
A P~ENOMENOLOGICAL THEORY FOR PLASTIC DEFORMATION 
OF POLYGRYSTALLINE METALS* 
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A consistent phenomenologioal theory is developed for t,he plastic deformation properties of a restricted 
class of polycrystalline metals. The t,heory introduces the concept of a “hardness state” that can be 
related to the dislocation “structure” generated in the course of plastic deformation. The conditions 
t,hat must be satisfied if a plastia equation of state is t,o hold are investigated, and it’ is concluded that 
it is likely that such an equation of state exists. The implications for current microscopic theories are 
explored. 

Some of the current, conclusions that are drawn from experimental data are criticized. In particular, 
it is shown that the neglect of the influences of anelasticity and of grain boundary sliding has led to 
incorrect interpretations of grain matrix flow properties. Furthermore. the existence of a steady state 
deformation regime is challenged. 

THEORIE PHESOMESOLOGTQUE DE LA DEFORMATIOS PLaSTIQUE DES MET.4US 
POLYCRISTALLISS 

L’auteur presente une theorie phenomenologique coherente pour lea proprietds de la deformation 
plastique d’une categoric restreinte de meteus polycristallins. La theorie introduit le concert. d’un 
‘*et& de durete” qui peut Btre relic it la “structure” des dislocations engendree au tours de la deformation 
plastique. L’auteur Qtudie les conditions a satisfaire pour qu‘une equat.ion d’Pt,at soit. valable clans ee 
eas, et il conclue qu’il est vraisemblable qu‘une telle equation esiste. I1 recherche les consequences sur 
les theories courantes macroscopiques. 

L’auteur critique certaines concfusions courantes qui sont tirees des result&s esperimentaus. En 
particulier il montre qu’on arrive a des interpretations incorrectes des proprietes plast,iques 
de la matrice des grains si on neglige l’influence de 1’anelast~ieit.B et du glissement des joints de grains. 
En outre, l’existence d’un regime de deformation stationnaire est discut&. 

EINE PHASOMESOLOGISCHE THEORIE DER PLASTISCHES VERFGRBIUSG 
POLYKRISTALLINER METALLE 

Eine konsistent,e phlinomenologische Theorie der plastischen Verformung einer besohrankten Gruppe 
polykrjstalliner Metalle wird entwiokelt.. Die Theorie fiihrt einen “Hartezustand” ein, der mit, der im 
Verlauf der Verformung eneugten “Ve~etzungsstruktur.’ in Zu~mmenhang gebracht werden kann. 
Bedingungen, die erfiillt sein miissen. wenn eine plast.ische Zustandsgleichung gelten ~011. werden 
untersucht und es wird geschlossen, dal3 wahrscheinlich eine solche Zustandsgleichung esixticrt. Die 
Folgerungen fur vorhandene mikroskopische Theorien nerden behendelt. 

Einige der bisherigen Schlugfolgerungen aus experimentellen D&en werden kritisiert. Insbesondere 
wird gezeigt, dal3 die Vernachliissigung des Einflusses der Anelestizitat und der Korngrenzengleitung 
zur falsohen Interpretation der FlieDeigenschaften der Kornmatris gefiihrt hat. Aufierdem wirtl die 
Exintenz tines stat&hen Verformunpabereichs in Frage grstellt. 

1. INTRODUCTION 

The customary description of the plastic deforma- 

tion behavior of metals consists largely of collections 

of tensile stress-strain curves for several extension 
rates and creep curves for a variet,y of loading con- 

ditions. This mode of descript,ion generally serves 

to emphasize that the flow rate at any given time 

under some applied load depends on the prior defor- 

mation history. The question naturally arises whether 

it is possible to summarize the prior history at, any 

instant in terms of some readily measurable property 

of the mataerial so t,hat fut,ure deformation response 
can then be predicted independently of any more 

detailed knowledge of the prior history. If such a 

procedure is t’o be really effect,ual. the entire descrip- 
t.ion should be possible in terms of well defined 

deformation variables. 

met*als will necessarily appear t,o be rat,her capricious. 

and attempts at theoretical elucidation of microscopic 

mechanisms then will lack clearly defined goals. In 
other words what is desired is a reasonably compre- 

hensive phenomenology for the facts of deformation 
behavior as distinct, from the present empiricism. 

It, should be noted that. if such a description is not 
possible, the phenomenon of plastic deformation of 

The purpose of the present paper is to examine t.lw 

current state of this problem and to propose a tenta- 

tive sohttion for a restricted, but nevert,heless broad. 

class of materials and phenomena. It will become 

evident, as the theory is developed below. that some 

of the conclusions we shall make about t’he nature of 

plastic deformation areindisagreement with commonl! 

held views. It will be concluded. for example. that 

there is no clear evidence for a steady stat,e cleforma- 
t,ion regime. Clearly, such a conclusion is of consider- 

able importance from a t,heoretical point of view. am1 

w-e emphasize it here simply to underline the magni- 

tude of the contrast that is possible between data 

considered only empirically and the same data or- 

ganized into a consistent phenomenology. 
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The plan of the paper is as follows: In Section 2, 

after briefly considering the relationship of the plastic 

properties to the nature of the test data, the current 

view will be described and criticized. Section 3 will 

define the restrictions on the proposed description and 

will introduce a definition of ‘Lhardness.” Section 4 

will be concerned with the change of hardness during 

deformation and consider the possible relationships 

between the strain hardening and steady state be- 

havior. Section 5 will show how predictions are to be 

made with a theory of this type by meens of specific 

examples. Tn Section 6 we consider the nature of the 

experimental data needed for a crucial test of the 

theory and examine the conclusions that have been 

drawn from current load change experiments. Section 

‘i will be devoted to discussion of the relationship of 

the phenomenology to theories of deformation based 

on microscopic considerations. 

