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St. Venants Torsion Constant of Hot Rolled Steel Profiles
and Position of the Shear Centre
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ABSTRACT: The knowledge of the cross section properties is required for the static analysis
using beam theory. For arbitrary cross sections the exact torsional values can only be deter-
mined analytically if the section has a basic geometry. For that reason in practice different
formulae are often used to approximate the values when rolled sections are applied. In con-
trast the use of numerical methods, as for instance the finite element method (FEM), allows
the determination of the accurate torsional values. The approximations partially show com-
paratively big discrepancies to the accurate values. For that reason the accurate torsional
properties of different hot rolled cross sections as well as new formulae based on the numeri-
cal solutions are presented in this essay. The new formulae allow a more precise approxima-
tion of the St. Venants torsion constant than the existing ones.

1 INTRODUCTION

Bar members are often subjected by torsional loadings. This especially applies for analyses accord-
ing to 2" order theory, since torsion not scheduled usually arises as shown in the example of Figure
1. For the static analysis using beam theory the knowledge of the torsional cross section properties
is therefore essential.
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Figure 1. Deformation of a bar member according to 2™ order theory, Kindmann (2008)
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a) Middle line model b) Accurate solution

Figure 2. Warping ordinate of an HEM 200, Kraus (2005)

For rolled sections analytical solutions to determine these properties do not exist. For that reason the
cross sections are assumed as thin walled in general and analyzed with corresponding theories and
constitutive models. This leads to torsional properties which show discrepancies in comparison to
accurate solutions, which can be determined using the finite element method (FEM). Figure 2 ex-
emplifies the differences with the warping ordinate o for a rolled I profile. The warping ordinate is
a value, which connects the torque arising due to torsional loadings with the deformations u in lon-
gitudinal direction x of a bar:

u=-o(y,z)-9'(x) (D

Since the cross section does not keep a plane constitution when deforming, the distortions are re-
ferred to as warping. Using formula (1) ® can also be interpreted as unit warping for 8'=-1. The
deformation u resp. the warping ordinate depends on the position of the rotation axis, about which
the cross section twists when subjected to torsion. In general this is the axis of the shear centre M to
which the warping ordinate therefore refers to. Since the exact position is usually not known in ad-
vance, an arbitrary rotation axis D is chosen for which ordinates @ can be determined either using
the simplified models (middle line model/thin walled theory) or accurate approaches on basis of
numerical models. The formulae
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yM—yDzl—-_[z-m-dA, zM—zDz—I—

y A z

-Iy-(?)-dA (2)

describe the position of the shear centre depending on . Now the warping ordinate can be deter-
mined by the following transformation relationship:
w=0-0, -z (y, -y )+y-(z,-2z,) with &, = -I(T)-dA 3)
A
Figure 2 clarifies, that the accurate solution for the warping ordinate shows linearly changing values
over the plate thickness. In contrast the solution using the middle line model only provides a single
value which is assumed as constant regarding the plate thickness. This difference not only effects
the position of the shear centre when regarding cross sections with less than two axes of symmetry,

but also the St. Venants torsion constant as well as the warping constant. According to Kindmann &
Kraus (2007) these values can be determined using the following formulae:

1= [ dd (4)

I =j{(_‘2_f+(y_yM))(y_yM){Z_;M(Z_ZM))(Z_ZM)]M )

A

In the following chapters the determination of the torsional cross section properties, especially the
St. Venants torsion constant will be focused on. Accurate results are compiled for different cross
sections which were gained using the FEM. The knowledge of these values allows a development of
formulae for approximation which provide better results than the existing ones so far.
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2 FINITE ELEMENT METHOD FOR CROSS SECTIONS

The cross section properties presented in this essay are calculated with the program QSW-FE, see
Kraus (2005). The theoretical background for the calculation of the properties as well as shear
stresses due to shear forces, primary and secondary torsion using the finite element method (FEM)
is also described by Kindmann & Kraus (2007) in detail. For that reason only the basic principles
will be shown here.
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a) Discretization of an angle 100 x 50 x 8
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Figure 3. Discretization of a cross section using 9-noded finite elements

