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Abstract

We consider the matrix composite materials (CM) of either random
(statistically homogeneous or inhomogeneous), periodic, or deterministic
(neither random nor periodic) structures. CMs exhibit linear or nonlinear
behavior, coupled or uncoupled multi-physical phenomena, locally elastic,
weakly nonlocal (strain gradient and stress gradient), or strongly nonlo-
cal (strain-type and displacement-type, peridynamics) phase properties.
A modified Computational Analytical Micromechanics (CAM) approach
introduces an exact Additive General Integral Equation (AGIE) for CMs
of any structure and phase properties. This method utilizes a unified it-
eration solution for static AGIEs, incorporating a new universal training
parameter based on body forces with compact support. CAM based on
a general integral equation (GIE) and proposed by the author before, is
modified by the introduction of the exact AGIE which applies to CMs of
any structure and phase properties mentioned above. The unified itera-
tion solution of static AGIEs is adapted to the body force with compact
support serving as a fundamentally new universal training parameter.
The approach also establishes a critical threshold for filtering out unsuit-
able sub-datasets of effective parameters through a novel Representative
Volume Element (RVE) concept, which extends Hill’s classical frame-
work. This RVE concept eliminates sample size, boundary layer, and
edge effects, making it applicable to CMs of any structure and phase
properties, regardless of local or nonlocal, linear or nonlinear. Incorpo-
rating this new RVE concept into machine learning and neural network
techniques enables the construction of any unpredefined surrogate nonlo-
cal operators. The methodology is structured as a modular, block-based
framework, allowing independent development and refinement of software
components. This flexible, robust AGIE-CAM framework integrates data-
driven, multi-scale, and multi-physics modeling, accelerating research in
CM of any microtopology and phase properties considered.

Keywords:Microstructures; inhomogeneous material; peridynamics; non-local
methods; multiscale modeling
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1 Introduction

Predicting the behavior of composite materials based on phase properties and
microstructure is a fundamental challenge in micromechanics. Stress field esti-
mations rely on solving a basic problem: an inclusion within an infinite homo-
geneous matrix under a uniform effective field. When constituents exhibit local
elasticity, the solution for an ellipsoidal inclusion in a homogeneous field is given
analytically by Eshelby’s tensor [164] (see also [371], [510]). For inclusions of
arbitrary shapes, various numerical methods have been developed. Finite ele-
ment analysis (FEA) and truncation methods approximate the infinite medium
with an extended sample. Direct modeling of an infinite medium is achieved
using boundary integral equation (BIE) methods [314], [79] or volume integral
equation (VIE) approaches [53]. Comprehensive reviews of micromechanical
methods can be found in [53], [79], [142], [246], [354], and [442].

Conventional micromechanics assumes materials can be treated as a con-
tinuum at arbitrarily small scales, with properties and behaviors that are in-
variant to time and length scales, excluding size effects [231]. However, real
material models need to define an “effective” set of properties, approximating
microstructural details below a certain resolution [30]. In cases where scales
(material and field) are comparable, nonlocal elasticity theory, developed by
authors like Kröner, Eringen, Kunin, and Bažant, incorporates lattice theory
with classical elasticity to address these intermediate effects (see [160], [163],
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[272], [265], [274], [275],[276], as well as [5], [30], [31], [103], [162], [288], [336],
[446] see also comprehensive rewievs [405], [443], [445]). “Generalized contin-
uum mechanics,” as defined by [337], covers models beyond the Cauchy frame-
work. Generalized continua can be broadly divided into weakly and strongly
nonlocal theories. Weakly nonlocal theories involve higher-order models where
material points have additional degrees of freedom beyond classical translation,
such as rotation [116], stretch [162], or higher-order displacement derivatives
[196], [197], [346], [347], which were essentially developed later (see, e.g., the
comprehensive reviews [5], [30], [376]). The Cosserat theory [116] treats ma-
terials as rigid particles with independent rotations, while the micromorphic
theory [159], [161] models a material as particles that can move, deform, and
rotate. Micromorphic theory generalizes Cosserat and micropolar theories, in-
corporating microstretch behavior.

Strongly nonlocal elasticity theory explicitly models long-range interactions
using convolutions of kinematical variables, which represent the material’s de-
grees of freedom. This approach contrasts with weakly nonlocal theories, where
nonlocality is introduced implicitly through gradients of micro-deformations
and coupling variables. In strongly nonlocal theories, stress is an integral func-
tional of strain, with a kernel that weights material properties. Key contribu-
tions to this field came from Kröner [266], [270], and Kunin [275] in the 1960s
generalized in [163], [276], [388]. These models can be divided into strain-type
and displacement-type (see [163], [266], [270], [274], [275], [278], [388]), with the
displacement-type model reducible to the strain-type model [277].

Under certain conditions, strain gradient elasticity can approximate inte-
gral non-local theory. Nonlocal microcontinuum mechanics [162], [163] was de-
veloped as a more general form of nonlocal mechanics. Eringen [163] presented a
unified approach to nonlocal field theories for various media: elastic solids, vis-
cous fluids, electromagnetic solids, and fluids, memory-dependent elastic solids,
and media with microstructure. Peridynamics (PD), introduced by Silling [413]
and discussed in [337] and [423], is a special displacement-type nonlocal theory
that eliminates displacement derivatives. Peridynamics by Silling [413] (see also
[41], [136], [240], [328], [366], [414], [422], [423]), revolutionized solid mechan-
ics by replacing local partial differential equations with integral equations that
avoid spatial derivatives of displacement. In this approach, the equilibrium at
a material point is determined by the sum of internal forces from surrounding
points within a defined ”horizon.” Unlike classical mechanics, which relies on
local interactions, peridynamics uses a state-based model (SB) where the defor-
mation at a point is influenced by all bonds within the horizon. This method
naturally handles discontinuities like cracks, making it ideal for studying failure
and damage propagation. The bond-based (BB) peridynamic approach models
interactions between pairs of points within a horizon but limits the Poisson’s ra-
tio in isotropic materials to specific values of ν = 1/4 (3D and 2D plane strain)
or ν = 1/3 (2D plane stress) [413]. The correspondence model (see see [2],
[419]) allows peridynamics to replicate the classical elasticity tensor for fully
anisotropic materials. Non-ordinary state-based models offer more flexibility
but can be unstable, requiring careful numerical methods for accurate results
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(see [448] for details). In contrast, the ordinary state-based model [395] over-
comes these issues by accurately reproducing any component of the classical
continuum mechanics (CCM) elasticity tensor in both 2D and 3D. Tensor-based
peridynamics [440] expands on the BB model, enhancing its adaptability for
both isotropic and anisotropic materials.

Foundational principles for thermoperidynamic media under uniform vol-
umetric boundary loading were proposed using the linearized bond-based peri-
dynamic approach (see [60], [67], [84]). A key outcome is that the effective
behavior of these media can be described by a local effective constitutive equa-
tion, similar to classical thermoelasticity [53]. The relationship between effec-
tive properties and influence functions, which describe mechanical interactions
within the material, highlights how one region’s behavior affects others. This is
achieved by decomposing local fields into load and residual fields, allowing an
energetic definition of the effective elastic moduli. There is a notable similarity
between locally elastic composites and peridynamic composites, as both follow
principles like Hill’s condition and the self-adjoint nature of the peridynamic
operator. This allows classical solutions to be extended to nonlocal peridynamic
systems, offering a contrast to simplified methods like mixture theory and scale
separation hypothesis (see [16], [17], [18], [112], [133], [178], [224], [226], [296],
[328], [330], [331], [339], [385], [466], [467], [472], [480]).

The expansion of Local Micromechanics (LM) from classical continuum
mechanics (CCM) to nonlocal phenomena (see [60], [67], [79], [93]) is driven
by the General Integral Equation (GIE, see [60], [67], [79]) for microinhomoge-
neous media. This method, also called computational analytical micromechan-
ics (CAM), does not rely on Green’s functions or specific constitutive laws,
making it more versatile. The GIE significantly improves accuracy in local field
estimations and can even lead to correcting the sign of estimations inside in-
clusions (see [79])

In locally elastic composite materials (CMs) under inhomogeneous load-
ing, effective deformations are governed by nonlocal operators (differential or
integral, see [53], [79], [144], [416], [452]), which relate the statistical average
of fields at a point to those in the surrounding area. These operators improve
material modeling accuracy, especially for inhomogeneous media, nonlinear or
nonlocal laws, and coupled processes. The CAM is particularly effective for ad-
dressing multiscale and multiphysics problems, enabling precise simulations of
small-scale effects by incorporating homogenized surrogate models. This frame-
work provides a robust approach for analyzing random and periodic structure
CMs.

The study of periodic structure composites benefits from the regularity of
their microstructure, allowing for specialized homogenization techniques [174],
[190], [514]. Asymptotic homogenization, introduced by Babuska, analyzes com-
posites where the unit cell is much smaller than the overall material size, ap-
proximating the effect of the unit cell on the global response (e.g., [23], [174]).
In contrast, computational homogenization explicitly resolves the material’s
microscopic behavior to determine macroscopic quantities like stress and de-
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formation, making it effective for modeling complex behaviors such as nonlinear
or inelastic properties (e.g., [262], [334], [439]).

Madenci and colleagues [324] (see also [134], [135], [227], [305],[325], and
[453]) advanced computational homogenization by introducing the peridynamic
unit cell model, which extends traditional techniques to the peridynamic frame-
work using classical periodic boundary conditions (PBC). The development
of volumetric periodic boundary conditions (VPBC) in [70], [72], [79] further
generalized these methods for peridynamics. A key innovation in peridynamic
homogenization is determining effective material moduli by averaging tractions
and displacements along the unit cell boundary [70], [72], [79], offering a sim-
pler, more efficient alternative to methods requiring volume averages of stresses
and strains inside the unit cell [182], [185], and [227]. The latter methods are
more complex and less general because they require differentiating displacement
fields, which may lack smoothness.

The representative volume element (RVE) is crucial for accurately pre-
dicting the macroscopic properties of heterogeneous materials. The correct
RVE size ensures proper representation of microstructural heterogeneity while
avoiding boundary or size effects. Hill’s classical definition [216] requires macro-
scopically homogeneous boundary conditions and defines the effective behavior
with a tensor of moduli. RVE size determination involves balancing the cap-
ture of microstructural heterogeneities with scale separation, achieved when
a ≪ Λ ≪ L (see Subsection 2.3 for details). The smallest size at which prop-
erties stabilize is the appropriate RVE. The concept of statistically equivalent
representative volume element (SERVE) uses image-based modeling to gener-
ate accurate computational domains, with further details found in [26], [251],
[334], [352], [365], and others. When the scale separation hypothesis is violated,
statistically homogeneous fields no longer apply, leading to nonlocal coupling
between stress and strain averages, mediated by a tensorial kernel. This requires
using an effective elastic operator in integral form. Nonlocal operators include
strongly nonlocal methods (strain type and displacement type, peridynamics)
and weakly nonlocal models like strain- or stress-gradient methods. Microme-
chanics helps bridge coupled scales governed by nonlocal constitutive equations.
Instead of classical effective moduli [216], effective nonlocal operators, often in
integral or differential form, are required, prompting a redefinition of the rep-
resentative volume element (RVE). This applies to both random ([138], [139],
[140]) and periodic ([13], [263], [264], [425]) composites. The RVE concept is
crucial for analyzing nonlocal effects from inhomogeneous fields, material non-
locality, and inclusion interactions.

Machine learning (ML) and neural network (NN) techniques have signifi-
cantly advanced nonlocal operator theory, improving generality and flexibility.
Early work by Silling [417] and [486] (later expanded upon in [488]) used Direct
Numerical Simulations (DNS) for the construction of surrogate integral oper-
ators. Recent developments include nonlocal neural operators that map func-
tion spaces [285], [306], and various NN architectures like DeepONet, PCA-Net,
and Fourier Neural Operators (FNO) [194], [228]. Peridynamic Neural Opera-
tor (PNO) was proposed in [238] and subsequently extended to the the Het-
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erogeneous Peridynamic Neural Operator (HeteroPNO) in [239]. Additionally,
Physics-Informed Neural Networks (PINNs) embed physical laws directly into
the neural network as constraints (see [117], [205], [209], [221], [252], [259], [382],
and [387]). Combining neural operators with PINNs enables modeling complex
systems with nonlinearities, heterogeneity, and nonlocality [170], [194], [454].

However, despite the power of ML and NN techniques, they often neglect
crucial micromechanical factors like size scale, edge effects, and RVE, important
for both linear and nonlinear materials. To overcome this, the proposed CAM
generates new compressed datasets for complex material structures (whether
random, periodic, or deterministic), using a novel RVE concept that doesn’t
depend on constitutive laws or surrogate operator forms. Instead, it focuses on
field concentration factors within material phases. These datasets, incorporat-
ing the new RVE concept, must be used with any ML or NN methods predicting
nonlocal surrogate operators, ensuring accurate predictions by eliminating size
scale, boundary, and edge effect issues.

The structure of the paper is as follows: Section 2 offers a concise overview
of peridynamic theory, tailored to support the subsequent analysis. It includes
a discussion on the statistical representation of composite microstructures and
describes the volumetric homogeneous displacement loading conditions, along-
side certain field averages. Section 3 introduces the decomposition of both ma-
terial and field parameters. General Integral Equations (GIEs) and Additive
GIEs are considered, incorporating either statistical average fields or fields in-
duced in an infinite matrix by a body force with compact support., respectively.
Iterative solutions of AGIE are presented for either random or periodic struc-
ture CMs in Sections 4 and 5, respectively. Estimation of field fluctuations and
effective energy-based criteria are presented in Section 6. AGIEs and datasets
are considered in Section 7 for CMs with locally elastic, weakly nonlocal (strain
gradient and stress gradient), and strongly nonlocal (strain-type) properties.
Classical RVE concepts generalized to nonlocally elastic media are considered
in Section 8. A novel RVE concept is introduced specifically for cases involv-
ing a body force with compact support. By applying translation averaging to
the GIE solutions for periodic structure CMs, statistical averages of fields are
derived. Section 9 leverages the body force with compact support as a training
parameter to develop a suite of surrogate effective operators of any predefined
form for CMs with either random, periodic, or deterministic structures and a
wide class of phase properties.

2 Preliminaries.

2.1 Basic equations of peridynamics

One considers a linear elastic medium occupying an open simply connected
bounded domain w ⊂ Rd with a smooth boundary Γ0 and with an indicator
function W and space dimensionality d (d = 1, 2, 3). The domain w with the
boundary Γ0 consists from a homogeneous matrix v(0) and a statistically ho-
mogeneous field X = (vi) of heterogeneity vi with indicator functions, Vi and
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bounded by the closed smooth surfaces Γi (i = 1, 2, . . .). It is presumed that
the heterogeneities can be grouped into phases v(q) (q = 1, 2, . . . , N) with
identical mechanical and geometrical properties. The basic equations of local
thermoelasticity of composites are considered

∇ · σ(x) = −b(x), (2.1)

σ(x) = L(x)ε(x) +α(x), or ε(x) = M(x)σ(x) + β(x), (2.2)

ε(x) = [∇⊗u+ (∇⊗u)⊤]/2, ∇× ε(x)×∇ = 0, (2.3)

where ⊗ and and × are the tensor and vector products, respectively, and (.)⊤

denotes a matrix transposition. It is presumed that the body force density
(forcing term) b(x) is self-equilibrated and vanished outside some loading re-
gion Bb: ∫

b(x) = 0, y 6∈ b(0, Bb) := {y| |y| ≤ Bb}, (2.4)

where b(xi, B
b) is the ball of radiusBb centered at xi = 0. L(x) andM(x) ≡ L(x)−1

are the known phase stiffness and compliance tensors. β(x) andα(x) = −L(x)β(x)
are second-order tensors of local eigenstrains and eigenstresses. In particular,
for isotropic phases, the local stiffness tensor L(x) is presented in terms of the
local bulk k(x) and shear µ(x) moduli and:

L(x) = (dk, 2µ) ≡ dk(x)N1 + 2µ(x)N2, β(x) = βtθδ,

N1 = δ⊗ δ/d, N2 = I−N1 (d = 2 or 3) whereas δ and I are the unit second-
order and fourth-order tensors; θ = T − T0 denotes the temperature changes
with respect to a reference temperature T0 and βt is a thermal expansion. For
all material tensors g (e.g., L,M,β,α) the notation g1(x) ≡ g(x) − g(0) =

g
(m)
1 (x) (x ∈ v(m), m = 0, 1) is exploited. The upper index (m) indicates

the components, and the lower index i shows the individual heterogeneities;
v(0) = w\v, v ≡ ∪vi, V (x) =

∑
Vi(x), and Vi(x) are the indicator functions of

vi, equals 1 at x ∈ vi and 0 otherwise, (i = 1, 2, . . .). Substitution of Eqs. (2.2)
and (2.4) into Eq. (2.1) leads to a representation of the equilibrium equation
(2.1) in the form

LL̃(u)(x) + b(x) = 0, LL̃(u)(x) := ∇[L∇u(x) +α(x)], (2.5)

where LL̃(u)(x) is an elliptic differential operator of the second order.

In this section, a summary of the linear peridynamic model introduced
by Silling [413] (see also , [294], [328], [418], [422], [423]) is presented. An
equilibrium equation is free of any derivatives of displacement (contrary to
Eq. (2.5)) and presented in the following form

L̃(u)(x) + b(x) = 0, L̃(u)(x) :=

∫
f(u(x̂)− u(x), x̂− x,x)dx̂, (2.6)

where f is a bond force density whose value is the force vector that the point
located at x̂ (in the reference configuration) exerts on the point located at
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x (also in the reference configuration); the third argument x of f (2.6) can be
dropped for the homogeneous media. Equations (2.51) and (2.61) have the same
form for both local and peridynamic formulation with the different operators
(2.52) and (2.62). Because of this, the superscripts L(·) will correspond to the
local case.

The relative position of two material points in the reference configuration
ξ = x̂− x and their relative displacement η = u(x̂)− u(x) are connected with
the relative position vector between the two points in the deformed (or current)
configuration η + ξ. Only points x̂ inside some neighborhood (horizon region)
Hx of x interact with x:

f(η, ξ,x) ≡ 0 ∀x̂ 6∈ Hx. (2.7)

The vector ξ = x̂ − x (x̂ ∈ Hx) is called a bond to x, and the collection of
all bonds to x form the horizon region Hx. Without a loss of generality, it is
assumed that a shape of Hx is spherical: Hx = {x̂ : |x̂−x| ≤ lδ} and a number
lδ, called the horizon, does not depend on x. The properties of f (η, ξ,x) are
concidered in [413].

Peridynamic states introduced by Silling [419] (for a more detailed sum-
mary, see [423])) are the functions acting on bounds. There are scalar, vector,
and modulus states producing the scalars, vectors, and 2nd order tensors, re-
spectively. T[x]〈ξ〉 and T[x̂]〈− ξ〉 are the force vector states at x and x̂, which
return the force densities associated with ξ and −ξ, respectively. In the ordi-
nary state-based peridynamics being considered, T[x]〈ξ〉 is parallel (in contrast
with the non-ordinary model) to the deformation vector state and the equilib-
rium Eq. (2.6) is expressed through the force vector states as (see for details
[419], [423])

L̃(u)(x) + b(x) = 0, L̃(u)(x) :=

∫
{T[x]〈ξ〉 −T[x̂]〈 − ξ〉}dx̂. (2.8)

A small displacement state u when

l := sup
|ξ|≤lδ

|η(ξ)〉| ≪ lδ. (2.9)

is considered. Force vector state

T = T0 + K •U. (2.10)

is expressed through the modulus state K. Here, the operation of dot product •
of two vector states A, B and a double state D are introduced as

A •B =
〈
A〈ξ〉 ·B〈ξ〉

〉Hx

=

∫

Hx

A〈ξ〉 ·B〈ξ〉 dξ,

(D •B)i〈ξ〉 =

∫

Hx

Dij〈ξ, ζ〉 ·Bj〈ζ〉 dζ. (2.11)
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Hereafter 〈(·)〉
Hx(x) denotes the average over the horizon region Hx with the

center x.

A linearized model for pure mechanical loading (β ≡ 0) can be written
from (2.82) as described by Silling [414]

L̃(C,u)(x) + b(x) = 0, (2.12)

L̃(C,u)(x) : =

∫

w

C(x,q)(u(q)− u(x)) dVq, (2.13)

where the integrand in Eq. (2.10) vanishing at |x − q| ≥ 2lδ may be non-null
at lδ < |x − q| < 2lδ. The kernel with the following symmetries holds for any
x and q:

C⊤(x,q) = C(q,x). (2.14)

Thermoelastic cases (β 6≡ 0) were considered in [328], [33], [257], [329]. Fully
coupled thermo-mechanical PD theory was proposed in [368], [477].

For subsequent convenience, one introduces a vector-valued function f̃ :
Rd × Rd → Rd by

f̃(p,q) =

{
f (u(p)− u(q),p− q,q), if p,q ∈ w,

0, otherwise,
(2.15)

which is presumed to be Riemann-integrable. Then, one can define the “peri-
dynamic stress” σ(z) at the point z as the total force that all material points
x̂ to the right of z exert on all material points to its left (see e.g., [79], [294],
[424], [457]). For dD cases (d = 1, 2, 3)

σ(x) = L
σ(u), (2.16)

L
σ(u) :=

1

2

∫

S

∫ ∞

0

∫ ∞

0

(y + z)d−1f̃(x + ym,x− zm)⊗mdzdydΩm. (2.17)

Here, S stands for the unit sphere, and dΩm denotes a differential solid angle
on S in the direction of any unite vector m. It was proved [298] that the peri-
dynamic stress is the same as the first Piola-Kirchhoff static Virial stress which
offers a simple and clear expression for numerical calculations of peridynamic
stress.

