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Abstract

An optimization-based computational model is proposed to study domain evolution in polycrystalline ferroelastics composed of
numerous randomly oriented grains, each of which consists of multiple types of domains. Under any prescribed loading, the volume
fraction of each domain in a grain is obtained by minimizing the free energy of the said grain using an optimization method. The mechan-
ical constraint from the neighboring grains is considered using Eshelby inclusion approach. This model has the similar superiority as the
phase field model, which does not require imposition of any priori domain-switching criterion. The computational efficiency of this
model is fairly high and it is feasible to study three-dimensional cases using numerous grains. Furthermore, this model can reproduce
Taylor’s rule of plasticity very well. Simulation results for tetragonal, rhombohedral and morphotropic PZT ceramics are employed
to validate the superiority and efficiency of this model. The domain texture evolution process can also be calculated.
© 2009 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

Ferroelastics, including shape memory alloys (SMA),
ferroelectrics and ferromagnetics, are materials in which
multi-variants or multi-domains (each having a distinct
spontaneous strain) exist below a certain temperature
(Curie temperature or phase transformation temperature)
and these domains can be reoriented by applied stress. In
shape memory alloys [1], the ferroelastic properties are
exhibited in the form of martensitic-austenitic phase trans-
formations and reorientations of martensitic variants
under applied stress. The shape memory effect is actually
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generated by the ferroelastic properties, although we usu-
ally do not use the terminology “ferroelastics” in SMA.
In other material systems, such as ferroelectrics and ferro-
magnetics, the ferroelastic properties are usually associated
with ferroelectricity or ferromagnetism, thus sometimes it
may be deemed as a secondary effect. It should be noted
that, even in ferroelectrics or ferromagnetics, the ferroelas-
tic properties can also exist independently and appear with
no ferroelectric or ferromagnetic effects, such as in the cases
of a ferroelectric/ferromagnetic under applied stress. The
ferroelastic properties are very useful in modern industries
because of the well-known shape memory effect in SMA.
Besides, as the ferroelastic properties are directly related
to strain variations in materials, they are quite important
in various actuator applications.

A ferroelastic material will show linear elastic properties
at a low stress, but will exhibit intensive nonlinear stress—
strain properties under a high stress, which is very similar
to the case of plasticity. It should be mentioned that the
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ferroelastic property is different from plasticity as the nonlin-
ear strain in the former is due to domain reorientation (or
domain switching), whereas it arises from dislocation slip
in the latter. The nonlinear strain caused by domain switch-
ing in ferroelastics can usually be recovered by subsequent
applied stress or by heating the material above the phase
transformation temperature. However, the plastic strain
caused by dislocation slips is generally irrecoverable.

While ferroelastics have hardly been studied indepen-
dently, modeling of domain switching in ferroelectrics has
received much attention in recent years [2-11]. Of the mod-
els, phase field modeling [6—11] seems most promising, as it
does not require imposition of any priori domain-switching
criterion, and domain switching is a natural process during
minimization of the whole material system’s total free
energy. Although the phase field method (PFM) has
achieved great success in modeling domain evolution in fer-
roelectric single crystals, it has hardly been used to study
polycrystalline ferroelectrics [7,10,11], probably because
of the difficulties encountered in addressing the compli-
cated interactions, especially the elastic interactions
between grains. The rather sizeable computational com-
plexity encountered in handling three-dimensional (3-D)
cases may be another challenge for the use of PFM.

In single-crystal ferroelastics, domain switching is rela-
tively easy to accomplish, thus a single domain state can
exist. However, the same cannot be said for polycrystalline
ferroelastics because of the mechanical constraints from
neighboring grains. Domain switching in ferroelastics is
dependent on crystal symmetry, as is the resultant nonlinear
recoverable strain. The nonlinear recoverable strain in
SMA of various crystal symmetries have been systemati-
cally studied by Bhattacharya and Kohn [12], for both sin-
gle crystals and polycrystals. It should be noted that in their
work the recoverable strain in polycrystalline SMA was
estimated using the Taylor bound; thus, only the lower limit
was provided. The elastic interactions between grains were
also crystal symmetry dependent. In our recent study [13],
domain switching in both tetragonal and rhombohedral fer-
roelectric ceramics has been addressed by an analytical,
constrained domain switching model, taking into account
the interactions between grains by employing the Eshelby
inclusion method. Note that in that model, an a priori
domain-switching criterion and switching path must be pre-
scribed and only uniaxial loading is allowed to obtain an
analytical solution. Thus, the model is not suitable for a
general computational study of domain evolution in poly-
crystallines under arbitrary loading. More recently, Tang
et al. [14] studied crystal-symmetry-dependent domain
switching in tetragonal, rhombohedral and ferroelectric
ceramics near the morphotropic phase boundary (MPB)
using the Monte Carlo method, with the interactions
between grains considered also using the Eshelby inclusion
method. In their work, a probabilistic switching criterion
was used instead of the conventional inequality type of
switching criterion employed by Hwang et al. [15]. As the
computational complexity of the Monte Carlo method