2. THE PROBLEM 

The application of a tensile stress u to a metal speci- 

men results in a total tensile strain Q that is in general 

time dependent. The accumulated total strain at any 

time is the sum of three identifiable components: 

elastic strain E,. anelastic strain E, and plastic strain E,,. 

Ef = E, + E, + Ep. 

The time dependence of E, is determined only by 

inertia; that of E, and Ed is determined by relaxation 

and dissipation and is different in character from 

that of E,. The elastic and anelastic strain is recover- 

able after release of the stress Q, the plastic strain is 

not recoverable by such load release. These cherac- 

teristics distinguish the three strain components 

uniquely. 

The laws that are satisfied by the recoverable 

strain components are relatively simple and are 

fairly well understood. They are characterized by the 

fact that the st,rain components E, and E, are good 

deformation state aariables of the material. There is a 

n&Ural unstrained state relative to which the amount 

of recoverable strain can be measured. 

The situation is rather different for the plastic 

strain. The plastic strain components need not even 

be compatible with a single valued displacement field 

in general. Even when an arbitrary reference state is 

chosen, the mechanical state of a specimen after some 

further plastic deformation depends on the actual 

deformation path rather than only on the final state 

of strain relative to the reference state. Nevertheless, 
previous attempts at a rational description of plastic 

properties, in particular those by Ludwikcl) and by 

Zener and Hol1omon.Q) have employed E, as a promi- 

nent stat’e variable. Measurements by Dorn et d.(3) 

showed that the treatment of Zener and Hollomon 

would not hold for aluminium if temperature changes 

are allowed. It can probably be argued that, if all 

straining is done at one temperature, the Zener- 

Hollomon treatment almost works, and. in fact, 

common practice in describing deformation properties 

proceeds as though it did work. In other words, it is 

customary to describe the state of strain hardening 

of a specimen in terms of the amount of strain it has 

undergone. This view is in contradiction with the 

equally commonly held point of view that there is a 

steady state regime, for certainl-, if a “steady state” 

is reached. then, by definition of steady state, no 

significant change will accompany further deforma- 

tion under either the same stress or strain rate. 

However, subsequent deformation at a different 

strain rate must result in an eventual new steady 

state. That latter steady state can have been reached 

then by different amounts of strain, depending on how 

much strain was introduced at theinterim steady state. 

It is the purpose of the present treatment to show 

that, although the state of strain hardening of a 

specimen cannot be described solely in terms of the 

accumulated strain, there may exist a “plastic 

equation of state” in somewhat more general terms 

and that such an equation of state may be rather 

simple. The existence of such an equation of state is, 

furthermore, independent of whether or not there 

exists a steady state deformation rhgime. 

3. THE EQUATION OF STATE 

The theory to be presented here will be restricted to 

deformation histories at a single temperature and to 

polycrystalline specimens of relatively pure f.c.c. 

metals. We exclude from consideration discontinuous 

and inhomogeneous flow processes. Furthermore we 

purport to describe the behavior of such specimens in 

a range of strain rates for which grain boundary 

sliding plays a negligible role. Of considerable 

importance is the requirement that we will consider 

relationships only between the stress and the plastic 

strain. The modifications that depend on the anelastic 

strain components will be considered separately 

below. Since experimental observations measure all 

strain components together, the description in the 

present section may seem to the reader to be occasion- 

ally unfamiliar. Such problems, however, are easily 

settled when the recoverable strain components are 

added later. 

We proceed then to the consideration of a hypothe- 

tical, purely plastic material whose properties we 

shall then show are not in disagreement with what is 

thus far known for the class of restricted materials 
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mentioned above. The description will be mad& in 
terms of plastic tensile strain E (we now drop the 

subscript p for simplicity), strain rate t, and tensile 

stress IJ. The extension to multi-axial deformation 

will be reversed for a later publication. 

Of the three deformation variables 0, d and E, the 

two that are uniquely indicative of the mechanical 

state of the specimen are the first two, (T and g. If 

the imposed strain rate i is stated, the corresponding 

stress G to produce d is a measure of the current state of 

mechanical strength of the specimen. In fact the 

mechanical state of the specimen at any instant is fully 

specified by the set of all possible pairs of values of u 

and i of which it is immediately capable. We shall 

define a property that we shall call the hardness 

(we employ the term in the sense that one speaks of 

strain hardening, and, of course, our term has nothing 

to do with a hardness indenter index) and shall 

assign it the parameter symbol y. At this point we 

shall not give it a definite number value, since as will 

be evident later, there is a variety of assignments that 

can be made, and it will seldom be necessary to use it 

explicitly as a variable for computation. Its property 

is illust’rated by the state equation that at any current 

value of the hardness, 

u = o(y, P) (I) 

The parameter y then orders a one-parameter family 

of a-P relations of which one is always the characteri- 

stic a-2 relation for a specimen at its current hardness. 

In Fig. 1 we show schematically a few such curves for 

different states of hardness of a single material. For 

definiteness, and because the limited data available 

makes the assumption reasonable, we represent them 

as parallel curves with slope Y on a plot of log G vs. 

log &. The meaning of the curves is that if a specimen, 

when loaded at the stress ul, deforms at the rate C,, 

log i 

FIG. 1. Several lines of constant. hardness are shown sche- 
matically. For illustrative purposes they are represented 

as parallel, straight lines with a common slope Y. 
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Influence of stress, u, on steady-stat,e creep rate, E, 
of aluminium. For each plotted pomt the stress is norm- 
alized by dividing by the modulus att the temperature 
in question. 