The equilibrium Eqs. (2.8), (2.21) and (2.16) of ordinary state-based PD
are considered. When the interactions between material points are only pair-
wise, the equilibrium equations are reduced to the bond-based PD equations.
One of the simplest nonlinear is the proportional microelastic material model
[418]

fbond(η, ξ,x) = f(|η + ξ|, ξ)e, f(|η + ξ|, ξ) = c(ξ)s, (2.18)

e :=
η + ξ

|η + ξ|
, s :=

|η + ξ| − |ξ|

|ξ|
, (2.19)
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where s denotes the bond stretch (also called bond strain) which is the relative
change of the length of a bond, and c is referenced as the “bond constant”.
Although this model is linear in terms of the bond stretches, it is nonlinear in
terms of displacements; thermoelastic cases (β 6≡ 0) were considered in [33],
[257], [328], [329]. A nonlinear model in terms of bond stretches (at β ≡ 0)

f(|η + ξ|, ξ) = c(ξ)[s+ 3s2/2 + s3/2] (2.20)

is considered in [236]. The potential role of employing a nonlinear peridynamic
kernel in predicting the onset of fractures has been explored in [128] (see also
[114], [115]).

A linearized version of the theory (for small displacement) for a microe-
lastic homogeneous material (2.21) takes the form (∀η, ξ)

fbond(η, ξ,x) = fbondlin (η, ξ,x) = Cbond(ξ,x)η, (2.21)

Here, the material’s micromodulus function C contains all constitutive infor-
mation and its value is a second-order tensor given by

Cbond(ξ,x) =
∂f(0, ξ,x)

∂η
∀ξ. (2.22)

Substitution of Eq. (2.21) into Eq. (2.6) leads to the equilibrium equation

L̃(Cbond,u)(x) + b(x) = 0, (2.23)

L̃(Cbond,u)(x) :=

∫
Cbond(x,q)(u(q)− u(x)) dVq . (2.24)

For consistency with Newton’s third law, the micromodulus function C for
the homogeneous materials must be symmetric to its tensor structure as well
as to arguments

Cbond(x,q) = Cbond(q,x) = (Cbond)⊤(x,q) ∀x,q, (2.25)

where the properties of Cbond are discussed in detail in Silling [54] (see also
[10, 33]). For example, for the micromodulus functions with the step-function
and triangular profiles,

C(ξ) = CV (Hx), C(ξ) = C(1− |ξ|/lδ)V (Hx), (2.26)

respectively, where V (Hx) is the indicator function of Hx. The peridynamic
solution of Eq. (2.23) with C described by Eq. (2.26) is investigated in detail
by both numerical and analytical methods in 1D (see [43], [342], [424], [457]),
2D (see [224], [225]), and 3D cases [343], [458].

For bond-based peridynamics, the stress representation (2.17) can be re-
cast in terms of displacements

L
σ(C,u) : =

1

2

∫

S

∫ ∞

0

∫ ∞

0

(y + z)d−1Cbond((y + z)m,x− zm)

× [u(x + ym)− u(x− zm)]⊗mdzdydΩm. (2.27)
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It is interesting that equilibrium Eqs. (2.22) and (2.23) formally coincide,
although the kernels C(x,q) (2.23) and Cbond(x,q) (2.21) are conceptually dif-
ferent with different symmetry properties (2.15) and (2.25), respectively. More-
over, in the state-based version, the maximum interaction distance between the
points is 2lδ whereas this distance in bond-based peridynamics coincides with
the horizon lδ. However, this similarity provides a possibility to reformulate the
results obtained before for the linear bond-based peridynamic micromechanics
(see for details [79] and [93]) to their counterparts for the linear ordinary state-
based ones.

2.2 Volumetric boundary conditions

Owing to nonlocality, the equilibrium equation (2.6) is combined with a “bound-
ary” condition, used as a volumetric constraint in the so-called interaction do-
main wΓ (in opposite to the local case where the boundary conditions are im-
posed directly at the bounding surface Γ(0), see for details [413], [256]; i.e., the
nonlocal boundary wΓ is a d-dimensional region unlike its (d− 1)-dimensional
counterpart Γ0 in local problems. The interaction domain wΓ contains points
y not in w interacting with points x ∈ w. The most popular shape for wΓ with
prescribed either the forces or displacements is a boundary layer of thickness
given by 2lc (see [322]): wΓ = {w ⊕ H0}\w, where w ⊕ H0 is the Minkowski
sum w (A ⊕ B := ∪x∈A,y∈B{x + y}); then w is the internal region of w (see
[413]).

It is presumed that w is considered as a cutting out of a macrodomain
(containing a statistically large number of inclusion’s realization) from the ran-
dom heterogeneous medium covering the entire space Rd. Then, the Dirichlet,
or Neumann volumetric boundary conditions (VBC, see [145]), [340]) are called
homogeneous volumetric loading conditions if there exist some symmetric con-
stant tensors either εwΓ or σwΓ such that

u(x) = h(y) = εwΓy, ∀y ∈ wΓu = wΓ, (2.28)

L̃(x) = −g(y) = −σwΓn(y), ∀y ∈ wΓσ = wΓ, (2.29)

respectively. There are no specific restrictions on the smoothness and shape of
Γ0, which is defined only by the convenience of representation. It should be
mentioned that in the LM, the analogs of the VBC (2.28) and (2.29) (at the
nonlocality vanishing lδ → 0) are the homogeneous boundary conditions (also
called the kinematic uniform boundary conditions (KUBC) and static uniform
boundary conditions (SUBC), respectively)

u(y) = εwΓy, ∀y ∈ Γ0u = Γ0, (2.30)

t(y) = σwΓn(y), ∀y ∈ Γ0σ = Γ0, (2.31)

correspond to the analyses of the equations for either strain or stresses, re-
spectively, which are formally similar to each other. However, in peridynamic
micromechanics, a primary unknown variable is displacement (rather than
stresses), and, because of this, the VBC (2.28) is assumed.
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Seemingly to the volumetric boundary domain wΓi, we introduce a vol-
umetric interface boundary (called also interaction interface, see [399], [10])
vΓi = v+Γi ∪ v

−
Γi where v

+
Γi and v

−
Γi are the boundary layers (internal and exter-

nal, respectively) divided by the geometric boundary Γi and have a thickness
expressed through the horizon as 2lδ The geometrical boundaries of the bound-
ary layers v+Γi and v

−
Γi are Γ+

i and Γ−
i , respectively. For a general form of the

inclusion vi the external volumetric interface Γ−
i can be expressed through the

Minkowski sum Γ−
i = {vi⊕ 2H0}\vi, where 2H0 := {x| x/2 ∈ H0}. A nonlocal

closure of the inclusion vli := vi ⊕ 2H0 (with an indicator function V l
i (x)) is

called an extended inclusion while vl := ∪vli (i = 1, 2, . . .) (with the indicator
function V l(x) =

∑
i V

l
i (x)) stands for the extended inclusion phase. In so

doing vl(0) := w\vl ⊂ v(0) is called a truncated matrix.

In the simplest case, a micromodulus of interaction interface of the inclu-
sion vi (see, e.g. [10], [11], [418]) is presented as an average value of the material
properties at two material points connecting dissimilar materials (V (0)(x) +
Vi(x̂) = V (0)(x̂) + Vi(x) = 1)

Ci(x, x̂) = [C(0)(x, x̂) +Ci(x, x̂)]/2 (2.32)

although more sophisticated models of interaction interface properties (see, e.g.,
[324], [286], see for references [39]), can be incorporated into the general sub-
sequent representations. In particular, a variation of Ci(x, x̂) was presented in
[324] and [379] in a spirit of the functionally graded materials theory described
in, e.g. [53].

2.3 Descriptions of random and periodic structures of the
composite microstructures

We consider a popular group of composites, called matrix composites, which
consists of a continuous matrix phase reinforced by isolated inhomogeneities of
various shapes. Three material length scales (see, e.g., [442], [497]) are consid-
ered: the macroscopic scale L, characterizing the extent of w, the microscopic
scale a, related with the heterogeneities vi, and the horizon lδ. Moreover, one
supposes that the applied field varies on a characteristic length scale Λ. The
limit of our interests for both the material scales and field one are either

L ≥ Λ ≥ aint ≥ a ≥ lδ or L≫ Λ ≫ aint ≥ a≫ lδ, (2.33)

L ≥ Λ ≥ |Ω00| ≥ lδ or L≫ Λ ≫ |Ω00| ≫ lδ, (2.34)

where the inequalities (2.332) and (2.342) are called a scale separation hypothe-
ses. The inequalities (2.33) correspond to the case of random structure CMs,
where aint stands for the scale of long-range interactions of inclusions (e.g.
aint = 6a). The inequalities (2.34) describe the scale representations for peri-
odic structure CMs, where Ω00 is a unite cell (see for details Subsection 2.4),
and, for shortening, we use |Ω00| instead of linear |Ω00|

1/d.

The random quantities of the statistically homogeneous random fields (see,
e.g. [79], [332]) are described by a conditional probability density ϕ(vi,xi|v1,x1
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for finding a heterogeneity of type i with the center xi in the domain vi, with the
fixed heterogeneities v1 centered at x1. The notation ϕ(vi,xi|; v1,x1) denotes
the case xi 6= x1. We have ϕ(vi,xi|; v1,x1) = 0 (since heterogeneities cannot
overlap) for values of xi placed inside the some domain v01 called “excluded
volumes”, where v01 ⊃ v1 with indicator function V 0

1 is the “excluded volumes”
of xi with respect to v1, and ϕ(vi,xi|; v1,x1) → ϕ(vi,xi) as |xi − xm| → ∞,
m = 1, . . . , n (since no long-range order is assumed). ϕ(vi,x) is a number den-
sity, n(k) = n(k)(x) of component v(k) ∋ vi at the point x and c(k) = c(k)(x)
is the concentration, i.e. volume fraction, of the component vi ∈ v(k) at the
point x: c(k)(x) = 〈V (k)〉(x) = vin

(k)(x), vi = mesvi (k = 1, 2, . . . , N ; i =
1, 2, . . .), c(0)(x) = 1 − 〈V 〉(x). Additionally to the average 〈(.)〉(x), the no-
tation 〈(.)|v1,x1〉(x) will be used for the conditional average taken for the
ensemble of a statistically homogeneous set X = (vi) at the point x, on the
condition that there is heterogeneity at the point x1 and xi 6= x1. The nota-
tion 〈(.)|; v1,x1〉(x) is exploited for the additional condition x /∈ v1. In a general
case of statistically inhomogeneous media with the homogeneous matrix (e.g.,
for so called FFunctionally Graded Materials, FGM) the conditional probability
density is not invariant with respect to translation, that is, the microstructure
functions depend on their absolute positions [381]:

ϕ(vi,xi|; v1,x1) = ϕ(vi,xi|; v1,x1 + x), (∀x ∈ Rd)

ϕ(vi,xi|; v1,x1) 6= ϕ(vi,xi|; v1,x1 + x), (∃x ∈ Rd). (2.35)

for statistically homogeneous and inhomogeneous media, respectively.

Of course, any deterministic (e.g. periodic) field of inclusions v with the
centers xα ∈ Λ can be presented by the probability density ϕ(vi,xi) and con-
ditional probability density ϕ(vi,xi|; vj ,xj) expressed through the δ functions
(xα ∈ Λ)

ϕ(vi,xi) =
∑

α

δ(xi − xα),

ϕ(vi,xi|; vj ,xj) =
∑

α

δ(xi − xα)− δ(xi − xj). (2.36)

In more detail, a periodic structure of CM is considered. For simplic-
ity of notations for periodic media, we consider 2D cases w = ∪Ωij (i, j =
0,±1,±2, . . .) with the square unit cells Ωij and the centers of the unite cells
Λ = {xij}. Let a representative unit cell Ω00 with the corner points xc

kl

(k, l = ±1) has the boundary Γ0 = ∪Γ0
ij where the boundary partition x0

ij ∈ Γ0
ij

separates the UCs Ω00 and Ωij (i = 0,±1, j = ±(1− |i|), see Fig. 19.2 in [79]).
A representative volume element (or the unit cell, UC) Ω00 is deformed in a
repetitive way as its neighbors. The position vectors x0

ij ∈ Γ0
ij or x0

kl ∈ Γ0
kl are

presented by the corner points xc
mn (i = 0,±1, j = ±(1 − |i|), k = −i, l =

−j, m, n = ±1); e.g., x0
ij = x0

kl + xc
1,−1 − xc

−1,−1 for the i = 1, j = 0. N field

points xi (i = 1, . . . , N) in the central cube Ω00 = {[−lΩ, lΩ]d} are periodically
reflected as xα

i into the neighboring cubes Ωα, where α = (α1, . . . , αd) ∈ Z+,
and αi = 0,±1 (i = 1, . . . , d).
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A volumetric unit cell boundary ΩΓ = Γ+∪Γ− contains the boundary lay-
ers Γ+ and Γ− (internal and external, respectively) separating by the geometric
boundary Γ0 and having a thickness given by the horizon lδ (the UC Ω00 with
some parts of the internal and external volumetric boundaries is presented in
Fig. 1). For a general form of the UC Ω00 the external volumetric boundary Γ−

can be expressed through the Minkovski addition Γ− = {Ω00 ⊕H0}\Ω00 with
the partitions Γ−

α = Γ− ∩Ωα (if |α1|+ . . .+ |αd| = d− 1) and Γc−
α = Γ− ∩Ωα

(if |α1|+ . . .+ |αd| = d); for d = 3 and |α1|+ |α2|+ |α3| = 1, the case Γ− ∩Ωα

corresponds to the edges. For x ∈ Ω00 and Hx ⊂ Ω00 (i.e. x 6∈ Γ+), we don’t
need to take the interaction of the opposite volumetric boundaries into account.
However, for x ∈ Γ+, some points of the family y ∈ Hx don’t fall into the UC
y 6∈ Ω00 that required establishment of the tying constraints linking both the
position points and the fields of the opposite volumetric boundaries Γ+ and Γ−.
If the source point xp + ξ ∈ Ωα (ξ ∈ Hp) then the peridynamic counterpart
of the local periodic boundary conditions (PBC) called volumetric periodic
boundary conditions (VPBC, see [71], [79]) represent periodic displacements
and antiperiodic tractions. So, the homogeneous VBC at the remote boundary
(2.28) is equivalent to the VPBC

u(xp + ξ) = u(xp + ξ − 2αl) + 2εwΓαl, (2.37)

t(x0
α) = −t(x0

γ), (2.38)

where γ = −α and x0
α are defined analogously to x0

ij . The VPBCs (2.37) and
(2.38) coincide with the classical PBC

u(xp) = u(xp − 2αl) + 2εwΓαl, (2.39)

t(x0
α) = −t(x0

γ) (2.40)

only for lδ = 0. The VPBC (2.37) and (2.38) were proposed in [71], [79] for any
peridynamic constitutive lows of phases; it was applied to CMs with both the
bond-based peridynamic properties of constituents [71], [79] and non-ordinary
state-based [182] peridynamic properties of phases. For the general forcing term
(2.4) (instead of VBC (2.28)), analogs of VPBC (2.37) and (2.38) are not
defined.

The VPBC (2.37) was proposed for the case that the inclusion vi does

not intersect the boundary Γ0 of the UC Ω00. So, for dist(vi(x),Γ
0) ≥ l

(0)
δ (for

∀x ∈ vi and ∀vi ⊂ Ω00) and l
(1)
δ ≤ l

(0)
δ , the VPBC (2.37) holds. However, if the

inclusion vi does not intersect the boundary Γ0 of the UC Ω00 then the VPBC
(2.37) should be corercted by replacement of ξ ∈ Hp by ξ ∈ H0+1

p , where

H0+1
p is a horizon region with the radius l

(0)
δ + l

(1)
δ . Micromodulus C(x, x̂)

corresponding to the points x = xp and x̂ = xp + ξ is given by the formula

C(x, x̂) =





C(1)(x, x̂), for x, x̂ ∈ v,

C(0)(x, x̂), for x, x̂ ∈ v(0),

Ci(x, x̂), for x ∈ v, x̂ ∈ v(0)or x ∈ v(0), x̂ ∈ v,

(2.41)
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where the bonds connecting points in the different materials are characterized
by micromodulus Ci, which can be chosen such that, e.g. (2.37). Although
there are no technical issues with the correction of discretized peridynamic
equation in the extended interface x ∈ vΓ, it is helpful to assume for simplicity
only that the peridynamic operator in the extended interface (fuzzy interface,
i.e. not sharp as it would be in a local formulation) is described by Eq. (2.6)
with the constant horizon and micromodulus (2.41) determined as an average
value of the micromoduli in the matrix and inclusion (2.32). The adaptive grid
refinement technique was proposed in [42] for analysis of peridynamic problems
in the vicinity of the interface that involves a variable horizon size.

It should be mentioned that the most attractive tool of ML and NN tech-
niques in PM of periodic structure CMs is using a general case of forcing term
(2.4) as a training parameter (see Subsection 4.7). Then solution periodicity is
lost and PBC (2.39) (and VPBC (2.37)) cannot be fulfilled. This problem of
correction of PBC (2.39) even in LM is not solved for the general case of forcing
term (2.4). However, this challenge is effortlessly surmounted in Subsection 8.3.

2.4 Some averages

In the case of statistically homogeneous random functions f(x), the ergodicity
condition is assumed when the spatial average is estimated over one sufficiently
large sample and statistical mean coincide for both the whole volume w and
the individual constituent v(k) (k = 0, 1, . . . , N):

〈f〉 = {f} ≡ lim
w↑Rd

|w|−1

∫

w

f(x)(x)dx, (2.42)

〈f〉
(k)

= {f}(k) ≡ lim
w↑Rd

|w|−1

∫

w

f (x)(x)V (k)dx, (2.43)

were |w| = mesw. Under the Gauss theorem, the volume averages by integrals
over the corresponding boundary are expressed. In particular, for the homoge-
neous boundary conditions either (2.28) or (2.29) the mean value {ε} or {σ}
of ε or σ coincide with εwΓ and σwΓ (see, e.g. [79]).

The volume averages of the strains and stresses inside the extended inclu-
sion vli can be presented by the averages over the external inclusion boundary
Γ−
i by the use of Gauss’s theorem

〈εV l〉 = εl(1) = εlω(1) :=
1

w̄

∑

i

∫

Γ−

i

u(s)
S

⊗ n(s) ds, (2.44)

〈σV l〉 = σl(1) = σlω(1) :=
1

w̄

∑

i

∫

Γ−

i

t(s)
S

⊗ s ds. (2.45)

The absence of numerical differentiation defines an advantage of the surface
average. (2.44) with respect to the volume average. The surface average of
stresses (2.45) has the well-known advantage of the reduction of dimension by
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one that can be crucial for the analyst. In Eqs. (2.44) and (2.45) the averages
over the modified phases (e.g., the extended inclusions or truncated matrix)
are used

〈f〉
l(k)

= {f}l(k) ≡ lim
w↑Rd

|w|−1

∫

w

f(x)(x)V l(k)dx, (2.46)

instead of the averages (2.422) exploited in local micromechanics.

It should be mentioned that all averages(2.42)-(2.46) and the equality

{g} = c(0){g}(0) + c(1){g}(1), (2.47)

(e.g., g = ε,σ, τ ,η), is fulfilled only for statistically homogeneous media sub-
jected to the homogeneous boundary conditions. For periodic structure CM,
the CMl is constructed using the building blocks or cells: w = ∪Ωm containing
the inclusions vm ⊂ Ωm. Hereafter the notation fΩ(x) will be used for the
average of the function f over the cell x ∈ Ωi with the center xΩ

i ∈ Ωi:

fΩ(x) = fΩ(xΩ
i ) ≡ n(x)

∫

Ωi

f(y) dy, x ∈ Ωi, (2.48)

n(x) ≡ 1/Ωi is the number density of inclusions in the cell Ωi.

Let Vx be a “moving averaging” cell (or moving-window [79], [195]) with
the center x and characteristic size aV = (V)1/d, and let for the sake of definite-
ness χ be a random vector uniformly distributed on Vx whose value at z ∈ Vx

is ϕχ(z) = 1/Vx and ϕχ(z) ≡ 0 otherwise. Then we can define the average of
the function f with respect to translations of the vector χ :

〈f〉x(x − y) =
1

Vx

∫

VX

f(z− y) dz, x ∈ Ωi. (2.49)

Among other things, “moving averaging” cell Vx can be obtained by translation
of a cell Ωi and can vary in size and shape during motion from point to point. To
make the exposition clear we will assume that Vx results from Ωi by translation
of the vector x − xΩ

i ; it can be seen, however, that this assumption is not
mandatory.

3 Decomposition of the material and field pa-

rameters

3.1 Decomposition of the material parameters

The operators L̂(C,u) (2.24) (and L
σ(C,u,β) (2.16), are linear ones with

respect to the arguments, e.g.,

L̂(C1 +C2,u) = L̂(C1,u) + L̂(C2,u),

L̂(C,u1 + u2) = L̂(C,u1) + L̂(C,u2). (3.1)
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For the matrix CMs with a homogeneous matrix, we decompose the material
parameters as

L(x) = L(0) + L1(x),

C(x, x̂) = C(0)(x, x̂) +C1(x, x̂), (3.2)

where L1(x) := L(x)−L(0) and C1(x, x̂) := C(x, x̂)−C(0)(x, x̂) are the jumps
of material properties with respect to the of the matrix. Obviously, L1(x) ≡ 0
vanishes outside the inclusion phase x 6∈ v whereas C1(x, x̂) ≡ 0 outside the
extended inclusion phase vl := v⊕H0 (obtained by a Minkovski sum of v when
either x 6∈ vl or x̂ 6∈ vl).

In a similar manner, the peristatic operators L̂(C,u) (2.24), and the stress

operator L̂
σ
(C,u) (2.27) can be decomposed as

L̂(C,u) = L̂
(0)

(C,u) + L̂1(C,u),

L̂
σ
(C,u) = L̂

σ(0)
(C,u) + L̂

σ

1 (C,u), (3.3)

where L̂
(0)

(C,u) (2.24) and L̂
σ(0)

(C,u) (2.27) are estimated at C(x, x̂) =

C(0)(x, x̂). In so doing, L̂1(C,u) (2.24) and L̂
σ

1 (C,u) (2.27) vanish inside the
truncated matrix x ∈ v(0)l := w\vl.