The cross section is divided into finite elements as shown in Figure 3 using curvilinear 9-noded ele-
ments. The element formulation is based on the isoparametric concept, where for the deformations
as well as the element geometry an equal set of shape functions is used. In principle, elements with
different numbers of nodes n could also be derived, the 9-noded element has exposed as very effi-
cient in the sense of the numerical effort though. The degree of freedom in each node is the warping
ordinate ®. The equilibrium in terms of virtual work for the cross section deformation due to pri-
mary torsion, to which the warping ordinate corresponds, can be stated for a finite element with the
element area A. as follows:

2 8(6(0) 2] 8(8(0) 2]
W =380, T; G- | ( | A
izl 1 V Y

+G-J(%-(y—m)—%«z—zﬁnj-dfa=o

The first component of this equation corresponds to an external virtual work, where the nodal shear
flow T, which corresponds to the torque of §'=-1, accomplishes work at the warping ®. This
shear flow is used to formulate the nodal equilibrium with regard to the whole element mesh yield-
ing in the equation system for the cross section. The other components of formula (6) are gained
from an inner virtual work, corresponding to 3'=-1 as well. From these an element stiffness matrix
and a kind of load vector can be formulated. The virtual work demands C°-continuos shape func-
tions which are summarized in the vector f . The so called Lagrangian polynomials are applied
with a quartic development corresponding to the 9-noded element. Equation (6) leads to the follow-
ing element stiffness relationship with the element stiffness matrix K, and the load vector /'
do,: t.=K, o -f, (7)

e

(6)

g 1l2L 8L A A e )-am.
L—G.“‘[ = az+6y ay]det(l) dn-dg ()

ig,g:G._lH 8}_”'[(1,y)_yM]_i.[(i.gg)_ ]} det(J)-dn-d¢  (9)
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The indication “dw, : in equation (8) is supposed to show, that the complete stiffness relationship
depends on the virtual nodal values of the warping. The so called Jacobi determinant det(J) trans-
forms the differential of the area dA. = dx - dy in dn - dC. In addition the partial differentiations oc-
curring in the formulae (8) and (9) have to be transformed as well, see Kraus (2007) for instance.
The integrations can usually not be solved analytically. For that reason numerical integrations are
performed using the Gauss quadrature.

After setting up the equation system using these element stiffness relationships the finite element
calculation provides the warping ordinate referring to a reference point D at first, compare section
1. In order to determine the position of the shear centre, the St. Venants torsion constant and the
warping constant, the integrations of the formulae (2) to (5) have to be solved. For that reason it is
necessary to know the course of the function ® resp. ® within the total cross section. However, the
finite element analysis only provides the nodal solutions. For the description of the development
within the finite elements the previously mentioned shape functions are applied again, as it is com-
mon use in numerical methods. With the knowledge of the warping ordinate the stresses due to pri-
mary torsional moments can also be determined.

Apparently the 9-noded element taking quartic functions as a basis for the deformation will provide
a certain inaccuracy, since the real distortional behavior will differ in general. In addition further
factors will influence the exactness of the FEM-solution using two-dimensional curvilinear ele-
ments. Detailed information to this issue is given by Kindmann & Kraus (2007). With a refinement
of the element mesh the inaccuracies can be minimized leading to FEM-results with high accuracy.

3 DOUBLESYMMETRIC I-SECTIONS

3.1 Accurate cross section properties

In Table 1 the accurate results of the torsional cross section properties are compiled for rolled I sec-
tions. The values are gained as described in the previous chapter. Kindmann et al. (2008) and Wag-
ner et al. (1999) have published further results for a great variety of cross sections.