increases dramatically with the number of grains modeled,
they used only 100 grains in their calculations [14].

In this work, we propose an optimization-based compu-
tational model to study the domain evolution process in
polycrystalline ferroelastics of arbitrary crystal symmetries
under arbitrary stress loading. In this model, a polycrystal-
line ferroelastic is composed of numerous randomly ori-
ented grains, each of which consists of N types of
domains (N =3 for tetragonal, N =4 for rhombohedral,
etc.). The total free energy of each grain is set as the opti-
mization objective using the volume fractions of different
types of domains as the optimization variables. The optimi-
zation process is realized by the complex method proposed
by Box [16], which is very efficient for solving constrained
nonlinear optimization problems. Similar to the phase field
model, this computational model also does not require
imposition of any priori domain-switching criterion. Mean-
while, the computational complexity of this proposed
model is fairly small compared to the PFM or the Monte
Carlo method, thus it is feasible to study 3-D cases, in
which numerous grains are modeled. Simulation results
obtained from this model for tetragonal, rhombohedral
and MPB ferroelectric ceramics tally well with those of
the existing experiments. The model can also reproduce
Taylor’s rule of plasticity [17] very well. Furthermore, the
domain texture evolution process can be explicitly calcu-
lated and presented step by step.

2. Material model

In the present study, a polycrystalline ferroelastic mate-
rial is deemed to consist of numerous randomly oriented
grains, each of which contains N types of domains (where
N =3 for the tetragonal, N =4 for the rhombohedral,
N = 6 for the orthorhombic, etc.). The volume fraction of
each type of domains is denoted by f; (i=1,2...N) and
S /i = 1. During domain switching, the elastic interac-
tions between the grains are assumed to be in a self-consis-
tent inclusion manner [18]. This is to say, each grain is
regarded as an inclusion surrounded by an infinitely large
matrix with material properties the same as the bulk, as
shown in Fig. 1, which is a 2-D model. As spherical inclu-
sion is the simplest one, and there is no evidence to suggest
that other shapes of inclusion are more accurate, so this
type of inclusion was employed to devise this model.

For single-crystal ferroelectrics or SMA, the main con-
cern of researchers may be the domain patterns (or martens-
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Fig. 1. 2-D illustration of the model of a polycrystalline ferroelastic
material.
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ite patterns) as they have strong influences on the material
properties. In dealing with polycrystals, the detailed topo-
logical structures of domains in a specific grain are normally
insignificant as the material consists of numerous grains usu-
ally oriented in all directions. In the present study, the con-
cept of a “topology-insensitive structure” is introduced in
the model, which means that the domain structure inside a
grain can only be determined by the volume fraction of dif-
ferent types of domains and is independent of the detailed
topological relations between them. In other words, if there
are two domain structures which have the same volume frac-
tion of domains but different topological relations, such
domain structures are taken to be the same. The topology-
insensitive structure of domains thus becomes the domain
texture, and is expressed by the pole figure of the elongation
axis of domains in this paper.

Furthermore, to grasp the main characteristics of
domain switching and to make the computational com-
plexity manageable, we further assume that a ferroelastic
polycrystalline is elastically isotropic and exhibits linear
elastic behavior unless domain switching occurs (i.e. all
the nonlinear strains are caused by domain switching).

