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Introduction

R&DE (Engineers), DRDO

= |n principle all practical problems — 3D
oroblems — very complex — difficult to

nandle

= Reasonable assumptions — bring down the
complexity in the probler-reduces

dimension => 2D problem

= 2D problems —two independent variables —
static problem — three independent variablg

— dynamic problems
* Field variablesp= X, vy, 1)

In
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Introduction

R&DE (Engineers), DRDO

* Field variable Is independent of third
dimension :>‘(’9_f -
= Continuum approach — the following laws
hold goo«
= Conservation of mass
= Principle of momentum
* Principle of moment of momentum
* First law of thermodynamics

= Second law of thermodynamics - inequality
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Introduction

R&DE (Engineers), DRDO

* No Inertia effects — quasi-static / static

= Small deformation and rotations

= Material => Isotropic — same properties in all
the directiol

» Homogeneous — material properties are
uniform over the domain

= Linear elastic — Hooke’s law holds good =>
Hookean material
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Field equations

R&DE (Engineers), DRDO

= Strain-displacement equations

ou Ou; | 1
0 + __@u+WJ
bo2\ox, ox ) 27 T

Six equatio

= Compatibility equations

1

Eij K +£kl,ij & it "€k =0

Six equations — three independent
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Field equations

R&DE (Engineers), DRDO
= Equilibrium equations —
g, +B =0
Three equations

= Constitutive law— Linear elasti— Hooke’s

law
O, = A& (0 +2UE;
1+ v U
Ei = = g; —Eakkdij

Six equations
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Field equations

R&DE (Engineers), DRDO
= Total — 15 equations = 3 Equilibrium +
6 strain displacement + 6 constitutive laws

= Unknowns => 3 Displacements, 6 stress
components and 6 strain compon

= Boundary value problem casted as

(u,,eu, O A, U, B) 0

Unknowns Lame S constan.

Body load

Not easy to solve analytically 15 equations to fin 15 unknowns .
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Boundary conditions

R&DE (Engineers), DRDO

= Solution of a differential (partial) equations —
boundary conditions required

= Boundary conditions influence the solution —
field variable in the doma

= BCs play a very essential role for properly
formulating and solving elasticity problems

* |n elasticity — boundary conditions —
displacements, tractions and combination
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Boundary conditions

R&DE (Engineers), DRDO
Various boundary conditions In eIasticityT—

\ ]

n

Traction boundary Displacement boundary Mixed boundary
conditions conditions conditions
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Boundary conditions

lo ., + mr,

lr,, +mo

At ‘A — Direction cosines of
area normal => (0, 1, 0)

need not be zero

T, = Tyys Ty = Oy,

At ‘B’ — Direction cosines of
area normal => (1, 0O, 0)

T,=0,; Ty =T,

need not be zero

Ramadas Chennamsetti

R&DE (Engineers), DRDO

0, IS inside the boundary — this

O,y IS inside the boundary — this
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Boundary conditions

R&DE (Engineers), DRDO

Tractions in Polar co-ordinate system

Ramadas Chennamsetti
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Boundary conditions

R&DE (Engineers), DRDO

Boundary — 1 traction free
DC => (0, 1, 0)

T,=0.04+1.7,=0

:>TX=TXy= 0
=T,=0.1,,+ 1.0, = 0=>0,, =0

Boundary — 2- DCs (1, 0, 0)

T,=1.0,+ O.'l'xy =S =0,,

T,=11,+0.0,=0=1,,

= Tractions —
Y4
1 [
4 s
3
Boundary — 4
u=0;v=0

v
X

Boundary — 3- DCs (0, -1, 0)
T,=0.044-1.1,,=0

T, = Ty = 0
T,=0.1,-1.0,=0=>0, =0
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Boundary conditions

= Tractions

y

R&DE (Engineers), DRDO

Boundary - - DCs(l, m, 0)

This is a traction free boundary

DCs are constant on this
boundary

0)