Table 1. Accurate torsional cross section properties for rolled I-sections

IPE HEA HEB HEM
I+ I, max o I+ Iy max o I+ Iy maxo | It I, max o
profile| cm?* cm® cm? profile| cm* cm® cm? cm?* cm® cm? | om* cm® cm?
80| 0.6727 1151 8516 100] 5,199 2475 21,65 9,309 3233 2212 67.28 9430 2501
100] 1,153 5421 1282 120] 5,957 6285 3145|1394 9125 32319053 23887 36,88
140] 8,032 14729 4321/ 20,20 21965 44391186 52826 49,74
120] 1,689 872,0 18,04 160| 11,84 30615 56,65 31,24 46667 58,19 [160,8 104 700 64,28
140| 2,401 1951 2414 180 14,66 59014 7213|4224 91728 74,07 |201,4 194 300 80,94
160| 3530 3880 31,06 200/ 20,43 105580 89,25 | 59,59 167 060 91,65 |258,1 336 870 99,28
220] 28,09 189610 108,7 | 77,02 289510 111,3(313,6 559 550 119,7
180 4,723 7322 3890 240 4103 321640 1208|1036 476280 1327|6272 1123500 1460
200| 6,846 12746 47,50 260| 52,00 504 990 153,1| 125,7 736280 156,2[722,3 1684000 1707
220| 8.982 22310 5759 280 61,39 770140 1786|1453 1107200 182,0(809.4 2463000 1975
300| 8424 1174700 2054|1874 1651000 2090|1415 4280100 230,9
240 12,74 36680 68,51 320] 108,8 1482600 21922292 2026200 2229|1510 4890000 2440
270 15,71 69469 87,12 340 128,7 1790200 233,5|262,0 2405600 237,1|1516 5463300 2579
300 1975 124260 107.9 360 151,0 2137700 247,7|297,9 2829300 251,3|1517 6009300 270,9
s30| 2759 195080 1266 400| 1914 2893600 2765|3611 3751100 2801|1524 7268800 2985
450| 2491 4087200 3125|4489 5177700 3161|1538 9092300 333,8
360( 37,08 309370 1468 500| 317,7 5569200 3485|5499 6920700 3521|1548 11012000 367,9
400| 5041 482890 1729 550| 360,6 7103100 3852|6123 8743900 388,8|1563 13323000 4046
450| 66.05 780970 2057 600| 4075 8879600 4219|6796 10838000 4255|1574 15700000 4398
650| 4586 10915000 4586|7520 13219000 4622|1588 18427000 4764
500] 88,62 1235400 2409 700| 522,8 13223000 4953|8417 15900000 4989|1599 21161000 5114
550| 121,7 1861500 2783 800| 609,6 18113000 5692|9621 21617000 5727|1663 27472000 5835
600| 1646 2814700 3180 900] 751,0 24748000 6426|1154 29196 000 6462|1689 34419000 654,1
1000| 837,3 31834000 7168|1272 37340000 72041719 42665000 7281
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FigureZ/Waming ordinate (HEM 600) and shear stresses as a result of St. Venants torsion (HEM 300)

Concerning Table 1 it should be mentioned, that max o specifies the maximum warping ordinate.
However, here the maximum value of the plate middle line is compiled, even though the values at
the plate edges are bigger. Figure 4 (left) is supposed to clarify this issue. It shows the numerical re-
sult for the warping ordinate for an HEM 600. The maximum value of 466 c¢m” is located at the
plate edge. The value of 439.8 cm” specified in Table 1 is the warping at mid-plate.

It is an interesting aspect that if a middle line model is applied, not regarding the rolled areas going
along with a smaller cross section area, larger values for I, are determined for the cross sections of
Table 1. Kraus (2005) analyzes this phenomenon. It is a result of the warping behavior of the cross
section. The rolled areas lead to a smaller cross section warping. When integrating to I, according
to formula (5), this effect has a larger influence than the gain of the cross section area.

3.2 New formula for the St. Venants torsion constant

Figure 4 shows finite element solution for a hot rolled I-section. The figure on the right displays the
shear stress distribution for a HEM 300 due to a primary torsion moment My, = 1 kNcm. In the area