Solid lines: present work. Each line refers to one 
specimen only, and the plotted points on each line give the 
succession of steady creep rates as stress reductions 
were made. 

Broken line: previous work. Each specimen was 
subjected to creep at a different constant load at 250°C. 

FIG. 2. Data plot from the work of Mitra and McLean. 
Ref. 4. 

then, if the stress is changed suddenly to a,. the neu 

plastic rate i, will be on the line that contains ol, d,. 

There must be negligible plastic strain during the time 

of the measurement or else the specimen will have 

strain hardened further so that it lies on a higher 

neighboring line. 

Tests of this sort were carried out on Ni and Al in an 

important study by Mitra and McLeanc4) in which 

they observed a series of relatively steady strain rates 

following successive step reductions of load in creep. 

They observed in addition, at each load change, a 

short time relaxation process which we shall show 

below is most likely an anelastic strain recovery 

proportional to the stress change. Their observed 

values of C vs. (3 for Al are shown in Fig. 2. These are 

substantially the type of curve that we are character- 

ising as curves of constant hardness. If a plastic 
equation of state of this form is to hold, it is necessary 

that, if two samples that have undergone different 

strain-strain rate histories exhibit the datum point 

ul, i,, then both must, when the stress is changed to 

02, strain at the same rate 6,. In other words it 

must not be possible for two constant hardness curves 

to intersect. All curves for a given material must be 

parallel. There is little data available to test this 
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requirement. Mitra and McLean did produce curves 

corresponding to more than one initial hardness at 

several temperatures and obtained curves that were 

essentially parallel. It is important that their curves 

are not parallel to the locus of points corresponding to 

the usual data of stress vs. minimum creep rate. In 

fact the slopes differ by as much as a factor of two. 

We shall discuss this work further in a later section. 

To return to equation (1) we see now that the pro- 

posal of Ludwik and of Zener and Hollomon combines 

the required behavior we have described above. and 

the additional assumption that the parameter y 

that distinguishes one line from another is a function 

only of the accumulated strain E. The point of the 

present work is that, if this latter assumption is 

replaced by a more realistic kinetic equation, there is a 

fair likelihood that the resultant description will be 

successful. 

4. THE RIGOROUS PHENOMENOLOGY 

In this section we proceed to a discussion of the 

strain hardening process. This can be done in two 

ways: (1) by describing the rate of change of the 

current flow stress as a function of strain and strain 

rate increments (or. where it is pertinent, the rate of 

change of .! as a function of a and strain increment), 

or (2) by describing the rate of change of a suitably 

selected hardness y as a function of any of the con- 

trolled deformation variables. Both procedures are 

equivalent, and both are useful. 

We shall first develop t.he necessary background for 

both procedures. 

All the deformation histories in which we are 

interested can be described incrementally by the 

differential form 

dlna=ydf+vdlnP (2) 

This form simply describes the smooth variation of 

any of the deformation variables in terms of the others. 

In general. the coefficients y and v at any stage in t,he 

deformation process depend on the current values of at 

least two of the variables a. E and 1 and also on the 

previous deformation history. We choose In a and In d 

as variables rather than a and d because of practical 

simplicity. This description is the same as that 

employed by Hartt5’ in an earlier study with t.he 

difference that what was there called nl is here called 

v. The reason for this change in notation is that, as 

we shall see below, there is more than one important 

rate sensitivity coefficient and the common use of the 

letters m or n does not make this distinction. For any 

particular deformation path, y and v can be identified 

as the expressions 

y = (i3 In a/&). (3) 
and 

v 3 (i3 In o/a In & (4) 

It will be seen immediately that. if a plastic equation 

of state of the form described in the previous section 

exists, then v is the same as the slope at each point of 

the constant hardness lines of Fig. 1. and, further- 

more, v is then independent of history and depends 

only on the current value of a and P. 

The conditions for the existence of a plastic equation 

of state and a clue to its explicit form can be obtained 

by a discussion of the integrability of the differential 

form of equation (2). 

With a view to the desired form of the ultimatth 

relationship we rewrite equation (2) in the form 

de=adlna+~dlnP (5) 
where 

a = l/r (6) 

p = -v/y (7) 

We now seek the conditions under which equat,ion (5) 

possesses integral solutions that are independent of the 

path of integration. If such solutions exist the differeu- 

tial form is a perfect differential. 

The first condition that must be satisfied is that a 

and b (and therefore y and v) be unique functions of cr 

and C. In other words y and v must be of the form 

7 = y(a. $) (8) 

v = v(0, i) (9) 

If equations (8) and (9) are satisfied equation (5) is 

known as a Pjaflall ,li)~j~ and it is directly integrable 

if and only if 

(a@ In P), = cap/a ItI ~1; (l(‘) 

Then if equation (10) holds there will exist a statci 

relation of the form 

E = z(a, F) (11) 

or equivalent1.v 

cr = a(E. C) (12) 

This is the form of the Ludwil; and Zener and Hollo- 

mon equation of state, and again we see that it, in- 

volves two explicit requirement8s, viz. equations (8) and 

(9) and equation (10). 
Now. since equation (5) is a form in only two inde- 

pendent variables, the theory of Pfaffian form@) 

shows that. so longasat least equations (8)and (9) hold, 

and even ij equation (10) does not hold, there always 

exists an integrating factor of the form F(a, i) such 
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that 

Fck=IxFdIncr+~FdIni (13) 

is a perfect differential. The original Pfaffian form is 
then said to be int.egrable: and we can then write 

& = F & 

=aF(1!lna+PFdlni (I-2) 

And so there exists a family of integral curves 

y = y(n. P) (15) 

where y can now be identified as what we called the 
hardness parameter. Furthermore, there is an infinite 
number of integrating factors and so the specific 
choice of y need not be unique although the curves are 
unique. Finally for each fixed value of y the corre- 
sponding curve given by equation (15) is a solution 
of the Pfafiun equation, 

or, eq~~ivalent,l~, 
dy = II 

L2E = 0 (16) 

and so all points along each integral curve are con- 
nected only by pat,hs for which de = 0 in consonance 
with our prescription in Section 3. Thus the integral 
curves satisfying equation (16) are our curves of 
eon&ant hardness. 