VY

T,=loy,+mr,=0

T,= mo,+1 1, =0

Boundary — 2- Constrained
boundary - U,V =0

Boundary — 3Traction is acting

DCs (-1, 0, 0)
Tx: '10;(x+ m Z-xy: S => Oyx = - S

Individual stress components are notzero 1 - g +1 7. =0=> 71 =0
XX Xy Xy

on boundary - 1

y
14
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Problem formulation

R&DE (Engineers), DRDO

3D elasticity 15 equations and 15 unknowns - 2D
elasticity — 8 equations and 8 unknowns

Reformulating elasticity problems — mathematically
convenient way

Two approache—
» Displacement based
= Stress based formulations

Displacement based — express filed equation in
terms of displacementg, — Navier equation

Stress based — express filed equation in terms of
stressesg;
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Problem formulation

R&DE (Engineers), DRDO

* |n displacement based formulation

* Primary variable — displacement — solution Is
obtained for displacements — stresses and strains

secondary / derived variables
= Strains— derivation of displacemer
= Stresses — use constitutive law

= |n stress based formulation

* Primary variable — stresses — solution is obtain
for stresses — strains and displacements

secondary variables
= Strain compatibility equations

Ramadas Chennamsetti
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Displacement formulation

R&DE (Engineers), DRDO

= Governing equation expressed in
displacements

* Field equations —

Equilibrium g, . +B =0 - (1)

- du,
Strain-displacemst &, = ;[gu' +a‘} - (2)
X;  OX

Constitutvelaw o, =Ag,0; +2ue;  -(3)

17
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Displacement formulation

R&DE (Engineers), DRDO

= Differentiate (3) wrtj’
O; = A&y Oy +2ug; . -(4)

1 1j
Plug this in (1)

0;;tB =40, +2ug  +B =0 -(5)

I, ]

Express all strain components in (5) in terms of
displacements — Use equation (2)

AU, i O; +:u(ui,jj T U )+ B, =0

AUp g+ U +uu; o + B =0

Ramadas Chennamsetti
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Displacement formulation

R&DE (Engineers), DRDO

i tuu B =0

, J
(A T :u)uj,ji +uu;, . +B =0
This gives three equations fior 1, 2 and 3

Fori =1 => x - directior

2 2
0X;,  0X;

2 2 2
(1 +,u)ai (au1+au2 +au3j+,u[aax2 L9009 ju1+Ble
1 1

0x, O0X, 0X,
Combining all three equations into a single equmatio

(A+u)olowu )+ un?u+B=0
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Displacement formulation

R&DE (Engineers), DRDO

= Governing equations in terms of displacements
— three equations - reduced from '15’ equations

(/] +:u)uj,ji +m o +B =0 -(U)

(ui A, U, B ) = 0 Navier equatio

Equations (U) known as Navier’s or Lame’s equations

Boundary conditions = = U, on ‘S’ boundaryu, =u. (x1 X, , x3) <
Solve second order PDEs — get displacements ;8;
Use strain — displacement relations for calculasitrgins g
Constitutive relations for stresses E'

Ramadas Chennamsetti e




Stress formulation

R&DE (Engineers), DRDO

* |[n displacement formulation compatibility
equations play no role — displacement
obtained are single valued and continuous

= |n stress formulation express governing
eguation in terms of stres:

= Stresses — primary variables — obtain
secondary variables displacements from
strain-displacement relations

* |ntegrates-U relations — compatibility
equations come into play

21
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Stress formulation

R&DE (Engineers), DRDO

= Boundary conditions — only tractions

* From the filed equations eliminate strains and
displacements

= Compatibility equatio
g’j,kl +£kl,ij Gk, jl _gjl ik — O - (1)

Fork = | first three compatibility equations are obtained

. 1+ v U
Constitutive law & =——g. ——0,,0.
Ij E Ij E Kk ™

Differentiate this wrk andl, plug in (1) -
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Stress formulation

R&DE (Engineers), DRDO

* Three compatibility equations fé&=l =1, 2
and3

azgxx . 0°¢ 0%y

Yy — Xy

dy?  9x?  axdy

(i=j=1Lk=1=2) 625W+02£ZZ _ 0%y,
0z° oy”° 0yoz
i=i=2k=1=3)

azchX + 62CC:ZZ —_ 62J/XZ
0z° 0x°>  0x0z
(i=j=3 k=1=1)
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Stress formulation