Table 2 Past and new formula for the I; of rolled I-sections

Past formula New formula
2 ] 1 3 4 2.3 i 3 3
lp==b-t3-[1-063- 2|+ —(h-2-t)- £ +2.a-D lr==-t2-(b-a)+_(h-2.d)- 2 +a-d°a
3 b) 3 3 3
a 2 —
(tg+r)2+ts~(r+t3/4) (I d=D; a=t +— Ao
D= d-t, 2
2-r+t 4
r t tg d : 2
=101 —+0.145|. = ¢ =046-0.5(d/a-1.15)
ty ty SN
103% *‘l 103%
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of the transition from web to flange (rolled area), a concentration of stresses can be recognized. It is
obvious that this is going along with an increased torsion stiffness resp. It, which cannot be covered
by modeling the cross section using rectangular partial plates, which is a common approach for the
calculation of Ir. For this purpose Trayer & March (1930) develop a formula on basis of the mem-
brane analogy. In this model the flanges and the web are covered by rectangular partial plates. In
addition, to cover the stress concentration within the rolled area, Trayer & March overlap a circle
with the diameter D. The portion of the torsional constant from this additional part is modified by a
factor a. It should be mentioned, that this proceeding is not in conformance to the usual approach of
dividing into independent partial areas. However, the priory interest is the accuracy of the calcula-
tion formula. For that purpose the numerical solutions are comparatively referred to. As shown in
Table 1, the accuracy of the formula is between 97.4 and 104.3 % for the common European rolled
series IPE, HEA, HEB and HEM. However, further calculations for other profiles show much larger
dlscrepan01es The largest one noticed is for an HP 320 x 88, where the formula delivers a value of
It = 99.04 cm®, while the FEM calculation provides It = 76.84 cm®, being a not negligible overes-
timation (129 %) For that reason Kindmann (2006) works out a new formula, with which the St.

Venants torsion constant can be determined with higher accuracy. Table 1 displays the new formula
in comparison to the one of Trayer & March. In the new model the partial areas of the cross section,
which are used to determine It, do not overlap.

4 ANGLES

4.1 Accurate cross section properties and position of the shear centre

Usually angles are treated free of warping, being a result of the assumption of a thin walled cross
section (middle line model). Calculations on bases of the FEM show, that due to the actual plate
thickness the angles show warping deformations, although being relatively small. However, the de-
formations have an influence on the position of the shear centre M. While regarding the middle line
model, M is positioned at the intersection of the middle lines of the angle legs. Table 4, with refer-
ence to Figure 6, gives an overview on where the accurate position of the shear center in compari-
son to the middle line model is. In addition, Table 4 contains the results for the torsional constant.

equal unequal
legged angles legged angles
S S
] i Ym
e
M¥ A/ o L2 'iM
M ym %e f— y Zm M»V?
v zy=0 NZ M M -
z emh

Figure 6. Position of the shear center of equal and unequal legged angels

4.2 New formula for the St. Venants torsion constant

Angles also show stress concentrations due to primary torsional moments in the rolled area as
shown for I-sections, compare Figure 7. For the determination of the St. Venants torsion constant
two approaches have been followed in the past. In the first one only the partial rectangular plates are
regarded for each angle leg leading to the following formula:

I, =1/3-(a+b-1t)-t (10)

The second approach corresponds to the formula of the I-sections, where an additional circle is in-
serted to cover the torsional rigidity of the rolled areas, see Petersen (1990) for example:

I = % (1-0315-1/a)+ (b—1)- (1-0.315-17#}@-134 (11

with: D=2-(2:¢t+3-r)=8-(t+2-7)°, a=0.07-r/t+0.076
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Table 3. Accurate torsional cross section properties for rolled angles according to DIN EN 10056-1.