We can now summarize the out,come of this analysis 
as follows: A necessary and sufficient condition for 
the existence of a plastic equation of state is that y and 
v be functions only of u and 6 (at a single temperature). 
If the strain is to be a good state variable it is further 
necessary that equation (5) be a perfect differential. 

We shall now discuss the two procedures stated at 
the beginning of this section. 

The first procedure follows immediately from the 
satisfaction of the integrability requirement, equations 
(8) and (9). It is first necessar- to determine by ex- 
periment whether those equations hold and then to 
determine their explicit form. Given t’hat this has been 
accomplished, equation (2) becomes 

rl In d = ~(a, &) de + ~(5. t) d ln P f”‘) 

and this differential equation can then be integrated 
over any prescribed deformation path to predict the 
mechanical behavior of the material. We shall do that 
in Section 5 for a variety of familiar test situations and 
for an assumed form of y and v. It can be seen that. 
even when E is not a state variable, it can still be 
handled as a path variable with no difficulty. 

It is o~easionally convenient to use the hardness y 
as an explicit stat,e variable. First. however, it is 

necessary to select, among the many possible equira- 
lent choices for y: one choice t,hat is well suited for 
both theoretical and practical purposes. The choice 
that we shall make is arrived at in the following way. 
If in equation (8) y is assigned a constant value. a 
locus of a-C points is defined at each of which y has 
t,he same value. In particular if a-e choose the locus 
y = 1. we have determined a curve at each point of 
which 

(au/a&); = (T (15) 

The point at which equat,ion (17) is satisfied is of course 
very nearly the point of plastic inst,ability in tensile 
deformation. Furthermore in the constant extension 
rate test it is substantial]>- the point of load maximum. 
and in the constant load creep t,est it is the point of 
minimum strain rate. It is therefore a readily ob- 
tained and commonly available set of data. and it 
defines a log c-log P curve that is substantially a 

straight, line. It is the slope of that, line that is 
commonly taken as the strain rate sensitivity. 
Furthermore, it is, in much of the current, lit,erature, 
loosely characterized as the steady state locus. The 
actual steady state locus, if one exists, is of course the 
line corresponding to y = 0. We shall have more to 
say on this last point later. We have plotted in Fig. 3 
the curve y = 1 together with several curves of 
constant hardness. We assign the symbol p to the 
slope of the y = 1 curve. In general f~ > Y. Clearly, 
Fig. 3 is in complete agreement with t,hc data of 
Mitra and McLean shown in Fig. 2. The additional 
curves shown parallel to the y = 1 line are related t,o 

Fro. 3. Schematic “equation of state” plot showing lines of 
constant y intersecting lines of constant y. The labelled 
dashed lines issuing from the paint o,, E, are the loci for 

the three deformation histories dtwcribrd in the text. 
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the assumed complete model we shall discuss below 
and are lines for other values of y. Since every con- 
stant hardness line intersects the y = 1 line we now 
choose the vaJue of B at that intersection as the value of 
y. We could equally well have chosen the value of d 
at the intersection, but the choice given here is 
mathematically convenient. Note that the existence 
of such intersections means that a specimen at any 
hardness level whatsoever always can be made to 
exhibit a value of y = 1 by choosing the correct value 
of d. In other words there is in principle always a test’ 
t,hat can be maclc to measure the current value of 
y, i.e. it has an operational meaning. 

We may now reduce the content of Fig. 3 to analytic 
form. If @i(P) is the functional form of the line y = 1, 
we have 

(ri = CC.? (13) 

where cc is a constant at any one temperature. It is 
easily verified that the equation for the line corre- 
sponding to any given value of y is 

(r = aypc_'iy 

We may note also that from its definition 

(19) 

y = (1~ - ~)(a ln y/s); (20) 

Since y necessarily has the same value over any 
single integral curve, 

(a in y/i3 in d), E 0 

and so the derivative in equation (20) can be replaced 
by a total derivative. Then 

Y = (P - y)(d 1n y/de) (21) 

and so as soon as we know how y depends on d and F: 
we know how y changes with strain increments. 

In t,he foregoing discussion we have maintained the 
temperature T fixed. We now explicitly add the 
assumption that y is unchanged at T, by an excursion 
to another t,emperature T, followed by a return to T, 
so long as ds = 0 during the process. Then T will 
appear simply as a parameter and y, p, v and a will in 
general depend on T parametrically. Because of our 
mode of measuring y it will, even for a fixed state of 
hardness, depend on T. It is possible, however, to 
generalize our treatment so that T is treated explicitly 
as a stat’e variable. When that is done it is possible 
to define the hardness state variable y in such a way 
that it is not temperature dependent just as it at 
present is not strain rate dependent. That procedure, 
however: requires the knowledge of the quantity 

& = [a in a/@ l/kT)];,, 

as a complete function of 6, t and T. and this is not 
available from the existing data. We, therefore, 
adhere in the present paper to the parametric ap- 
proach. The more general treatment, just described, 
will be explored further in a subsequent publication. 