R&DE (Engineers), DRDO

This gives —
T kk +Ukk,ij O ik " Oikik —

U
m( mm, kk5 O-mm,ij 5kk _O-mm jk5 O-mmlka )
Oy = 3
equilibriumeqgn. g, , +B =0
g;; =B

Make use of equilibrium equation to reduce further

24
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Stress formulation

R&DE (Engineers), DRDO

Governing equation in terms of stress —

1 U
O i Jmm,kka-ij - Bi,j - B,

g . + p—
Ij ,kk 1+U j

(aij,/], U, B,):O

Compatibility equation in terms of stresses, kn@sn

“Beltrami-Michell” compatibility equation

Six equations can be obtained for=1, 2, 3

Only three are independent — similar to strain carbpidy equations

Three more equations are required — complementdidreg
equilibrium equations - Six unknowns — six equations

25
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Reduce a 3D problem to

2D problem

N

Plane strain

R&DE (Engineers), DRDO

Independent ofZ co-ordinate

The deformation InZ direction
assumed to be zerw = (

" Deformations inX and ‘y’

directions depend ofx, y)only
u = u(x, y)andv = v(x, y)

All cross-sections have same
displacements

Out of plane strains vanish

26
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Plane strain

R&DE (Engineers), DRDO

" In plane strairg,,= 0, ), = 0 and ), =
= | Inear elastic material — Hooke’'s law
g, = A& O +2UE;
O =4 (5 + £, )+ 2 UE
Oy = / (gxx T gyy)+ 2 [E yy
O-ZZ — A (EXX + gyy)

T = 2HE = Yy,

27
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Plane strain

R&DE (Engineers), DRDO

= Equilibrium equations —
o, +B =0

I

*+ —~+B, =0 - (1)

+ 29 4B =0 -2
0 X oy Y )

Use constitutive law and strain-displacement equatin (1)

CACTIRE IEYR A PR

i/] 6u+6v +2,u6u +6 Iuau+0v +B. =0
0X ox oy ox | oy oy OX

Ramadas Chennamsetti
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Plane strain

R&DE (Engineers), DRDO

Governing equation in x — direction

0(ou ov
U+ (A + +—|+B, =0
LU ﬂ)ax[ax ayj x

Use second equilibrium equation — convert to dispiaents

0 au+av
oy\ ox oy

v+ (A + p) +B, =0

In each of the above two equations, equilibriunmstutive law
and displacement — strain equations are inbuisplacement

formulation
Eight equations => reduced to two equations inldgments

29
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Plane strain

R&DE (Engineers), DRDO

= Stress based formulation -

2

a gxx + azgyy —_ azyxy

In 2D case, compatibility equation =
P Y4 oy’ ax* oxoy

Use constitutive law — convert Iinto

stresses . aExx i lé (ayy azz)
6y=22-2(0,40,)
£,=0= JEZZ = (UXX + O'yy) =>0,, = U(O'XX + ayy)
V. - 2(1; v) -

30
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Plane strain

R&DE (Engineers), DRDO

= Compatibility equation in terms of stresses

52 0° 0’1,
W[(1—0)0yy —UUXX]+ W[(l_u)axx _UUW] =2 axa;

Above equation is obtained from compatibility, ciogive
equations

Use equilibrium equations to eliminate shear sthesa above

equation
00,, N a7, +B, =0= d(do, OT, B |=0
0X oy ox{ Ox oy
az-x3/_|_aa-xx_|_B :O:> a aTXy+aUW+B :O
ox  ay g oyl ox oy g Add

31
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Plane strain

R&DE (Engineers), DRDO
This Is obtained as —
0°r,, 0B, 0B

2 2
aaXX+aUW+2 +—x+_ Y =0
Ix* ay* axdy 0x  dy

ZGZTXy _(azaxx + azayy an aBYj

= + +
X0y ax° ay”° Ix 0y

2 0°0,,

0 0° 0°c,, 0B, OB
o7 (l—U)Jyy—UJXX]+a—y2[(l—U)JXX—UJyy :—[ S ayzyy o ayyj

Simplifying this expression Single governing

equation for stress based
1 (aBX +aBy) d

DZ(JXX + O'yy) = — ox oy formulation of plane

1-v strain problems
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Plane strain

