deformation shell theory, which avoids the
shell thickness and Young’s modulus, but links the tension and bending rigidities
directly to the interatomic potential. The ratio of atomic spacing (A ~ 0.14 nm) to the
radius of SWCNT, % which ranges from zero (for graphene) to 40% [for a small

(5,5) armchair SWCNT (R = 0.35nm )], is used to estimate the order of error. For the
A 3

order of error OKEJ } , SWCNTSs cannot be represented by a conventional thin shell

because their constitutive relation involves the coupling between tension and

2
curvature and between bending and strain. For the order of error OK%) } the

tension and bending (shear and torsion) rigidities of SWCNTSs can be represented by

an elastic orthotropic thin shell, but the thickness and elastic modulus cannot. Only
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for the order of error O(é), a universal constant shell thickness can be defined and
SWCNTSs can be modeled as an elastic isotropic thin shell.

Keywords : Single-wall carbon nanotubes; Thin shell; Order of error; Orthotropic;

Thickness

1. Introduction

Single-wall carbon nanotubes (SWCNTSs) display superior mechanical,
thermal and electrical properties. They have been modeled as linear (e.g., Ru, 2000;
Tu and Ou-yang, 2002; Pantano et al., 2004) or nonlinear (Arroyo and Belytschko,
2002) elastic shells in the continuum studies of SWCNT mechanical behavior. In the
linear shell theory the Young’s modulus E and shell thickness h of a SWCNT are
obtained by fitting the atomistic simulation results of tension rigidity
EA= Eh/(l—vz) and bending rigidity El = Ehs/[12(1—v2)] , where v is the
Poisson’s ratio. This gives the SWCNT thickness h =+/12EI/EA , which displays
large scattering from 0.06 to 0.6 nm (e.g., Yakobson et al., 1996, Lu, 1997; Zhou et al.
2000; Kudin et al., 2001; Odegard et al., 2002; Jin and Yuan, 2003; Vodenitcharova
and Zhang, 2003; Pantano et al., 2004; Goupalov, 2005; Wang et al., 2005; Huang et
al., 2006). The corresponding Young’s modulus also varies by an order of magnitude,

which is called the “Yakobson’s paradox” (Shenderova et al., 2002).

Huang et al. (2006) recently obtained analytically the SWCNT tension rigidity



EA and bending rigidity EI directly from the interatomic potential, and therefore
avoided fitting from atomistic simulations. They showed that the Young’s modulus
and thickness defined from the tension and bending rigidities are not constants, and
depend on the type of loading. For a graphene, which is the limit of SWCNTSs with
the radii approaching infinity, Huang et al. (2006) further showed analytically that the
non-constant thickness results from the vanishing torsion rigidity. For any
interatomic potential V :V(rij,eijk) (e.g., Brenner, 1990; Brenner et al., 2002), the
and strain ¢

relations between the stress o and between the bending moment

aff aff

M,, and curvature «,, are
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where r; is the bond length and 6, is the bond angle, the subscript “0” denotes the

initial stress-free configuration of the graphene (without tension and bending), and B

is a combination of first and second order derivatives of V given in the Appendix A.

Equation (1.2) clearly suggests that the torque M,, and non-equi-biaxial
bending moment M, —M,, always vanish in the graphene, which gives the vanishing
torsion rigidity and non-equi-biaxial bending rigidity. This is because a graphene has
a single layer of carbon atoms, and therefore cannot offer the bending stiffness in a
conventional shell that results from the tension and compression on opposite sides of

the neutral plane. For equi-biaxial bending M, =M., , the non-vanishing bending



rigidity X

3(_ov results from the multi-body atomistic interactions as reflected
acosby )

from the bond angle dependence. (In other words, a pair potential V =V (rij) would

give a vanishing equi-biaxial bending stiffness.)

The vanishing torsion rigidity and non-vanishing bending rigidity of graphene
leads to non-constant shell thickness. For the classical shell theory, the ratio of
bending to tension rigidities always equals to the ratio of torsion to shear rigidity. For

the equi-biaxial bending of graphene, the thickness is

h=+12EI/EA = 3\/2(8V/8 COS G, )0/(82V/8rij2 )0 . For torsion the thickness becomes

h= \/12*torsion rigidity/shear rigidity =0 and vanishes.