Dimensions ym em I Dimensions ym Zn emh emy I
axaxXtinmm | FEM ML | Aw | FEM | FEM axbXtinmm| FEM ML |AW | FEM ML | AW | FEM FEM | FEM
(short symbol) cm cm % cm cm? (short symbol) cm cm % cm cm % cm cm cm?
20x20x3 | 0,578 0634 | 9,7 | 0,190 | 0,0370 30x20x3 /0,610 0653 | 7,1 | 0,575 0,634 | 10,2 | 0,167 0,221 | 0,0473
25x25x3 10,766 0810 | 58 | 0,181 | 0,0460 4]0580 0637 980,546 0634|161 |0,218 0,303 | 0,1062
40,734 0,795| 820,243 0,1038 40x20x4 | 0,544 0,581 | 6,9 | 1,016 1,159 | 14,0 | 0,202 0,347 | 0,1275
30x30x3]0,913 0969 | 6,1 | 0,189 | 0,0596 40x25x4 | 0,767 0,809 | 54 | 0,857 0,936 | 9,3| 0,211 0,289 | 0,1382
40,888 0,90 | 80| 0,250 | 0,1332 45%x30x4 | 0,959 1,002 | 4,4 | 0,896 0,958 | 6,9 | 0,214 0,274 | 0,1622
35x35x4 | 1,075 1,136 | 56 | 0,243 | 0,1545 50x30x5 | 0903 0954 | 57 (1,119 1230 | 99| 0261 0,372 ] 0,3321
40x40x4 | 1,235 1,301 | 53| 0,246 | 0,1829 60x30x5 0,858 0,897 | 46 | 1,599 1,747 | 920,251 0,403 | 0,3737
5(1,210 1,290 | 6,6 | 0,306 | 0,3430 60X 40x5 1,287 1,340 | 42 (1,202 1,278 | 6,3]0,269 0,340 | 0,4263
45x45%x 4,5 | 1,383 1,460 | 55 | 0,279 | 0,2959 61,261 1325| 51 |1,180 1278 | 830,320 0415 0,7174
50X 50x 4 | 1,576 1,639 | 4,0 | 0,245 | 0,2342 65X 50x5 1,690 1,741 | 3,0 (0,967 1,008 | 43]0273 0,311 | 0,4888
5]1,556 1631 | 4,8 0,303 | 0,4393 70X 50x6 | 1,640 1,705 | 4,0 [ 1,237 1,310 | 590,326 0,394 | 0,8799
6]1,531 1620 58| 0,363 | 0,7359 75X 50x 6 | 1,624 1684 | 3,7 [ 1,514 1599 | 56| 0,321 0,402 | 0,9159
60x60x5|1,898 1,971 | 3,9 0,302 | 0,5379 81,571 1651 | 51 |1,468 1599 | 89|0422 0552 | 2,087
61877 1,962 | 4,5 0,360 | 0,9014 80x40x6 | 1,154 1204 | 44 | 2155 2326 | 7.9]0,306 0,478 | 0,8799
81,823 1,936 | 6,2 0,480 | 2,040 81,102 1,169 | 6,0 | 2,055 2,325 | 13,1 | 0,398 0,678 | 2,002
65X65x7 2014 2117 | 51]0423 | 1,544 80x60x7 1,988 2064 | 3,9|1,261 1332 | 560,383 0449 | 1,625
70X70x6 | 2219 2303 | 380359 | 1,070 100X 50x 6 | 1,487 1,534 | 32| 2,767 2914 | 53] 0308 0453 | 1,117
712197 2293 | 430417 | 1,658 81,443 1503 | 422688 2914 | 840402 0634| 2,552
75X75X6 | 2,401 2,479 3,210,355 | 1,142 100X 65x7 | 2100 2177 | 36| 2,107 2214 | 510,379 0478 | 1,981
82356 2457 | 43]0471] 2595 8|2,080 2165| 4,1 |2,087 2215| 6,1|0430 0551 | 2,899
80x80x8|2518 2623 | 42|0475| 2814 10 | 2,029 2134 | 522,039 2216 | 87|0530 0,704 | 5,480
10 | 2,464 2597 | 54]0594 | 5,313 100X 75x 8 | 2,502 2,590 | 3,5 | 1,586 1665| 500439 0511 | 3,070
90x90x7|2880 2973 | 3,2|0416| 2,195 10| 2,452 2561 | 45| 1,558 1,666 | 690544 0647 | 5,813
8|2861 2965| 36| 0474| 3,209 122,393 2527 | 56| 1,523 1,666 | 940650 0789 | 9,786
92838 2954 | 41]0532| 4,489 120x80x 8 | 2,637 2,717 | 3,0 | 2,454 2559 | 430431 0528 | 3,550
10 |1 2,813 2,941 | 46| 0,591 | 6,083 10 | 2,593 2,691 | 3,8 | 2417 2560 | 590532 0670| 6,730
100X 100x 8 | 3,201 3,305 | 3,2 0,473 | 3,609 12| 2,540 2657 | 46| 2,372 2560 | 7,9]0633 0819| 11,35
10 | 3,158 3,284 | 400,589 | 6,820 125X 75% 8 | 2,393 2,467 | 3,1 | 2,948 3,083 | 4,6 | 0424 0553 | 3,550
12 13,105 3257 | 49]0,708 | 11,48 10 | 2,350 2,440 | 3,8 | 2,899 3,085 | 64]|0522 0705| 6,730
120x120x10 | 3,865 3,979 | 3,0/ 0,581 | 8,253 12| 2,297 2,406 | 4,7 | 2,838 3,084 | 860620 0868 | 11,35
12 13,819 3,955 | 36| 0,696 | 13,92 135%x65x8 | 1,894 1,957 | 3,3 | 3,819 4033 | 560410 0623| 3,550