3. Free energy of a single grain

In this model, the free energy of each grain is taken as
the optimization objective and the optimization process is
repeated over all grains to determine the volume fractions
of domains, the domain textures and resultant strains of
the whole material system at each step of loading. The free
energy of a specific grain is expressed as
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where U, o, ¢ and ¢ are the free energy of the specific grain,
applied stress, remnant strain of the specific grain and aver-
age remnant strain of the whole material system, respec-
tively; u, v are the isotropic shear moduli and Possion
ratio, respectively; and W, and f;, are the energy barrier
(per unit volume) and the accumulative volume fraction
of ferroelastic domain switching, respectively.

The energy barriers for all types of ferroelastics switching
in single-phase materials can be expressed in an united form
as W, = Soac, where Sy is the single-crystal deformation
given by Sy = Siumce = ¢/a — 1 for the tetragonal crystal (c,
a are the tetragonal Ilattice constants) and
(8/9)S0 = Slattice = d[] 11] /d[l 17 1 for the rhombohedral
crystal (dp 1, al[1 17 are the rhombohedral lattice constants)
[13]; ¢ is the nominal coercive stress. For the case of poly-
crystalline ferroelastics near MPB (where tetragonal phase
and rhombohedral phase coexists) to be addressed in this
paper, the energy barriers for both the in-phase and inter-
phase ferroelastic domain switching are taken to be the same
values as those of the rhombohedral ferroelastics.

At each step of loading, the accumulative volume frac-
tion of ferroelastic switching, i.e. f;,, in Eq. (1), can be cal-
culated using the volume fractions of domains before and
after domain switching as follows:

1 N
ﬁwziiz:l:'fi_fio' (2)

where f; (i =1,...,N) is the volume fraction of the ith do-
main after current switching, which is solved by the optimi-
zation process, and f is the volume fraction of the ith
domain before current switching, obtained at the previous
loading step.

In Eq. (1), the remnant strain of a specific grain, i.e. &,
can be expressed by a linear function of the volume frac-
tions of domains as follows:

&= ;fisi 3)

where &' is the spontaneous strain tensor of the ith domain.
The three types of domains in the tetragonal ferroelastics
and the four types in the rhombohderal ferroelastics can
be depicted in the cubic crystallite coordinates, as shown
in Fig. 2a and b, respectively.

The corresponding spontaneous strain tensors for the
tetragonal domains are:
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where & (i = 1,2,3) is the spontaneous strain tensor of

the ith tetragonal domain and Sg is the single-crystal defor-
mation of tetragonal ferroelastics.

The spontaneous strain tensors for the rhombohedral
domains are
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Fig. 2. Different types of domains in (a) tetragonal and (b) rhombohderal
ferroelastics.
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Table 1
Material constants of the tetragonal, rhombohedral and morphotropic
PZT ceramics used in the model.

Material constants Rhombohedral Tetragonal

Shear modulus, u (GPa) 30

Poisson’s ratio, v 0.3

Single-crystal deformation, Sy in single- 0.73% 2.77%
phase PZT ceramics

Single-crystal deformation in 1.0% 2.0%
morphotropic PZT ceramics

Nominal coercive stress, ¢ (MPa) 70

where &R (i =1,2,3) is the spontaneous strain tensor of
the ith rhombohedral domain and Sj§ is the single-crystal
deformation of rhombohedral ferroelastics.

Referring to the expression of the free energy in Eq. (1),
the first to fourth items on the right-hand side are the
potential energy [15], linear elastic strain energy, inclusion
strain energy or misfit strain energy and dissipation energy
for domain switching (which is similar to the domain wall
energy in phase field models [6]), respectively.

4. Optimization methodology

As mentioned above, in the proposed model the volume
fraction of each type of domains in a specific grain, i.e. f;, is
obtained by minimizing the free energy U of the whole
grain via an optimization process. At each step of loading,
the mathematical optimization problem for a specific grain
can be abstracted as Problem I:

Min U(flvf2a"'a.fN)

z. <fi<l (i=12,---,N
s g f (i ) ()

Z;f;- =1

It can be seen from Egs. (1)—(5) that the free energy Uis a
nonlinear function of the volume fractions of domains.
Thus, Eq. (6) turns out to be a constrained nonlinear opti-
mization problem, which can be solved using the complex
method proposed by Box [16], in which a very effective
algorithm with high accuracy and quick convergence is
implemented. As the expression of the free energy varies
from grain to grain and depends on the applied loading,
at each step of loading the optimization process is repeated
over all grains, and the volume fractions of domains, do-
main textures and switching strains are calculated.