Wau et al. (2008) developed a finite-deformation shell theory directly from the
interatomic potential for carbon (Brenner, 1990; Brenner et al., 2002). It relates the
increments of second Piola-Kirchhoff stress 7 and moment M to the increments of
Green strain E and curvature K

T=L:E+H:K,

) ) ) (1.3)
M=H":E+S:K,

where L, S, and H are the fourth-order tension, bending, and coupling rigidity
tensors obtained analytically from the interatomic potential, and H " is the transpose
of H. The above constitutive relation is approximately linear (within 2% tolerance)
for the strain up to 1%. It is different from the constitutive model in the classical
linear elastic shell theory because of the stress/curvature coupling (via H ) and the

bending moment/strain coupling (via H").



Even though the constitutive model (1.3) cannot be represented by the
classical linear elastic shell theory, is it possible that the overall response of a
SWCNT be approximately represented by the structural response of a thin shell for
commonly applied loadings (e.g., tension, compression, bending, torsion, internal and
external pressure)? In other words, can the structural response (global behavior) of a
SWCNT be approximately represented by that of a thin shell even if the constitutive
behavior (local response) cannot? If yes, what is the order of accuracy? What are the

elastic modulus and shell thickness? Is the thin shell elastically isotropic?

The objectives of this paper are to answer the above questions and to
determine the order of error for approximating the SWCNT by a thin shell. The ratio
of atomic spacing (A ~0.14nm) to the SWCNT radius, % is used to identify the
order of error in the thin shell theory. This ratio ranges from zero (for graphene) to

about 40% [for a small (5,5) armchair SWCNT (R =0.35nm)]. Wu et al. (2008)

3
showed that the order of error in the atomistic-based shell theory in (1.3) is O{(gj :l

(as compared to unity), which is about 6% for the (5,5) armchair SWCNT. As will be

shown in the following, the SWCNT can be approximated by an orthotropic thin shell

2
at the small strain, but the order of error then decreases to OK%) } which is about

16% for the (5,5) armchair SWCNT. Such an orthotropic thin shell theory does not
involve the elastic modulus E nor shell thickness h. Instead, it involves the tension
and bending (and shear and torsion) rigidities, similar to the graphene (Huang et al.,

2006). The shell thickness defined from the ratio of bending to tension rigidities is



not a constant and depends on the loading. Only when the order of error decreases to

O(gj , which is about 40% for the (5,5) armchair SWCNT, a universal constant shell

thickness can be defined and the corresponding orthotropic thin shell theory

degenerates to an isotropic one.

The paper is outlined as follows. Section 2 presents the structural response of

the SWCNT subject to tension (or compression), torsion, bending and internal (or

3
external) pressure. The order of error is O{(éj } (as compared to unity). The

structural response can be approximated by an orthotropic (not isotropic!) thin shell if

2
the order of error decreases to OK%} } Section 3 presents the buckling loads of

the SWCNT subject to compression, torsion and external pressure. The buckling
loads are proportional to the bending stiffness of nanotube wall, based on which the
shell thickness is defined. Similar to graphene (Huang et al., 2006), the shell
thickness is not a constant and depends on the type of loading within the order of error

2
OK%) } A constant shell thickness can be obtained only if the order of error

decreases to O(gj and the corresponding constitutive model (1.3) then becomes

isotropic. For simplicity only the armchair and zigzag SWCNTSs are studied in this

paper.

2. Structural Response of the SWCNT



Wau et al. (2008) obtained analytically the fourth-order tension, bending, and

coupling rigidity tensors L, S, and H
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where the strain energy density w is obtained analytically in terms of any interatomic
potential for carbon (e.g., Brenner et al., 1990; Brenner et al., 2002), and # is the shift
vector introduced for non-central symmetric atomic structures to satisfy the

equilibrium.