5. A SPECIFIC MODEL 

In this section n-e shall discuss the manner in which 
test. results are predicted within the framework of the 
theory set forth above. In principle. all deformation 
histories can be obtained from integration of equation 
(2’) once the functional forms of y and 1’ are known. 
For illustrative purposes we shall make an explicit. 
assumption about the nature of those functions. This 
assumption, of course, affects only the special form of 
the solutions in t,he examples considered below, where- 
as the general theory will admit an_v functional forms 
for y and v that are able t’o be determined experiment- 
ally or that, can be predicted by microscopic theory. 
Nevertheless, the author believes that the one used 
here is in fact appropriate to the simple f.c.c. metals. 

We postulate. then, that, 

v = constant (22) 
and 

y = (q/o)“” (23) 

where bl is given by equation (18), and 1 is a constant 
with a value generally around i_ For clarity we 
recapitulate the other equations that are part of our 
model. 

dlno=ydsfvdlnP (2) 

0, = a$’ (18) 

There are for any given material four constant param- 
eters in the model, viz. cc, ,u, v and il. 

We shall now comput,r the resulting behavior for 
tests at, constant stress. constant strain rate and 
stress relaxation at fixed extension. 

I. Comtant strain rate 

This case, which is not exactly the same as constant 
extension rate. yields. of course, the ideal tensile 
stress-strain curve. Since e is constant.. equation (2) 
becomes 

d 111 IT = y de (24) 

and cri has t,he constant valuct given by equation (18). 
Then 

d In d = (~~~~)I’~ de (25) 
We must still specify what the state of hardness of the 
specimen was when the straining commenced. At 
the value of 6 we employ this can be done by specifying 
the initial value of o or of y. However, if we wish to 
compare identical specimens at several strain rates we 
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must know the corresponding values at each strain 

rate. This is most easily done by determining or 

specifying the initial value of y. which is common to 

all the specimens, and employing equation (19) to then 

determine the initial value of cr at each value of d. 

We shall designate the values of u, y and y when E = 0 

as oo, y. and yo. 

We can readily integrate equation (25) to obtain 

c = oJ(o&J1’i. + (#IA (26) 

It is readily verified that equations (18) and (19) yield 

t,he result 

~oo/$ = (Yoli.Y’-” (25) 

and so we may write equation (26) in the explicit form 

0 = cXd”[(yo/~)(P-V)‘~ + (E/1)]” (28) 

Substitution of equation (28) into equation (23) also 

gives the result 

y = [(yo/$P-““‘. -!- (&/41-l (29) 

In order to make the result more concrete, we have 

plotted equation (28) for assumed values iz = 2~ = 

4v = 0.2 for a few strain rates in Fig. 4. These values 

L2 I I I 1 

0’ I I I 
0 RI a2 RJ 

FIG. 4. Constant strain rate tensile curves as conmuted 
from equation (28). The strain rate ratio between-adja- 
cent’curves is 10m4. The uppermost curve IS for she lowest, 
strain rate. Note that+aeh wrve is plotted relative to the 

value of a at y = 1 *s unity. 

are not inconsistent with the data available for Al at 

moderate temperatures. The reader is cautioned at 

this point to remember that the curve deduced here is 

not to be compared immediately with an experimental 

curve at constant extension rate. The reason is that 

the anelastic strain has not been included. That 

component affects only the first few per cent of strain 

since the plastic strain rates does not come up to its 

full value until the anelastic strain rate contribution 

4 

drops to a low value, and this effect simulates a 

spurious, high initial hardening rate. 

The principal features of the stress-strain curve 

we have computed is that it is a power law with a 

displaced origin for the strain scale that depends 

strongly on the strain rate. Note that the curve for 

very low strain rate is a typical “high temperature” 

curve with very low strain hardening rate. Despite 

the ostensible qualitative differences in the curves, all 

of them obey the same law, and none of them will 

reach a steady state. 

II. Constant stress 

For this case d In CY = 0, and equation (2) becomes 

O=yde+vdlnP (30) 

Now from equation (23) 

y = (oJo)l’~ 

= (a.Y/o)‘/” (31) 

If we express the applied stress CT in terms of d,, the 

strain rate that will be reached when y = 1 at the 

stress u, equation (31) can be written in the simpler 

form 
y = (+#‘i” (32) 

where 8, is simply a measure of the applied stress and 

is given by 

d = ad,’ (33) 

Now equation (30) can be written in a simple form for 

integration as 

d( E/V) = - (d/i,)-‘-‘Pl”’ d( i/i,) (34) 

If .G, is the initial value of the strain rate, this integrates 

readily to 

(6J8)“‘” = &/i,)P’” + (P/1V)& (35) 

where 8, is given by equation (33) and, if yois theinitial 

hardness, do is given by 

d = ay~-“~oy (36) 

The apparent shape of the curve of d vs. E is determined 

by the value of the additive term (i,/io)r”. For a 

given specimen (i.e. for fixed yo) the value of that 

term depends strongly on the value of 0. Since p > v, 

the additive term is small for large 0, and vice versa. 

The two different extremes simulate the presence or 

absence of sizable amounts of “primary creep”. 

Since g = dsldt, equation (35) can be integrated once 

more to obtain E as a function of t. We present the 

result here for completeness. 