5. Results and discussion

In the present study, both tetragonal and rhombohdral
single-phase PZT ceramics and PZT ceramics near the
MPB (also called morphotropic PZT) under uniaxial com-
pression/tension are calculated using the proposed compu-
tational model. The materials constants used in the
simulations are listed in Table 1, which are taken from
Hoffmann et al. [19] with slight modifications made
because of the isotropic elastic assumptions. For a better

comparison, the elastic properties and the nominal coercive
stress of all types of ceramics are taken to be the same as
they do not differ much in reality. It should be noted that
in Table 1 the single-crystal deformations in single-phase
tetragonal and rhombohedral PZT ceramics are different
from those in the morphotropic PZT ceramics.

5.1. Convergence and computational complexity

The simulation results for all types of PZT ceramics
have shown that strain—stress curves will stabilize only after
1.5 cycles of uniaxial tension—compression loading. The
strain—stress curves for subsequent cyclic loading com-
pletely overlap the former curves, which indicate good con-
vergence of this model.

By focusing on the volume fractions of domains instead of
the detailed domain patterns in grains, this optimization-
based model has a much smaller computational complexity
compared to the phase field model, and it is thus feasible to
study 3-D cases using a very large number of grains. For
the case of a polycrystalline ferroelastic material with
10,000 grains and 61 loading steps, the computation time
of this model on a Pentium 3.0 GHz PC is only 40 min for
tetragonal PZT ceramics, about 8 h for rhombohedral PZT
ceramics and 21 h for the morphotropic PZT ceramics.

5.2. Tetragonal PZT

Fig. 3 shows the switching strain vs. stress curves of tetrag-
onal PZT ceramics under uniaxial tension and compression
up to 350 MPa (50¢). It can be seen from Fig. 3 that the
switching strain under tension and compression is symmetric
and very small. The maximum switching strain in both cases
is about 0.1% and the remnant strain is only about 0.04%.
The switching strain is far from saturation even under a high
stress (50 ¢), which indicates that ferroelastic domain switch-
ingin tetragonal PZT ceramics is very difficult to accomplish.
These calculated results tally well with the experimental
results on tetragonal PZT ceramics [20] and are also consis-
tent with the small fractions of 90° domain switching in

B
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Fig. 3. Switching strain-stress curves of tetragonal PZT ceramics under
uniaxial tension and compression.
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BaTiO; ceramics under stress [21,22]. The simulation results
under a very high tensile stress may be trivial as the tension
strength of PZT ceramics is usually no more than 50 MPa
[23]; these results are presented to show the tendency and
make a comparison with the theoretical studies [24,25]. Fur-
thermore, the model can be directly employed to study the
case of SMA [1,12], the tension and compression strengths
of which are usually comparable.

To show the process of domain texture evolution, the pole
figure [26] of the elongation axis, i.e. (0 0 1) for the tetragonal
grains, is calculated at each loading step. Under uniaxial
compression or tension, the pole figure of the elongation axis
is axisymmetric around the loading axis and can thus be
described by an angular distribution function
g(0) (0 < 0 < m/2)[25], where g(6) = 1 for the random uni-
form distribution and the normalization condition requires

/0 " o0 sin6d0 = 1 (6)

From its definition, it can be seen that g(0) completely de-
pends on ferroelastic domain switching.

The mathematically saturated domain textures (where
interactions between domains are neglected) of tetragonal
and rhombohedral ferroelectric ceramics after complete
mechanical poling by uniaxial tension and compression
has been analytically derived previously [25] and is replot-
ted in Fig. 4. The saturated domain textures for MPB fer-
roelectric ceramics, however, are absent.

In the present study, g(0) is calculated using 10,000
grains and the interval of [0°, 90°] is divided into 18 subin-
tervals giving rise to equal interval of 5°. The accumulated
volume fractions of domains at all these subintervals give
the values of g(0) at discrete values of 6, which are mid-
points of the 18 subintervals.