Let [x] denote the order of magnitude of the variable x. As shown in

Appendix B, the rigidity tensors in (2.1) and (2.2) are on the order of

- [V]A2

(2.3)

where [V] is the magnitude of the interatomic potential (locally averaged per atom), Sp
is the area per atom on the SWCNT of radius R, and A is the atomic spacing. For
graphene (R — ), H =0 such that there is no tension/bending coupling. For a

SWCNT, these rigidity tensors have the following orders of magnitude with respect to

A

R



A A

2 2
[S]R2~[L](EJ , [H]R1~[L](Ej. 2.4)
; . . A
In particular, the coupling rigidity tensor [H |~ ./[L]||S|—= suggests that the
p pling rigidity []\/[][]R 99
3
tension/bending coupling is not negligible for the order of error OK?) } !
Let x; and x, denote the circumferential and axial directions of the SWCNT,

respectively. For small strains, Wu et al. (2008) obtained the structural response of a

SWCNT subject to the following simple loadings.

(i) Uniaxial tension (or compression) The ratio of axial force F; to axial strain &; is

i =27R I—zzzz - (L1122 _ H2211R7 ) {1+O|:£§) :|}7 (25)

27 L1111 - 2H1111|Tl + SmlRiz + Ml(f)Ril

where MY = (aw/K,, ), is the residual bending moment in the SWCNT, and has the

0

V 2
order of magnitude [M(O)]JS—]%; the subscript “0” denotes the values at the
0

initial state of nanotube before loading. The ratio of circumferential strain to axial

strain is

L Wu et al. (2008a) showed the error of the atomistic-based finite-deformation shell

3
theory is on the order of O{%(é)} (as compared to unity), where L is the
characteristic length of the deformation pattern on the surface. For a small (5,5)

3
single wall CNT, A=0.14nm , R=0.35nm , which give (%) =6.4% . For

3
L > 2.19 nm, the error of the present theory is on the order of (%) .



f— -1 8
S _ |-11227l H2211R72 T 1+0 (éj ) (2.6)
822 L1111 - 2H1111R + SllllR + Ivlll R R
A 3
The order of error in (2.5) and (2.6) is OKE) ] the same as the atomistic-based

shell theory (Wu et al., 2008).

(ii) Torsion The ratio of torque T to the twist « (rotation angle per unit length) is

3
T oo (Lot ~8HpR ™ +48,,R* ~2M §§>R1){1+ 0 K%) }} 2.7)
K

\V/ 2
where Mgg) =(6w/8K,, ), and has the order of magnitude %%

0

(iii) Internal (or external) pressure The circumferential stress T, (per unit length) and

strain ¢,,, the axial strain &,, and the internal pressure p are related by

Ty = [( Loy — H1111R71)511 + L1122€22]{1+ O H%) :l} , (2.8)

1 ] ) } } AY
Y ZE[( L1111 _2H1111R 1+SllllR ‘¥ Ml(f)R 1)‘911 +(L1122 - H2211R 1)522J{1+O{(Ej }}’

~ 3
fo_ Loy —HmR')) o (éj . (2.10)
&n I-2222 R

(iv) Bending The ratio of bending moment M to curvature xis



M _ _
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(2.11)

The ratio of strains in the circumferential direction to the axial direction at each point

_ _ _ _ 3
i:_l-nzz_ZsznR 1_H1122R l"'281122R 2+M§E)R ' 1+0 (é) .(2.12)
&9 Lin _4H1111|T1 + 481111R72 - Ml(f)Ril R

3
Equations (2.7)-(2.12) also have the order of error O{(gj }

In the following we explore whether the above structural response of the
SWCNT subject to simple loadings can be represented with an orthotropic thin shell, ?
which involves four independent elastic properties, namely the shear stiffness Gizh,
tension stiffness E;h along the axial direction and the corresponding Poisson’s ratio
v12; the tension stiffness E;h along the circumferential direction and the corresponding

Poisson’s ratio 1»1, which satisfies

Vo _ Vi (2.13)
Eh Eh

The comparison with the torque-twist relation (2.7) gives the shear stiffness

2 The crystal symmetry of armchair and zigzag SWCNTS ensure that their elastic constants possess at
most orthotropy, not general anisotropy.