130x130x12 | 4163 4298 | 3,3| 0,696 | 15,23 10 | 1,852 1,929 | 4,1 | 3,736 4,035 | 800,503 0,808 | 6,730
150X 150X 10 | 4,881 4,998 | 24| 0,582 | 10,61 150X 75x9 | 2,230 2,301 | 3,2 | 4151 4371 | 53]|0462 0680 | 5,657
12 | 4,846 4982 | 280696 | 17,88 10 | 2,210 2287 | 35| 4,116 4372 | 6,2|0510 0,767 | 7,654
15| 4,778 4946 | 350,869 | 33,92 12| 2164 2255 | 4,2 | 4,032 4371 | 840603 0951 | 12,92
160X 160x 15 | 5,123 5290 | 3,3 0,868 | 36,47 15| 2,083 2197 | 55 | 3,876 4,366 | 12,6 | 0,741 1,253 | 24,48
180x 180x 16 | 5,806 5973 | 29| 0,918 | 49,71 150x90x 10 | 2,887 2970 | 2,9 | 3,547 3,708 | 4505523 0680 | 8,154
18 | 5,757 5946 | 3,3 | 1,034 | 69,77 12| 2,841 2939 | 353,497 3708 | 6,0|0621 0832| 13,78
200x 200x 16 | 6,529 6679 | 23| 0,906 | 55,17 15 | 2,759 2,884 | 45| 3,403 3706 | 890767 1,077 | 26,17
18 | 6,483 6653 | 26| 1,020 77,55 150X 100% 10 | 3,332 3417 | 26 | 3,088 3207 | 3,9|0530 0643 | 8,487
20| 6,433 6623 | 30| 1,135 1051 12| 3,286 3,388 | 3,1 3,062 3208 | 510631 0783| 14,36
2416321 6,559 | 381368 | 177,8 200x100x10 | 3,025 3101 | 25| 5615 5833 | 3,9|0517 0730 10,48
250x 250% 28 | 8,029 8260 | 29| 1,564 | 350,1 12| 2,991 3,078 | 29| 555 5837 | 51|0613 0894 | 17,70
357,813 8132 | 411,976 | 666,3 15| 2,925 3032| 36 |5441 5837 | 7,3|0,753 1,160 | 33,65
FEM: Solution of the FEM 200%150x 12 | 5,189 5287 | 1,9 | 3,255 3,342 | 2,7| 0644 0,724 20,58
ML: Solution of the middle line model 15| 5124 5247 | 24 | 3,224 3343 | 3,7|0,799 0914 | 39,27
AW: Deviation (ML / FEM)
R t { %
i - ———— 4
| | 1 /]
| | e : I y a-c¢ —
| Cross I ~ Determination of Idealised
a i section i the measurement ¢ / cross section
| |
1 V2-1) =04, 7
! 3 F1 N P
Ve / L 4!
% hi———— ) o c 877777, /f 7

Figure 7. Model for the determination of the new formula for It
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Figure 8. Discrepancies of the approximations for It

The deviation of the results gained by equation (10) and (11), in comparison to the accurate solution
of the FEM, is displayed in Figure 8. Using formula (10) the largest discrepancy of about 14 % can
be noticed, where the It is always calculated to small. On the other hand, the It using formula (11)
is always approximated to large. For that reason Kindmann & Kraus (2008) develop a new formula,
for which the basic idea of the I-sections is being picked up and the cross section is divided into
three partial components as shown in Figure 7. The derivation leads to the following formula:

I, =(a+b-2-¢)-£/3+0237-¢*  with: c=t+0.4.7, (12)

The results of this equation show a very good compliance to the FEM solution between 99.9 and
100.1 % for unequal- resp. 99.9 and 100.4 % for equal legged angles as shown in Figure 8.

5 CONCLUSIONS

With the finite element method accurate results for the torsional properties can be obtained contrib-
uting to the quality of the static analysis of bar members. For many profiles the accurate results are
tabled in this essay in order to directly implement them to these analyses. In addition formulae were
derived to provide aids for a quick determination of the torsional constant for similar profiles.
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