ES240 Solid Mechanics Fall 2007

2. Plane Elasticity Problems

Main Reference: Theory of Elasticity, by S.P. Timoshenko and J.N. Goodier, McGraw-Hill,
New York. Chapters 2,3.4.

2.1 The plane-stress problem

A thin sheet of an isotropic material is subject to loads in the t
plane of the sheet. The sheet lies in the (X, y) plane. Both top
and the bottom surfaces of the sheet are traction-free. The edge
of the sheet may have two kinds of the boundary conditions:
displacement prescribed, or traction prescribed. In the latter

case, we write

o n, + ’L'xyny =1,

T,n.+o,n, =t,

where 7, and ¢, are components of the traction vector prescribed on the edge of the sheet, and n,
and n, are the components of the unit vector normal to the edge of the sheet. The above two

equations provide two conditions for the components of the stress tensor along the edge.

Semi-inverse method. We next go into the interior of the sheet. We already have obtained a full
set of governing equations for linear elasticity problems. No general approach exists to solve
these partial differential equations analytically, although numerical methods are readily available
to solve most elasticity problem. In this introductory course, in order to gain insight into solid
mechanics, we will make reasonable guesses of solutions, and see if they satisfy all the
governing equations. This trial-and-error approach has a name: it is called the semi-inverse
method.

It seems reasonable to guess that the stress field in the sheet only has nonzero components in its

plane: o _,0 ,7T

a2 yyo Yy o

and that the components out of plane vanish:

0.=7,.=17,=0.

zZ

Furthermore, we guess that the in-plane stress components may vary with x and y, but are

independent of z. That is, the stress field in the sheet is described by three functions:
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0.0y} 0,6y} 7,060)

Will these guesses satisfy the governing equations of elasticity? Let us go through the equations
one by one.

1. Equilibrium equations. Using the guessed stress field, we reduce the three equilibrium

equations to two equations:

do. 0T 0T 00

_H+_"y:()’ VoW

ox dy ox dy

These two equations by themselves are insufficient to determine the three functions.

2. Stress-strain relations. Given the guessed stress field, the 6 components of the strain field are

c c o 2(1+v)
g =—2_y- 2 g =—2_y_x, ==*’71
" E E O E E Vs E Y

£. =—%(6xx +6,) 7.=7,=0.

3. Strain-displacement relations. Recall the 6 strain-displacement relations:

e O o _ov __du_ dv
*oooxT Y 9y’ Vs dy Ox

ow Ju Jw Jdv  ow
E,=— }/xz:_+_ =t

= Ty

=9

It seems reasonable to assume that the in-plane displacements u and v vary only with x and y, but

not with z. From these guesses, together with the conditions that y,_ =y, =0, we find that

aw_ow_

ox dy '
Thus, w is independent of x and y, and can only be a function of z. If we insist that £_ be
independent of z, and from &_ =dw/0dz, then €_ must be a constant, €_=c, and w=cz+b.
On the other hand, we also have ¢, = —V(O'XX +0'yy)/ E, which may not be a constant. This

inconsistency shows that our guesses are generally incorrect.
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Summary of equations of plane elasticity problems. Instead of abandoning these guesses, we
will just call our guesses the plane-stress approximation. If you neglect the inconsistency

between €_=c and €_ =—V(Gxx+0'yy)E , at least the following set of equations is self-

consistent:
90, 9%y o 9% 9%, _
ox dy © o ox dy
(o (o 2(1+v
Fes :%_vi’ & :_yy_vo-_x"’ fy = ( )T_

xx E E »y E E Xy E Xy

T R T
*ooxT Y 9y’ Vs dy ox

These are 8 equations for 8 functions. We will focus on these 8 equations.
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2.2 The plane-strain problem

Consider an infinitely long cylinder with axis in the z-direction
and a cross section in the (x,y) plane. We assume that the
loading is invariant along the z-direction. Under these

conditions, the displacement field takes the form:
u(x,y) , v(x,y) ,w=0.

From the strain displacement relations, we find that only the

three in-plane strains are nonzero: € _ ()c,y),.s:yy (x, y),j/xy (x, y).
The three out-of-plane strains vanish: €_=vy,_ =7, =0.

Because y_ =y, =0, the stress-strain relations imply that 7,_=7_=0. From ¢_=0 and

yz

£, = (GZZ -Vvo, —Vo, ) , we obtain further that

o= V(Gm + O'yy).

Furthermore, we have

1-v
E _—(G —VO__ —VO )_l_vz(G —LGJ
w yy xx z) E W oy ’
2(1+v)
yXy:TTxy‘

These three stress-strain relations look similar to those under the plane-stress conditions,
provided we make the following substitutions:
E vV

, V=——o0!.
2 1-v

E =

1-v

The quantity E is called the plane strain modulus. Finally, we also have the equilibrium

equations:
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do. 0T 0T 00

_H+_xy_()’ v LTTwW )

ox Iy ox " dy

2.3 Solution of plane problems and the Airy stress function

From the forgoing, it is clear that plane stress and plane strain problems are described by the
same equations, as long as one uses the appropriate elastic constants. This also means that the
solution technique for both types of problems is the same. We make use of the following

calculus theorem:

