AlP

Publishing

Temporal Metasurfaces

An Energy Conserving Mechanism for Temporal Metasurfaces
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Changing the microstructure properties of a space-time metamaterial while a wave is propagating through it, in general
requires addition or removal of energy, which can be of exponential form depending on the type of modulation. This
limits the realization and application of space-time metamaterials. We resolve this issue by introducing a mechanism
of conserving energy at temporal metasurfaces in a non-linear setting. The idea is first demonstrated by considering a
wave-packet propagating in a discrete medium of 1-d chain of springs and masses, where using our energy conserving
mechanism we show that the spring stiffness can be incremented at several time interfaces and the energy will still be
conserved. We then consider an interesting application of time-reversed imaging in 1-d and 2-d spring-mass systems
with a wave packet traveling in the homogenized regime. Our numerical simulations show that, in 1-d, when the wave
packet hits the time-interface two sets of waves are generated, one traveling forward in time and the other traveling
backward. The time-reversed waves re-converge at the location of the source and we observe its regeneration. In 2-d, we
use more complicated initial shapes and, even then, we observe regeneration of the original image or source. Thus, we
achieve time-reversed imaging with conservation of energy in a non-linear system. The energy conserving mechanism
can be easily extended to continuum media. Some possible ideas and concerns in experimental realization of space-time

media are highlighted in conclusion and in the supplementary information.

The spatio-temporal modulation of metamaterial mi-
crostructure has led to the discovery of novel and exciting
properties like space-time mirrors!, chromatic birefringence?,
space-time cloaking®, and photonic-time-crystals (PTCs)*.
Their added flexibility in manipulating electromagnetic,
acoustic, and elastic wave propagation has led to an emerg-
ing widespread interest in space-time metamaterials. These
materials have an immense potential for applications in radio
and optics for electromagnetic cloaking, frequency multipli-
cation, bandwidth-matching, and filtering. A common feature
of most space-time media is the nonreciprocal scattering>®
of waves which can be potentially applied to realize mag-
netless nonreciprocal devices. A mechanism of controlling
photon flow using effective magnetic fields obtained by dy-
namic modulation was shown by Fang er al.”. Introducing a
synthetic frequency dimension obtained by time modulation
of refractive index has led to interesting ideas of simulating
Weyl points and nodal loops, and 4-dimensional quantum Hall
physics® 1. A thorough summary of the research on space-
time metamaterials until the year 2020 is provided in a two
part paper by Caloz et al.'>!3, and a review of all the work on
this topic can be found in the excellent book by Lurie'*.

Space-time metamaterials, also called dynamic metamate-
rials, can have time, or space-time interfaces at which there
is a discontinuous change in their properties. Some of the
models for space-time microstructures are space-time lami-
nates, space-time checkerboards, and electrical transmission
line structures'>'® with the capacitance or inductance being
temporally modulated. In simple space-time laminates and
checkerboards the microstructure properties can be doubly
periodic in space and time with piecewise constant values
changing abruptly at space-time interfaces. A recent applica-
tion of space-time materials is the idea of an inverse prism?.
Conventional prisms decompose the incident white light into
different colors on passing through the prism, i.e. they map
the frequency to its wavenumber, when subjected to a spatial

discontinuity and temporal dispersion. In contrast, an inverted
prism is a device that uses a temporal discontinuity and spatial
dispersion to map wavenumber to frequency.

Another interesting demonstration of the effect of a time in-
terface was demonstrated by Bacot et al. ! where the waves on
the surface of a water bath generated by a source encounter a
double time interface. By providing a vertical jolt to the water
bath the effective vertical acceleration was changed and this
corresponds to an energy supply to the system. The double
time interface is referred to as the “instantaneous time mirror”,
which generates time reversed waves or backward propagating
waves and forward propagating waves. These time reversed
waves converge to the shape of the original source, even when
it is in a shape as complicated as that of the Eiffel tower.
Although there were existing techniques for time reversal of
waves, they were limited to either monochromatic (single fre-
quency) waves or they were based on the use of emitters and
antennas for recording, storing, and emitting time reversed
waves. Temporal modulation achieves a new way of time-

reversing broadband waves'!”.

It is well known'®'® that when we have a wave propagating
in a space-time metamaterial, then changing its microstructure
properties generally requires addition of energy or removal of
energy from the system.