10



3
Gyoh =(Lipy, ~4H R +45,,,R —2M§2)R1){1+OK%) }} (2.14)

The comparison with the uniaxial tension relations (2.5) and (2.6) gives the tension

stiffness E;h along the axial direction and the corresponding Poisson’s ratio vi,

“Hp R 3
Eh=|L,,- (Luzz 2211 ) e {1+O|:[§j :l}, (2.15)

Lllll - 2H1111R_1 + SllllR_2 + Mll

f— -1 3
Vy, = Liizy - HauR 5 g=11+0 [éj : (2.16)
L1111_2H1111R_ +81111R_ +M1(1)R_ R
The comparison with the internal pressure relations (2.8)-(2.10) gives the tension

stiffness E;h along the circumferential direction and the corresponding Poisson’s ratio

V21

L2222

— -1 3
v, = Lopiy —HopuR 1+0 (éj ] (2.18)
Loz R

It is straightforward to verify that the tension stiffness and Poisson’s ratios defined in

Eh=|L.,- HllllR_l - e ( b~ R )]{1—# O {(%j }} . (2.17)

(2.15)-(2.18) do not satisfy the requirement (2.13) for an orthotropic thin shell.

The comparison with the bending relations (2.11) and (2.12) also gives the
tension stiffness E,h along the axial direction and the corresponding Poisson’s ratio

ro.
Vip -

11
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- - - - 3
v, = Liyy —2H,,, R —H, 1, R +2S,,,,R? + Még)R 1 1+O{(éj }} (2.20)
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It can be verified that the tension stiffness and Poisson’s ratios obtained from (2.19)
and (2.20) for bending are not the same as their counterparts in (2.15) and (2.16) for

tension. Therefore, the structural response of a SWCNT cannot be represented by a

3
thin shell for the order of error O[[éj }

2
If the order of error decreases to OK%) } the above stiffness and Poisson’s

ratios take a much simpler form

Guh=L,, {1+ o{(%ﬂ} . (2.14a)

Ezh |:L2222 - LMZZZ :Hl'i' O |:(£j2 }} ) (2.15a)
Lilll R
v, = m{n 0 {(éﬂ} . (2.16a)
Lllll R
E.h= ( Lt — ll'_mzz j{1+ o Kéj }} , (2.17a)

R
} . (2.18a)

E:h =(L2222 L ]{uo{ éﬂ} : (2.192)
Lllll R
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vl =z {1+ o{(éﬂ}. (2.208)
Lllll R

They satisfy the requirement (2.13) for an orthotropic thin shell, and the tension

stiffness and Poisson’s ratios obtained from bending are the same as their counterparts

2
in tension, but their order of error decreases to OK%) }

3
In summary, for the order of error OK%) } which is around 6% for a (5,5)
armchair SWCNT, the structural response of the SWCNT cannot be represented by a
A 2
thin shell. If the order of error decreases to OKEJ ] which is around 16% for the

(5,5) armchair SWCNT, the SWCNT can then be modeled as an orthotropic thin shell.

3. Buckling of the SWCNT

Section 2 provides the equivalent elastic stiffness of the orthotropic thin shell

2
to represent the SWCNT for the order of error O{(éj ] where A is the atomic

spacing and R is the SWCNT radius. The SWCNT thickness h and elastic moduli E
always appear together (Eh) in the stiffness. In this section we use the atomistic-
based finite-deformation shell theory (Wu et al., 2008) to study the buckling of
SWCNT subject to compression, torsion and external pressure, then explore whether
the SWCNT buckling can be modeled by an orthotropic thin shell, and the possibility

of defining a universal constant shell thickness.

13



(i) Uniaxial compression For a SWCNT of radius R and length L subject to uniaxial

compression load P, the deformation is uniform prior to buckling. The increment of
deformation (i.e., velocity) becomes nonuniform at the onset of buckling, and can be

expressed as
Vv, =V, sin n6’cos¥,vZ =V,, cosndsin m—fZ,VR =Vp, COS anos%, (3.1)

where the subscript R represents the radial direction, n (=1,2,3...) and m (=1,2,3,...)
denote the eigen numbers in the circumferential and axial directions, respectively, and
the coefficients V,,, V,,, V;, are to be determined.

The strain and curvature rates are obtained from the velocity in (3.1). The
constitutive model (1.3) then gives the stress and moment rates. The equilibrium
equation for the thin shell in the current configuration (e.g., Niordson, 1985) can be
written in the incremental form. The substitution of velocity in (3.1) into the
incremental equilibrium equation yields the linear algebraic equations. The vanishing

of its determinant gives the governing equation for the critical buckling force Pgritical.

