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1 INTRODUCTION 

Bar members are often subjected by torsional loadings. This especially applies for analyses accord-
ing to 2nd order theory, since torsion not scheduled usually arises as shown in the example of Figure 
1. For the static analysis using beam theory the knowledge of the torsional cross section properties 
is therefore essential.  

 
Figure 1. Deformation of a bar member according to 2nd order theory, Kindmann (2008) 

ABSTRACT: The knowledge of the cross section properties is required for the static analysis 
using beam theory. For arbitrary cross sections the exact torsional values can only be deter-
mined analytically if the section has a basic geometry. For that reason in practice different 
formulae are often used to approximate the values when rolled sections are applied. In con-
trast the use of numerical methods, as for instance the finite element method (FEM), allows 
the determination of the accurate torsional values. The approximations partially show com-
paratively big discrepancies to the accurate values. For that reason the accurate torsional 
properties of different hot rolled cross sections as well as new formulae based on the numeri-
cal solutions are presented in this essay. The new formulae allow a more precise approxima-
tion of the St. Venants torsion constant than the existing ones.  
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Figure 2. Warping ordinate of an HEM 200, Kraus (2005) 
 
For rolled sections analytical solutions to determine these properties do not exist. For that reason the 
cross sections are assumed as thin walled in general and analyzed with corresponding theories and 
constitutive models. This leads to torsional properties which show discrepancies in comparison to 
accurate solutions, which can be determined using the finite element method (FEM). Figure 2 ex-
emplifies the differences with the warping ordinate ω for a rolled I profile. The warping ordinate is 
a value, which connects the torque arising due to torsional loadings with the deformations u in lon-
gitudinal direction x of a bar: 

( , ) ( )′= −ω ⋅ϑu y z x  (1) 
Since the cross section does not keep a plane constitution when deforming, the distortions are re-
ferred to as warping. Using formula (1) ω can also be interpreted as unit warping for 1′ϑ = − . The 
deformation u resp. the warping ordinate depends on the position of the rotation axis, about which 
the cross section twists when subjected to torsion. In general this is the axis of the shear centre M to 
which the warping ordinate therefore refers to. Since the exact position is usually not known in ad-
vance, an arbitrary rotation axis D is chosen for which ordinates ω  can be determined either using 
the simplified models (middle line model/thin walled theory) or accurate approaches on basis of 
numerical models. The formulae 
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describe the position of the shear centre depending on ω . Now the warping ordinate can be deter-
mined by the following transformation relationship: 
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Figure 2 clarifies, that the accurate solution for the warping ordinate shows linearly changing values 
over the plate thickness. In contrast the solution using the middle line model only provides a single 
value which is assumed as constant regarding the plate thickness. This difference not only effects 
the position of the shear centre when regarding cross sections with less than two axes of symmetry, 
but also the St. Venants torsion constant as well as the warping constant. According to Kindmann & 
Kraus (2007) these values can be determined using the following formulae:    
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In the following chapters the determination of the torsional cross section properties, especially the 
St. Venants torsion constant will be focused on. Accurate results are compiled for different cross 
sections which were gained using the FEM. The knowledge of these values allows a development of 
formulae for approximation which provide better results than the existing ones so far.  
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2 FINITE ELEMENT METHOD FOR CROSS SECTIONS 

The cross section properties presented in this essay are calculated with the program QSW-FE, see 
Kraus (2005). The theoretical background for the calculation of the properties as well as shear 
stresses due to shear forces, primary and secondary torsion using the finite element method (FEM) 
is also described by Kindmann & Kraus (2007) in detail. For that reason only the basic principles 
will be shown here. 
 