R&DE (Engineers), DRDO

= Governing equation
0B
DZ(O'XX+0'W):— L[ 9By, %5
1-u\ ox oy

In this equation, equilibrium, constitutive and qmatibility
equations are inbui

Three stress components in 2 g, T,
Only one governing eqguation — three unknowns

In 2D two stress equilibrium equations exist — Usé two
with above governing equation

Boundary conditions given in terms of tractionsla®ethem to
stresses

33
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Plane stress

R&DE (Engineers), DRDO

= Third dimension — much smaller than In-

plane dimensions

Thin plates — structures

Reducing a 3D problem
to a 2D problem

Ramadas Chennamsetti

Out of plane stresses,, T,, and
T,, negligible

Body can have out of plane
deformatiol

€,,1S non-zeroy,, andy,, =0

Stresses are functions of in-plane

displacements
O = 0%, Y)
o, =0,(xy)
Ty = Ty (X, Y) y
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Plane stress

R&DE (Engineers), DRDO

= Formulation of plane stress problem — two
approaches

» Displacement based
= Stress based approach

= Formulation procedure — same as In plane
strain

= Formulation takes care of non-zero out of
normal strain and zero normal stress

» Use field equations

@yahoo.co.in
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R&DE (Engineers), DRDO

I E 1L 0 £x Plug in stress
19y T o) (19 )5y [  equilibrium
Ty | 0 O 2'/ Yy | equations

00XX+0TXy+BX:O; arxy+agXX+B ~ 0

ox 0y ox oy
o[ E Evu 9| E (ou ov)| _ _
- S E T —— &y + + +B, =0
ox| 1-v 1-v 0y_2(1+u) oy 0x)
0 =, 0| E (ou ov)| . _

- S Ey T - > Ep | T + +By_0

oy|1-v 1-v ox| 2(1+u)\ oy ox) a6

Ramadas Chennamsetti
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Plane stress

R&DE (Engineers), DRDO

= Use strain displacement equations to convert
strains into displacements

= Governing equations in terms of displacements

L0y + E 9 (au+av]+BX:O

2(1-v)ax\| ax dy
E 0 ( 0u , ov
0° B, =0
“ V+2(1—U)ay(ax+ayj+ Y

yaho00.co.in

In the above two equations — equilibrium, constweiliaws
and strain-displacements equations

rd mech@
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Plane stress

R&DE (Engineers), DRDO

= Stress based approach — field equations in plane

stress problems Equilibrium equations

Constitutive laws 00, N or,, FB. =0
0 X oy
£, =24 or., 9
“ E E” v 4 99 4B =0
dX oy d
Ow _U . |
Eyy = = - c O Compatibility equation §
2 2 2 S
yxy:2(1+U)TXy agXX_|_agyy:aJ/xy @%
2 2 b=
E oy ox“  0xody :
Ramadas Chennamsetti i




Plane stress

R&DE (Engineers), DRDO
Use constitutive laws in compatibility equation —
eliminate strains in compatibility using constiugi
law

Compatibility equation in terms of stress — stress
compatibility equatio

Eliminate shear stress in stress compatibility
equation using two equilibrium eqguations

Differentiate x — direction equilibrium equation wrt
‘X' —y —direction egn. wrt ‘y’, add these two get
shear stress

Plug this In stress compatibility equation

@yahoo.co.In

rd_mech
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Plane stress

R&DE (Engineers), DRDO

The governing equation —

9B, aBXj
+
0X 0X

1(0+ )=o)

This is derived making use of strain compatibiéguation
constitutive laws and equilibrium equations

40
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) Summary — Plane stress and strain