A simple temporal laminate or space-time checkerboard
constructed by temporally periodic switching of properties
of a spatial laminate has an exponential growth of energy
in waves traveling through it for certain ranges of material
parameters'*1%!® " Hence, depending on the type of modu-
lation and the amplitude of the wave, this energy exchange
can be of exponential form in time. This seriously limits
the realization and application of space-time metamaterials.
In some special geometries called “field pattern materials”,
it was shown that one can achieve stable wave propagation
without exponential growth'®. Recently, the growth of energy
with time of edge waves in temporal laminates was shown by
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Movchan ef al.?®. Some lossy space-time metamaterials sup-
port wave propagation in special regimes, in which the waves
can travel at constant amplitudes, where the exponential en-
ergy growth due to periodic time-modulation of properties is
being compensated by energy dissipation®!.

The requirement of an energy source can be seen easily by
imagining a chain of springs and masses with a wave propa-
gating through it. The spring stiffness and/or masses change
their values on encountering a time interface. In presence of
the wave, if one wants to increase the stiffness of the springs
at a certain time, then some amount of energy typically needs
to be added to the system. Whereas, to make the springs more
compliant (by reducing the stiffness) some amount of energy
is typically released from the system. Similarly, switching the
existing masses to lighter masses will typically release some
kinetic energy, while switching to heavier masses will typically
require adding energy to the system.

The space-time metamaterials considered in this work have
properties changing discontinuously at time interfaces and we
will refer to them as temporal metasurfaces. The energy con-
serving scheme proposed in this section is applicable for tem-
poral metasurfaces with waves propagating through them. We
observe that certain material properties can be changed at spe-
cific instants of time without any energy cost. Based on this
observation we present our energy-conserving scheme below.
In all the numerical simulations that follow, we implement a
finite difference scheme to solve the equations of motion. All
values are to be considered in SI units. Length and time units
in all figures are denoted by meters (1m) and seconds (s) re-
spectively. We emphasize that the units are quite arbitrary and
can be rescaled as one wants. The wave propagation speed
will of course be altered if the spatial rescaling differs from
the time rescaling, unless the mass units and spring constants
are also rescaled accordingly.

Consider a discreet one dimensional (1-d) spring-mass chain
with displacements inline with the one dimension. Initially,
each spring has the same stiffness £ and each mass has the same
value m. Let N be the number of springs and masses in the
1-d chain and a be the lattice constant or length of the unit cell.
A schematic representation of the 1-d unit cell is shown in the
supplementary information in Figure S1a. The displacements
of the masses are denoted by u;(¢) and are functions of time
t. For a wave propagating through this chain, the equation of
motion for the n'"* mass is given by,

mily, = —k(up — up—1) — k(un — wps1), 1)

where, the dot denotes partial derivative with respect to time
t.

Suppose the n'" spring is in equilibrium at a time instant
t1, i.e., there is zero stretching or compression of the spring,
Au(ty) = up(t1) — up—1(t1) = 0. At this instant, the poten-

1
tial energy of the spring is ik (A’u,(tl))2 = 0, and the stiffness
can be increased or decreased without adding or removing any
energy from the spring-mass system. Alternatively, at some

other instant of time say ¢, let the velocity @, (t) of the nth
mass be zero, i.e., U, (t2) = 0. Then at the instant ¢, the

1
kinetic energy of this mass is given as, 5771,,/7‘1%(2&2) =0, and

we can add or reduce this mass without any exchange of en-
ergy. By considering only a single spring-mass system, one
can easily see that changing the mass when it is at rest will
not change the displacement amplitude but will change the
period of oscillation. Whereas, changing the stiffness of the
spring at the equilibrium position will change both the am-
plitude and period of oscillation, but the velocity amplitude
remains the same. These serve as our basic mechanisms for
time-modulation of material properties while conserving the
total energy. As the time modulation of properties depends on
the specific instants of time, at which the spring is unstretched
or the mass is at rest, this gives rise to the non-linearity in the
problem. A numerical illustration of the energy conserving
scheme in 1-d is shown in Figure S2 of the supplementary
information.

The application of temporal metasurfaces to form time re-
versed waves discussed earlier is reconsidered here, but now
using energy conserving temporal metasurfaces instead. In
1-d, the numerical calculations are presented using a discreet
one-dimensional spring-mass system giving our energy con-
serving temporal metasurface.