 
 

Figure 3. Discretization of a cross section using 9-noded finite elements 
 
The cross section is divided into finite elements as shown in Figure 3 using curvilinear 9-noded ele-
ments. The element formulation is based on the isoparametric concept, where for the deformations 
as well as the element geometry an equal set of shape functions is used. In principle, elements with 
different numbers of nodes n could also be derived, the 9-noded element has exposed as very effi-
cient in the sense of the numerical effort though. The degree of freedom in each node is the warping 
ordinate ω. The equilibrium in terms of virtual work for the cross section deformation due to pri-
mary torsion, to which the warping ordinate corresponds, can be stated for a finite element with the 
element area Ae as follows: 
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The first component of this equation corresponds to an external virtual work, where the nodal shear 
flow *

xT , which corresponds to the torque of 1′ϑ = − , accomplishes work at the warping ω. This 
shear flow is used to formulate the nodal equilibrium with regard to the whole element mesh yield-
ing in the equation system for the cross section. The other components of formula (6) are gained 
from an inner virtual work, corresponding to 1′ϑ = −  as well. From these an element stiffness matrix 
and a kind of load vector can be formulated.  The virtual work demands C0-continuos shape func-
tions which are summarized in the vector f . The so called Lagrangian polynomials are applied 
with a quartic development corresponding to the 9-noded element. Equation (6) leads to the follow-
ing element stiffness relationship with the element stiffness matrix eK and the load vector 
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The indication “ :δωe ” in equation (8) is supposed to show, that the complete stiffness relationship 
depends on the virtual nodal values of the warping. The so called Jacobi determinant ( )det J  trans-
forms the differential of the area dAe = dx · dy in dη · dζ. In addition the partial differentiations oc-
curring in the formulae (8) and (9) have to be transformed as well, see Kraus (2007) for instance. 
The integrations can usually not be solved analytically. For that reason numerical integrations are 
performed using the Gauss quadrature. 
 
After setting up the equation system using these element stiffness relationships the finite element 
calculation provides the warping ordinate referring to a reference point D at first, compare section 
1. In order to determine the position of the shear centre, the St. Venants torsion constant and the 
warping constant, the integrations of the formulae (2) to (5) have to be solved.  For that reason it is 
necessary to know the course of the function ω resp. ω  within the total cross section. However, the 
finite element analysis only provides the nodal solutions. For the description of the development 
within the finite elements the previously mentioned shape functions are applied again, as it is com-
mon use in numerical methods. With the knowledge of the warping ordinate the stresses due to pri-
mary torsional moments can also be determined. 
 
Apparently the 9-noded element taking quartic functions as a basis for the deformation will provide 
a certain inaccuracy, since the real distortional behavior will differ in general. In addition further 
factors will influence the exactness of the FEM-solution using two-dimensional curvilinear ele-
ments. Detailed information to this issue is given by Kindmann & Kraus (2007). With a refinement 
of the element mesh the inaccuracies can be minimized leading to FEM-results with high accuracy. 

3 DOUBLESYMMETRIC I-SECTIONS 

3.1 Accurate cross section properties 
In Table 1 the accurate results of the torsional cross section properties are compiled for rolled I sec-
tions. The values are gained as described in the previous chapter. Kindmann et al. (2008) and Wag-
ner et al. (1999) have published further results for a great variety of cross sections.  
 
Table 1. Accurate torsional cross section properties for rolled I-sections 
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Figure 4. Warping ordinate (HEM 600) and shear stresses as a result of St. Venants torsion (HEM 300) 
 
Concerning Table 1 it should be mentioned, that max ω specifies the maximum warping ordinate. 
However, here the maximum value of the plate middle line is compiled, even though the values at 
the plate edges are bigger. Figure 4 (left) is supposed to clarify this issue. It shows the numerical re-
sult for the warping ordinate for an HEM 600. The maximum value of 466 cm2 is located at the 
plate edge. The value of 439.8 cm2 specified in Table 1 is the warping at mid-plate. 
 
It is an interesting aspect that if a middle line model is applied, not regarding the rolled areas going 
along with a smaller cross section area, larger values for Iω are determined for the cross sections of 
Table 1. Kraus (2005) analyzes this phenomenon. It is a result of the warping behavior of the cross 
section. The rolled areas lead to a smaller cross section warping. When integrating to Iω according 
to formula (5), this effect has a larger influence than the gain of the cross section area. 