Fig. 5 shows the calculated pole figure of (00 1) axis in
tetragonal PZT ceramics under different loading steps, as

5 T T T T T T T 5
RHOM
/,/
4 o \ 7 4
| \\//

3
&
D 24

Tension
'] il
O T T T

0O 10 20 30 40 50 60 70 80 90
¢ (deg)

Fig. 4. Mathematically saturated pole figures of elongation axis for
tetragonal (TETR) and rhombohedral (RHOM) ferroelectric ceramics
after complete mechanical poling by uniaxial tension and compression
[25].
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Fig. 5. (00 1) pole figures of tetragonal PZT ceramics under uniaxial
tension and compression.

illustrated in Fig. 3. For convenience, in both Figs. 3 and
5, states A, B, C, D, E and F are called initial state, tension
saturated state, tension remnant state, compression satu-
rated state, compression remnant state and repeated ten-
sion saturated state, respectively. It can be seen from
Fig. 5 that, compared to the initial random state A, the
domain textures at the saturated states (B, D and F), where
the maximum stress is attained, change to some extent but
are still far from the saturated domain texture, as shown in
Fig. 4 [25]. The remnant domain textures at states C and E
do not change much from the initial state A, which tallies
well with the little remnant strain shown in Fig. 3. The sym-
metric domain textures under tension and compression, as
shown in Fig. 5, are also consistent with the symmetric
switching strains presented in Fig. 3.

5.3. Rhombohedral PZT

Fig. 6 shows the switching strain vs. stress curve and
(111) pole figures of rhombohedral PZT ceramics under
uniaxial tension and compression up to 350 MPa. It can
be seen from Fig. 6a that, quite different from the case of
tetragonal PZT ceramics, a considerable amount of switch-
ing strains can be realized in rhombohedral PZT ceramics
via ferroelastic domain switching. Moreover, the switching
strains under uniaxial tension and compression are not
symmetric. The positive switching strain under maximum
tension is about 0.25%, while the negative strain under
maximum compression is only about —0.16%. The asym-
metric deformation of ferroelastic materials under tension
and compression is due to the asymmetric spontaneous
strain of ferroelastic domains, which is 2S,/3 for elonga-
tion and —Sy/3 for contraction. The asymmetry of mathe-
matical saturated strains under uniaxial tension and
compression has already been discovered [24,25,27]. Since
the switching strains under maximum stress in Fig. 6a are
approaching the mathematical saturated values (0.31%
under tension and —0.21% under compression) [25], they
should share the similar asymmetric properties of the
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Fig. 6. (a) Switching strain-stress curve and (b) (11 1) pole figures of
rhombohedral PZT ceramics under uniaxial tension and compression.

mathematical saturated strains. However, in Fig. 6a, the
remnant strains under tension and compression are almost
the same, at about 0.12%.

The calculated pole figures of elongation axis in rhom-
bohedral PZT ceramics, as shown in Fig. 6b, are also quite
different from those of tetragonal PZT ceramics, as shown
in Fig. 5. In fact, the domain textures of rhombohedral
PZT ceramics change a lot from its initial unpoled state.
Under uniaxial tension, most domains switch to a state
where the elongation axis forms a very acute angle
(0 <55°) with the tension direction. By comparing
Fig. 6b with the mathematical saturated domain textures
shown in Fig. 4, it can be seen that the (1 1 1) pole figure
g(0) at the tension saturated state B and the repeated ten-
sion saturated state F is approaching the saturated pole fig-
ure shown in Fig. 4. After removing the tensile stress, some
fractions of back switching occurs, as can be clearly seen
from the domain texture evolution from state B to state
C. Under maximum uniaxial compression, most domains
switch to a state where its elongation axis forms a large
angle (0 > 55°) with the compressive direction. Unlike the
case of maximum tension (states B and F), the domain tex-
tures at maximum compression (state D), as shown in

Fig. 6b, are obviously not as close to the mathematical sat-
urated textures shown in Fig. 4. Upon removing the com-
pressive stress, the domain texture at state E does not
change much from that at the compression saturated state
D, indicating that little back ferroelastic switching occurs,
which is consistent with the small strain variations from
point D to point E, as shown in Fig. 6a. Anyway, in rhom-
bohedral PZT ceramics, after a high uniaxial tension or
compression, the domain textures approach the theoretical
saturated states [25] and cannot return to the initial state in
subsequent loading.