Peridynamic counterpart of the tensorial decomposition for local elasticity

σ(x) =LL(0)ε(x) +Lτ (x), Lτ (x) := σ(x)−LL(0)(x)ε(x) (3.4)

can be presented in the next form for the operator (2.17)

L
σ(u)(x) = L

σ(0)(u)(x) +L
σ
1 (u)(x), (3.5)

were L
σ(0) denotes an action of the operator L

σ on the medium with the
material properties of the matrix defined by the bond force f (0) [for example,

for the bond force (2.8), we haveC(ξ,x) ≡ C(0)(ξ)] and the displacement fields
u(y) of the real CM. The jump operator Lσ

1 (u)(x) defined by Eq. (3.5) is called
the local stress polarization tensor [compare with Eq. (3.5)] and represented as

τ (x) = L
σ
1 (u)(x) =

1

2

∫

S

∫ ∞

0

∫ ∞

0

(y+ z)d−1f̂1(x+ ym,x− zm)⊗mdzdydΩm,

(3.6)
where

f̂1(p,q) := f̂ (p,q)− f̂
(0)

(p,q).

In particular, for the linear bond force (2.8), the bond forces f̂1(p,q) and

f̂0(p,q) called also the micropolarization tensors

τ̃ (x, x̂) := f̂1(x, x̂) = C1(x, x̂)η(x̂,x),

τ̃
(0)(x, x̂) := f̂

(0)
(x, x̂) = C(0)(x, x̂)η(x̂,x) (3.7)

are expressed through the material parameters (3.2).
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3.2 Analytica and Computational Micromechanics in LM

The effective field hypothesis (EFH) dates back to Poisson, Faraday, Mossotti,
Clausius, Lorenz, and Maxwell (1824-1879, see [79]) who proposed EFH H1a
as a local homogeneous field acting on the inclusions (x ∈ vi)

εi(x) = const (3.8)

and differing from the applied macroscopic one (at infinity). This concept of
EFH (forming the first background of analytical micromechanics, see for details
[53]) has directed the development of micromechanics (even if the term EFH was
not used) over the last 150 years (daily and globally) and contributed to their
progress incomparable with any other concept of analytical micromechanics.

Buryachenko [94] and [95] presented general classifications of Analytical
Micromechanics (AMic) and Computational Micromechanics (CMic) methods.
So, the concept of the EFH (even if this term is not mentioned) in combination
with subsequent assumptions totally predominates (and creates the fundamen-
tal limitations) in all four groups of Analytical Micromechanics (AMic, classifi-
cation by Willis [465]) of random random structure matrix CMs in physics and
mechanics of heterogeneous media:

Gr1) model methods, Gr2) perturbation methods,

Gr3) variational methods, Gr4) self − consistent methods, (3.9)

see for references and details [53], [79], [142], [246], [442]. The ultimate goal of
AMic is to develop more cheap, fast, robust, and more flexible methods (for
making L∗ estimations) than direct numerical simulation (DNS), although it
takes additional intellectual complexity to the implementations.

In contrast, Computational Micrmechanics (CMic) for CM of deterministic
structures is based on DNS which can be found by different numerical methods.
Computational micromechanics can be classified into three broad categories
(blocks):

Block 1) Asymptotic B1ock 2) Computational, Block 3) Finite set of

homogenization, homogenization, inclusions.(3.10)

Blocks 1 and 2 are applied to periodic structure composites (see Introduction).
Block 3 corresponds to one and the finite set of inclusions for either the finite-
size sample or the infinite matrix with a finite set of inclusions (in such a case,
the problem can be solved by either the volume integral equation methods or
boundary integral equation one, see for references, e.g. [79]). The key distinction
between CMic and AMic lies in the reliance on DNS, which sets computational
methods apart from analytical ones. This differentiation is not based on the
conventional definitions of “analytical” and “computational” but instead arises
from the specific techniques employed to model and estimate material prop-
erties. It should be mentioned that the classification of AMic (3.9) and CMic
(3.10) hold also for PM (see for details [95]).
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A key concept in analytical micromechanics is the GIE, which precisely
relates random fields at a given point to those in its surroundings. Derivation
of the GIE begins with the static governing equation for displacement, which
follows a Navier-like form

∇LL(0)(x)∇u(x) = −∇LL1(x)∇u(x). (3.11)

Various forms of GIEs, ranked by increasing generality, are detailed in [63] and
reproduced in [79] (x ∈ w):

ε(x) = εwΓ +

∫
U(x − y)Lτ (y) dy, (3.12)

ε(x) = 〈ε〉(x) +

∫
U(x− y)[Lτ (y)− 〈Lτ 〉(y)] dy, (3.13)

ε(x) = 〈ε〉(x) +

∫
[U(x − y)Lτ (y)− 〈U(x − y)Lτ 〉(y)] dy, (3.14)

〈(·)〉 and 〈(·)〉(x) are the statistical averages introduced in Subsection 2.4. Here-
after, one introduces the infinite body Green’s function G(0) of the Navier

equation with homogeneous elastic modului LL(0): ∇
{
LL(0)[∇⊗G(0)(x)]

}
=

−δδ(x), of order O
( ∫

|x|1−dd|x|
)
as |x| → ∞ and vanishing at infinity (|x| →

∞). The Green’s tensors for the strains is used U(x) = ∇∇G(0)(x).

Comment 3.1. The historical development of the GIE from Eq. (3.12) to Eq.
(3.14), with key milestones ([383], [411], [253], [360]), is outlined in [79]. So, the
integral in Eq. (3.12) has no absolute convergence whereas in Eq. (3.13) (proposed
in [383] at 〈ε〉(x) ≡const.) there are no difficulties connected with the asymptotic
behavior of the generalized functions U at infinity (as |x − y|1−d) and there is
no need to postulate either the shape or the size of the integration domain w
[219], [172], [244], [245] (see also [427]) or to resort to either regularization [248],
[250], [268], [269], [276] or renormalization [105], [341], or to consider an auxiliary
problem with mixed boundary conditions [48], [49] of integrals (3.12) that are
divergent at infinity [465]. The shift of the statistical average bracket from 〈 (3.13)
to 〈 (3.14) marks the emergence the second background of micromechanics (called
also Computational Analytical Micromechanics , CAM) [79], a pivotal advancement
in micromechanics since Rayleigh’s first intuitive formulation of GIE (3.13) [383]
(at 〈ε〉(x) ≡const.).

3.3 Modeling of one inclusion inside the infinite matrix

We consider the equilibrium equation for an infinite Rd (d = 1, 2, 3) homoge-
neous peridynamic medium (2.16) subjected to the body force with compact
support b(x) (2.4).

L̂
(0)

(C(0),u)(x) + b(x) = 0. (3.15)

A prescribed displacement u(x) (called the effective displacement field) corre-
sponds to the self-equilibrated body-force density b(x). In particular, a case
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u(x) corresponding to the homogeneous effective strain is u(x) = ε · x, ε =
const. Let us consider a wacrodomain w with one inclusion vi subjected to
the prescribed effective field loading ε(x) corresponding to the body force with
compact support b(x) (2.4). Then, Eq. (2.6) for a general peridynamic operator

L̃ can be presented as

L̃(u)(x) = L̃
(0)

(ε)(x) = −b(x). (3.16)

The main advantage of the representation (3.16) (see also p. 774 in [79]) is that
it avoids the challenges associated with the fuzzy boundaries that are charac-
teristic of nonlocal theories (see, e.g., [145], [256], [322], [413]). Equation (3.16)
simplifies these challenges by eliminating the need for volumetric boundary
conditions and sidestepping the difficulties of properly imposing surface effects
(see for references and details, e.g. [393], [459], [493], and [41], Chapter 14) in
nonlocal models. This approach contributes to a more tractable and efficient
formulation for analyzing materials under nonlocal influences.

Hereafter for the contraction a solution of Eq. (3.16) for nonlinear elastic
case, the perturbators and field concentrations are defined in the reduced form
(x ∈ Rd)

ϑ(z)− ϑ(z) = L
θζ
i (z, ζ), (3.17)

where we introduce the substitutions

(u,η) ↔ ϑ, (u, ε) ↔ ζ, [x, (x̂,x)] ↔ z. (3.18)

The elements of the doublet ϑ correspond to the variables on the left-hand
side of Eq. (3.18), the elements of the doublet ζ correspond to the effective
fields on the right-hand sides of the definitions, whereas the arguments x and
(x̂,x) of the doublet z correspond to the parameters u and η, respectively.
The superindeces θζ of the perturbators Lθζ correspond to the variables in the
left-hand side ϑ and right-hand side ζ, respectively. In particular, the operators
L

uu
k (x−xk,u) and L

uε
k (x−xk, ε) (called the perturbators of the displacement)

have the physical interpretation of perturbations introduced by a single hetero-
geneity vk in the infinite matrix subjected to the effective fields ui(x) and εi(x),
respectively, where at first no restrictions are imposed on the inhomogeneities
of the effective fields ui(x) and εi(x).

Let us consider two inclusions vi and vj placed in an infinite homogeneous

matrix and subjected to the inhomogeneous field ζ̃i,j(x) (u,η = ϑ; u, ε =

ζ; [x, (x̂,x)] = z; x ∈ R
d). We can transform Eq. (3.5) into the following ones

(z ∈ vli)

ϑ(z)− ϑ̃i,j(z)−L
θζ
i (z− xi, ζ̃i,j) := L

θζ
i,j(z, ζ̃i,j) (3.19)

defining the perturbator L
θζ
i,j(z, ζ̃i,j) which can be found by any numerical

method analogously to the operator Lθζ
i (z − xi, ζi) (3.17). It should be men-

tioned that the operators L
θζ
i (z − xi, ζ̃i,j) and L

θζ
i,j(z, ζ̃i,j) (3.19) act on the
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effective fields ζ̃i,j(x) at x ∈ vi and x ∈ vi, vj , respectively, and the kernel of

the operator Lθζ
i,j can be decomposed (K = I, J):

L
θζ
i,j(z,y) = L

Iθζ
i,j (z,y) +L

Jθζ
i,j (z,y), L

Kθζ
i,j (z,y) = L

θζ
i,j(z,y)Vk(y), (3.20)

where one follows Mura’s tensor indicial notation (see for details [79]). The
double superindices θζ is used analogously to the double superindices uu and
uε in Eqs. (3.17).

Similarly, the effective field perturbators J
θζ
i,j and J

θζ∞
i,j can be defined;

they describe the perturbation of the effective field ϑi(z)−ϑ̃i,j(z) introduced by
both the heterogeneity vj (interacting with vi) and the fictitious inclusion with

the response operator L(0) and eigenfield βfict
1 (y) corresponding to the field in

the remote inclusion vj (without interaction with vi) (y ∈ vj , x ∈ vi, z ∈ Rd)

ϑi(z)− ϑ̃i,j(z) = J
θζ
i,j(ζ̃i,j)(z) (3.21)

ϑi(z)− ϑ̃i,j(z) = J
θζ∞
i,j (ζ̃i,j)(z), (3.22)

(see for details [79]).

Comment 3.2. Estimation of the perturabator L
θζ
i (z, ζ) (3.17) is, in fact, a

basic problem of micromechanics (see Introduction) for one inclusion inside the

infinite homogeneous matrix. In the PM, estimation of the perturabator Lθζ
i (z, ζ)

(3.17) was considered by four different methods (see [79], [75]) for the linear
bond-based medium with the same horizon lδ in both the inclusion and matrix.
The generalization to the linear state-based model as well as to the multiphysics
coupled problem (see the LM applications in [63]) are straightforward. The popular
discretization methods for the solution of PD equations (see for references [120],
[121], [309]) are the meshfree method with one-point Gaussian quadrature referring
to it as “meshfree PD” [418] (see also the solutions for 1D case [43], [155], [156],
[158], [419], [457], [459] and 2D case [42], [225], [291], [391]), finite element
methods (FEM, [110], [322], [386], [432], [433], [441]), [462]), quadrature and
collocation approaches [398], [502], [503], and the boundary element method [307].
Adaptive algorithm (see, e.g., [42], [43], [76]) using a multi-grid approach with fine
grid spacing only in critical regions is designed in multi-adaptive approach ([363])
to dynamically switch both the discretization scheme and the grid spacing of the
regions.

Comment 3.3. The significantly less trivial phenomenon is another limiting case
of CCM-PD coupling, usually small areas of a domain Rd, which might be affected
by the presence of discontinuities is described with a PD model, whereas the re-
maining parts of the system are described through a more efficient CCM model.
The goal of Local-to-Nonlocal (LtN) coupling (see [40], [122], [362] , [495], [496],
[499], [508]) is to alleviate the computational burden by combining the computa-
tional efficiency of PDEs with the accuracy of nonlocal models under the assump-
tion that the location of nonlocal effects can be preliminary prescribed (it looks
like a localized plasticity model in the vicinity of inclusions in the LM of CMs, see
pp. 556-565 [79]). It would be interesting to estimate L

θζ
i (z, ζ) for the different
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nonlocal models in the phases (up to the vanishing length scale lδ/a→ 0 in some
areas).

3.4 General integral equations (GIEs)

In this subsection, at first, we consider peridynamic statistically homogeneous
CMs occupying the space Rd (d = 1, 2, 3). We consider so-called the general
integral equation (GIE) connecting the random fields at the point being con-
sidered and all surrounding points. At first, the loading by the body force with
a compact support b(x) (2.4), the direct summations of all surrounding per-

turbators Lθζ
j (z, ζ) (3.5) exerting on the fixed inclusion vi is described by the

GIE (called the Additive GIE, AGIE, see for details [93]) (z ∈ vi)

〈ϑ〉i(z) = ϑb(0)(z) +

∫
L

θζ
j (z− xj , ζ)ϕ(vj ,xj |v1,x1)dxj (3.23)

with the deterministic fields ϑb(0)(z) produced by the body force b(x) in the
infinite homogeneous matrix. The term Additive GIE is used similarly to Addi-
tive Manufacturing because the perturbations in Eq. (3.23) are directly added
without any renormalization terms, such as those in Eq. (3.24). A centering of
Eqs. (3.16) is considered which performs a subtraction from both sides of Eq.
(3.23) of their statistical averages. It leads to the GIE

〈ϑ〉i(z) = 〈ϑ〉(z) +

∫ [
L

θζ
j (z− xj , ζ)ϕ(vj ,xj |vi,xi)

− 〈Lθζ
j (z− xj , ζ)〉(xj)

]
dxj , (3.24)

which is more general and valid for any inhomogeneous 〈ϑ〉(z) while Eqs. (3.23)
are only correct for the the body force b(x) with a compact support. Ow-
ing to the centering of Eq. (3.16), Eq. (3.24) contains the renormalizing term

〈Lθζ
j (z−xj , ζ)〉(xj) providing an absolute convergence of the integrals involved

in Eqs. (3.24). The derivation of the exact form of the GIE (3.24) has a long
and intricate history, particularly in the context of LM of CMs (see [61], [63]
for references and details). The first GIE was heuristically proposed by Lord
Rayleigh [383] and was later rigorously established in 1977 (see [79]). A sec-
ond GIE in the framework of LM, along with its generalizations to strongly
and weakly nonlocal linear heterogeneous materials, was introduced between
2010 and 2022 (see for references and details [79]). However, in all prior de-
velopments, specific instances of GIE (3.24) were obtained through intricate
multistep procedures, constrained by particular linear constitutive relations
governing the phases of the material. In contrast, a more general form of GIE
(3.24), applicable to CMs with strongly and weakly nonlocal as well as non-
linear phase properties, was derived directly from the newly formulated AGIE
(3.23) via a single-step centering operation. This advancement eliminates the
need for case-specific formulations and significantly broadens the applicability
of the GIE and AGIE framework.
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After a statistical average of Eqs. (3.23) and (3.24), the conditional per-

turbator 〈Lθζ
j (z, ζ)|; vi,xi〉j can be expressed through the explicit perturbator

for two interacting heterogeneities subjected to the field ζ̃i,j

〈ϑi〉(z) = ϑb(0)(z) +

∫
J

θζ
i,j(〈ζ̃i,j〉)(z)ϕ(vj ,xj |; vi,xi) dxj , (3.25)

〈ϑi〉(z) = 〈ϑ〉(z) +

∫ {
J

θζ
i,j(〈ζ̃i,j〉)(z)ϕ(vj ,xj |; vi,xi)

− J
θζ∞
i,j (〈ζ̃i,j〉)(z)

}
dxj , (3.26)

where the conditional probability density ϕ(vj ,xj |; v1,x1) for one fixed inclu-

sion was used (see for details [79]); Lθζ
j (z−xj , ζ|; v1,x1) stands a perturbation

L
θζ
j (z − xj , ζ) at the fixad inclusion v1 6= vj . The deterministic field ϑb(0)(z)

(3.25) produced by the forcing term b(x) in the infinite homogeneous matrix.
Equations (3.25) and (3.26) are central to the overall formulation, capturing the
material’s response under the applied effective field loading. These equations
are constructed based on numerical solutions for one or two inclusions, and
they incorporate statistically averaged fields 〈ζi〉(x) and 〈ζ̃i,j〉(x) to represent
the overall macroscopic behavior of the composite or heterogeneous material.
There are a couple of fundamental advantages of Eqs. (3.25) and (3.26). So,
these equations have no Green functions and, moreover, the most intriguing
feature of Eqs. (3.25) and (3.26) is the absence of a constitutive law in these
equations. As we can see, Eqs. (3.25) and (3.26) for the peridynamic microme-
chanics coincides with the corresponding equation for the LM CMs (see [63]). It
means that the same equation can be used for both the peridynamic CMs and
locally elastic CMs. The GIEs (3.25) and (3.26) proposed are adapted to the
straightforward generalizations of corresponding methods of local thermoelastic
micromechanics (see, e.g., [53], [61], [63]) to their peridynamic counterparts.

Comment 3.4. The analytical micromechanics (Amic) formulation (3.9) is gen-
erally derived from the solutions to Eqs. (3.25) and (3.26), along with their specific

cases. In particular, within the LM framework, the perturbations Lθζ
j (z−xj , ζ) are

determined using various methods like FEA ([98], [99], [100], [101]), VIE method
([54], [55]), BIE approach ([59], [66], [69], [71]). These solutions are then substi-
tuted into Eq. (3.14) to estimate the effective moduli LL∗ and stress concentration
factors. The classical hypotheses for the LM, such as the Effective Field Hypothe-
sis (EFH) (3.1) and its extension, closing assumptions along with the assumption
of ellipsoidal symmetry, have been analyzed in detail ([79]). These hypotheses are
fundamental to the classical LM methods, including the Effective Field Method
(EFM), the Mori-Tanaka Method (MTM), and the Multiparticle Effective Field
Method (MEFM). The GIE (3.14) enhances the accuracy of local field estimations,
even correcting the sign of predictions within inclusions ([79]). Equation (3.14) has
been extended to address a variety of other problems within the LM framework:
thermoelasticity ([68], [69], [99], [100], [101]), coupled problems ([61], [63]), and
wave propagation ([61], [63]), and infiltration in porous media [65]. It has also been
adapted for CMs with both strongly nonlocal (e.g., strain-type, displacement-type,
and peridynamics) and weakly nonlocal (e.g., strain-gradient, stress-gradient, and
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higher-order models) phase properties, as discussed in Chapter 14 of [79]. However,
a key limitation of all these GIEs and their extensions (considered in the papers
referred to in Subsection 3.4) is that they remain linear in relation to the primary
unknown variable. To the author’s knowledge, there are no existing nonlinear ver-
sions of the GIE (3.24) and the AGIE (3.23)—whether for LM or PM—that directly
or implicitly account for nonlinear constitutive phase properties. In the following
section, the author proposes a solution to the nonlinear AGIEs (3.23), offering a
potential way to address this gap.

4 Solution of nonlinear AGIEs for random struc-
ture CMs

4.1 Iterative solution of AGIE

The effective field hypothesis, which serves as the fundamental approximation
in numerous micromechanical methods, is mathematically formulated by Eq.
(3.8) (for details, see [53]). To achieve closure of the AGIE (3.25), the following
additional hypothesis is introduced:

Hypothesis H2a). Each pair of inclusions vj and vj is subjected to the in-

homogeneous field ζ̃i,j(x), and statistical average 〈ζ̃i,j〉(x) is defined by the
formula (ζ = u, ε)

〈ζ̃i,j〉(x) = 〈ζk〉(x) (4.1)

at x ∈ vk, k = i, j.

The hypothesis H2a, when reformulated in terms of the strain fields ε(x)
for x ∈ vi, represents a conventional closure assumption (for further details,
see [53], [246], [465]). This assumption reduces to the ”quasicrystalline” ap-
proximation introduced by Lax [287], which neglects the pairwise interactions
between heterogeneities and assumes spatial uniformity of the effective fields.

Hypothesis H2b, “quasi-crystalline” approximation. It is supposed that
the mean value of the effective field at a point x ∈ vi does not depend on the
field inside other heterogeneities vj 6= vi, x ∈ vk, (k = i, j):

〈ζ|vi,xi; vj , 〉(x) = 〈ζk〉(x) (4.2)

〈ζk〉(x) ≡ const. (4.3)

Acceptance of hypothesis H2a closes the system (3.25) in the following
forms,

〈ϑi〉(z) = ϑb(0)(z) +

∫
[J Iθζ

i,j (z, 〈ζi〉)+J
Jθζ
i,j (z, 〈ζj〉)]ϕ(vj ,xj |; vi,xi) dxj ,(4.4)

were a decomposition J
θζ
i,j = J

Iθζ
i,j +J

Jθζ
i,j was introduced analogously to Eq.