(P/d++ = [l + (Yr)l-‘wJ$)“‘A 
+ (/4/ilV)&]lf’“‘“’ - (+,)l+‘“‘“‘} (37) 



606 ACT.4 BIETALLURGICA, T’OL. 18, 1970 

Although this expression is somewhat messy, it is 

actually quite simple. It has the interesting feature 

that at sufficiently large values of t 

e _ $llta/a)l (38) 

which yields N3 when J. = 2~. 

III. Stress relaxation test 

In the stress relaxation test the cross-head of a 

tensile testing machine is held fixed after a prior 

interval of constant extension velocity. The specimen 

then continues to undergo plastic straining under the 

influence of the stress due to the residual elastic 

strain in the specimen and the load measuring cell. 

As the specimen extends plastically, the stress drops 

due to the relaxation of the elastic strain in such a 

way that 
Cji= -_Ki. (39) 

where K is the appropriate elastic coefficient for the 

specimen and machine. If K is large (a stiff machine) 

the strain accomplished during the subsequent his- 

tory will be very small and so the specimen will 

experience a o-i history that essentially follows a 

line of constant hardness. This test has been described 

by several authors, and a detailed description can be 

found in Ref. 5. 

We shall now relate the t’est to the parameters of 

our theory. 

From equation (39) we obtain directly the two 

relationships 

do = --Kd& (40) 
and 

dlna=dlnC: (41) 

We substitut,e these mechanical constraint relation- 

ships in equation (2) to obtain 

dlnu= -((Y/K)do+vdlnd 

= -(yU,/K) d ln u + Y d ln 6 

or. solving for Y, 

(43) 

Y = (d ln o/d 111 ti)[l + (yd/K)] (43) 

ln a hard machine K > a, and, furthermore, as 8 

decreases rapidly, y also becomes quite small. There- 

fore. to a very good approximation 

v = d In o/d In 6 (44) 

The stress relaxation test is then a very good test 

for tracing out constant hardness curves and ac- 

complishes by a continuous variation what was 

attempted by the discrete load change tests. 

The calculation presented here does not include a 

correction of the early part of the relaxation curve for 

anelasticity. 

If desired, of course, the relaxation data can be 

reduced to an explicit plot of a vs. 6 at constant hard- 

ness by using equation (39) and a measurement of K. 

Although a detailed analysis of the fit to experimen- 

tal data has not yet been carried out, the aut,hor 

believes that the temperature dependence of the 

parameters of the theory may be relatively simple. 

He anticipates that the temperature dependence of 

,u, v and ii may be only slight, and that the main 

variat.ion with temperature will be found for a and 

for the value of y for any given state of a specimen. 

6. RELATIONSHIP TO EXPERIMENTAL DATA 

In order to discuss the relationship of the proposed _ _ 
theory to the results of experiments it is first necessary 

to consider in a little more detail the effect of anelastic 

phenomena in the experiments. Our concern here is 

not to examine t,he detailed nat,ure of anelasticit,y 

but rather to show the way in which it can mask some 

of the fact’s of plastic deformation. The phenomenon 

itself is discussed fully in the excellent monograph 

by Zener.“) 

Anelastic strain F, attendant upon the application 

of a stress ~7 to a specimen can generally be character- 

ized by laws that are linear in Ed, o and their time 

derivatives. The progress of E, with t’ime is generally 

(a) exponemial with at, least one time constant, 

(b) proportional to G at full relaxation, and (c) is 

reversible upon reduction of cr. The relaxation t.ime 

does not depend on o. The physical basis for an- 

elastic relaxat,ion can be as diverse as viscous grain 

boundary relaxation, stress induced ordering of 

solut,es. and short distance displacement or bowing 

of dislocations. Since the effects can be produced by 

small displacements of dislocat’ion arrays in cell walls 

that result from plastic deformation, the magnitude of 

the effect can depend to some extent on prior plastic 

deformation as well, but at any one stage it still 

retains its basic properties outlined above and has no 

direct relationship to the nature of the plastic strain- 

ing process. It is essential, therefore, that the 

elastic strain component be identified before 

attempt,s to make detailed interpretation of 

essentially irreversible plastic component. 

an- 

one 

the 

For illustrative purposes we shall show that the 
recovery time measured by Mitra and McLeanc4) can 
be explained quantitatively, entirely on the basis of 

an anelastic relaxation and no recovery of strain 
hardening. As related above, they deformed a 
tensile specimen in creep for an initial time interval 

and then dropped the stress o1 by an amount Ao. The 
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strain rate then dropped abruptly to B very low value 
after which it gmdually rose to & new relatively steady 
value .+, that was less than the value il at the former 
stress or. They measured a time At that wss the 
interval from the time of stress change to the inter- 
section of the time axis by s straight line dmwn 
through the strain-time points when the strain rate 
had become steady. In other words, if t = 0 when the 
stress was changed, the strain as a function of t 
ultimately become asymptotic to 

8(t) = &(t - At) (45) 

Kow, if it is assumed that, upon the change ha, the 
plastic strain rate immediately becomes g,, and the 
anelastic recovery is A&,(t), the incremental strain 
after t = 0 would at all values of t be 

c(t) = d,t + he,(t) (46) 

Furthermore AC, will after a relaxation time reach the 
value 

Ahe, = -(LEG)-lAho (47) 

where OL is 8 constant of the order of unity since re- 
laxed anelastic moduli are comparable to the elastic 
moduli. Then, taking the value of equation (46) at large 
times and comparing it with equation (45) we see that 
Mitra and McLean’s At can be expressed as 

At = -A&J& 

= AgluG~~ (48) 

They then formed the quantity r that they termed the 
recovery rate as 

r/G = AolGAt (49) 

With our interpret&ion this is computed to be 

r/G = ad, (56) 

This last result agrees qu~nt~~tativel~ with their 
measurements. 