2
Its solution, to the order of error OK%) } is rather long and is given in the

Appendix C. If the order of error decreases to O(gj , the critical buckling force is

simplified to

2
1-v,v meRY n(n°-1) s LY A
P... =27R 272 + 1111 1+0|=1|. (32
critical T nz(n2+1) 2222( L j (n2+1) R? (mﬂ'R) (Rj ( )

14



It is interesting to observe that the critical buckling force depends on the bending

rigidity tensor S only via a single component, Si111.

(if) Torsion For a SWCNT of radius R and length L subject to torque T, the
increment of deformation (i.e., velocity) at the onset of buckling is nonuniform, and
can be expressed as

Vv, =V, cos(%—nej,vz :Vzocos(¥—n6?),vR :VRosin(¥—n9j, (3.3

where n=1,2,3..., m=1,2,3,..., and the coefficients V,,, V,,, Vg, are to be determined.
The substitution of velocity in (3.3) into the incremental equilibrium equation yields

the linear algebraic equations. The vanishing of its determinant gives the governing

equation for the critical buckling torque Teritica.  Its solution, to the order of error

2
o{(éj } is given in the Appendix C. Once the order of error decreases to O(gj

the critical buckling torque is simplified to

Y R AR, mzR )’ , S L A
Tcritical _ﬂ-R !W]é_zi)l_zzzz T +n(n —1) g";l m 1+O E (34)

(iii) External pressure For a SWCNT of radius R and length L subject to external

pressure p, the increment of deformation (i.e., velocity) at the onset of buckling is also
given by (3.1). The substitution of velocity in (3.1) into the incremental equilibrium
equation yields the linear algebraic equations. The vanishing of its determinant gives

the governing equation for the critical buckling pressure periticat-  1tS solution, to the

15



2
order of error O{(gj } is given in the Appendix C. If the order of error decreases

to O(é] , the critical buckling pressure is simplified to

1-V,,V,, Lzm(mﬂRj4 2\ Sun (Aj
L= +(n“=-1)=22||1+0| —|]|. 3.5
pcntlcal [n4 (n2 _1) R L ( ) R3 R ( )

In the following we explore whether the above buckling response of the

SWCNT subject to simple loadings can be represented with an orthotropic thin shell.

The comparison of the critical buckling torque in (3.4) with that for an orthotropic

3 2
thin shell T, = 7R’ E;h (m”Rj +n(n’-1) h - B [ L j gives
n’(n* -1\ L 12R? 1-v,v,, \ mzR

effective shell thickness,

h= 123&[“0(3)} | (3.6)
Lllll R

2
Its order of error is O(gj , rather than O{(%) } for the elastic stiffness in Section 2

3
nor O[[éj } for the atomistic-based shell theory (Wu et al., 2008).

The comparison of the uniaxial compression buckling force (3.2) with that for

an orthotropic thin shell
2 n2(n?-1 2, 2
I:’critical =27R 2 E22h (mﬂRj + (2 ) h 2 Elh ( L J gives the
n’(n”+1)0 L (n*+1) 12R*1-v,v, (maR

same thickness in (3.6). The comparison of the external buckling pressure (3.5) with

16



that for an orthotropic thin shell

4 2
pcrmzl Eh (mﬂRj +(n*-1) h Eh } also gives the same

n'(n*-1)RU L 12R? (1-v,,v,, )R

thickness in (3.6). Therefore, a universal constant shell thickness h = 1250 in (3.6)
111

can be defined for the order of error O(gj . However, as shown in the Appendix C,

the thickness obtained from the critical buckling loads for compression, torsion and

2
. A .
external pressure are different for the order of error OKEJ } such that a universal

2
constant thickness cannot be defined for OK%) }

2
In summary, for the order of error OH%) :l which is around 16% for a (5,5)

armchair SWCNT, the buckling response of the SWCNT cannot be represented by an

orthotropic thin shell with a universal constant thickness. If the order of error

decreases to O(%) which is around 40% for the (5,5) armchair SWCNT, the

SWCNT can then be modeled as an elastically orthotropic thin shell. Furthermore,

for the order of error O(éj, the elastic orthotropy in (1.3) degenerates to isotropy

such that the SWCNT can be modeled as an isotropic thin shell.

4. Concluding Remarks and Discussion

We have used the ratio of atomic spacing (A ~0.14nm) to the radius of

single-wall carbon nanotube (SWCNT), g, to estimate the order of error in

17



representing the SWCNT by a continuum thin shell. This ratio ranges from zero (for

graphene) to about 40% [for a small (5,5) armchair SWCNT (R =0.35nm)].