(3.20). The integral equation (4.4) can be solved using an iterative approach
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based on a recursive formula

〈ϑ
[n+1]

i 〉(z) = ϑb(0)(z) +

∫
[J Iθζ

i,j (〈ζ
[n]

i 〉)(z) +J
Jθζ
i,j (〈ζ

[n]

j 〉)(z)]

× ϕ(vj ,xj |; vi,xi)dxj , (4.5)

〈ϑ[n+1]〉i(z) = A
θζ
i (〈ζ

[n+1]

i 〉)(z), (4.6)

v̄i〈τ
[n+1]〉i(x) = Ri(〈ζ

[n+1]

i 〉)(x). (4.7)

The iterative solution is constructed with an initial approximation derived as
an explicit solution from Equations (4.3), within the framework of the effective
field hypothesis H1a (3.8) (see for details [79]).

Equation (4.3) admits a simplified form under Hypothesis Hb2, as shown in
Equations (4.2), which are also utilized in the LM method (see [53]). However,
a direct generalization of Lax’s “quasicrystalline” approximation is possible
(see Equation (4.2)) when the assumptions in (4.2) are relaxed, allowing the
statistical average of the perturbed strain field, 〈ζk〉(z), to vary spatially rather
than remain constant, i.e., 〈ζk〉(z) 6≡ const for z ∈ vlk, (k = i, j)

〈Lθζ
j (z, ζj)|; vi,xi〉 = 〈Lθζ

j (z, ζj)〉. (4.8)

This significantly simplifies the problem formulated in Eq. (4.3), where, under

these conditions, the equation takes a more tractable form J
θζ
i,j = J

θζ∞
i,j (x ∈

vi) that reduces Eq. (4.3) to

〈ϑ
[n+1]

i 〉(z) = ϑb(0)(z) +

∫
J

θζ∞
i,j (〈ζ

[n]

j 〉)(z)ϕ(vj ,xj |; vi,xi) dxj . (4.9)

The second background of LM, introduced in [54], [55] and mathematically
formulated in Eq. (4.9), enables the relaxation of fundamental micromechan-
ical assumptions, including the ellipsoidal symmetry hypothesis and the EFH
H1a. As a result, novel physical effects have been identified that could not be
captured within the classical (first) theoretical framework of micromechanics.

Equations (4.4) and (4.9) are derived for general nonlinear cases, incorpo-
rating both state-based (2.8) and bond-based (2.15) peridynamic models (PM).
In the special case of a linear bond-based PM (2.24), these equations simplify
previously established results (see [83]).

4.2 Effective constitutive law and dataset

Equation (4.9) is reformulated in terms of displacement fields (x ∈ vi)

u[n+1](x) = ub(0)(x) +

∫
L

uu
q (x− xq,u

[n]|; vi,xi)ϕ(vq,xq|; vi,xi)dxq . (4.10)

The initial approximation is defined by the driving term, corresponding to the
zero-order approximation, given as u[0](x) = ub(0)(x), which itself is expressed



26 V. A. Buryachenko

by Equation (3.15). The iterative scheme in Eq. (4.10) constructs a Neumann
series representation for the solution (x ∈ vli)

〈u〉i(x) := lim
n→∞

〈u[n+1]〉i(x) = D̂
ub

i (b,x). (4.11)

This leads to the formulation of the statistical averages of the field within the
fixed extended inclusion, specifically the conditional averages for x ∈ vli

〈u〉i(x) = D̂
ub

i (b,x) +L
uu
i (x− xi, D̂

ub

i (b,x)), (4.12)

〈σ〉i(x) = L
σ(〈u〉i)(x). (4.13)

The tensor D̂
ub

q (b,y) (4.11) is an inhomogeneous function of coordinates of

the fixed inclusion x ∈ vli depending on all interecting inclusions (at least at
|xq| ≤ aδ + lδ) whereas in the dilute approximation the corresponding tensor
is Ib(y).

Equation (4.12) provides a means to compute the expected value of the
displacement field over the macroscopic region X

〈u〉(X) := cl(0)〈u〉
l(0)

(X) + cl(1)〈u〉
l(1)

(X) (4.14)

The statistical averages of the displacement field in the macropoint are ex-
pressed through the ensemble averages of displacements at the point X within

the matrix, denoted as 〈u〉
l(0)

(X), and within the inclusions, represented as

〈u〉
l(1)

(X). To establish this framework, we introduce an auxiliary domain
v1i (X), which is characterized by the indicator function V 1

i (X) and is bounded
by ∂v1i (X), the locus of the centers of translated ellipsoidal regions vq(0) around
the fixed macroscopic point point X. The domain v1i (X) is then obtained as
the limiting form of a sequence v0ki → v1q(X), where v0ki → v1q(X) as a given

ellipsoid vk contracts to the point X. Then 〈u〉
l(1)

(X) can be estimated as
(y ∈ vlq)

cl(1)〈u〉
l(1)

(X) = cl(1)ub(0)(X) +

∫

v1

i (X)

n(1)(xq)L
uu
q (X− xq,D

u
q (b,y))dxq.(4.15)

Consequently, the statistical expectation of the displacement field, given by
Eq. (4.14), can be represented in terms of the volume force density distribution
within the region vlq, where y ∈ vlq

〈u〉(X) = ub(0)(X) + c(0)
∫

L
uu
q (X− xq,D

ub
q (b,y))ϕ(vq ,xq|;X)dxq

+

∫

v1

i (X)

n(1)(xq)L
uu
q (X− xq,D

ub
q (b,y))dxq , (4.16)

In Eq. (4.16), the first and second integrals correspond respectively to the first
and second terms on the right-hand side of Eq. (4.14). Additionally, the function
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ϕ(vq ,xq|;X) vanishes, i.e., ϕ(vq ,xq|;X) = 0, whenever the point xq belongs to
the domain v1i (X).

The macroscopic stress field in the effective constitutive law is expressed
as

〈σ〉(x) = 〈Lσ(0)(u)〉(x) + 〈τ 〉(x) (4.17)

where the first term on the right-hand side simplifies for the linear matrix and
depends on the statistical averages 〈u〉(x): 〈Lσ(0)(u)〉(x) = L

σ(0)(〈u〉)(x) (x ∈
Rd) (4.16). To estimate the average 〈τ 〉(x), we first consider the fixed inclusion
vq centered at xq. which is estimated using Eq. (2.17) with the substitution
This inclusion yields the value Lσ

1 (x−xq,u) = L
σ(τ̃ ) which is estimated using

Equation (2.17) with the substitution f̃
(0)

→ f̃1 as indicated in Eq. (3.21). The
statistical average of the local polarization tensor 〈τ 〉(X) is then obtained by
averaging over the domain v1i

〈τ 〉(X) =

∫

v1

i (X)

n(1)L
σ(C1η

D)(y −X)dy, (4.18)

ηD(x,y) =
[
D

ub
i (b,x) +L

uu
i (x− xi,D

ub
i (b,x)

− D
ub
i (b,y)−L

uu
i (y − xi,D

ub
i (b,y))

]
, (4.19)

Here, v1q (x) is defined by Equation (2.41), and the statistical average of the
displacement field within the inclusion x ∈ vq is represented by 〈u〉q(x), as
shown in Equation (4.15). The estimation of the effective micromodulus [480],
which involves averaging the strain energy of the peridynamic material model
under homogeneous boundary conditions, raises certain concerns regarding its
validity.

The new nonlocal effective constitutive law, expressed in Equation (4.17),
bears a strong resemblance to the previously established nonlocal effective con-
stitutive law

〈σ〉(x) = LL(0)〈ε〉(x) + 〈Lτ 〉(y), Lτ (y) := LL1(y)ε(y). (4.20)

This is analogous to the locally elastic constitutive law (2.2) at the microlevel.

However, the first term LL(0)〈ε〉(x) on the right-hand side of Eq. (4.20) cor-
responds to a general inhomogeneous strain field, where 〈ε〉(x) 6= 0. On the

other hand, the term 〈Lσ(0)(u)〉(x) from Eq. (4.17) simplifies toL(0)〈ε〉(x) only
when the strain field 〈ε〉(x) is homogeneous, i.e., 〈ε〉(x) ≡cons.

Numerical analysis was conducted for a 1D statistically homogeneous ran-
dom structure bar [82], [83] under a self-equilibrated body force condition (2.3),
where b(x) = 0 for |x| > Bb and b(x) = −b(−x) for |x| ≤ Bb; cb = 0. The
engineering approach, utilizing the scale separation hypothesis (2.382), follows
this scheme: first, estimate L∗ by CAM (see Comment 3.4 and a generalized
EFM, [79]) under homogeneous boundary conditions (2.40), and then evaluate
〈uEA〉(x) using Eqs. (2.1)–(2.3) with the substitution L → L∗. This leads to a
monotonically increasing displacement field 〈uEA〉(x) (represented by the solid
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curve 4 in Fig. 1). In Fig. 1, the parameters lδ/a = 1 and c(1) = 0.5 are fixed,
while Bb/a takes values of 0.25, 0.375, 0.5 (shown in curves 1, 2, and 3, respec-
tively). As observed in Fig. 1, the simultaneous inclusion of the peridynamic
constitutive equation (2.5) and the inhomogeneity of the body force b(x) re-
sults in strongly nonmonotonic distributions of the displacement field 〈u〉(x),
which differ from 〈uEA〉(x) by a factor of 9 for curve 1. Due to nonlocal effects,
the range of long-range action is restricted not only by |x| ≤ Bb , but by a
domain |x| ≤ al−r (al−r ≈ 3Bb), meaning that the problem domain x ∈ R1 is
effectively reduced to a finite domain, avoiding the inconsistencies previously
mentioned in [81]. This implies that the domain size |x| ≤ al−r ≈ 3Bb (at the
considered scale ratios a/ab/lδ) requires stabilization of the displacement fields
〈u〉(x) ≈const. (for |x| > al−r), which significantly exceeds the combined scale
of the body force Bb and the horizon lδ (a synergistic effect). The parameter
al−r should be further learned. Although the term “RVE” ( see for details Sub-
section 8.3) was not directly employed, the domain |x| ≤ al−r in fact represents
the RVE for 〈u〉(x) and this RVE depends on the scale ratios a/ab/lδ. In gener-
alizing this phenomenon for an arbitrary body force b(x) as given in Eq. (2.4),
we can define the RVE as the region for which there exists a characteristic size
BRVE such that

〈u〉(x) = u∞ ≡ const., for ∀x ≥ BRVE, (4.21)

where this equality holds within a prescribed tolerance.

Fig. 1 Average displacement 〈u〉(x) vs x/ab

For the linear bond-based model of constituents, the governing equations
(4.14)–(4.17) reduce to the corresponding relations derived in [82], [83]. For
statistically homogeneous composite materials with locally elastic constituent
phases, the nonlocal effective operator derived in [320] incorporates microstruc-
tural information via the Green’s function of the reference matrix medium (2.5),
allowing for a rigorous treatment of the effective response under arbitrary body
force distributions. However, the extension of this methodology to PM, where
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nonlocal interactions play a fundamental role, is not straightforward due to the
absence of classical differential operators. Potential applications of microme-
chanical modeling of composites subjected to body forces with compact sup-
port—such as those induced by localized thermal loading (e.g., laser heating, as
discussed in [479], [233], and [483])—were analyzed in [95]. These studies em-
phasize the necessity of incorporating spatially varying internal forces within
a nonlocal framework to accurately capture the mechanical response under
external stimuli.

For an arbitrary body force b(x) with compact support, we have derived
formal representations for the effective macroscopic and microscopic fields in a
composite material (CM) with a random microstructure. Specifically, we con-
sider the macroscopic displacement 〈u〉(x) and stress 〈σ〉(x), as well as their
corresponding microscopic counterparts 〈u〉i(z,x)〈σ〉i(z,x) and 〈σ〉i(z,x), where
the subscript i denotes quantities evaluated within a representative inclusion vi.
For computational implementation and subsequent applications, we construct
a dataset of effective parameters for various realizations of the applied body
force bk(x), expressed as (x ∈ Rd)

D
r = {Dr

k}
N
k=1,

D
r
k = {〈uk〉(bk,x),〈σk〉(bk,x),〈uik〉(bk, z,x),〈σik〉(bk, z,x),bk(x)}.(4.22)

Here, each realization kth corresponds to a specific body force bk, for which
the macroscopic displacement 〈uk〉(x) and stress 〈σk〉(x) fields are computed,
along with the local inclusion-scale displacement 〈uik〉(z,x) := 〈uk〉i(z) and
stress 〈σik〉(bk, z,x) := 〈σk〉i(z). The macroscopic coordinate x ∈ Rd spans
the domain of the homogenized CM, while the local coordinate z ∈ vi re-
sides within the representative inclusion vi. This dataset D

r forms a basis for
data-driven modeling, enabling efficient retrieval and interpolation of effective
response functions for new realizations of bk in a computationally efficient
manner.

5 Periodic structure CMs

Equations (3.23) and (3.25) were derived under the general assumption of
arbitrary probability densities ϕ(vj ,xj) and the conditional probability den-
sity ϕ(vj ,xj |; v1,x1), which characterize the statistical distribution of the mi-
crostructural inclusions within the CM. However, in subsequent developments,
we specialize these representations to periodic structure CMs, where the prob-
ability densities ϕ(vj ,xj) and ϕ(vj ,xj |; v1,x1) take deterministic forms, given
explicitly as sums of Dirac delta functions (2.36) localized at the periodic grid
points xα ∈ Λ, corresponding to the structured arrangement of inclusions.

Consequently, the integral relations expressed in Eqs. (4.11)–(4.13) un-
dergo a transformation to a discrete summation form reflecting the periodic
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nature of the material structure

u(x) := lim
n→∞

u[n+1](x) = D̂
ub

i (b,x), (5.1)

u(x) = D̂
ub

i (b,x) +L
uu
i (x− xi, D̂

ub

i (b,x)), (5.2)

σ(x) = L
σ(u)(x). (5.3)

Despite their formal similarity in appearance, these transformed equations
(5.1)–(5.3) and the corresponding set of equations (4.11)–(4.13) are concep-
tually distinct. Equations (4.11)–(4.13) inherently involve ensemble-averaged
effective parameters. Equations (5.1)–(5.3), though similar in structure, pertain
specifically to periodic composites and thus rely on a deterministic framework
where the microstructure xα ∈ Λ is predefined.

To perform the statistical averaging of Eqs. (5.1)–(5.3), we employ the
translated averaging technique (see [83], [94], [96] for details), which is based
on shifting the periodic grid Λ0 with corresponding inclusion centers by a
translation vector χ, generating a new grid Λχ. The body force field b(x)
remains fixed throughout this transformation. Mathematically, we consider a
χ, leading to a corresponding transformation in the material properties, the
characteristic functions of inclusions, and the displacement field:

C(x,q,χ) = C0(x− χ,q− χ), Vi(x,χ) = Vi0(x− χ), (5.4)

b(x,χ) = b0(x), u(x,χ) 6≡ u0(x− χ), (5.5)

where the inequality (5.52) holds because b(x) is fixed. For each translation χ ∈
Vx, the corresponding displacement field u(x,χ) is determined by solving the
governing equations (2.5) or (2.6). This ensemble of solutions allows us to define
the macroscopic (or effective) displacement field by averaging over all possible
translations χ, ensuring a statistical homogenization of the material response
across different realizations of the periodic microstructure. The macroscopic
displacement field is thus given by:

〈{·}〉(x) =
1

Vx

∫

Vx

{·,χ} dχ, 〈{·}〉
l(1)

(x) =
1

Vx

∫

Vx

{·,χ}Vi(x,χ) dχ. (5.6)

The averages in Eqs. (5.6) represent ensemble averaging over all possible trans-
lated realizations of a periodic microstructure, where translations χ are uni-
formly distributed over the periodicity cell. This translated averaging applies to
periodic CMs with any phase constitutive laws and any inhomogeneous loading.
A special case, similar to (5.61), was introduced in asymptotic homogenization
by [425] and [13] for periodic media under periodic loading. Interestingly, the
statistical formulations in Eq. (5.62) resemble a student probability problem:
inclusion vi is randomly ”dropped” onto a fixed point x ∈ Rd. However, in
(5.62), the inclusion belongs to a randomly translated periodic grid Λχ.

Applying the translated averaging operation (5.6) to Eq. (5.2) and Eq.
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(4.11) yields the following expressions (y ∈ vlq)

〈u〉
l(1)

(X) = ub(0)(X) +
1

Vx

∫

Vx

V (xq)L
uu
q (X− xq, D̂

ub

q (b,xq))dxq , (5.7)

〈u〉(X) = ub(0)(X) +
cl(0)

Vx

∫

Vx

V l(0)(xq)L
uu
q (X− xq, D̂

ub

q (b,xq))dxq ,

+
cl(1)

Vx

∫

Vx

V l(1)(xq)L
uu
q (X− xq, D̂

ub

q (b,xq))dxq , (5.8)

which correspond to Eqs. (4.15) and (4.16), respectively, for the general case
of the conditional probability density ϕ(vq ,xq|;X).

The averages 〈u〉l(1)(X) (5.7) and 〈u〉(X) (5.8) depend on the macrocoor-
dinates X and are not tied to a specific periodic grid Λ. In a similar manner,

the effective fields 〈σ〉
l(1)

(X) and 〈σ〉(X) can be found. Translation averaging
of constitutive lau (3.5) with linear matrix (3.1) will lead to formally identical
Eq. (4.17)

〈σ〉(x) = L
σ(0)(〈u〉)(x) + 〈τ 〉(x) (5.9)

with 〈Lσ(0)(u)〉(x) = L
σ(0)(〈u〉)(x) (x ∈ Rd) (5.8). I.e., the term 〈Lσ(τ̃ (0))〉(x)

(4.13) is equivalent to the stresses in a pure matrix C(0)(x, x̂) produced by the
total displacement 〈u〉(x) (5.8).

For estimation of an average 〈τ 〉(x) = 〈Lσ(C1,u)〉(x) (3.6), we consider,
at first, the fixed inclusion vq with the center xq. This inclusion produces value
L

σ(C1,u)(x − xq). Then a statistical average of the local polarization tensor
〈τ 〉(X) is also obtained by averaging over the domain v1i

〈τ 〉(X) =
1

Vx

∫

Vx

V l(1)(y)Lσ(C1η
D)(X− y)dy, (5.10)

ηD(x,y) =
[
D̂

ub

i (b,x) +L
uu
i (x− xi, D̂

ub

i (b,x)

D̂
ub

i (b,y)−L
uu
i (y − xi, D̂

ub

i (b,y))
]
, (5.11)

where one used the representation for the displacement field in the inclusion
x ∈ vq: u(x) (5.2).

Analogously to the dataset Dr (4.22) for random structure CMs, we can
define a dataset Dp for periodic structure CMs

D
p = {Dp

k}
N
k=1,

D
p
k = {〈uk〉(bk,x),〈σk〉(bk,x),〈uk〉

l(1)
(bk,x),〈σk〉

(1)
(bk,x),bk(x)},(5.12)

where each effective parameter is computed for a given bk using Eqs. (5.6)
during the offline stage for the k-th realization. The macrocoordinates x ∈ Rd

define a coarser dataset D
p (5.12), which contains less detailed information

than D
r (4.22). The latter depends not only on the macrocoordinates x ∈ Rd
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but also on the local coordinates z ∈ vi within the representative inclusion vi,
providing finer-scale resolution.

Thus, the macroscopic stresses in the effective constitutive law (5.9) de-
pends on the statistical average 〈u〉(x) (x ∈ Rd) (5.8) and u(y) (y ∈ vlq) (5.2),

respectively. However, these displacement fields 〈u〉(x) (5.8) and u(y) (y ∈ vlq)
(5.2) are not the prime variables and depend on the body force b(x). The es-
timation of effective constitutive law in the next subsection is based on the
solution of the GIE (3.25) rather than (3.26).

Comment 5.1. To the best of the author’s knowledge, the method of reducing
DNS to smoothed (effective) parameters (5.12) is novel. Furthermore, a critical
aspect in the analysis of periodic structure CMs is the appropriate selection of
periodic boundary conditions (PBC) (2.39), (2.40) and volumetric periodic bound-
ary conditions (VPBC) (2.37), (2.38) at the interface of unit cells (UCs), which
link the field distributions between adjacent UCs. The established PBC (2.39) and
VPBC (2.37) definitively correspond to both homogeneous remote loading (2.28)
or (2.29) and the zero body force condition b(x) ≡ 0 (??). However, for a gen-
eral body force case (2.4), both PBC (2.39) and VPBC (2.37) become incorrect
(see Subsection 2.3). Nevertheless, enforcing any PBC (2.39) and VPBC (2.37) is
unnecessary if DNS is utilized to estimate Eqs. (5.6) on a representative volume
element (RVE, see Section 7) (possibly consisting of multiple UCs) rather than on a
single UC. The size of the RVE (see Comment 4.13) acts as a controlled parameter
that must be determined with a prescribed tolerance. Although the integrands in
Eqs. (5.6) are computed through DNS within CMic, the combination of Eqs. (5.6)
with the RVE concept facilitates the construction of the dataset Dp. Consequently,
the method (5.6) is referred to as CAM’s version for periodic structure CMs.

Comment 5.2. In Sections 3 and 4, we analyzed matrix random structure compos-
ites (CMs) with GIE (3.24) and AGIE (3.23), which apply to the first group, where
a continuous matrix phase contains isolated inhomogeneities. For periodic structure
CMs, translation averaging (5.6) is used without microtopology restrictions. The
second group [191] includes skeletal, percolated, or laminated composites, where
at least two phases form a monolithic frame, such as metallic foams or cellulose-
reinforced polymers. Cellulose-reinforced polymers [192], metallic wool, and glass
wool have both a network connecting them to the penetrated structure, and also an
incomplete network with only one connection to the network tree. The third group
involves composites where the phases are contiguous but not interconnected, like
polycrystalline metals with different crystallographic orientations, forming hetero-
geneous materials. Adjusting the constituent concentration can move a composite
from one group to another. All periodic structure CMs discussed enable the creation
of the dataset Dp (5.12).