A theorem in calculus. If two functions f (x, y) and g(x, y) satisfy the following relationship

Jf 0g

ox dy’
then, there exists a function A(x, y), such that

0A 0A
f == 8§77 -

ady ox

The Airy stress function. We now apply the above theorem to the equilibrium equations. From

the equation

do, IJT,

+ =0,
ox dy

we deduce that there exists a function A(x, ), such that

04 2A

o . =—, T, =——.
ooy Y ox

From the equation

we further deduce that that there exists a function B(x,y), such that

0B 3B

O, _g’ Ty __g‘
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Finally, from
o _on
ox  dy’
we deduce that that there exists a function ¢(x, y), such that

PR

oy’ ox

The function ¢(x,y) is known as the Airy stress function. The three components of the stress

field can now be represented by the stress function:

Yo o _ __ 3
”_ayz’ o Jyox

Using the stress-strain relations, we can also express the three components of strain field in terms

of the Airy stress function:

_1(d% 9% _1(d% 9% _ 2(1+v) 9%
EM_E(af vaxz]’ Eyy_E(ax2 v8y2 > Vo = '

Compatibility equation. Recall the strain-displacement relations.

e v v o
=T T T T Ty

We derived the compatibility equation by eliminating the two displacements in the three strain
displacement relations to obtain the compatibility equation

o’ O€ _azyw

Yy

oy’ i ox>  oxdy

Biharmonic equation. Inserting the expressions of the strains in terms of ¢(x,y) into the
compatibility equation, we obtain that
d'g 09

4
8?+2 ——+—=0.
ox ox“dy~ dy
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This equations can also be written as

o> 9 \(d’¢9 9°¢
2212227 .
(axz i ayz](8x2 " Byz]

Because of its obvious similarity to the harmonic equation, it is called the biharmonic equation.

Thus, a procedure to solve a plane stress problem is to solve for (/)(x, y) from the above PDE,
and then calculate stresses and strains. After the strains are obtained, the displacement field can

be obtained by integrating the strain-displacement relations.

Dependence on elastic constants. For a plane problem with traction-prescribed boundary
conditions, both the governing equation and the boundary conditions can be expressed in terms
of ¢. All these equations are independent of elastic constants. Consequently, the stress field in
such a boundary value problem is independent of the elastic constants. Once we go over specific
examples, we will find that the above statement is only correct for boundary value problems in
simply connected regions. For multiply connected regions, the above equations in terms of ¢ do
not guarantee that the displacement field is continuous. When we insist that displacement field

be continuous, elastic constants may enter the stress field.

2.3.1 Solution of 2D problems in Cartesian coordinates: A half space subject to periodic
traction on the surface
An elastic material occupies a half space, x> 0. On the surface of the material, x =0, the

traction vector is prescribed
0,(0,y,z)=0,cosky, 7,(0,y.2)=1,(0,y,2)=0.
Determine the stress field inside the material.

Solution: The material clearly deforms under the plane strain conditions. It is reasonable to guess

that the Airy stress function should take the form
¢(x,y)= f(x)cosky.

The biharmonic equation then becomes

d*f A
-2k +k°f=0.
dx* dx? /
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This is a homogenous ODE with constant coefficients. The solution must be of the form
Sl)=e™.

Insert this form into the ODE, and we obtain that
(o2 - &2 )2 =0.

The algebraic equation has double roots of o =—k, and double roots of o =+k . Consequently,

the general solution is of the form
f(x)= Ae™ + Be™ + Cxe®™ + Dxe™,
where A, B, C and D are constants of integration.

We expect that the stress field vanish as x — 4+co, so that the stress function should be of the

form
f(x)=Be™ + Dxe™.

We next determine the constants B and D by using the traction boundary conditions. The stress

fields are

2

o, = a—q; = —(Be*kx + Dxe™ )rz cosky
az¢ e D i ke |2 .-

T =— =|—-Be ™ +—e ™ —Dxe™ f“sin

Y oxdy [ k o

2

o, = 37? = (Be"“ - Z%e"“” + Dxe™ }(2 cosky

Recall the boundary conditions
(o (0,y)= o,cosky, T, (O,y)z 0.
Consequently, we find that

B=-0,/k’, D=-0,/k.

The stress field inside the material is
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o, =0,(+kc)e™ cosky
T, = —0 kxe ™ sin ky

o, =0, (1—hox)e™ cosky
The stress field decays exponentially.

We have solved the problem where the traction on the boundary of a half space is given by a
simple cosine function. Through application of the superposition principle, which is valid for
linear elastic materials, it is now straightforward to extend this analysis to any periodic traction
distribution. Indeed, a periodic traction distribution can be written as a Fourier series each term

of which is of the form found in the previous problem.

Application: de Saint-Venant’s principle

When a load is applied in a small region, and the load has a vanishing resultant force and
resultant moment, then the stress field is localized. We used this principle in discussing the
laminate problem, where we have neglected the edge effects. While Saint-Venant’s principle
cannot be proved in such a loose form, the foregoing is a nice example of the principle: the
traction applied to the boundary is self-balancing and hence the stress field associated with the
tractions die out. If we had imposed an additional constant traction term, the stress field would

quickly decay to a constant stress.
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