R&DE (Engineers), DRDO

Formulation Plane strain Plane stress
0 (0u ov
U+(A+pu)—| —+—|+B, =0
_ Hu ﬂ)ax(ax ayj * 0%+ E 0 @Jrﬂjﬂgxzo
Displacement 21-v)ox| ax oy
E O0(odu ov
{O?v + — —+_]+|3 =0
v+ (2 "‘,U)i ou , ov +B,=0 20-v)aylox ay)
oy\ ox oy
Stress 2 1 (eB, 0B, |, _ 0B, 0B
O + == * ] + = -1+ X 4 X
(Uxx Uyy) 1-vu ax ay (a-xx Uyy) ( U) GX aX

yaho00.co.in

41

rd mech@

Ramadas Chennamsetti




Org

T
®! 4,

& 25N
07, 7
St @
Q) |\Z

O Akal /O

L o
A
NEE Enaine

L&) Summary — Plane stress and strain

R&DE (Engineers), DRDO

» Basic difference — coefficients involving elastic
material constants

= Solving one type of plane problem gives solution to
other type also using simple transformation of
elastic coefficient

* In absence of body loads — In stress formulation —
governing equations of plane stress and strain are
same

= NO elastic constants appear in governing equation

= Solving these equations — difficult — some text bo
problems
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Airy’s stress function

R&DE (Engineers), DRDO

In stress based formulation — one equation in terms

of normal stresses and two equilibrium equations
for finding out the complete stress state

Reduce the complexity of equations

Introduce a new filed variable ‘Airy’s stre
function’ ()

Aim — reduce the governing equations from three
one

Find the distribution of single variablg ‘— get
stresses from that

43
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Airy’s stress function

R&DE (Engineers), DRDO

= Airy’s stress function (ASF) defined for stress
based formulations — both plane stress and

plane strain
» Basic stress equilibriu
OJXX + az-xy n BX -0
0 X oy
or,, L 90, . B =0

0 X oy d

Body loads can be derived
from potential function ‘V’

Ramadas Che

m equations —

Defining potential

B=-0V=>B =V

~

- N gV
=5 B

Substitute in equilibrium

equations "
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Airy’s stress function

R&DE (Engineers), DRDO

Equilibrium equations become

or or
2 (0, -V)+ 22 =0 vy O 0,,-V)=0
0X oy ox oy
Defining ASF a
2 2 2
Jxx_vzaqza; Txy:_aqa; O-W_Vzaqza
oy 0Xoy 0X

ASF, o= ¢X, y)
ASF satisfies both equilibrium equations.

In stress based formulation — it has to satisfy moee

governing equation
Ramadas Chennamsetti
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Airy’s stress function

R&DE (Engineers), DRDO

* In plane strain — stress based formulation —
governing eguation

1 (0B, 0B
DZ(JXXJrJW):_l—UE 0X * ayy]

(o 2e)ofv e 2] - 2 (220 2 -20)

2 2
19 924+ 99 omy = L oy
ox oy 1-v

DZ.Dan: (i —ZjDZ\/
1-v

Bi-harmonic operator 0*p= —(1_ 2UJDZ\/

1-v 46
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Airy’s stress function

R&DE (Engineers), DRDO

* |In plane stress — stress based formulation —
governing eguation

(o, + ayy) =—{1+ u)( aaBX + aByj

{228 e 220 22

2 2
7 994199 oy = (14 o)V
ox oy

yaho00.co.in

2 0%p=(1+v-2)0%V
Dp=-1-0v)0%V

rd_mech@
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Airy’s stress function

R&DE (Engineers), DRDO

= Governing equations in terms of ASF
4 = _(1— 20

1-v
O*@=-@1-v)d®  Plane stress

jD \/ Plane strain

If body forces are neglected —V = 0 — In both cdkegyoverning
equation is same

4
a¢+2 0y +a g _
ox*  oxcay® oy’

Bi-harmonic equation — solution to this equationAS+

1%p=0=>

Problem of elasticity reduced to a single equatidimd @ in
solution domain and boundaries — BCs - Tractions

48
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Stress formulation

R&DE (Engineers), DRDO

This formulation is appropriate for use with tracti
boundary conditions

Use Hooke’s law for calculating strains from
stresses

Compute displacements from strain-displacement
relation:

Since compatibility equations are used In
formulating governing equations, the displacements
obtained from integration of strain-displacement |
equations yield single valued, continuous filed

All equations are used for solving the problem

Closed form analytical solutions for elasticity
problems — difficult — rely on numerical methods

49
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Uniaxial tension — ASF approach

R&DE (Engineers), DRDO

= A bar subjected to tension

¢
- ' T
g P ____________________________________________ 2 ]c-:_, X
= 2. -
Boundary -1 Boundary — 2
DCs => (1, 0, 0) DCs => (-1, 0, 0)

Tx:T:|0;<x+mey: 0;<x:T TX:-T:|O;(X+mTXy: O;(X:T

T,=0=mog,+| r,,=>1,=0 -0 = — —
y yy Xy Xy I,=0= mg,+I| r,=> r,=0

Remaining boundaries — stress free.