Comment 5.3. The effective macroscopic parameter datasets, Dr and D
p, cor-

responding to the scales Bb (2.3) and |Ω00|, respectively, are functionally in-
dependent of the microstructural details of the composite material. Specifically,
they do not encode explicit dependencies on the two-point probability distribution
ϕ(vq ,xq|; vi,xi) or the grid Λ, nor do they retain information regarding the meth-
ods used to evaluate the reference fields in Eqs. (4.11)–(4.19) and (5.1)–(5.11).
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Furthermore, Eq. (3.24) is obtained from Eq. (3.23) via a centering transformation,
thereby making it a particularized form of the latter. However, Eq. (3.23) holds
a significant computational advantage over Eq. (3.24) as it provides the founda-
tion for constructing the dataset Dr, which is instrumental in the development of
machine learning (ML) and neural network (NN) methodologies—particularly sur-
rogate operators (see Subsection 7). These ML-based techniques facilitate the gen-
eration of surrogate operators for arbitrary macroscopic loading conditions, whether
specified in terms of the macroscopic displacement field 〈u〉(x) or the body force
distribution b(x). Importantly, this approach circumvents the need to explicitly
solve the micro-scale problem dictated by Eq. (3.24), thereby significantly reducing
computational complexity.

6 Estimation of field fluctuations and effective
energy-based criteria

In nonlinear LM problems, a key challenge is estimating the second moment of
phase fields (π = ε, σ; x ∈ v(i)):

〈π ⊗ π〉i(x) = 〈π〉i(x) ⊗ 〈π〉i(x) + ∆π2
i (x), (6.1)

where ∆π2
i (x) is called the dispersion (or the fluctuation field). Two methods–

exact differential analysis and integral equations–yield similar numerical results
([53], [79]). However, using the simplified engineering assumption 〈〈π⊗π〉i(x) =
〈π〉i(x)⊗〈π〉i(x) can result in infinite errors under hydrostatic loading of porous
isotropic media.

The integral equation method in LM allows for its extension to PM. Specif-
ically, by considering only binary inclusion interactions, new approximations for
the second moment can be derived:

〈ϑ⊗ ϑ〉i(x) = 〈ϑ〉i(x)⊗ 〈ϑ〉i(x) +

∫
A

θθ
i ∗ 〈Lθζ

p (x, ζ)|; vi,xi〉

⊗ A
θθ
i ∗ 〈Lθζ

p (x, ζ)|; vi,xi〉ϕ(vp,xp |; vi,xi)dxp. (6.2)

Comment 6.1. The new equation (6.3) is derived for nonlinear PM problems
involving the operators A

θθ
i (3.102) and L

θζ
p (x, ζ) (3.101). Notably, it exactly

matches the equation for a medium with remote BCs (6.3), (3.24) rather than
body force loading (2.4), (3.25). These equations extend previous results from
linear bond-based and state-based models [89], [85] and unify them with existing
LM formulations [53], [79]. This marks a rare instance where PM methods for
second-moment fields (nonlinear problems) inspire new LM techniques for nonlinear
analysis. Furthermore, the formulations can be extended, as in [85], to include
triple-point probability densities ϕ(vp,xp, vq,xq|; vi,xi) for greater accuracy.

Equation (6.3) can be simplified for linear operators A
θθ
i (3.102) and

L
θζ
p (x, ζ) (3.101) within the EFH framework H1a (3.8), enabling its appli-

cation to derive effective energy-based criteria:

〈η ⊗ η〉i(z) = 〈η〉i(z) ⊗ 〈η〉i(z) + ∆η2
i (z), (6.3)
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where

∆η2
i (z) =

∫
[Ai,j(z)〈ε〉]⊗ [Ai,j(z)〈ε〉]ϕ(vj ,xj |; vi,xi) dxj , (6.4)

Ai,j(z) = Aηε
i (z)[JIεε

i,j D
0
i + JJεε

i,j (y)D0
j ]. (6.5)

Here Aηε
i (z) = Auε

i [x]〈ξ〉 (ξ = x̂− x) whereas D0
i is the effective field concen-

tration factor 〈ε〉i = D0
i 〈ε〉 (see for details [85]).

Equation (6.3) serves as a “elementary block” for developing various effec-
tive energy-based criteria. For instance, in the peridynamic approach to fatigue
cracking, [358] estimated the energy release rate by analyzing the micropoten-
tials governing interactions between material points. The state-based formula-
tion of this effective energy-based criterion is as follows. (ξ, ζ ∈ Hx ⊂ vi)

〈U⊤
KU〉i(ξ, ζ) = 〈U⊤〉iK〈U〉i(ξ, ζ) + ∆UKU(ξ, ζ), (6.6)

∆UKU(ξ, ζ) =

∫
[Aij(ξ)〈ε〉]

⊤
K(ξ, ζ)[Aij(ζ)〈ε〉]ϕ(vj ,xj |; vi,xi) dxj ,(6.7)

where the statistical average of the displacement state is defined as 〈U〉i[x]〈ξ〉 =
Auǫ∗

i [x]〈ξ〉〈ε〉 = Aηǫ∗
i (z)〈ξ〉〈ε〉 (4.17); K is the modulus state (2.13) [419]. The

energy-based failure model [236] evaluates the local strain energy density in
bond-based peridynamics. From this, an effective criterion for the state-based
model can be derived

4〈W〉i(x) = 〈U⊤ • K •U〉i(x) = 〈U⊤〉i • K • 〈U〉i(x) + ∆UKU(x), (6.8)

∆UKU(x) =

∫ 〈
[Aij(ξ)〈ε〉]

⊤
〈
K(ξ, ζ)[Aij(ζ)〈ε〉]

〉Hx

〉Hx

(x)

× ϕ(vj ,xj |; vi,xi) dxj (6.9)

averaging over the horizon region, Hx ⊂ vi (y ∈ vj).

Seemingly, a second moment of the force vector state T = K • U (2.19)
can be obtained (ξ, ζ ∈ Hx ⊂ vi)

〈T⊗T〉
Hx

i (x) =
〈
(K • 〈U〉i)⊗ (K • 〈U〉i)

〉Hx

(x) + ∆T2(x), (6.10)

∆T2(x) =

∫ 〈〈
K(ξ, ζ)[Aij(ζ)〈ε〉]

〉Hx

⊗
〈
K(ξ, ζ)

× [Aij(ζ)〈ε〉]
〉Hx

〉Hx

(x)ϕ(vj ,xj |; vi,xi) dxj . (6.11)

From Eq. (6.10), we can determine 〈T · T〉
Hx

i (x) (x ∈ Hx ⊂ vi), providing
an estimate for the yield function. Specifically, the criterion based on the co-
deviatoric force state is given by: ψ(x) =

〈
td[x]〈ξ〉 ×td[x]〈ξ〉〉Hx(x)/2. This

corresponds to the second invariant of the deviatoric stress tensor in classical
local theory, where td[x]〈ξ〉 represents the co-deviatoric component of the scalar
force state t (see [348], [419] for details).
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A failure criterion for bond breakage between material points is based
on energy dissipation, Wξ(x) (see [176], [432], [433], [455]). It depends on the
stress state T = K•U (2.19) and the displacement state U between two points
(ξ ∈ Hx ⊂ vi)

Wξ(x) =
〈
(K •U)〉i〈U

〉
i
(x) = (K(i) • 〈U〉i)〈U〉i(x) + ∆TU2(ξ,x),(6.12)

∆TU2(ξ,x) =

∫ 〈
K(ξ, ζ)[Aij(ζ)〈ε〉]

〉Hx

[Aij(ξ)〈ε〉](x)ϕ(vj ,xj |; vi,xi)dxj .(6.13)

Equations (6.6)-(6.13) for the linear operatorsAθθ
i (3.102) andL

θζ
p (x, ζ) (3.101)

simplify to the corresponding equations for both the linear state-based [85] and
bond-based [89] models.

Comment 6.2. All effective energy-based criteria in (6.6)-(6.13) are derived from
a single fundamental component: the second moment of relative displacement 〈η⊗
η〉i(z) (6.3) (or, that is the same, 〈U[x]〈ξ〉 ⊗ U[x]〈ξ〉〉i(x) (x ∈ vi, ξ ∈ Hx ⊂
vi)). These criteria are defined on either one bond ξ ∈ Hx ⊂ vi, or two bonds
ξ, ζ ∈ Hx ⊂ vi with the field fluctuations, either ∆UKU(ξ, ζ),∆UKU(x), ∆T2(x),
or ∆TU2(ξ,x). All the field fluctuations can be incorporated into the dataset Dr

(4.22).

Comment 6.3. Effective energy-based criteria using field second moments were
developed for the linear bond-based [85] and state-based [89] models, while Eq.
(6.3) applies to nonlinear constitutive laws [93]. A promising approach would be to
estimate effective strain energy directly, as in [377], without preliminary computing
field second moments.

7 CMs with other constitutive laws of phases

7.1 Locally elastic

We will consider the local basic equations of thermoelastostatics (2.1)-(2.3) of
composites. Locally elastic counterpart of Eqs. (3.17) and (4.6) are

Lζ(x)−Lζ(x) =LL
ζζ
i (x,Lζ), Lζ(x) =LA

ζζ(Lζ)(x), (7.1)

where we introduce the substitutions (ε,σ) ↔ Lζ. The most straightforward
method is reduced to the solution of the integral Eq. (3.12) using the Green

function G(0) and replacing εwΓ → Lζ(x). For a homogeneous ellipsoidal in-
clusion under a uniform effective field, this yields Eshelby’s solution [164].
When the effective field is inhomogeneous, the multipole expansion method
[279] is effective. For an infinite medium, the volume integral equation (VIE)
[79], [292] applies, allowing discretization of inclusions only, unlike FEA (which
is effectively used at Lζ(x) ≡const.). The boundary integral equation (BIE)
methods [24], [220], [353], [431] are widely used for homogeneous elasticity but
face challenges like 3D meshing and singular integral computation. Alternative
meshless methods [171], such as local boundary integral equation, boundary
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knot method, boundary collocation method, non-dimensional dynamic influ-
ence functions method, and the method of fundamental solutions (MFS) [280]
(see also [106]), offer advantages. In Amic (3.9), MFS [69] adapted to CAM is
most effective. Each method has its strengths and limitations, requiring careful
selection based on application.

We also consider a case of an imperfect interface

[[u(x)]] 6= 0, [[σ(x)]] · n(x) 6= 0, (7.2)

with the jumps (7.21) and (7.22) at the x ∈ Γu
i and x ∈ Γσ

i (Γu
i ,Γ

σ
i ⊂ Γi),

respectively, described by the different models of interface imperfections. As
such, in the right-hand side of Eq. (3.12) with the volume integral, we need
to add the surface integrals with some Green functions kernels and integrands
(7.21) and (7.22) (see for details [69]). The first kind of model can be referred
to as interface models in which the traction is continuous across the interface
x ∈ Γu

i while the displacement is in general discontinuities (7.21) at x ∈ Γu
i

such as, e.g., in linear spring model (LSM, see, e.g., [211], [212], [213], [143],
[229], [509]). The LSM was generalized to a cohesive zone model (CZM), where
the traction vector assumed to be continuous is a non-linear function of the
displacement jump (bilinear, trapezoidal, exponential, and polynomial cohesive
laws). The cohesive model originated by Barenblatt [25] in fracture mechanics
(see also [356], [364]) has received wide development in micromechanics of CM
(see, e.g., [367], [435], [436]).

The second kind of interface model, the Gurtin–Murdoch interface stress
model (ISM) [201], [202] (see also [232], [333], [378], [450]), also known as the
coherent interface model, is dual to the linear spring-layer model. It enforces
displacement continuity across s ∈ Γσ

i ⊂ Γi while allowing discontinuities in
stress and strain. Steigmann and Ogden [430] extended ISM to account for
surface resistance to stretching and bending by incorporating surface membrane
strain and curvature tensors. ISM has been applied to nanoscale structures
[345], [410] and adapted for Eshelby-type inclusion problems [108], [109], [150],
[215], [408],[409], see also [179], [180]. All imperfect interface models can be

incorporated into the perturbator LL
ζζ
i (x,Lζ) (7.1) [69].

Replacing the PM perturbator (3.17) with the LM perturbator (7.1) trans-
forms AGIE (3.23) into the LM-based AGIE:

〈Lζ〉i(x) = ζb(0)(x) +

∫
LL

ζζ

j (x− xj ,
Lζ)ϕ(vj ,xj |v1,x1)dxj (7.3)

where ζb(0)(x) represents the deterministic field induced by the body force b(x)

in an infinite homogeneous matrix. When the perturbator LL
ζζ
j is expressed

via the Green function (as in Eq. (3.12)), the left-hand side and integral terms
in Eqs. (3.12) and (7.3) match. However, Eq. (7.3)—derived for body forces
(2.4)—is exact, whereas Eq. (3.12), formulated for remote boundary conditions
(2.30), is incorrect.
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Similarly to Eq. (7.3), the second field moment within an inclusion x ∈ vi
is given by

〈Lζ ⊗Lζ〉i(x) = 〈Lζ〉i(x) ⊗ 〈Lζ〉i(x) +

∫
LA

ζζ
i ∗ 〈

L
L

ζζ
p (x,Lζ)|; vi,xi〉

⊗ LA
θθ
i ∗ 〈

L
L

ζζ
p (x,Lζ)|; vi,xi〉ϕ(vp,xp |; vi,xi)dxp. (7.4)

As expected, this equation coincides with its counterpart in LM under remote
boundary conditions (2.30), as derived in [79].

Solution of Eq. (7.3) is performed by repeating step-by-step of solution of
Eq. (3.23), see Eqs. (4.5)-(4.22). Finally, we obtain a dataset (x ∈ Rd)

LD
r = {LDr

k}
N
k=1,

LD
r
k = {〈εk〉(bk,x),〈σk〉(bk,x),〈εik〉(bk, z,x),〈σik〉(bk, z,x),bk(x)}, (7.5)

which looks as the dataset D
r (4.22). Analysis of periodic structure CM is

reduced to replacement of probability densities ϕ(vi,xi) and ϕ(vi,xi|; vj ,xj)
by their δ function representations (2.36) that leads to a dataset LD

p similar
to D

p (5.12).

7.2 Strongly nonlocal (strain type) model

Following Rogula [388] and Eringen [163], the stress-strain relationship in non-
local linear thermoelasticity is governed by the integral equation:

σ(x) = L ∗ ε(x) +α(x), ε(x) = M ∗ σ(x) + β(x) (7.6)

where the integral response operators K = L,M; γ = α,β) and transforma-
tion field γ = α,β are defined as

K ∗ (·) =

∫
K(x,y)(·)(y)dy, γ(x) =

∫
mγ(x,y)∆T (y)dy. (7.7)

Here, K(x,y) is the kernel governing nonlocal interactions, while γ(x) rep-
resents the transformation field, assuming a uniform temperature difference
∆T (y) ≡ (T − T 0). This formulation modifies only the stress-strain rela-
tion, keeping equilibrium and compatibility equations unchanged, as in linear
isotropic elasticity [30], [153], [162], [163], [265].

The response and inverse response parameters in Eq. (7.6) satisfy the re-
lationships:

L∗M = M∗L = I, M∗α = −β, L∗β = −α, (7.8)

with material parameters subjected to the following symmetry regulations:K =
L,M; γ = α,β): Kijkl = Kijlk = Kjikl , Kijkl(x,y) = Kklij(y,x), γij = γji
[275], [267]. The kernel K(x,y) is given by:

K(x,y) = K(x)λ(x,y), (7.9)
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where λ(x,y) is a nonlocal weight function, often distance-dependent λ(x,y) =
λ∞(|x− y|) [375], and normalized as:

∫

w

λ(x,y)dy = 1, ∀x ∈ w = Rd (7.10)

This ensures K represents stiffness or compliance in uniform straining and
stressing. In the limit λ∞(x) → δ(x), the nonlocal operator reduces to the
local case K(x,y) → K(x)δ(x − y), recovering the classical formulation (2.2).

Micromechanical models begin with analyzing a single heterogeneity in an
infinite matrix under remote loading [273] (see comprehensive reviews in [58],
[200], and [333]). For various nonlocal models, involving spatial integrals or field
gradients, the internal field within a homogeneous ellipsoidal inclusion remains
non-uniform even under homogeneous remote loading. The strongly nonlocal
strain-based counterparts of Eqs. (3.17) and (4.6) are:

Sζ(x)−Sζ(x) =SL
ζζ
i (x,Sζ), Sζ(x) =SA

ζζ(Sζ)(x), (7.11)

where (ε,σ) ↔ Sζ. Unlike MEF and MTM (see Comment 3.4), which focus
on perturbators inside the inclusion [see e.g. [407], [476], [504]], CAM requires

evaluating SL
ζζ
i outside x 6∈ vi (see [95]). This was addressed in [58] using an

iterative solution of the volume integral equation.

Substituting the PM perturbator (3.17) with the strongly nonlocal strain-
based perturbator (7.11) modifies AGIE (3.23) into the following nonlocal
AGIE formulation:

〈Sζ〉i(x) = ζb(0)(x) +

∫
SL

ζζ

j (x− xj ,
Sζ)ϕ(vj ,xj |v1,x1)dxj (7.12)

where ζb(0)(x) denotes the deterministic field generated by the body force b(x)
in an infinite homogeneous matrix. By centering Eq. (7.12), we obtain a GIE
analogous to (3.24), which was applied in [58] to study CMs reinforced with
circular inclusions. It was shown that the local statistical average stress 〈σ〉i(x)
(x ∈ vi) depends on both the radial distribution functions (RDFs) and the ex-
cluded volume v0i , potentially leading to stress values that differ in sign from
those predicted by classical methods such as the MEF and MTM. However, the
differences in the effective moduli L∗ estimated using GIEs—nonlocal counter-
parts to Eqs. (3.13) and (3.14)—were found to be relatively minor.

To estimate the second field moment 〈Sζ ⊗S ζ〉i(x) within an inclusion
x ∈ vi, one simply needs to replace the superscript L with S in Eq. (7.3).
Likewise, the dataset DD can be derived from Eq. (7.5) by substituting the
superscript L with S .

7.3 Coupled problems of composites

We formulate the Additive GIEs for coupled problems using thermoelectroe-
lasticity as an example. To maintain consistency, elastic and electric variables



Unified Micromechanics Theory of Composites 39

are treated equivalently. Following the notation from [27] and referencing works
like [335], [372], and [250], the local linear constitutive relations are recast in a
unified form, leading to a basic equation analogous to Eqs. (2.1)–(2.3).

DΣ = 0, E = DU , (7.13)

E = MΣ+Λ, Σ = L(E −Λ), (7.14)

where

E =

∥∥∥∥
ε

E

∥∥∥∥ , Σ =

∥∥∥∥
σ

D

∥∥∥∥ , U =

∥∥∥∥
u
φ

∥∥∥∥ , D =

∥∥∥∥
def 0
0 grad

∥∥∥∥ , (7.15)

M =

∥∥∥∥
M d⊤

d − b

∥∥∥∥ , L =

∥∥∥∥
L e⊤

e − k

∥∥∥∥ , Λ =

∥∥∥∥
β

qθ

∥∥∥∥ , (7.16)

here D and E are the vectors of induction and electric field intensity, θ is a
deviation of a stationary temperature field from a given value, k and b are
the tensors of dielectric permeability and impermeability, q is the pyroelectric
coefficient, e and d are the piezoelectric moduli, and φ is the electric potential.
To obtain a symmetric matrix of coefficients we replaced the electric field E
by −E, and the tensors k and b by −k and −b on the right-hand sides of
(7.14). It is assumed that the properties of both the comparison medium and
the matrix coincide. Some background representations for micromechanics of
thermoelectroelasticity such as generalized Hill’s conditions, effective energy
functions, and phase-averaged first and second moments are considered in [53]
(see also [380]).

These and other methods with the classical background defined by both
the hypothesis H1 and GIEs counterpart of (3.13) (see, e.g. Dinzart and Sabar,
2011; Levin et al., 2011; Lu et al., 2011; and referenced in Buryachenko, 2013b)
are based on the estimation of the average field and polarization tensors inside
the heterogeneities rather than outside ones. Exploiting of the new background
(3.25) and (3.26) is accomplished by a straightforward generalization of the
approaches of Subsections 4.1 and 4.2 taking the unified notations (7.13)-(7.16)
into account.

The coupled electroelasticity counterparts of Eqs. (3.17) and (4.6) are given
by (x ∈ Rd):

E(x)− E(x) =EEL
EE
i (x,E), E(x) =EEA

EE(E)(x), (7.17)

Unlike classical methods such as MEF and MTM, which rely on hypothesis
H1a (3.8) and the GIE counterpart of (3.13) (see [130], [131], [148], [149],
[151], [199], [300], [301], [302] , [255], [412]), the CAM approach (both Eqs.
(3.23) and (3.24)) requires evaluating EEL

EE
i (7.17) outside the inclusion region

(x 6∈ vi), rather than just inside (x ∈ vi). For inclusions of arbitrary shape and
non-uniform effective fields (E(x) 6≡ const.), numerical methods mentioned in
Subsections 4.1 and 4.2 must also be adapted accordingly.

Replacing the PM perturbator (3.17) with the coupled electroelasticity
perturbator (7.17) transforms AGIE (3.23) into:

〈E〉i(x) = E
b(0)(x) +

∫
EEL

EE
j (x− xj ,E)ϕ(vj ,xj |v1,x1)dxj . (7.18)



40 V. A. Buryachenko

Here, Eb(0)(x) represents the deterministic field produced by the coupled body
force b(x) in an infinite homogeneous matrix. By centering Eq. (7.18), we
derive a GIE analogous to (3.24), which was introduced in [79] for analyzing
random-structured piezoelectric composite materials.

To estimate the second field moment 〈E⊗E〉i(x) within an inclusion x ∈ vi,
one only needs to replace the superscript L with EE in Eq. (7.3). Similarly, the
dataset EED

r can be obtained in the same way as Dr (7.5).