Practically, changing the spring stiffness values is easier
than changing the mass values. The examples below focus
on changing the stiffness values at appropriate times near the
time interface. A 1-d spring-mass chain with k& = 1,m =
1 and a = 1 as described before is considered here. The
initial displacement for the masses is given by a Gaussian
pulse of sufficient width to ensure a homogenized behavior
with negligible dispersion. The initial wave pulse splits into
right and left traveling wave packets with negligible dispersion.
A double time interface of width At = 3.2 is generated after
time ¢ = 62.5, where we change the stiffness of the springs
by an amount A%k = 10 at the first time interface and then at
the next time interface the stiffness is changed to the original
value. The stiffness change at the time interface is carried
out according to our energy conserving mechanism, i.e., the
stiffness is changed whenever the springs are neither stretched
nor compressed. Figure 1b shows the space-time (z — t) plot
of the displacement of masses as it encounters the double
time interface. The left and right traveling waves hit the time
interface and two sets of waves are generated from each of
them; one traveling backward in time as shown in blue, and
the other traveling forward in time as shown in red. These
time-reversed waves form the reconstructed source image.

For a 1-d energy conserving temporal metasurface, Figure
1a shows the ratio of energy in the backward propagating wave
to energy in the forward propagating wave versus the change in
stiffness at a single time interface as measured by the quantity
(Ak + k)/k. For high values of (Ak + k)/k, the energy in
the backward traveling waves (E}) is seen to be higher than
the energy in the forward traveling waves (). The blue and
red curves, representing the base stiffness values of k£ = 1 and
k = 10 respectively, lie on top of each other, thus indicating
that the energy distribution is independent of base stiffness
value.

Next, examples of regeneration of sources in the form of sim-
ple and complex shapes/images in 2-d are considered for tem-
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Figure 1: Time interfaces in 1-d. (a) Ratio of energies in the backward traveling wave (E}) and forward traveling wave (Ey) vs.
the change in stiffness (Ak) using a single time interface with the abscissa in log scale. The blue (red) curve represents the 1-d
spring mass chain with an initial spring stiffness value of £ = 1 (k = 10). (b) Regeneration of the source in 1-d: The initial
disturbance in the form of a Gaussian wave packet splits into two wave packets: traveling to right and left. After the time
interface we see each of the wave packets split into a forward traveling wave and a backward traveling wave. The backward
traveling waves reconverge to form the source.

poral metasurfaces with energy conservation. For antiplane
(shear) waves propagating in a three-dimensional (3-d) elastic
material that is geometrically independent in one of the di-
rections, say out-of-plane direction, we can model the shear
restoring force using springs where the spring constants repre-
sent the shear modulus. Hence, in our numerical simulations
we effectively model the shear wave propagation in 3-d by a
two-dimensional (2-d) spring-mass system with out-of-plane
scalar displacements. Such a 2-d spring-mass system, with the
unit cell as shown in supplementary Figure S1b, forms our en-
ergy conserving temporal metasurface. We denote the number
of unit cells in the = and y coordinate directions by N, and IV,
respectively. The mass in the (i,7)™ unit cell is denoted by
m;,; (), its displacements denoted by w; (), and the stiffness
values of 2 springs aligned along the = and y directions are
denoted by k,, ;(t) and k,, ;(t) respectively. This notation
indicates that the material properties as well as the displace-
ments vary both in space and time. The equation governing
the displacement of mass m;_;(t) is given by Equation (2) and
we drop the dependence on ¢ for conciseness of notation.

)

= kg (Ui — wiz1g) = Ky, (i — wi-1)

2

- kyz.1+l (ul,.i - ui«,JJrl)‘

The initial velocity of the masses is taken to be zero and
the 2-d shape is prescribed as an initial out-of-plane (scalar)
displacement for the masses. In the 2-d examples below, we
change the stiffness of the springs at appropriate times near
the time interface.

A simple source taken in the form of two Gaussian func-
tions is given by the expression exp (—(x — p1)?/o1) +
exp (—(@ — p2)?/02), with @ = (=, y) representing the vec-
tor of z and y coordinates, 1y = (175, 175), po = (225, 225),
and 03 = 09 = 50. Figure 2 (Multimedia view) shows the
snapshots of the displacement of masses (along the vertical
axis) at subsequent instants of time. The initial displacement
attimet = 0, propagates as a wave and encounters the first time
interface at t = 25. Near the first time interface, the stiffness
of the springs is changed by an amount Ak/k = 3, and then
at the second time interface (¢ = 25.5) the stiffness is changed
back to the original value. This generates the time-reversed
waves (backward propagating waves) which converge to form
the reconstructed source image as seen from the snapshot at
t =59.