We see, therefore, that the At so determined has 
nothing to do with either stress recovery or even 
with the anelastio relaxation time. It is instead a 
measure of the ratio of the total anelastic recovery 
to the &ml strain rate. 

This point hss been discussed in detail because it 
has strong bearing on the interpretation of all experi- 
ments of this type. It should be easily possible in such 
experiments to measure the anelastic strain in the sb- 
sence of appreciable plastic straining by interrupting 
the test by reverting to considerably lower stress 
levels. It should then be possible to observe the 
successive introduction and recovery of anelastic 

strain by repeated cycling between two stress holding 
levels. This in fact is what is occasionally done 
monotonically in the course of creep tests and is 
known as creep recovery. The large magnitude of 
the effect is discussed in the chapter on “anelastic 
creep” in the book by Lubahn and Felgar.ls) They 
shsw the dramatic change in the appearance of creep 
curves when the anelastict or recoverable. strain is 
measured and subtracted from the tot,al strain. The 
important modification occurs, of course? in the early 
part of the curve and makes the shape flatter. 

Substantially, the same phenomenon is present in 
the constant extension rate tensile test. Part, of the 
st,rain during the initial loading is anelastic and so the 
plastic strain rate does not rise to the vafue of the 
imposed strain rate until most, of the anelastic straining 
is concluded. The same phenomenon is probably 
responsible for the hysteretic behavior attendant on 
interrupted tensile testing in which straining is inter- 
rupted and the load reduced to zero followed by 
resumption of straining (cf. Ref. 8, chapter on 
Bauschinger effect). 

In order to be able to sort out the recoverable strain 
from the total strain it is necessary to collect data that 
will determine the nature of the anelastic behavior for 
each system with which one deals. The data from 
conventional tests csn then be analyzed to determine 
the character of the purely plastic strain behavior. 
It is, of course, the plastic behavior that the author 
believes will be susceptible to description by a theory 
of the form that has been developed above, 

We do not claim that there cannot be additional 
short time relaxation effects associated with the change 
of the plastic strain rate accompanying a stress change, 
but only that the effects associated with recoverable 
strain must first be accounted for before the remainder 
has been identified. In the case of the measurements 
of Mitm and McLean there does not seem to be tany 
remainder. We shall discuss other possible relaxa- 
tions a bit further in Section 7. 

It is of further importance that, the data that is 
intended to elucidate grain matrix deformation prop- 
erties, with which we are here concerned, should not 
have sizable contributions from grain boundary 
sliding. There is, after all, no reason to believe that 
a simple behavior or a single theoretical description 
will characterize data that represents composite 
phenomena. The marked effects that can be produced 
by grain boundary sliding were clearly exhibited by 
Servi and GrantJ9) and s,re even more dramatically 
evident in the current literrtture on “superplastioity”. 
Nevertheless, most of the high temperature data that 
is freely interpreted in terms of purely matrix flow 
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mechanisms lie wholly in the grain boundary sliding 
regime or in the transition range. This has obscured 
the understanding of the matrix deformation processes 
at elevated temperatures. It is in fact probable that 
those processes are not appreciably different from 
low temperature behavior even up to an appreciable 
fraction of the melting temperature. 

The data with which we are concerned, then, is for 
coarse grained specimens and generally at rather high 
strain rates or at moderate temperatures. 

There is reason to believe that, if we can adequately 
describe the matrix flow properties and the grain 
boundary sliding properties separately, then it will be 
possible to produce a theory that describes the com- 
bined operation of both mechanisms. An attempt at 
such a theory has been made by HartP”) for the 
presumed “steady state” behavior. A similar treat- 
ment should be possible for the entire strain hardening 
regime. 

We shall conclude this section with a brief dis- 
cussion of the problem of the “steady state”. Con- 
sidering the importance of the implications that arise 
from the existence of a steady state, it is amazing 
that its existence has been rather generally accepted 
with such slim experimental evidence. In tensile 
tests the specimen becomes unstable against necking 
as soon as y = 1. Certainly, no conclusion of a crucial 
nature can be drawn concerning the strain hardening 
rate beyond that point. It is not usually recognized 
that the constant nominal stress creep test is no 
better in this regard than the constant load test, and it 
does not have the built in indicator of the creep rate 
minimum to signal that point as the latter test does. 
Such tests in fact enter the range of instability quite 
as early as the constant load test and the apparent 
flatness of behavior at larger strains is misleading. 
Cavity formation at grain boundaries can produce 
further spurious strength reduction at large strains 
that has nothing to do with the matrix flow behavior. 
Finally, the putative steady state is generally identi- 
fied by a guess that it has “almost been reached” 
rather than by a quantitative criterion. 

A simple reduction in strain hardening rate to some 
low value is not a sufficient characterization of the 
approach to steady state behavior as we have shown 
by our model above. Most theories that describe a 
steady state property imply a rate of approach to the 
steady state that is exponential in time or in the 
deformation path variable. In fact it is very hard to 
construct a theory that does not have such a predic- 
tion. There is absolutely no evidence of such behavior 
in the data for metal deformation. Even the tests of 
Taylor and Quinney(ir) in compression of copper 

showed considerable additional hardening beyond the 
point that is usually taken as the steady state and 
showed no cessation of hardening as far as the test 
was carried. Such behavior more nearly resembles 
the power law exhibited above rather than an expo- 
nential one. 

We claim, then, that there is no convincing evidence 
in the literature for the existence of a steady state 
regime. This point is not a trivial one since it has a 
profound effect on the nature of both phenomeno- 
logical and microscopic theoretical description. 