7.4 First Strain Gradient Medium

Subsections 6.3 and 6.4 provide an excerpt from [79].

In the linearized theory of Mindlin’s form-II first strain gradient elasticity
([346], [347], see also [288], [374], [428]), the strain energy density of a homo-
geneous centrosymmetric material depends quadratically on both the strain ε

and its gradient κ = ∇ε:

W (ε,∇ε) =
1

2
ε : L : ε+

1

2
κ ∴ C ∴ κ =

1

2
Lijklεijεkl +

1

2
Cijmkln∂mεij∂nεkl,

(7.19)
where L is the rank-four elasticity tensor, and C is the rank-six strain gradient
elasticity tensor, both possessing specific symmetries ([79]). The operator ∴

denotes contraction over the last three indices of the left operand and the first
three of the right.

Using the Euler–Lagrange equations, the corresponding static governing
equation for displacement takes the Navier-like form:

L
Mu = −b, L

M = L− C, Lik = Lijkl∂j∂l, Cik = Cijmklm∂j∂l∂m∂n. (7.20)

Thus, the Mindlin operator L
M incorporates both standard elasticity and strain

gradient effects, ensuring a symmetric total stress tensor in the first strain-
gradient model [20]. Some well-known simplified strain gradient theories, such
as couple stress theory, Aifantis, Kleinert, Mindlin, and Wei & Hutchinson’s
models ([6], [12], [20], [261], [284], [346], [511]) have similar forms of governing
equations as that of the general isotropic second gradient theory (see their
connection in [79]).

Consider an inhomogeneity vi centered at xiwith material parametersL(1)(x)

and C(1)(x) (7.18) embedded in an infinite homogeneous matrix w character-

ized by L(0) and C(0). Under generalized traction-free remote boundary condi-
tions and body force b(x) (2.4), the resulting fields in the homogeneous matrix
(without vi) are εb(x) and κb(x) (x ∈ w). The equilibrium equation takes the
form:

L
M(0)u = −L

M
1 u− b, (7.21)

where L1(x) := L(x)− L(0) and C1(x) := C(x)−C(0) vanish outside vi.

Following [426], we define the stress and double-stress polarization tensors:

τ (x) = σ(x)− L(0) : ε(x), π(x) = µ(x)−C(0)
∴ κ(x), (7.22)
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which are zero outside vi. Substituting these into the equilibrium equation
(7.21) results in:

L
M(0)u = −∇[τ −∇π]. (7.23)

For convenience, we introduce the notation:

τ̂ =

(
τ

π

)
, ε̂ =

(
ε

κ

)
, ε̂ =

(
ε

κ

)
, Û =

(
Uǫτ Uǫπ

Uκτ Uκπ

)
, (7.24)

Here, ε̂ = (ε,κ) represents the field in a homogeneous medium with L(0),

C(0) under given BC (like (2.4)). The Green functions and their derivatives,
Uǫτ = ∇∇GM, Uǫπ = −∇∇∇GM, Uκτ = ∇∇∇GM, Uκτ = −∇∇∇∇GM,
relevant for both isotropic and anisotropic media, are detailed in [289] and
[374].

By applying the Green function (7.24) and integrating by parts, the equi-
librium equation (7.24) is transformed into the convolution form

ε̂ = ε̂+ Û ∗ τ̂ , (7.25)

which corresponds to Eq. (3.11) up to notation differences.

The integral equation (7.25) with a nonsingular convolution kernel Û can
be rewritten in operator form as

ε̂(x)− ε̂(x) := ǫLi(x− xi, τ̂ ) =
ǫLi(x− xi, ε̂),

ε̂(x) = ǫAi(x− xi, ε̂), (7.26)

Particular case of homogeneous effective field ε̂(x) ≡const. and homogeneous
ellipsoidal inclusion corresponds to the Eshelby solution considered in [186],
[321], [504], [507]. In the general case of the inclusion shape and inhomogeneity
of the effective field ε̂(x) 6≡const., the solutions ǫLi(x − xi, τ̂ ) and

ǫbfcAi(x −
xi, ε̂) can be obtained via the volume integral equation method (Subsection
6.1) or finite element analysis (e.g., [20], [137], [447]).

Replacing the PM perturbator (3.17) with the strain gradient perturbator
(7.26) transforms AGIE (3.23) into:

〈ε̂〉i(x) = ε̂
b(0)(x) +

∫
ǫLj(x− xj , ε̂)ϕ(vj ,xj |v1,x1)dxj . (7.27)

Here, ε̂b(0)(x) represents the deterministic field produced by the body force
b(x) in an infinite homogeneous matrix. By centering Eq. (7.27), we derive a
GIE analogous to (3.24), which was introduced in [79] for analyzing random-
structured CMs with strain gradient properties of phases.

To estimate the second field moment 〈ε̂⊗ε̂〉i(x) within an inclusion x ∈ vi,
one only needs to replace the superscript L with ǫ in Eq. (7.4). Similarly, the
dataset ǫD

r can be obtained in the same way as Dr (7.5).
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7.5 Stress-Gradient Elasticity Model

In this subsection, we briefly summarize the stress-gradient elasticity frame-
work, introduced by Forest and Sab [175] and further developed in [48], [389],
[444], adapted for obtaining AGIE (as discussed in Section 3 for PM). In the
strain-gradient model (7.19), the strain-energy densityW depends on the strain
ε and its gradient ∇ε. Similarly, in the stress-gradient model of Forest and Sab
[175] (see also [79]), the complementary strain-energy density W c of a linear
homogeneous centrosymmetric material depends on the stress σ and its first
gradient ∇σ

W c(σ,R) =
1

2
σ : M : σ +

1

2
R ∴ S ∴ R, (7.28)

where M and S are the classical and generalized compliances which are tensors
with minor and major symmetries. The trace-free part R of the stress-gradient
∇σ is the orthogonal projection of ∇σ onto the space of third-rank, trace-free
tensors, and we write R = I′6 ∴ ∇σ, where the sixth-rank tensor I ′6|ijkpqr =

Iijpqδkr−(Ipq(irδj)k)/2 [444] is defined as the orthogonal projection (in the sense
of the ∴ scalar product). Being a projector, I′p enjoys the classical property

I′p ∴ I′p = I′p.

The strain measures, the energy-conjugate to the stress σ and trace-free
variable R, are

e = M : σ =
∂W c

∂σ
, φ = S ∴ R =

∂W c

∂R
, (7.29)

where the total strain e is not necessarily the symmetric gradient of the dis-
placement u.

Equations (7.28) can be considered as an inversion of Eq. (7.29)

σ = L : e, R = C ∴ φ, (7.30)

where L = (M)−1 is a classical stiffness whereas the generalized compliance S
and stiffness C are inverse to each other C ∴ S = S ∴ C = I′6.

Analogously to (7.22), we introduce the stress and stress gradient polar-
ization tensors

τ (x) = σ(x)− L(0) : e(x), π(x) = R(x)−C(0)
∴ φ(x), (7.31)

vanishing in the matrix x ∈ w \ vi. Similarly to Eq. (7.25) (see also [444]),
we get an equation for one inhomogeneity in the infinite matrix

ê = ê+eÛ ∗ τ̂ , (7.32)

where

τ̂ =

(
τ

π

)
, ê =

(
e
φ

)
, ê =

(
e

φ

)
, eÛ =

(
eUeτ eUeπ

eUφτ eUφπ

)
, (7.33)
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where ê = (e,π) is a field that would exist in the medium with homogeneous

properties M(0), S(0) and appropriate remote boundary condition. Green op-
erators eUeπ, eUφτ , and eUφπ can be derived from the single operator eUeτ , as
obtained by Tran [443] for an isotropic simplified model.

The integral Eq. (7.32) with nonsingular convolution kernel Û and their
solution can be presented in an operator form (3.17) and (4.6)

ê(x)− ê(x) := eL
τ
i (x− xi, τ̂ ) =

eL
e
i (x− xi, ê),

v̄iτ̂ (x) = eR
e
i (x− xi, ê), (7.34)

where the solutions eL
e
i (x− xi, ê) and

eR
e
i (x− xi, ê) can be found, e.g. either

by the volume integral equation method (see Subsection 7.1) by finite element
analysis (see, e.g., [20], [137], [447]).

8 Representative volume element (EVE)

8.1 RVE for CMs subjected to remote homogeneous load-
ing

The Representative Volume Element (RVE), introduced by Hill [216], has a
complex history (see [365]). To accurately convey its definition and significance,
we cite Hill [216], which provides its rigorous foundation.

Definition 8.1. Representative volume element (RVE) (a) is structurally en-
tirely typical of the whole mixture on average, and (b) contains a sufficient
number of inclusions for the apparent overall moduli (and statistically av-

eraged field distributions in the phases ) to be effectively independent
of the surface values of traction and displacement, so long as these values are
‘macroscopically uniform.... The contribution of this surface layer to any aver-
age can be negligible by taking the sample large enough.

In Hill’s original definition [216], a small caps font fragment was included
and is explained later. We highlight key RVE concepts reflecting this definition:

1. The RVE applies to statistically homogeneous or periodic CMs under
remote homogeneous boundary conditions (BCs) (2.28) or (2.29). While Hill
[216] did not use terms like ”statistically homogeneous” or ”periodic struc-
ture CMs,” the concept aligns with them. Additionally, ”functionally graded
structures” (a later term) do not fit within the RVE framework.

2. The RVE estimates effective moduli L∗ by averaging phase fields. For
periodic structure, CMs, RVE is equivalent to a unit cell (RVE≡UC), and re-
mote homogeneous BCs (2.28) or (2.29) reduce to periodic BCs (2.39). For sta-
tistically homogeneous CMs, no specific geometric representation is required.
However, in practice, RVE sampling via computational or image-based meth-
ods is common, and verifying finite-size BC replacements is crucial to avoid
distortions in property estimation.
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3. Hill [216] applied his definition to linear locally elastic CMs, but Defini-
tion 8.1 omits the term “constitutive law.” It generalizes to peridynamic CMs
by replacing “surface” (2.42), (2.43) with “volumetric” (2.40), (2.41).

The RVE concept, widely used in practice, often serves as a heuristic rather
than a strict mathematical definition. Engineers rely on intuitive choices based
on experience, especially for complex microstructures unsuitable for analytical
or computational homogenization. However, such approximations can be mis-
leading when microstructural details significantly impact material behavior. In
practice, RVEs for finite samples (with BC or VBC) are generated using two
main approaches: (1) random inclusion fields (synonymous with “arbitrary sim-
ulated fields”, e.g., [361], [462], [480], [481]) and (2) image-based methods like
micro-CT for modeling “real” RVEs (e.g., [4], [14], [434]).

The inaccuracies of intuitive RVEs in PM have long been addressed in
LM (see the Introduction for references, see also [187], [210], [251], [352], [392],
[438]). In LM, a sample response is estimated from DNS of microstructural
volume elements (MVEs) simulated or extracted (e.g., from micro-CT). The
homogenized properties LA

KUBC and MA
SUBC for KUBC (2.41) and SUBC (2.42)

are different. The convergence of LA
KUBC − (MA

SUBC)
−1 as MVE size increases

help approximate the RVE size and estimate the effective moduli L∗, requiring
large (theoretically infinite) material domains (see [365] and [79]). However,
even with convergence in the number of realizations (e.g., [361]), boundary
layer and edge scale effects may persist. The approaches used in LM for RVE
investigations are based on Block 3 methods (3.2), which are well-developed for
peridynamics (see Subsequent 3.4), making their use in PM straightforward.

Another well-known inconsistency in LM is the replacement of PBC by
homogeneous BC (see [53], p. 508). The same issues are expected in PM when
modeling infinite (e.g., periodic) media with finite domains: (see, e.g., [4], [16],
[17], [18], [112], [119] [241], [482], [498], [505]). Using body force with com-
pact support (e.g., (4.5)) as a training parameter helps eliminate sample size,
boundary layer, and edge effects.

In the context of AMic, the RVE interpretation for random structure CMs
avoids issues like sample size and edge effects, as well as the need for “surface
values.” This is because the domain is the full space Rd, and homogeneous
BCs or PBCs are not a concern. The RVE size is now fully determined by the
micromechanical model used, making the concept of “taking the sample large
enough” irrelevant. For both random and periodic structure CMs, the effective
moduli L∗ and field concentration factors A∗(z) (z ∈ vi) are related by mutual
coupling (see small caps in Definition 8.1), see equation

LL∗ =LL(0) +LR∗, 〈ε〉i(z) =
LA∗(z)〈ε〉. (8.1)

In random structure CMs, the RVE size depends on the micromechanical es-
timation method. For one-particle methods (like EFM, MTM, and EMM, see
Comment 3.4), the RVE is defined as vi, and the interaction size aint = a.
In the multiparticle EFM, considering binary interactions increases aint = 6a,
thus increasing the RVE size. In PM, methods for one-particle approaches yield
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different L∗ estimations with the same RVE size. This eliminates the need for
sample size control in Amic methods. For periodic structure CMs, the RVE co-
incides with the unit cell (UC). Therefore, under the hypothesis (2.332) in LM,

the equality RVEL
∗

≡ RVE〈ǫ〉i(z) holds for both random and periodic structure
CMs.

8.2 RVE for CMs subjected to inhomogeneous loading

The RVE concept is rigorously valid when the field scale (inhomogeneity) vastly
exceeds the material scale (microstructural variations, see (2.332), (2.342).
When these scales are comparable, nonlocal material behavior emerges requir-
ing stress-strain descriptions via statistical averages weighted by a tensorial
kernel. Nonlocal models range from strong nonlocality (strain type and dis-
placement type, peridynamics) to weakly nonlocality (strain-gradient, stress-
gradient, and higher-order models).

Definition 8.2. RVE (a) is structurally entirely typical of the whole mixture
in Rd on statistical average sense, and (b) contains a sufficient number of
inclusions for the apparent effective nonlocal operator (and statistically averaged
field distributions in the phases) to be effectively independent of the applied
inhomogeneous field.

Definition 8.2 omits the notion of a “large enough sample” and instead
considers a heterogeneous medium (statistically homogeneous or periodic) in
full space Rd. Rather than estimating effective moduli L∗, it focuses on effective
nonlocal operators of a given structure.

If 〈ε〉(y) varies slowly near y, it allows for a Taylor expansion of its sta-
tistical average and the use of Fourier transforms. The most common effective
nonlocal operator is a second-order differential operator

〈σ〉(x) = L∗〈ε〉(x) +L
∗∇⊗∇〈ε〉(x). (8.2)

The quasi-crystalline approximation by Lax [287] (4.2) is commonly used to
truncate integral equation hierarchies, enabling explicit derivations of the non-
local differential operator via methods like the effective field method [249] or
conditional moments [254]. A key advantage of the rigorous approach [138],
[139], [140] is its foundation in variational principles, providing approxima-
tion bounds [140]. By combining MEFM with the Fourier transform method
[140], explicit expressions for the nonlocal overall operator as a second-order
differential operator (8.2) were derived [51], [102]. For MEFM, the RVE size is
BRVEL∗ = 6a (see Subsection 8.1), while for the corresponding nonlocal oper-
ator, it is BRVEL∗ = 18a [51], [52]. This approach, initially developed within
the first background of micromechanics in LM [53], was later extended to the
second background in [80].

We analyze periodic structure CMs in LM using CMic methods. For a fixed
periodic body force b(x) using variational and asymptotic expansion techniques
(see Block 1 in (3.10)), the approach in [425] constructs elliptic higher-order
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homogenized equations rigorously (for the particular case of translation averag-
ing solution (5.6)). However, [425] did not address numerical examples or RVE
definitions. A quantitative assessment was performed in [13] on a two-phase
composite under periodic anti-plane shear. Another method, second-order com-
putational homogenization [263], [264], incorporates macroscopic deformation
gradients and higher-order stress measures, resulting in a full second gradient
continuum. Analytical second-order homogenization of linear elastic CMs leads
to the second gradient Mindlin continuum (see [79]), where the macroscopic
length scale parameter depends on UC size. This approach highlights the im-
pact of physical and geometrical nonlinearities on the relation between RVE
size and macroscopic response.

The approach in [51], [102] was later extended to PM in [96]. Equation

(3.24) was analyzed under Hypothesis H1a (3.8) for linear operators J
θζ
i,j ,

which decompose into tensors when applied to constant effective fields (3.8).
The most general method, an iterative scheme (see LM counterpart in [80]),
derives a nonlocal integral operator without assuming a predefined form. How-
ever, a major drawback is that solving the micromechanical problem (3.24)
must be repeated for each different external loading 〈ϑ〉(z). If the field 〈ζj〉 is
smooth, it can be approximated using a Taylor expansion (see [165]), reduc-
ing the integral operator to a differential one (8.2). This method [96] can be
adapted for periodic structure CMs [97] by replacing the conditional probability
density ϕ(vq ,xk|vi,xi) by its δ function form (2.36) in Eq. (3.24).

In Subsection 8.2, we identified two main shortcomings in the discussed
methods. The first issue is that the approaches for both random and periodic
structure CMs (see [249], [254] [138], [139], [140], [51], [102], [51], [102], [425],
[13], [263], [264]) are designed specifically for estimating the second-order gra-
dient model effective operator (8.2). Their applicability to constructing a more
general (e.g., integral) effective operator remains uncertain. The second issue,
related to [52], [96], is that these methods rely on the EFH (3.8) and assume lin-
ear phase properties. Additionally, when evaluating the effective response 〈σ〉
under changing overall strains 〈ε〉, the entire micromechanical problem must
be solved again from scratch. In the next subsection, we introduce a universal
method for estimating any form of the effective (surrogate) nonlocal operator
for both random and periodic structure CMs. Its computational complexity
matches that of the original approach in Subsection 86.1. Thus, in terms of
generality and applicability (see Subsection 8.3 and Section 7), the methods in
Subsection 8.2 are a dead end.

8.3 RVE for CMs subjected to body force with compact
support

Not all datasets Dr and D
p are suitable for ML and NN-based surrogate oper-

ators. A generalized RVE concept, extending Hill’s [216] definition, serves as a
threshold to filter out inappropriate sub-datasets, ensuring compatibility with
PM under self-equilibrated forcing b(x) (2.4).



Unified Micromechanics Theory of Composites 47

Definition 8.3. RVE is structurally entirely typical of the whole CM area
which is sufficient for all apparent effective parameters D

I (I = r, p to be
effectively stabilized outside RVE (as, e.g. in Eq. (4.12)) in the infinite random
or periodic structure CMs with any elastic constitutive laws of phases.

We analyze the region RVE = Rd\RVE, where the dataset Dr (or Dp) sta-
bilizes. Ensuring stabilization and selecting the correct RVE = Rd \RVE guar-
antees that all effective parameters between |x| = BRVE and |x| = BRVE+Bb/2
remain consistent within a given tolerance. When this holds, the region |x| >
BRVE + Bb/2 can be disregarded, allowing an infinite medium to be approx-
imated by a finite sample. A properly chosen RVE eliminates edge effects,
typically confined to a boundary layer of thickness 6|Ω| if 〈ε〉

Ω
(x) (though

this is not the case here; refer to p. 129 in [53]). Conversely, an undersized
BRVE leads to numerical errors due to sample size limitations and edge effects
(see Subsection 8.1). In this framework, datasets D

r and D
p are computed

via micromechanical methods like CAM. Under the scale separation hypothe-
sis (2.332) in LM, Definition 8.3 reduces to Hill’s classical definition [216] for
apparent effective moduli LL∗.

The RVE concept is even more critical in PM, where three types of nonlocal
effects emerge: inhomogeneous applied fields Bb, Eq. (2.4), material nonlocality
lδ, and inclusion interactions aint, all of which interact synergistically. In con-
trast, in LM [216], under the scale separation hypothesis (2.332), the nonlocal
effects of aint and a reduce to a constant. For a self-equilibrated forcing term
(2.4), statistical displacements 〈u〉(x) in a random heterogeneous bar (x ∈ R1)
were analyzed in [82] using the AMic framework (see Fig. 1) . Results showed
that for |x| ≥ al−r, the solution 〈u〉(x) ≈const.; i.e. the domain |x| ≤ al−r is

RVE〈u〉(x) for 〈u〉(x), depending on scale ratios a/Bb/lδ. These studies, though
not explicitly naming RVE, pioneered its estimation in PM for random com-
posites. Additionally, RVEs must be assessed for other effective parameters,

such as D
r (4.22) and D

p (5.12), across different scale ratios a/Bb/l
(1)
δ /l

(0)
δ .

Unlike LM (8.1), where RVEL
∗

≡ RVE〈ǫ〉i(x)., these RVEs may differ for each
scale ratio.

In peridynamic CMic, the term RVE is commonly used in both Block 3
(finite inclusion samples) and Block 2 (periodic structure CMs), as referenced
in (3.9). The general limitations of Block 3 were discussed in Subsection 8.1.
For infinite periodic media, RVE has primarily been used in Block 2 as a short-
hand for “unit cell (UC) of CM under remote homogeneous loading (2.28)”
at extreme scale separations Λ/L = ∞, Λ/|Ω00| = ∞, and L/|Ω00| = ∞”, as
seen in studies like [324], [325], [134], [135], [182], [183], [184], [185], [227], [305],
[379], [469], [468], [470], [471], and [453]. While this shortcut is valid in LM
under the scale separation hypothesis (2.332) and has been widely accepted
for decades, its direct application in PM requires caution. In particular, using
periodic boundary conditions (PBC, (2.39))—which are correct in LM—can be
problematic in PM (see Subsection 2.3 and Comment 5.1). Instead, the vari-
able periodic boundary conditions (VPBC) originally proposed in [82] should

be further generalized to accommodate arbitrary scale ratios |Ω00|/a/l
(1)
δ /l

(0)
δ
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and unit cell geometries (see also Subsection 2.4).