3
(1) For the order of error O[[éj } (as compared to unity), which is about 6% for the

(5,5) armchair SWCNT, the SWCNT cannot be represented by a conventional
continuum thin shell because its constitutive relation involves the coupling

between tension and curvature and between bending and strain.

2
(2) For the order of error O{(%) } (as compared to unity), which is about 16% for

the (5,5) armchair SWCNT, the tension and bending (shear and torsion) rigidities
of the SWCNT can be represented by an orthotropic thin shell, but not the

thickness and elastic modulus.
(3) Only for the order of error O(gj (as compared to unity), which is about 40% for

the (5,5) armchair SWCNT, a universal constant shell thickness h = /% can
111
be defined and the SWCNT can be modeled as an isotropic thin shell.

For the Brenner potential (1990), the universal constant shell thickness
h=0.073nm. For its second-generation potential (Brenner et al., 2002), h=0.068nm.
They are both in the range of thickness reported in the literature based on the shell
theory [e.g., 0.066nm by Yakobson et al. (1996); 0.074nm by Zhou et al. (2000);
0.089nm by Kudin et al. (2001); 0.075nm by Tu and Ouyang (2002); 0.062nm by

Vodenitcharova and Zhang (2003); 0.075nm by Pantano et al. (2004); 0.087nm,

18



Goupalov, 2005; 0.067nm, Wang et al., 2005). In fact, their differences with the

literature values are within the order of O(é] which is about 40% for the (5,5)
armchair SWCNT.

The above approach and results are also applicable to other nanotubes, such as

boron nitride nanotubes.
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Appendix A Analytical Expressions of the Derivatives in the Brenner Potential
(1990)

The Brenner potential (1990) takes the form V =V, (r;)-B,\V,(r;) . where

©)  _z5p(r-r® g _ e
D emﬁ(R) DSedzTSﬂ(R)

-f.(r) and VA(r):S—l

-f.(r) are the

repulsive and attractive pair terms (depending only on r ), D =6.00ev ,

R® =0.1390nm, $=1.22, #=2Inm™, f is the cutoff function, and the multi-

c

-5
body coupling term B, is given by Bij={1+ ZG(%)} . Here
k(#1.1)

#i, ]
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2 2
G(0)=a0[1+c—°— %

) _|, 5=05, a,=0.00020813, ¢, =330, and
dy  d?+(1+cos®)

d, =35.

The equilibrium bond length r, can be solved analytically from

a_v =0 as

r.
Ul =rp, Gy=120°

14572
S5 e (A1)

where B, is the multi-body coupling term B; evaluated at &, =120°, and B, = 0.96.

[ =R®

The equilibrium bond length is r, = 0.145nm. The other derivatives can be obtained

analytically as

(e) o+ 1
oV _ D™S 58003 1 _B,° S, (A.2)
acosty ) S-1 (d02 +]/4)
2 s
[Z \QJ =201 5785 1, (A3)
5 ),
oV __ D(e)\/ZS ﬂ5a002 1 B%+Q , (A4)
or,0cos by, ). S-1 ° (d02+1/4)2 °
2 (¢) o+2, 1
[ i (kzl)=-2 3 5(5+1)akc! — > B i (A5)
0cos g, dcos b, . S-1 (dj +]/4)
1
[ o J DS 1 gty 3 (G+D)BIag
- 0 0 0
ocosyocosty ) S-1 (dj +]/4)3 2 dZ +1/4

(A.6)

21



1-A)’
B 3( : ) 4 oV 6 oV _3 oV
I 0C0s b, . 0C0s 0;,0C0S by, . 0cos 6, 0cos b .
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8r02(azsz +12r0( v J

Aol o ), orocos by, )

12| -V +4r? aivz +18 oV -9 Al +12r, N
0cos G or; 0cos 8, 0cos 6., 0co0sd,,0c0s6,, Or,0C0S 6,
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Appendix B Order of Tension, Bending and Coupling Rigidities: L, S, and H

A point P=P(§l,§2) on the undeformed SWCNT is represented by the
coordinates (51,52) on the surface. For two neighbor atoms i and j with coordinates
(£4,¢?) and (&' +A&, & +AE), their length r; in the deformed configuration is
given by (Wu et al., 2008)

2

2 =(2E,, + A, )AE“AE’ —é[( Ko+ B, ) AZ“AE” | (B.1)

where A, and B, are the coefficients of the first and second fundamental form of
the undeformed SWCNT, E,_, and K, are the Green strain and curvature tensors,

respectively, AE* = AE* +n“, n° is the shift vector between two sub-lattices, and is
to be determined by energy minimization (Wu et al., 2008). The bond angle can be
similarly obtained.