This next example shows that we can achieve source regener-
ation (Temporal image projection) using an energy conserving
temporal metasurface even when the source is in the form of
a complicated image. Figure 3 (Multimedia view) shows the
evolution of the source in the form of an image of a dog,
into time-reversed waves and forward propagating waves. The
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Figure 2: (Multimedia view) Reconstruction of 2 Gaussian waves: The initial disturbance or source is in the form of 2 Gaussian
waves. The first time interface occurs at time ¢ = 25. The time-reversed waves formed due to the double time interfaces
re-converge to form the source at £ = 59.

spring stiffness is changed once by an amount Ak/k ~ —0.9
near the time interface. The initial displacement at time ¢t = 0
is allowed to evolve for some initial time until £ = 3. After it
hits the single time interface, time-reversed waves are gener-
ated and due to the amplitude are seen in blue color at t = 4,
and eventually they converge to reconstruct the image of the
dogatt =13.2.

In the above example, we observe that only a part of the

outward propagating waves are time-reversed to reconstruct
the image whereas the forward traveling waves result in an
undesired interference which can be seen as the "noise" sur-
rounding the reconstructed image. It is desirable to have most
of the energy from the incident wave concentrated in the back-
ward propagating wave as compared to the forward propa-
gating waves to get an accurate reconstruction of the source.
While Figure 1a shows that we can achieve this in the case of
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Figure 3: (Multimedia view) Dog: The initial source is in the shape of a dog. At the time interface (¢ = 3), the stiffness is
changed by an amount Ak/k =~ —0.9. The time reversed waves seen in blue color due to the wave amplitude re-converge to
form the source image.

a single interface by increasing the amount of change (Ak/k
or Am/m) in material properties, it should also be noted that
using a large value for Ak/k will cause the wave front to
be more spread out and one may get a blurred reconstructed
image. Similar results for source reconstruction obtained by
changing the mass values are shown in supplementary Figures
S4 and S5.

Temporal modulations in an energy conserving temporal
metasurface occur at times neighboring the time interface, re-

sulting in the material being anisotropic and inhomogeneous
for those times. Thus, a Gaussian beam propagating in a cer-
tain direction in an energy conserving temporal metasurface
after encountering a time interface has the total energy scat-
tered differently in all directions.

A Gaussian beam propagating in a 3-d material is effec-
tively modeled by considering a Gaussian pulse propagating
along a line in a 2-d spring-mass system. Figure 4 shows the
total energy distribution in the spring-mass system resulting
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Figure 4: Energy distribution resulting from scattering of a beam in a 2-d temporal metasurface: An incoming Gaussian wave
pulse encounters the temporal interface at ¢ = 120 and subsequent snapshots show that energy is distributed in all directions.

from scattering of the incident wave due to the temporal inter-
face. An incoming Gaussian pulse from the bottom left corner
encounters a temporal interface at ¢ = 120 after which the
stiffness is changed once by Ak/k = 3 at appropriate times.
In the subsequent snapshots we observe that, while most of en-
ergy is distributed along the line making an angle of 45° to the
x-axis (seen in dark red), some amount of energy is scattered
in every other direction. This illustrates the inhomogeneous
nature of the temporal metasurface at times neighboring the

temporal interface.

In conclusion, we have proposed an energy conserving
mechanism for temporal metasurfaces caused by time modu-
lation of material properties. The mechanism is demonstrated
using a discreet spring-mass system in one and two dimen-
sions, with an application to reconstruction of the source im-
age using time-reversed waves. For this particular application,
the operation is restricted to the homogenized regime to get a
better reconstructed image of the source. However, the energy
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conserving mechanism itself is not restricted to the homoge-
nized regime. In practice, one can change the stiffness of the
spring by attaching a spring in parallel to it between the same
points (i.e. a spring of same length) when the spring is nei-
ther stretched nor compressed. Even if one cannot locate the
perfect instant to carry out this operation, the energy exchange
can always be bounded between some limits. With some cau-
tion, energy conserving temporal metasurfaces can be realized
easily using electrical transmission line structures and a brief
discussion on this topic can be found in the supplementary
information. The energy conserving mechanism can also be
extended to interfaces at an angle in space-time and to some
complicated geometries in space-time. For waves propagating
in continuum media in 1-d, the modulus can be changed at
an instant of time when the stress is close to 0, and the result
can be easily generalized to two and three dimensions. Thus,
the energy conserving mechanism can be extended to contin-
uum systems as well. Experimental realization of space-time
metamaterials (with more than one temporal interfaces) hav-
ing close to sharp temporal interfaces that was previously not
possible due to the energy exchange requirements, now seems
possible with the proposed scheme.

See supplementary information document for additional de-
tails related to this work.
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