This implies that the RVE for the k-th implementation serves as a crucial
parameter (or prerequisite) for building the dataset required for the surrogate
operator (refer to Subsection 8.2). Specifically, if RVE⊂ w, then D

r
k is incor-

porated into D
r. Otherwise, these elements are excluded from further analysis

of the surrogate operator. The dimensions BRVE
k of the RVE may vary across

different implementations indexed by k-th. The primary role of the RVE is to
ensure the stabilization of the field variables within the domain RVEk, rather
than merely serving as a mechanism to determine the size of a subdomain for
modeling the medium. In this context, the RVE is not strictly a tool for selecting
a characteristic size of subdomain (see, e.g., [216]) of the micro inhomogeneous
medium but is instead a means of achieving convergence in the statistical or
spatial distribution of field quantities. This does not imply that the final size
of the RVE, BRVE

final , is equal to maxk B
RVE
k . Once the contribution D

r
k has been

accepted into the overall dataset Dr, the specific value of BRVE
k associated with

that particular k-the implementation may no longer be retained or considered.
Furthermore, it is well-established in LM that increasing the sample size ef-
fectively mitigates the sample size effect (see, e.g., [251], [439]). However, even
resolving the sample size effect does not address boundary layer and edge ef-
fects associated with nonlocal phenomena. The primary advantage of the new
RVE concept (as defined) lies in its ability to completely eliminate boundary
layer and edge effects for random and periodic structured composite materials,
irrespective of the phases’ elastic properties—whether local or nonlocal, linear
or nonlinear.

For estimating any effective nonlocal operator, including surrogate mod-
els in ML or NN (see Section 9), analyzing field distributions and determining
the appropriate RVE size for a finite scale ratio Bb/|Ω00| 6= ∞ is crucial. To
the author’s knowledge, the term RVE has not been explicitly used in LM
or PM concerning the forcing term (2.4). The RVE depends on scale ratios

a/BRVE/l
(1)
δ /l

(0)
δ and varies with the gradient ∇b(x). This means two func-

tions b(x) and b′(x) with identical scale ratios may yield different RVEs. Ad-
ditionally, satisfying b(0, Bb) ⊂ Ω00 does not guarantee RVE⊂ Ω00; in fact, the
RVE may span multiple unit cells. Despite this complexity, the RVE remains
a key benchmark: if the solution domain w of Eqs. (4.10)-(4.20) fully contains
the RVE (RVE⊂ w), the computed elements DI

k (I = r, p, k = 1, . . . , N) con-
tribute to the surrogate operator dataset (Subsection 8.2). Otherwise, w must
be expanded or |∇b(x)| reduced. If the RVE size RVE⊂ w, then D

I
k varies

across implementations, ensuring field stabilization rather than merely defining
a subdomain for modeling. Unlike traditional LM approaches, where increasing
the sample size mitigates finite-size effects [251], [439], this novel RVE concept
eliminates boundary layer and edge effects in random or periodic composites,
regardless of phase properties—local or nonlocal, linear or nonlinear.

Comment 8.1. Special attention is given to statistically inhomogeneous (or func-
tionally graded, FG) composites, where the arrangement of elements (such as
concentration and orientation, see [79]) depends on position, as described in Eq.
(2.35). FG composites were studied using the multiparticle effective field method
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(MEFM) within the framework of the EFH (3.1), where the exact GIE (3.14) is
simplified to Eq. (3.13). The area where Eq. (3.14) should be solved is defined as

wFG = B〈ε〉 ⊕ b(0, aint); here, B〈ε〉 represents a domain where 〈ε〉(x) 6= const,
and aint is the scale of long-range interactions between inclusions (2.33). However,
a new rigorous Definition 8.3 is immediately beneficial for FG composites with ran-
dom structures (2.35). In statistically homogeneous media, the RVE is invariant to
parallel translation, meaning that if x → y (y = x+z), then RVE(x) = RVE(y) for
any z. However, in statistically inhomogeneous (functionally graded) media (2.35),
this invariance is lost, so RVE(x)6=RVE(y). As a result, the AGIE (3.23) should be
solved for a set of uncoupled solutions of RVE(x) instead of a less effective coupled
solution over the domain wFG. The resulting datasets Dr(x), depending on body
force b, are not invariant (in contrast to D

r (4.22)) under parallel translation along
the cross-section of FG composites.

8.4 RVE for deterministic structure CMs

Random or periodic structure CMs are characterized by general probability
densities (ϕ(vi,xi) and ϕ(vi,xi|; vj ,xj), see Subsection 2.3) or specific cases
(2.36) with a periodic grid Λ. In contrast, deterministic structure CMs do not
exhibit randomness or periodicity. For example, from microcomputer tomogra-
phy (micro-CT) or scanning electron microscopy (SEM) images of composite
samples and typically consist of several hundreds or thousands of inclusions
[152]. Notably, CM images obtained through CT techniques can be viewed as
observational snapshots (“window of observation”) of deterministic structure
CMs. The observation window w with boundary conditions (either (2.28) or
(2.29)) is shown in Fig. 2.

Fig. 2: CT image with BC

As discussed in Subsection 8.2, even with a sufficiently large window w
for estimating L∗ and the application of highly precise numerical methods in
DNS, the boundary layer effect persists and cannot be fully eliminated. The
difficulties in using finite-size samples to approximate effective behavior are
well recognized in LM (see, e.g., [79], p. 593; [53], pp. 226-229). It is known
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that determining the overall behavior of a sample w using DNS, such as, e.g.,
in Eq. (4.22),

D
DNS = {DDNS

k }Nk=1, D
DNS
k = {u(bk,x),bk(x)}, x ∈ w, (8.3)

results in the complete loss of information related to boundary layer effects;
Here, the applied body force b(x) does not necessarily conform to Eq. (2.4).
For example, Fig. 3a (Fig. 3 is reproduced from in [490]) presents an experi-
mental counterpart of Fig. 2, showing a biological tissue specimen under biaxial
stretching, with the digital image correlation (DIC) displacement tracking grid
marked in green. A schematic of a specimen subjected to Dirichlet-type bound-
ary conditions is illustrated in Fig. 3b. Additionally, a neural network-based
learning model was utilized to develop a surrogate operator capable of predict-
ing overall displacement fields for previously unseen loading conditions in finite
samples of soft biological tissue (see Fig. 3c). Figures 3a-3c from [490] have
been reproduced in several key studies on physics-informed neural operators
(e.g., [194], [238], [242], [491], see also [239]). However, how the sample size and
boundary layer effects influence these estimations remains an unresolved issue.

Fig. 3: Biological tissue specimen

A refined version of Maxwell’s approach [338], often referred to as its “sec-
ond birth,” represents an infinite statistically homogeneous (or periodic) CM
as an inclusion cloud embedded within an infinite matrix [404]. Unlike the
classical Maxwell model [338], these generalized approaches account for the
interactions between inclusions within the cloud. However, Buryachenko [81]
demonstrated that 23 key papers in this field [404] are fundamentally flawed
when using homogeneous remote BC (2.28). To address this, BC (2.28) can
be replaced with freeloading at infinity, supplemented by a body force (2.4).
This allows the inclusion cloud (of learnable size) to estimate the RVE per Def-
inition 8.3. Through Monte Carlo simulations of “random” inclusion sets, we
can determine Dp similarly to (5.6), replacing uniform χ in (5.6) with random
inclusion sets. At this stage, the microstructure of the cloud and its compu-
tation method (e.g., multipole expansion [404]) become irrelevant. The final
step involves using ML or NN techniques (see Section 9) to derive a surrogate
nonlocal operator for modeling infinite statistically homogeneous media. This
marks the “third birth” of Maxwell’s approach, proving highly effective.
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The concept of the “inclusion cloud” in Maxwell’s approach [338] can be
reformulated by replacing the remote BC (2.28) (or (2.29)), with a body force
b(x) (2.4) that has compact support. Under this modification, the domain of
interest x ∈ w (8.3), effectively reduces to the x ∈RVE in the sense of Definition
8.3. The DNS data can then be represented as

D
DNSd = {DDNSd

k }Nk=1, D
DNSd
k = {u(bk,x),bk(x)}, x ∈ RVE. (8.4)

The loading configuration of a deterministic structure within the domain x ∈ w
(as depicted in Fig. 2) by a body force b(x)(2.4) is illustrated in Fig. 4. In
this figure, the localized force application region b(xi, B

b) ⊂ RVE is explicitly
shown. This highlights that the applied force is confined within a subset of the
RVE, ensuring the stabilization of effective parameters D

DNSd outside RVE.
In this approach, the dataset D

DNSd is constructed from various realizations
of the body force b(x) and the microstructural configurations (e.g., derived
from distinct CT images). Generations of deterministic structures at the fixed
bk(x) allow the analog of dataset (5.12). The generation of deterministic struc-
tures while keeping the body force bk(x) fixed enables the construction of an
analogous dataset to Eq. (5.12)

D
d = {Dd

k}
N
k=1,

D
d
k = {〈uk〉(bk,x),〈σk〉(bk,x),〈uk〉

(1)
(bk,x),〈σk〉

(1)
(bk,x),bk(x)}, (8.5)

where the statistical averages 〈(·)〉 are computed by averaging over the ensem-
ble of configurations, ensuring a statistical representation of the mechanical
response for the given loading conditions.

Fig. 4: Scheme of CT image with b(xi, B
b) ⊂ RVE ⊂ w

In the context of computational micromechanics for 2D particular realiza-
tions of statistically homogeneous random structures (i.e., deterministic struc-
tures), Silling et al. [421] proposed a coarse-graining model for the upscaling of
mechanical properties of composite materials (CMs). This model is based on
Monte Carlo-simulated inclusion placements (≈900 inclusions) within a finite-
sized square domain w, which is subjected to a self-equilibrated body force with
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compact support b(x) (2.4). The body force b(x) corresponds to the region of
long-range interaction, as described in [82]. The geometric scale separation is
characterized by the ratio dist(∂RVE, ∂w) ≈ 10a = 100λ, where represents
the lattice spacing. This scale separation satisfies the conditions of an RVE
according to Definition 8.3. The validity of this RVE assumption is supported
by the numerical observation that the effective strain field 〈ε〉(x) vanishes in
the vicinity of ∂w, as illustrated in colored Fig. 12 of [421], which is consistent
with Fig. 4. Notably, the term “RVE” was not explicitly used in [421]. The
purple regions, where 〈ε〉(x) ≈ 0, and the blue regions in Fig. 5 correspond
to the areas outside w\RVE and inside RVE, respectively, as shown in Fig.
4. The proposed upscaled peridynamic model allows for a significantly coarser
discretization compared to the original fine-scale model, which relies on DNS.
This coarse-graining approach enables large-scale simulations to be conducted
efficiently, through the estimation of quantities such as 〈u〉i(z,x), 〈σ〉i(z,x),
z ∈ vi, x ∈ Rd remains outside the scope of the study.

Fig. 5: Strain 〈ε〉(x) in a sample w

8.5 Classification and schematic representation of CAM

We begin by classifying PM in relation to the homogeneous volume boundary
condition (VBC) (2.28), starting with the Amic branch. The classification of the
LM method (3.9) also applies to PM. Model methods (Gr1) include simplified
approaches like mixture theory [16], [17], [18], [112], [223], [224], [339], [466],
[467], which have been widely used for laminated structures [29], [133], [189],
[226], [328], [330], [331], [385], [472]). The CAM of peridynamic CM, a part of
Analytical Micromechanics (Amic), does not rely on DNS, although nothing
in Eq. (3.24) and their solution (see [94]) is analytical The effective medium
method (EFM), a Gr1 approach in LM, extends naturally to PM as a peridy-
namic inclusion in a local effective medium. Perturbation methods (Gr2) relate
to the dilute approximation in PM [77], while variational methods (Gr3) are
discussed in [78]. The original CAM formulation in PM (Gr4) was introduced
in [76] for linear bond-based properties and later generalized to nonlocal elastic
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properties [93], [79]. Additionally, the classification ofComputational Mechanics
using DNS (Eq. (3.10)) in LM applies to PM as well. Asymptotic homogeniza-
tion methods (Block 1 in (3.10)) for PM are explored in [11], [146], [144]). The
generalization of classical computational homogenization approaches (Block 2
in (3.10)) has been explored in studies such as [70], [72],[134], [135], [182], [183],
[420] [379], [469], [474] [475] [491] [489]. Additionally, numerous works address
problems involving single or multiple inclusions (or cracks) within a sample
(Block 3 in (3.10)): [3] [16], [17], [18], [21], [40] , [42], [47], [132], [203], [225],
[241], [257], [258], [286], [291], [322], [327], [351], [358], [386] , [391], [456], [460],
[482], [498], [512].

Amic functions like a solar system, with GIE (3.24) as its gravitational
core, guiding all related methodologies Gr1)-Gr4). In contrast, the Cmic branch
orbits independently, employing approaches that do not rely on GIE (3.24).
Now, we turn to an entirely different centralized framework, where AGIE (3.23)
becomes the new focal point, standing on its own without any dependence on
GIE (3.24)

The scheme of the CAM (3.17), (3.19), (4.5)-(4.7) is represented in a block
diagram in Fig. 6. To simplify notation, the scheme corresponds to the iterative
solution of Eq. (4.5)-(4.7). At its core, the process revolves around Block 3

1. Input: 3. Perturbator 

4. Micromechanics

5. Output: 

2. Input: 
b, X, 
sq Dr, Dp, Dd

Fig. 6: The iteration scheme of the CAM (4.5)

Perturbator and Block 4 Micromechanics, which form a central feedback loop.
Block 3 computes the perturbator L

θζ
i (z, ζ) (3.17). The preprocessing Block

1 Input provides Block 3 with essential data, including the microstructural
geometry of an inclusion vi(x) within an infinite homogeneous matrix (or a
large sample), material properties C(x)(such as micromodulus Cbond), and a
square mesh Ωsq := {(x1, ..., xd)

⊤|xi = hpi} (p = (p1, . . . , pd) ∈ Zd). Similarly,
Block 2 Input supplies Block 4 with geometrical information, specifically the
same square mesh Ωsq and the spatial distribution of inclusions X . For random
structures, this distribution is characterized by probability densities ϕ(vj ,xj)
and conditional densities ϕ(vj ,xj |; vi,xi). For the periodic structures X = Λ
whereas X is a deterministic field for deterministic structure CMs. The use of
the same mesh Ωsq in Block 3 and Block 4 is primarily for ease of integration
between these two components (see the case of LM on p. 428 in [79]). In the
iterative cycle [Block 3]⇋[Block 4] (4.5), Block 3 takes as input 〈ζ〉i(x) and

outputs L
θζ
i (z, 〈ζ〉i), where x, z ∈ Ωsq. However, the mesh Ωsq is used solely

to maintain consistency between Block 3 and Block 4 and does not determine
the internal solution method within Block 3 (see Eqs. (3.17)). Importantly, the
internal workings of Block 3 are irrelevant to Block 4, and vice versa. As a
result, these blocks function as independent “Black Boxes” that interact solely
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through their inputs and outputs, as indicated in Fig. 6 by their black shading.
Output Block 5 contains the datasets either D

r, D
p, or D

d for CMs with
either random, periodic, or deterministic structures, respectively. It should be
mentioned that particular cases of problems indicated in Block 3 in Eq. (3.10)
can be considered as a Block 3 Perturbator (see Fig. 6) for one inclusion (or
crack) in a big sample.

The AGIE (3.23) plays a fundamental role in both Amic and Cmic within
the PM framework. Sections 3 and 4 focus on the formulation of AGIE (3.23)
and its solution (4.1)–(4.20), establishing it as the core component of the self-
consistent method Gr4) (4.1)–(4.20) in Amic (see Fig. 7). The perturbation
methods Gr2) can be derived from Gr4) by taking the limit c → 0. Further-
more, the model methods Gr1) corresponding to (3.10) (referenced in the first
paragraph of this subsection) implicitly or explicitly rely on EFH (3.8), which
is eliminated under body force loading (2.4). Consequently, the physical in-
terpretation of Gr1) methods under such loading conditions remains unclear.
Variational methods, widely used in LM (see [79] for references), have been
extended to PM in [79], [78] for statistically homogeneous materials and field
parameters. However, even for statistically homogeneous media subjected to
body force loading (2.4), the statistical homogeneity of the field is disrupted,
making the formulation of variational methods for this loading nontrivial. In
the Cmic branch, for periodic structured CMs, the equations (5.1)–(5.3) derived
from CAM (3.25) formally resemble the equations (4.11)–(4.13) for random
structured CMs. Additionally, the translation averaging (5.6) applied to peri-
odic structures leads to equations (5.7)–(5.11), which are structurally similar
to (4.15)–(4.19) for random structures. This process generates the dataset Dp

(5.12), which is analogous to D
r (4.22). Notably, periodic boundary conditions

(2.39), (2.40) (or VPBC (2.39), (2.40)) are effectively eliminated, raising ques-
tions about the generalization of methods from Blocks 1 and 2 (see (3.10) and
the first paragraph of this Subsection) for body force loading (2.4) in both LM
and PM. Ultimately, CAM reduces the analysis of periodic structured CMs
to the study of a finite deterministic field of inclusions, aligning it with the
methods of Block 3 (see Fig. 7). This suggests that DNSs within Cmic are sys-
tematically reorganized within Amic to construct datasets D

p (5.12) and D
d

(8.5), both structurally analogous to D
r (4.22).

3. AGIEba Cmic 

Gr4) 

Amic 

Gr2) Block 3) 

Fig. 7: AGIE as a central governing equation of PM

The fundamental framework and key results of this paper—embodied in
Eqs. (3.17)-(3.26), (4.7)-(4.22), (5.1)-(5.12), (6.2)-(6.12), and Subsections 8.3
and 8.4—are formulated in an operator form that remains entirely independent
of any specific constitutive law of elasticity. This universality ensures that these
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equations hold for any constitutive model, including, e.g., those detailed in
Section 7. In essence, the representation of PD using Eqs. (2.1)-(2.27) and
(3.1)-(3.7) can be seamlessly substituted with the more detailed constitutive
formulations presented in Section 7, without affecting the overall structure
and validity of the results, see Sections 3-8. The choice of PD as the primary
modeling approach in this work does not stem from an inherent superiority
over other models but rather from the author’s long-standing dedication to
peridynamic CMs—an expertise and intellectual commitment developed over
more than a decade of focused research in this field.

9 Estimation of a set of surrogate operators

Silling’s pioneering work [417], [486], later expanded in [488], introduced data-
driven ML techniques for modeling composite materials (CMs) by constructing
surrogate nonlocal operators from DNS. These studies focused on a finite 1D
heterogeneous bar under wave loading at the boundary and oscillatory forcing.

In the current (see for details [82], [83]), Silling’s approach [417] is adapted
by replacing the DNS datasetDDNS (8.3) withD

r (4.22),Dp (5.12) orDd (8.5),
corresponding to random, periodic, and deterministic structures, respectively.
The inhomogeneous forcing term b(x) with compact support (2.4) serves both
as a loading parameter and a tool for learning surrogate nonlocal constitutive

laws for CMs. The surrogate datasets D̃
r
, D̃

p
, D̃

d
approximate their respec-

tive datasets while efficiently compressing micromechanical data. The field PM

dataset D̃
r
is constructed via a surrogate model S, mapping statistical mi-

cromechanical averages to macroscopic fields: D̃
r
= S(Dr). This approach re-

tains essential micromechanical features while simplifying data representation.

Lγ [〈uk〉](x) = γ(x),

Lγ [〈uk〉](x) =

∫
Kγ(|x− y|)(〈uk〉(y)− 〈uk〉(x)) dy, (9.1)

where γ := b, σ, ui, σi and Γ(x) := −b(x), 〈σ〉(x), 〈u〉i(z,x), 〈σ〉i(z,x), respec-
tively, correspond to four surrogate operators Lγ . Each of these fields corre-
sponds to a surrogate operator Lγ associated with the problem. The objective
is to construct an optimal surrogate model for the kernel functions K∗

γ , which

define the surrogate datasett D̃
r
. This is formulated as four optimization prob-

lems, one for each γ

K∗
γ = argmin

Kγ

N∑

k=1

||Lγ [〈uk(bk)〉](x)− Γk(x)||
2
l2 +R(Kγ). (9.2)

The objective function quantifies the discrepancy between the surrogate model
and the original dataset using an l2-norm over x ∈ Rd, with a regularization
term R(Kγ) (e.g., Tikhonov regularization) to improve conditioning. To opti-
mize Kγ , the Adam optimizer [260] is employed in an iterative gradient descent
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scheme, whereKγ is expressed as a linear combination of Bernstein-based poly-
nomials. Further details are available in [486], with additional insights in [166],
[489], [491], and [488].

The approaches in [486] and [488] use uncompressed datasets (8.3), un-
like the compressed methodology in (4.22) (or (5.12)). The DNS dataset DDNS

(8.3) captures detailed microscale displacements x ∈ w for each applied force
bk(x), making it significantly larger than DI (I = r, p, d) (4.22) even for iden-
tical loadings. Compression in DI does not require full-field DNS computations
but instead leverages micromechanics to estimate effective parameters more
efficiently. On the other side, for homogeneous linearized peridynamic medium
(2.12) and (2.13) subjected to remote homogeneous BC (2.28) (e.g. η(ξ) = ξ),
the corresponding local moduli can be obtained from the equation of constitu-
tive law (see [424]). Seemingly, for surrogate homogeneous media subjected to
remote homogeneous BC (2.28), we obtain

LL∗ =

∫
Kσ(|x− y|)(y − x) dy, (9.3)

Comment 9.1 The method in [474] (see also [475]) and [489]) defines the aver-

aged displacement field as 〈ũ〉
Ω
i (x) = |Ωi|

−1
∫
Ωi

ũ(χ) dχ where Ωi is the averag-
ing domain for a fixed grid point x. This approach assigns the computed field to a
fixed computational gridΛ, producing a discrete kernelK∗

b . In contrast, translation-
averaging methods (e.g., Eq. (5.6)) use moving averaging cells, yielding continuous
kernels. For a detailed comparison of discrete vs. continuous formulations, see [79],
p. 895.