The derivatives of r; with respect to the strain E, curvature K and shift vector
n are given by

or. _
A _LAzeazr-o(a), (B.2)
By
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on _ 11
oK r; 12

(K, +B,, )AE“AEPAE*AE" =0O(A%), (B.3)
off

i =i(2Eaﬂ +A,)AE” —ii(Kaﬂ +B,,)(K,, +B,, )AE’AE*AE" =0(1), (B.4)

a

on B G 6
where A is the atomic spacing (length of undeformed bond). The derivatives of bond
angle with respect to E, K and » can be similarly obtained.

The tension, bending and coupling rigidities are the second order derivatives
of the strain energy density, which can be obtained from the interatomic potential in
Appendix A, the derivatives in Egs. (B1)-(B4) and the second order derivatives.

These lead to the order given in Eq. (2.3).

Appendix C The Buckling Loads

The buckling loads of SWCNT subject to uniaxial compression, torsion, and

2
A . . .
external pressure, to the order of error Ol:(ﬁj } are given in the following.

(i) Uniaxial compression The critical buckling force is given by

' ”A2 2
Pcritical =-27R ArA 12 1+0 (é ) (Cl)
B'+B"4 R
where A=mzRIL,

1 2
A=- F S1111 L1212 I—1111n4 ( n* _1) - L1212 L2222 L1111 (1_ VipVoy ) At

B'= Lo |-1111n2 (n2 +1)/12

(C.2)
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n 2 2 1
A" = nz [E H1111 I-1212 L1122 _E H 2211 L1111 I-1212 + ? S1111 ( I-2211 L1122 -2 |-1212 L1122 - L1111 I-2222 )

4 1 2
_E S1212 I-1111 L1212 + E M 1(2) (2 L1122 - L1111) L1212 + E M g) L1111 L1212 }

2 2 2
+n* {—E H1111 I—uzz L1212 +E H2211 L1212 L1111 -

F S1111 (_ L1111 L2222 + L1122 L2211 )

2 8 1 2
+ F S1122 I-1212 L1111 + F S1212 I-1212 L1111 + E M 1(5) (_2 L1122 + L1111) I-1212 - E M gg) I-1212 Lllll:l

n6

+?|:81111 ( L1122 ( L1122 +2 L1212 ) - L1111L2222 ) -2 ( S1122 + 281212 ) I-1111 L1212]

B"=24? {_( I-1122 )2 + L1111 ( Lzzzz + L1212 ) +n’ [_anz (L1122 + 2|-1212 ) + L1111L2222 }
(C.3)

(ii) Torsion The critical buckling torque is given by

’ "a2 2
Tcritical = _”RZ RrAl 2 1+0 (éj ) (C4)
D'+D"4 R

where A" and A" are given in (C.2) and (C.3), respectively, and

D'= |-1111|-1212n3 (nz _1)/1

D"=n4 [( L1122 +2 L1212 ) L1122 + ( L1212 - L2222 ) L1111] +n°A [_anz ( L1122 +2 L1212 ) + L1111 Lzzzz]
(C.5)
(iii) External pressure The critical buckling pressure is given by

1 A+A A AY
o= 314 0|| — y C.6
Porica RC'+C"A? { H Rj :|} (C6)

where A" and A" are given in (C.2) and (C.3), respectively, and
C'=Lyy, |-1111n4 (nz _1)
C"=n’ [( L2211 + 2'—1212) L1122 _(Lzzzz + L1212) I—nn] (C-7)

+n4 [_ L1122 ( L1122 +2 L1212 ) + L1111 Lzzzz

If A% is neglected, (C.1), (C.4), and (C.6) degenerate to (3.2), (3.4), and (3.5),
respectively.
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