Despite the strong wording of the foregoing para- 
graphs it is possible, as is shown in the next section, 
that many of the current theoretical ideas concerning 
the “steady state” creep may nevertheless have 
application in a broader context. 

We also note, parenthetically, that the existence of a 
steady state is not at all in contradiction with the 
general phenomenology of Section 4. If for example 
y(a, i) is of the form 

y = &[(U,/U)‘!“” - l] (51) 

where 6, is the steady state stress given by 

17, = a$’ (52) 

and L1, A, and a, are constants, steady state behavior 
will be described. We do not pursue this further. 

7. RELATIONSHIP TO MICROSCOPIC THEORY 

As claimed in the Introduction, a phenomenological 
theory can provide a proper framework within which 
to construct and test theories based on microscopic 
mechanisms. We shall now show that our theory 
implies some restrictions on theories that have not 
generally been recognized. In particular it has strong 
implications concerning the effect of the dislocation 
substructure that is developed during plastic deforma- 
tion. 

In order to make the discussion concrete we shall 
present it in terms of the specific model of Section 5. 
However, it should be recognized that the features 
we are concerned with are actually properties of the 
general theory and do not depend on any specific 
functional form of y. 

We first rewrite equation (19) in a form that is more 
usual for microscopic theories as 

i = ~-l/“a’/“y-(“-~)/v 
(53) 

Furthermore, from equations (18), (21) and (23) we 
may write the kinetic equation satisfied by y as 

d In y/d& = (p - V)-‘(d/y)“-‘“” (54) 

Now any one value of y at a single temperature T 
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represents a fixed hardness state of the specimen, 

and from the fundamental standpoint it represents a 

particular configuration of dislocation substructure. 

As noted above, the parameter y has a value that 

depends on T even if the hardness state is unchanged. 

This is only because of our development of the theory 

in a special form that treated T as a parameter and of 

our particular choice for a measure of y. Thus, if we 

had been more detailed and had sorted out T as a 

state variable. we would have found a hardness 

variable that was independent of T and 6 just as y 
is independent of i. Now the point is that the existence 

of y shows the existence of a well defined deformation 

state property that is the same as what is commonly 

called “structure”. The resulting strain rate d then 

depends on the stress a and the structure y, and on T 

through u and y. 

In the theory of steady state creep by dislocation 

climb of Weertman,02) the structure parameter is the 

dislocation source density. Since that parameter is 

treated as fixed, the theory is addressed in principle 

to describing the constant structure or constant hard- 

ness lines and cannot be applicable to lines of con- 

stant y. The steady state theory for motion of jogged 

screw dislocations of Barrett and Nixo3) employs as 

structure parameter the “density of mobile disloca- 

tions”. That parameter is in fact prescribed to have 

different values along the “steady state” line, and its 

value is determined by separate measurements. The 

theory however does not contain a kinetic law re- 

lating that structure parameter to deformation 

history. Furthermore, the stress exponent contribu- 

tions from the mobility factor and from the structure 

factor do not separately agree with the exponent 

differences between constant structure and constant 

y lines as measured by Mitra and McLean. The 

“dislocation dynamics” theory of Johnston and 

Gilman, which is the prototype for the Barrett 

and Nix theory> also employs the mobile dislocation 

density as a structure parameter and is the only 

theory that explicitly prescribes a history dependence 

for the parameter. 

It is clear, in addition, that the only steady state 

feature of the theories that are so characterized is that 

which has to do with the dislocation flow rate at any 

jixed or prescribed structure, and so the theories 

actually neither predict nor require steady state 

behavior in the sense of saturation of work hardening 

as we discussed in the preceding section. The possible 

additional short time relaxations attendant upon 

stress or temperature changes, over and above those 

due to anelastic strain recovery, could in principle 

be computed from either of the “steady state” 

theories, but they would clearly have nothing to do 

with structural strain hardening as such. 

Thus the phenomenological theory places stronger 

bounds on the form of the microscopic theory than 

those determined only empirically. 

We conclude, therefore, that. while any of the 

proposed rate limiting mechanisms may be in some way 

operative, the theories that have been constructed on 

them are incomplete and probably too simple, and, 

in addition. they have frequently been addressed to 

the wrong data. 

In general terms we may then state the form or 

shape that a theory of metal matrix deformation 

must take if it is to satisfy the requirements of the 

phenomenological theory. It is that 

and 

C = i(a. 2. T) (551 

d.Z/da = f(& 2, T) (5’31 

where 2 is some dimension or moment of the disloca- 

tion structure that figures as a sensitive element of 

the theory and as a well defined state variable. Any 

such theory can then readily be put into the form we 

have discussed above and will be capable of predicting 

all pertinent deformation histories. 

8. CONCLUSIONS 

We have concluded that there probably exists a 

plastic equation of state for the stress and plastic 

strain rate for the crystal matrix in polycrystalline 

specimens of a restricted class of materials. The 

necessary and sufficient conditions for the existence 

of a hardness state variable have been deduced. 

When such a state variable exists it can be identified 

with some strength determining property of the dis- 

location substructure that is developed in the course 

of plastic deformation. The kinetic law followed by 

the hardness state variable has been derived and its 

relationship to strain hardening rates has been shown. 

We have further concluded that the current micro- 

scopic theories differ in the way they relate to this 

phenomenological analysis. In some way all of them 

are incomplete and some are not fully consistent with 

the restrictions imposed by the phenomenology. 

We have also concluded that the concept of steady 

state deformation is presently misapplied to the 

experimental data, and that the concept, in the form 

in which it is currently understood, is irrelevant to 
the theories. 
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