The original approach in [417], [486] estimates the kernel DDNS by solving
the optimization problem (9.2). However, it does not establish that K∗

b can
directly approximate statistical average stresses 〈σ〉(x), similar to how a mi-
cromodulus estimates the stress field σ(x)(2.17). Moreover, within D

DNS, key
displacement averages inside inclusions, 〈u〉i(x) (x ∈ vi), are not retained dur-
ing the online stage. Instead of relying on K∗

b , kernels K∗
ui

and K∗
σi

are more
applicable for nonlinear problems like fracture mechanics and plasticity. To ad-
dress this, we use compactly supported forcing terms to construct surrogate
operators, bypassing the need for effective moduli estimation via Bb → ∞.

The upscaled peridynamic model allows for a coarser spatial discretization
(see [491], [485] and [420]) compared to DNS, greatly improving computational
efficiency for large-scale simulations. However, estimating specific effective field

parameters, such as 〈u〉
l(1)

(x), 〈σ〉
l(1)

(x), (x ∈ Rd), is beyond the study’s
scope. This framework ensures scalability while preserving fidelity to microme-
chanical behavior within the RVE-based approach.

The surrogate operators in (9.1) and (9.2) are predefined and limited to
linear response prediction. To address this, nonlocal neural operators have been
introduced to learn mappings between function spaces [285] and [306]. An or-
dinary artificial neural network (ANN) defines a nonlinear local operator. Con-
sider an L-layer fully connected neural network (FCNN) Ψ(x): Rdx → Rdu ,



Unified Micromechanics Theory of Composites 57

mapping input x to output u through multiple layers. Each layer processes
the previous layer’s output using a weight matrix wl and bias vector bl for
(1 ≤ l ≤ L− 1)

zl(x) = A(wlzl−1(x) + bl), u(x) = wLzL−1(x) + bL, (9.4)

where A is a nonlinear activation function (e.g., tanh). The tractable parame-
ters ϑ := {wl,bi}1≤l≤L are optimized via a loss function. This function Ψ(x)
is local since Ψ(x) depends only on z(x) at the same point x. In contrast,
nonlocal neural operators incorporate integral operators to capture long-range
dependencies:

zl(x) = A(wlzl−1(x) + bl + (Kl(zl−1)(x)), (9.5)

where K
l integrates against a matrix-valued kernel Kl. Various architectures-

DeepONet, PCA-Net, graph neural operators, Fourier neural operator (FNO),
and Laplace neural operator (LNO)—have been developed, with detailed com-
parisons available in [194], [228], [282], [285].

The Peridynamic Neural Operator (PNO) [238] introduces a surrogate op-
erator G (G(〈u〉)(x) ≈ −b(x)) for predicting the behavior of highly nonlinear,
anisotropic, and heterogeneous materials, offering greater accuracy and effi-
ciency than traditional models based on predefined constitutive laws (e.g., Eq.
(9.1)). An extension, Heterogeneous PNO (HeteroPNO) [239], enables data-
driven constitutive modeling of fiber orientation fields in anisotropic materials.
Two loading cases were analyzed for a finite square sample: (1) volumetric
Dirichlet boundary conditions without body forces, and (2) body forces b(x)
generated via FFT from a Gaussian white noise field rather than a compactly
supported function (2.4). However, extending the surrogate operator to an infi-
nite medium while eliminating sample size and boundary layer effects without
relying on the RVE concept (see Definition 8.3 and Fig. 12 in [421]) remains a
challenge.

Physics-Informed Neural Networks (PINNs) [117], [205], [209],[221], [252],
[259], [382], and [387] enforce physical equations (e.g., (2.5), (2.6)) as con-
straints within neural networks, ensuring physically consistent training. Resid-
uals of these equations are incorporated into the loss function. By integrating
neural operators with PINNs [170], [194], [454], models can efficiently capture
complex nonlinearities, heterogeneity, and nonlocal effects with high general-
ization. However, these methods are typically applied to finite-size samples
without direct extension to infinite media. In particular, peridynamic (PD)
differential operators are incorporated into PINNs for problems with sharp
gradients [204], though the constraint equations are based on solid mechanics
PDEs. PINNs with PD governing equations have been used to analyze dis-
placement fields in homogeneous and heterogeneous elastic plates [357] and to
predict quasi-static damage and crack propagation in brittle materials [157].
PINN approach establishes a relationship between the material parameters of a
mesoscale model and the material parameters with constraints based on known
physical relationships [308]. The PD-PINN framework effectively captures com-
plex displacement patterns influenced by geometric parameters like pre-crack
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position and length. The total loss function Ltot (see [194], [252], [382]) com-
bines governing equation loss Lgov, boundary condition losses Lu

BC, a local bal-

ance between the internal and external forces Lf
BC, and data loss Ldata, each

weighted appropriately. Model parameters ϑ∗ are optimized by minimizing Ltot

until a set accuracy or iteration limit is met [260], [373].

Instead, nonlocal energy-informed neural networks (EINN) [493], [494],
[513] define the total loss function based on the system’s total potential energy,
combining internal strain energy loss and external work loss while enforcing
boundary conditions. To solve the inverse problem of computing the peridy-
namic kernel, [127] proposed using radial basis functions (RBFs) as activation
functions in PINNs. It was demonstrated that selecting an appropriate RBF is
crucial for obtaining physically meaningful solutions consistent with the data.

The nonlinear micromechanical model of CAM (see Sections 4 and 5) can
be integrated into PNO and PINN by replacing the full-field dataset DDNS with
the compressed statistical dataset Dr (4.22) (or Dp, Dd), forming CAMNN
(CAM Neural Network approach). This approach eliminates boundary layer
and size effects, and the known difficulties for generalizability to different do-
main shapes for neural operators (see for references [238]), a known issue in local
micromechanics [53]. The proposed approach ensures generalizability since the
domain of interest is the entire space Rd. Unlike previous methods ([157], [357],
[493], [494], and [513]), it removes boundary condition residual losses. Boundary
layer and edge effects (appearing in [238], [239], and [490]), previously addressed
through inefficient minus-sampling [79], are inherently avoided. Using Dr in-
stead of DDNS results in four surrogate operators Gγ(〈u〉)(x) (γ = b, σ, ui, σi)
instead of a single operator G(〈u〉)(x) [238], akin to mixed PINN formulations
[205], [209]. Crucially, this enables a nonlocal counterpart to the effective con-
centration factor (8.12), making it applicable to nonlinear problems like fracture
and plasticity.

The key advantage of substituting D
DNS → D

r (4.22) is that D
r is de-

rived for a compact-support forcing term (2.4) and incorporates the crucial
RVE concept (Subsection 8.3). This ensures the elimination of size-scale and
boundary layer effects at the dataset preparation stage. Without RVE, these
effects inevitably arise, compromising the accuracy of the four surrogate oper-
ators Gγ(〈u〉)(x) (γ = b, σ, ui, σii, Eq. (9.1)), and cannot be reliably corrected
later. Thus, RVE is essential for ensuring accurate, scale-independent ML and
NN applications in computational micromechanics.

The process for generating surrogate models is illustrated in Fig. 8. Block
1 DNS D

DNS (8.3) has been utilized in studies such as [166], [238], [486], [489],
and [491]. In the proposed CAMNN approach, we analyze either Dr (4.22), Dp

(5.12) or D
d (8.5), employing AGIE (3.23) in AMic and CMic tools, respec-

tively. These datasets are compressed in Block 2 (Field PM Data) and used as
input in Block 3 (Optimization), which applies established ML and NN tech-
niques (Section 9). By replacing the large dataset D

DNS (8.3) with the more
compact D

r, Dp, or D
d, computational efficiency is significantly improved.

Only the alignment between Blocks 2 and 3 is required, with no changes to
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Block 3 itself. Solving the optimization problem in Block 3 results in either a
single surrogate operator (Block 4) or a set of surrogate models (Block 5).

To the best of the author’s knowledge, the analysis of composite materials
(CMs) subjected to a forcing term with compact support was first explored
in [82] and [83], where this issue was framed as a highly specific example of
the interaction between nonlocal effects, driven by the distinct material and
field scale a, iδ, B

b. However, it has now become clear that the systematic ap-
plication of a forcing term with compact support, as articulated in (2.4) [82]
and [83] (and further explored in [95], [96], [421]), far exceeds its initial role
as a mere specialized loading scenario for composite materials. This methodol-
ogy has evolved into a formidable and highly versatile framework for probing
nonlocal effects in CMs, unlocking new dimensions in the study of heteroge-
neous media. When integrated with the RVE, the forcing term (2.4) emerges
as an indispensable element in advancing the application of LM and NN tech-
niques, facilitating the construction of surrogate operators within the powerful
context of the PM. This marks a transformative leap, pushing the boundaries
of traditional micromechanics to a more sophisticated and adaptable paradigm
capable of addressing complex material behaviors with unprecedented precision
and scalability.

1. DNS 

2. Field PM data

4. One surrogate
operator

3. Optimization
5. Set of surrogate
operators

Fig. 8: The scheme of obtaining of surrogate model set

Comment 9.2. PNO was utilized in [238] to develop a continuum constitutive
model for single-layer graphene at zero temperature using synthetic data from
molecular dynamics (MD) simulations. Graphene, a two-dimensional carbon al-
lotrope with a hexagonal lattice structure (with an interatonic distance of 1.46

o

A),
possesses remarkable mechanical properties and various applications [7]. The MD
code calculates the equilibrium atomic displacements and interatomic forces un-
der external force fields and boundary conditions, with data generation details in
[420], [491]. Integrating CAMNN into the model [238] is straightforward. At each
bk(x) (k = 1, . . . , N) (2.4), we conducted an MD simulation D

DNS
k (Λk

j ) as de-
scribed in [238], for a grid Λj (j = 1, . . . ,M). For the fixed bk(x), we estimate

D
DNS
k (Λk

j ) (j = 1, . . . ,M) and compute D
p
k by applying a translation average to

D
DNS
k (Λk

j ) (with the step, e.g., d|χ| = 0.1
o

A in Eq. (5.6)). This leads to the calcu-
lation of Dp (5.12), which then transitions from Block 2 Field PM data to Block
3 Optimization in Fig. 8, followed by the construction of Block 5 Set of surrogate
operators. To fully align with the original PNO approach [238], DDNS

k (Λk
j ) can be

estimated using a coarse-grained method [238]. The key benefit of Dp (5.12) is
that it eliminates size and boundary effects, and does not rely on a fixed compu-
tational grid Λ (as in [238], and see also Comment 9.1). Extending CAMNN to
CMs with random or periodic distributions of inclusions from different materials, or
to a two-dimensional lattice with random properties [421], is straightforward and
provides the same benefits as those seen with the uniform grid Λ.
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Comment 9.3. In the LM, the ML and ANNs are being increasingly utilized
to model composite systems, demonstrating their power as predictive tools for
data-driven multi-physical modeling. These techniques provide insights into system
properties that go beyond the capabilities of traditional computational and exper-
imental analyses. Comprehensive reviews on these advancements can be found in
the works [1], [198], [317], [311], [406]. For example, in the work [198], a Con-
volutional NN (CNN) was applied to predict key mechanical properties such as
toughness and strength of materials. Additionally, in a study [484], a combined
approach of CNN and Principal Component Analysis (PCA) was proposed to ef-
ficiently predict stress-strain curves, incorporating three critical material features:
tensile strength, modulus, and toughness for fiber-reinforced composites. Lefik at
al. [293] applied ANN models to predict the nonlinear elastic-plastic behavior (e.g.,
the strain-stress curve) of a two-phase composite material, while Le et al. [290]
used RVE analyses with periodic boundary conditions to generate training data for
constructing a constitutive model for nonlinear elastic behavior. Finally, the PINN
homogenization theory, proposed by Chen et al. [107], is a method for identify-
ing homogenized moduli and local electromechanical fields in periodic piezoelectric
composites. In the study of micromechanics of periodic CMs, Buryachenko [87]
demonstrated that Dvorak’s [141] transformation field analysis provides the foun-
dation for the self-consistent clustering analysis (SCA), also known as clustering
discretization methods (CDM), developed by Liu et al. [315] (see also [297], [437],
[500]). CDM has been applied to a broad range of nonlinear problems, such as non-
linear elasticity [297], various nonlinear interface properties [107], elastoplasticity
[230], elastic-viscoplasticity [492], and damage analysis [214]. A further step in the
generalization of data-driven machine learning (ML) approaches in local microme-
chanics (LM) [79], [207], [208], [214], [247], [297], [316] can be easily extended
to their peridynamic equivalents [90]. This includes modeling different physical
phenomena, such as state-based models, diffusion, viscosity, thermoelastoplastic-
ity, damage accumulation, debonding, plastic localization, and wave propagation,
for composite materials with various periodic structures (e.g., polycrystals, fiber
networks, hybrid structures, foam materials). Recently, Liu et al. [317] developed a
deep material network for for process modeling, material homogenization, machine
learning, and multiscale simulation.

The main limitation of these ML and ANN techniques (referred in Comment
9.3) in CMs modeling lies in the implicit use of Definition 8.1, which implies either
a finite sample size [208] or a periodic system [207], [214], [247], [297], [316],
[479], [492] with corresponding boundary conditions (BC). As a result, factors like
sample size, boundary layers, and edge effects are typically not considered in the
analysis. For periodic structures in CMs, PBC, as shown in equations (2.39) and
(2.40), are imposed. Extending the mentioned methods based on Definition 8.1
to cases corresponding to Definition 8.3, and then constructing surrogate nonlocal
operators, is a challenging and uncertain task.
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10 Conclusion

The term “micromechanics” traditionally brings to mind concepts such as ef-
fective moduli, linear local elasticity, rRVE by Hill [216], and remote homo-
geneous boundary conditions. These foundational ideas have long defined the
field, providing a structured and rigorous framework for analyzing material be-
havior at the microscale. However, we have moved beyond these conventional
constraints—breaking free from this rigid, Procrustean bed of assumptions. By
challenging and redefining the fundamental principles of micromechanics, we
have expanded its scope, introducing new methodologies and perspectives that
transcend the limitations of traditional approaches. This shift allows for a more
flexible and comprehensive understanding of microscale interactions, paving the
way for innovative applications and deeper insights into material behavior.

In particular, a systematic analysis of composite materials (CMs) sub-
jected to a body force (2.4) with compact support—rather than remote ho-
mogeneous boundary conditions—immediately removes all the aforementioned
restrictions. More specifically, the proposed universal framework, referred to
as CAM, is highly adaptable and built upon physically intuitive hypotheses.
These hypotheses can be modified or refined as needed, even to the extent
of being discarded, not merely for the sake of theoretical complexity but in
response to practical challenges and advancements. Within a unified analyti-
cal scheme, CAM enables the study of a broad spectrum of micromechanical
problems. This approach encompasses CMs with random (statistically homo-
geneous and inhomogeneous), periodic, and deterministic (neither random nor
periodic) structures. It also addresses materials exhibiting linear and nonlinear
behavior, coupled and uncoupled locally elastic responses, as well as weakly
nonlocal (strain gradient and stress gradient) and strongly nonlocal (strain-
type and displacement-type, peridynamics) phase properties. Although PM of
both the random and periodic structure CMs was historically developed as a
generalization of the corresponding methods of the LM, it does not mean that
PM’s society manifests itself as a user of the LM methods; we also demon-
strated that some methods developed in PM initiate the new methods of LM
unknown before (i.e. the methods of both the LM and PM mutually enrich one
another).

To present LM and PM within a unified theoretical framework, we intro-
duce—for the first time—a structured, modular approach. Both LM and PM
are formulated as block-based (or modular) schemes, allowing specialists in
one block to contribute without requiring expertise in the underlying details of
other blocks. This modular structure consists of distinct block teams, includ-
ing the image technique team (see Figs. 2 and 4), the Block 3 Perturbator and
Block 4 Micromechanics teams (see Fig. 5), and the machine learning (ML) and
neural network (NN) technique team (see Fig. 6 and 7). Each team operates
independently within its designated block while ensuring seamless integration
within the larger framework. Furthermore, during the development of joint
software, each block team can refine and modify its own software component
at any stage without directly informing the other teams. The only necessary
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coordination occurs at the level of Block 4 Micromechanics (see Fig. 6), which
ensures proper integration and alignment among the different modules. This
structured approach facilitates effective collaboration while maintaining flex-
ibility and efficiency in the overall system. The development of this modular
structure in PM is enabled by a critical generalization of CAM, which builds on
the new AGIE (3.23). CAM is an exceptionally flexible, robust, and physics-
based framework that integrates data-driven, multi-scale, and multi-physics
modeling, accelerating both fundamental and applied research in random, peri-
odic, and deterministic heterogeneous media. However, fully leveraging CAM’s
potential requires collaborative efforts across multiple disciplines, including im-
age processing, computational mathematics, micromechanics, material science,
physics, and data science. The proposed modular PM structure provides an
ideal foundation for fostering effective interdisciplinary collaboration in this
complex and multidisciplinary field. The blocked (or modular) structures, as
depicted in Figures 2, 4, 6, 7, and 8, are meticulously designed to allow ex-
perts working on one block to focus on their specialized area without needing
to be well-versed in the intricacies of other blocks. This modularity fosters in-
dependence among teams, enabling them to work concurrently with minimal
overlap of expertise. Furthermore, when developing joint software, each block
team (e.g., such as Teams 3 or 4, as shown in Fig. 6) has the autonomy to make
modifications or improvements to their block at any stage of its development,
without the need to inform or disrupt the partner team (Teams 4 or 3, respec-
tively). The only necessary coordination arises between Blocks 3 and 4, where
effective collaboration requires alignment on specific adjustments between the
two blocks.

Broadly speaking, this review focuses on the development of Block 4 Mi-
cromechanics and its integration with Block 3 Perturbator (see Fig. 6), along
with its alignment with other blocks. The specific methods for solving Block
3 Perturbator are not examined in detail; they are only briefly mentioned in
the Introduction and Subsection 3.2 and are assumed to be known. The review
does not include comparisons between different peridynamic models, numeri-
cal results, or discussions on the significance, applications, and limitations of
peridynamic theory—these topics are beyond their scope (refer to the Intro-
duction for relevant references). Additionally, while the blocks from Fig. 2 and
7 are only briefly referenced, their interaction with Blocks 3 and 4 in Fig. 6 is
analyzed in greater depth.

One of the key advancements introduced by the new body force load-
ing (2.4) is the creation of datasets with a unified structure—D

r (4.22), Dp

(5.12), and D
d (8.5) —using the unified AGIE (3.23). These datasets encom-

pass CMs of various structures and phase properties, ensuring a comprehensive
and consistent framework. A critical threshold for filtering out unsuitable sub-
datasets Dr

k, D
p
k, and D

d
k is established through a revolutionary RVE concept

that extends Hill’s classical framework [216]. Unlike conventional RVE defini-
tions, which are constrained by the constitutive laws of material phases or the
functional forms of surrogate operators, this new approach is based on intrinsic
field concentration factors within the phases of both random and periodic CMs.
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This makes it a universal and highly adaptable tool applicable across a broad
range of material systems. By integrating this generalized RVE concept into
dataset generation, the framework becomes inherently suited for ML and NN
techniques in predicting nonlocal surrogate operators. This innovation effec-
tively addresses and mitigates key challenges such as sample size dependency,
boundary layer effects, and edge-related inaccuracies. As a result, the approach
ensures highly accurate and reliable models for periodic structure CMs, regard-
less of whether their phases exhibit local or nonlocal, linear or nonlinear elastic
properties. The surrogate operators derived from these datasets demonstrate
exceptional robustness and reliability, maintaining consistent performance even
in complex micromechanical systems. This breakthrough significantly expands
the capabilities of ML and NN models, enhancing their accuracy and general-
ization potential in applications requiring precise micromechanical analysis of
intricate material systems.

The resolution of the Procrustean bed—typically understood through ef-
fective moduli, linear local elasticity, the RVE) [216], and remote homogeneous
BC (2.30) or (2.31)—is not the primary objective, but rather an important
byproduct of the innovative AGIE-CAM formulation. While the substitution
of one type of loading (2.30) or (2.31) (or (2.28) or (2.29)) with another form of
loading (2.4) might appear as a mere technicality, it signifies a profound shift
in the philosophy of micromechanics research. This replacement, far from be-
ing a trivial adjustment, represents a fundamental transformation that moves
away from the traditional reliance on the Procrustean bed. The introduction of
AGIE (3.23) demonstrates, by its very inception, that the attempt to adapt
classical methods to fit the rigid confines of the Procrustean bed is misguided.
The correct approach, instead of refining or generalizing the specific compo-
nents of Procrustean bed, lies in the complete departure from this restrictive
framework. This shift is rooted in the recent development of AGIE (3.23) for
body forces with compact support (2.4). While preserving the generality of
classical GIE-CAM based on GIE (3.24), the specific nature of the loading
condition (2.4) allows AGIE (3.23) to be formulated with the same precision
as GIE (3.24). This, however, is not merely a restatement; it serves as a piv-
otal step toward a more comprehensive generalization, enabling GIE (3.24)
to handle arbitrary loading scenarios. These include (i) general body forces,
which may or may not have compact support (2.4), and (ii) remote boundary
conditions (VBC), which are not necessarily homogeneous (2.28). What distin-
guishes AGIE (3.23) is its remarkable increase in flexibility and the broader
spectrum of surrogate operators it accommodates, extending far beyond the
capabilities of GIE (3.24). This leap forward leads to the development of a
truly universal AGIE-CAM framework for studying composites (CMs) with ar-
bitrary microstructures and phase properties, as outlined in the paper. More
significantly, this next-generation AGIE-CAM serves as a unifying framework,
harmonizing various analytical approaches, as illustrated in Figures 2, 4, 6,
7, and 8. It ensures that these methodologies can operate both in synergy
and independently, thus establishing a more integrated yet modular analyti-
cal paradigm. In essence, this development signifies the creation of a Unified
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Micromechanics Theory for heterogeneous media, marking a groundbreaking
advancement in the field.
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