Stress in x — direction = T = constant

50
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&) Uniaxial tension — ASF approach

R&DE (Engineers), DRDO

Stress in X — direction given by ASF

2

o, =constant a—qf =T =>@= %Ty2 +cy+c,

oy
Atx=#l, gyandr, =0

v
E, =———0, = = - (1
" E E ' o6ox E @
g
£, = y_UUX:a_Vz_Q - (2)
E E oy E
Integrate (1) and (2) U= (y) f(y) andg(x) —
E
UT arbitrary functions
V== y + g(x) 51
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&) Uniaxial tension — ASF approach

R&DE (Engineers), DRDO

Shear strain,
yxy

_ ou N ov _ Ty
oy 0X G
=> f (y)+g(x)=0

=> - f'(y)=9'(X) = «,

0f
=> —:—CUO => f :_woy-l_uo
oy
09 _ _ _
— = w, => g =w,X+V,
0 X

), U, V, — arbitrary constants of integration.

Ramadas Chennamsetti
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&) Uniaxial tension — ASF approach

R&DE (Engineers), DRDO

Functions f and ‘g’ represent rigid body motions
Rigid body rotation «w, and translations i’ and

'y’ directions =>u, andv,

Terms related to rigid body motion result from stra
displacement relatio

Displacements are determined from strain fieldy onl
up to an arbitrary rigid motion

For complete determination of displacement filed —
additional boundary conditions required — evaluate

), U, andv,
If rod has no rigid body motion =z, u, andv, = 0

rd mech
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& Pure bending of beam — ASF approach

R&DE (Engineers), DRDO

= Beam subjected to pure bending —
Y

M

M
< | 2C >
ot e e et ke e e ek e ke ke ke e ek ke ke :. ................................................. R . X
2|

Boundary

Conditions

Statically equivalent
boundary condition

y (X, tc) =

T (X, £c)=

T (£, y) =
|:X:J‘O-XX(_l’xl)
—T - M = +jccfxx(irl,
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Pure bending of beam — ASF approach

e —— & DE (Engineers), DRDO

= Key point in ASF approach — selection of an
appropriate stress functiomp-

= |t has to satisfy all boundary conditions —
capture physics of the probl

= Some knowledge about structure’s behavior
helps in selection ofg

* In bending, variation of bending stress is linear
along 'y’ co-ordinate

= ‘¢ should be a cubic polynomial
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& Pure bending of beam — ASF approach
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Linear variation of bending stress

o, =Ay= Integrating the function

A
¢ = ry y’+C,y+C, ASF satisfies all BC

[0, (£1,y)ydy =~

+C

' 3 3 M

A 2d =-M =>-A y— =M => A=—-————

_J- Y (3j_c 2 ¢c®
3M y° M

=———"—+tCy+C,=-———y " +C,y+C

w 2C 6 y 4C3y ly 2 -
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Pure bending of beam — ASF approach
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M, _ _d°p_ 3M
gﬂ__Ey +C1y+C2 _>JXX_W__2—C3y
o,=0 1,=0
_ o gy __0u_ 3 M
Exx = = —U— _>____—3y
E E 0X 2 EC Integrate strain —
o, o 3 My displacement
E,=———UV—=22=——— equations
w"E “E 287
_ 3™ _ _3Mvu ,
u=-_za ) v=ogy +e() _
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Pure bending of beam — ASF approach
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Shear strain

_ou av 3M - -
=0=>- X+ f +g(x)=0
= — x+g(X)=—f (y)=«, Integrate

2Ec’
2

g(x) = I\/lx+a)x+v
2Ec® 2 ° °

t(y)=-w,y+u,

Functions g(x) and f(y) represent rigid body mosion

To evaluate constants), u,, v, — constraints required
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