5.4. Morphotropic PZT

Further calculations are carried out for the domain evo-
lution in PZT ceramics near the MPB where tetragonal and
rhombohedral phases coexist. In the simulation we assume
that the morphotropic PZT ceramics contain equal frac-
tions of tetragonal and rhombohedral phases. Fig. 7 shows
the simulated switching strain—stress curves and the cumu-
lative pole figures of (0 0 1) and (1 1 1) axes in morphotrop-
ic PZT ceramics under uniaxial tension and compression. It
can be seen from Fig. 7a that, similar with the rhombohe-
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Fig. 7. (a) Switching strain-stress curves and (b) the cumulative pole

figures of the (0 0 1) and (1 1 1) axes in morphotropic PZT ceramics under
uniaxial tension and compression.
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dral PZT case shown in Fig. 6a, the switching strain under
maximum tension (about 0.62%) is considerably larger
than that under maximum compression (0.4%). However,
different from that shown in Fig. 6a, the remnant switching
strain under tension (about 0.5%) is also larger than that
under compression (about 0.35%). The calculated remnant
strain under compression (0.35%) is very close to the few
experimental data obtained very recently, i.e. 0.3% [28]
and 0.33% [29], on unpoled morphotropic PZT ceramics
under compression. The back ferroelastic switching that
occurs in morphotrpic PZT ceramics upon removing the
applied stress is not as obvious as that of the rhombohedral
and tetragonal PZT ceramics. Note that over 80% of max-
imum switching strain is retained in morphotropic PZT
ceramics, as shown in Fig. 7a, while the corresponding
value is only about 40% for tetragonal PZT and 48% for
rhombohedral PZT, as shown in Figs. 3 and 6a, which
may indicate that the internal stress caused by ferroelastic
switching in morphotropic PZT ceramics is not very large.

The domain textures of morphotropic PZT ceramics
under applied stress, as shown in Fig. 7b, shows that under
maximum tension at states B and F, as expected, most
domains switch to a state where their elongation axis is ori-
ented as close as possible to the tensile direction. Within the
narrow range of 0 < 10°, g(0) reaches a value higher than 6,
which is approaching the mathematical saturated value of 7.
After removing the uniaxial tension, some domains return
to their initial states, making curve C slightly lower than
curve B within a small range of 6 (say 6 < 30°). Under max-
imum uniaxial compression, most domains switch to a state
where their elongation axis is oriented as perpendicular as
possible to the compression direction (see state D in
Fig. 7b), where g(0) vanishes from 6 = 0° to 0 ~ 55°, after
which it increases gradually with 6. The maximum value
of g(0) at 90° is only about 3, which is considerably smaller
than the mathematical saturated value of 7. This may be an
indication that it is more difficult to reach the saturated
domain orientation state under uniaxial compression than
under uniaxial tension. The almost overlapped curves at
states D and E, as shown in Fig. 7b, shows that only a little
back ferroelastic switching occurs upon removing the com-
pressive stress, which is consistent with the small strain vari-
ations between points E and D shown in Fig. 7a.

5.5. Reproduction of Taylor’s rule of plasticity

It can be seen from Figs. 3, 6a and 7a that the remnant
switching strain of the morphotropic PZT ceramics (0.5%
under tension and 0.35% under compression) is much lar-
ger than that of the tetragonal (0.04%) and rhombohedral
PZT ceramics (0.12%). This tendency can be seen more
clearly in Fig. 8, where the switching strain vs. stress curves
for three types of PZT ceramics are replotted for compar-
ison. The remnant strain in polycrystalline ferroelastics is
crystal symmetry dependent. According to Taylor’s rule
of plasticity [17], a crystal must have at least five slip sys-
tems for its polycrystalline to be ductile. In terms of the
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Fig. 8. Comparison of switching strain vs. stress curves of tetragonal,
rhombohedral and MPB PZT ceramics (the nominal coercive stress
ac = 70 MPa).

deformation modes, a tetragonal ferroelastic crystal has
three slip systems (two of which are independent) and a
rhombohedral ferroelastic crystal has four (three of which
are independent). Thus, in tetragonal or rhombohedral
polycrystalline ferroelastics, the change in spontaneous
strain in a particular grain during ferroelastic domain
switching cannot be accommodated by neighboring grains
and will therefore generate large internal stresses inside the
grain, i.e. such ferroelastic switching will be constrained by
the surrounding grains and may not occur. The tetragonal
and rhombohedral PZT ceramics are thus brittle materials
from this point of view. In PZT ceramics near the MPB,
where tetragonal and rhombohedral phases coexist, there
are a total of six independent deformation modes, which
causes the material to be ductile. During ferroelastic
switching in morphotropic PZT ceramics, most of the
switching strains in a particular grain can be accommo-
dated by neighboring grains. Thus, the ferroelastic domain
switching does not generate very large internal stress in the
grain and can be almost completely accomplished in mor-
photropic PZT ceramics [20].