3.2 New formula for the St. Venants torsion constant 
Figure 4 shows finite element solution for a hot rolled I-section. The figure on the right displays the 
shear stress distribution for a HEM 300 due to a primary torsion moment Mxp = 1 kNcm. In the area 
   
Table 2 Past and new formula for the IT of rolled I-sections 
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of the transition from web to flange (rolled area), a concentration of stresses can be recognized. It is 
obvious that this is going along with an increased torsion stiffness resp. IT, which cannot be covered 
by modeling the cross section using rectangular partial plates, which is a common approach for the 
calculation of IT. For this purpose Trayer & March (1930) develop a formula on basis of the mem-
brane analogy. In this model the flanges and the web are covered by rectangular partial plates. In 
addition, to cover the stress concentration within the rolled area, Trayer & March overlap a circle 
with the diameter D. The portion of the torsional constant from this additional part is modified by a 
factor α. It should be mentioned, that this proceeding is not in conformance to the usual approach of 
dividing into independent partial areas. However, the priory interest is the accuracy of the calcula-
tion formula. For that purpose the numerical solutions are comparatively referred to. As shown in 
Table 1, the accuracy of the formula is between 97.4 and 104.3 % for the common European rolled 
series IPE, HEA, HEB and HEM. However, further calculations for other profiles show much larger 
discrepancies. The largest one noticed is for an HP 320 x 88, where the formula delivers a value of 
IT = 99.04 cm4, while the FEM calculation provides IT = 76.84 cm4, being a not negligible overes-
timation (129 %). For that reason Kindmann (2006) works out a new formula, with which the St. 
Venants torsion constant can be determined with higher accuracy. Table 1 displays the new formula 
in comparison to the one of Trayer & March. In the new model the partial areas of the cross section, 
which are used to determine IT, do not overlap. 

4 ANGLES 

4.1 Accurate cross section properties and position of the shear centre 
Usually angles are treated free of warping, being a result of the assumption of a thin walled cross 
section (middle line model). Calculations on bases of the FEM show, that due to the actual plate 
thickness the angles show warping deformations, although being relatively small. However, the de-
formations have an influence on the position of the shear centre M. While regarding the middle line 
model, M is positioned at the intersection of the middle lines of the angle legs. Table 4, with refer-
ence to Figure 6, gives an overview on where the accurate position of the shear center in compari-
son to the middle line model is. In addition, Table 4 contains the results for the torsional constant. 
 

 
Figure 6. Position of the shear center of equal and unequal legged angels 

4.2 New formula for the St. Venants torsion constant 
Angles also show stress concentrations due to primary torsional moments in the rolled area as 
shown for I-sections, compare Figure 7. For the determination of the St. Venants torsion constant 
two approaches have been followed in the past. In the first one only the partial rectangular plates are 
regarded for each angle leg leading to the following formula:  

( ) 31/ 3= ⋅ + − ⋅TI a b t t  (10) 
The second approach corresponds to the formula of the I-sections, where an additional circle is in-
serted to cover the torsional rigidity of the rolled areas, see Petersen (1990) for example: 

( ) ( )
3 3

41 0.315 / 1 0.315
3 3
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with: ( ) ( )22 2 3 8 2= ⋅ ⋅ + ⋅ − ⋅ + ⋅D t r t r ,      0.07 / 0.076α = ⋅ +r t  
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Table 3. Accurate torsional cross section properties for rolled angles according to DIN EN 10056-1. 

 
 

 
Figure 7. Model for the determination of the new formula for IT 
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Figure 8. Discrepancies of the approximations for IT 
 
The deviation of the results gained by equation (10) and (11), in comparison to the accurate solution 
of the FEM, is displayed in Figure 8. Using formula (10) the largest discrepancy of about 14 % can 
be noticed, where the IT is always calculated to small. On the other hand, the IT using formula (11) 
is always approximated to large. For that reason Kindmann & Kraus (2008) develop a new formula, 
for which the basic idea of the I-sections is being picked up and the cross section is divided into 
three partial components as shown in Figure 7. The derivation leads to the following formula: 

( ) 3 42 / 3 0.237= + − ⋅ ⋅ + ⋅TI a b c t c        with: 10.4= + ⋅c t r  (12) 
The results of this equation show a very good compliance to the FEM solution between 99.9 and 
100.1 % for unequal- resp. 99.9 and 100.4 % for equal legged angles as shown in Figure 8. 

5 CONCLUSIONS 

With the finite element method accurate results for the torsional properties can be obtained contrib-
uting to the quality of the static analysis of bar members. For many profiles the accurate results are 
tabled in this essay in order to directly implement them to these analyses. In addition formulae were 
derived to provide aids for a quick determination of the torsional constant for similar profiles. 
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