Based on Taylor’s rule of plasticity, the remnant switch-
ing strain for tetragonal and rhombohedral PZT ceramics
should be zero In fact, the nonzero simulated remnant
strain in the tetragonal and rhombohedral PZT ceramics
(refer to Fig. 8) is due to the large coercive stress
(70 MPa) for ferroelastic domain switching. If a very small
coercive stress (say 5 MPa) is employed for simulation, the
remnant strain for both tetragonal and rhombohedral
ceramics will reduce to nearly zero, leading to almost hys-
teresis-free strain—stress curves, as shown in Fig. 9. How-
ever, the remnant strain of the morphotropic PZT
ceramics is still fairly large even if a small coercive stress
is used, and it can be estimated from the Taylor bound
[12], which gives the lower limit. The Taylor bound of rem-
nant strain in morphotropic PZT ceramics is not yet avail-
able, but can also be calculated using the proposed model
by just prescribing an infinitely large isotropic elastic mod-
ulus and a very small coercive stress. For the morphotropic
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Fig. 9. Simulated switching strain vs. stress curves of tetragonal,
rhombohedral and MPB PZT ceramics using a small nominal coercive
stress of o = 5 MPa.

PZT ceramics with the values of single-crystal deformation
listed in Table 1, the Taylor bound of remnant switching
strain is 0.32% under uniaxial tension and 0.22% under uni-
axial compression, which, as expected, are smaller than the
remnant strain in real cases (0.5% under uniaxial tension
and 0.35% under uniaxial compression, as shown in
Fig. 8). From both Figs. 8 and 9, we can thus conclude that
the proposed model can reproduce Taylor’s rule of plastic-
ity very well.

It should be mentioned that the PZT ceramics used in
the above simulations are actually both ferroelectrics and
ferroelastics. Although pure ferroelectric (or 180°) domain
switching may occur in these materials under electric fields,
the scope of the present work only involves unpoled PZT
ceramics under mechanical loading and, therefore, the said
domain switching is not considered. During domain
switching in an unpoled PZT ceramic under compression,
domains will reorientate in a head-to-head or tail-to-tail
manner to minimize the electric depolarization field energy.
Thus, no net polarization will be produced in the material,
as has been confirmed experimentally [28,29]. Unpoled
PZT ceramics under mechanical loading can hence be trea-
ted as pure ferroelastic materials. However, this does not
apply to poled PZT ceramics under compression, where
domain switching is always accompanied by polarization
variations [15,23,28-30]. The electrical poling has a perma-
nent effect on a poled PZT ceramic which cannot be
removed completely by stress alone [24,25].

6. Conclusions

In summary, an optimization-based computational
model for domain evolution in polycrystalline ferroelastics
is proposed. In the model, the free energy of each grain is
taken as the optimization objective and the volume fraction
of each domain type as the optimization variable. This
model has similar advantages as the phase field model
(PFM), i.e. it does not require imposition of any priori
domain switching criteria or prescription of any switching

paths, thus domain switching is a natural process of mini-
mization of free energy in each grain. The computational
complexity of this model is much smaller, and it is feasible
to study domain evolution in polycrystalline ferroelastics
for 3-D cases using a large number of grains. Similar to
the case of PFM, where the domain patterns in single crys-
tals can be calculated, the evolution process of domain tex-
tures in polycrystalline ferroelastics can be represented by
this optimization model. Furthermore, the proposed model
can reproduce Taylor’s rule of plasticity very well. Simula-
tion results on tetragonal, rhombohedral and morphotrop-
ic PZT ceramics show the superiority and efficiency of this
model.

The proposed optimization-based computational model
is a general model for predicting all types of polycrystalline
ferroelastics without using any fitting parameters. It can
also be extended to analyze domain evolutions in other
polycrystalline ferroic materials, such as ferroelectrics, fer-
romagnetics and ferromagnetic FSMA, which are the sub-
jects of our ongoing work. Furthermore, this model can be
slightly modified to study the dislocation movements in
polycrystalline elastic—plastic materials with multiple slip
systems.
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