International Journal of Non-Linear Mechanics 174 (2025) 105089

journal homepage: www.elsevier.com/locate/nlm

Contents lists available at ScienceDirect

International Journal of Non-Linear Mechanics

An asymptotic model of vibroadhesion

*

I. Argatov ®°, A. Papangelo “¢, M. Ciavarella ¢©-*

2 College of Aerospace Engineering, Chongqing University, Chongqing, 400030, China
b Institut fiir Mechanik, Technische Universitdt Berlin, 10623 Berlin, Germany

L))

Check for
updates

¢ TriboDynamics Lab, Department of Mechanics Mathematics and Management, Politecnico di Bari, via Orabona 4, 70126 Bari, Italy
d Department of Mechanical Engineering, Hamburg University of Technology, Am Schwarzenberg-Campus 1, 21073 Hamburg, Germany
¢ Department of Mechanics Mathematics and Management, Politecnico di Bari, Via Orabona 4, Bari, 70125, Italy

ARTICLE INFO ABSTRACT

Keywords:

Vibroadhesion

Hysteretic systems
Rate-dependent adhesion
JKR-type adhesion
Nonlinear vibrations
Bogoliubov’s averaging
Method of harmonic balance
Asymptotic model

A compliantly fixed hemispherical indenter in adhesive contact with an elastic sample firmly bonded to a rigid
base is considered under the assumption that the rigid base undergoes small-amplitude high-frequency normal
(vertical) oscillations. A general law of the rate-dependent JKR-type adhesion is assumed, which relates the
work of adhesion to the contact front velocity. Using the Bogoliubov averaging approach in combination with
the method of harmonic balance, the leading-order asymptotic model is constructed for steady-state vibrations.
The effective work of adhesion is evaluated in implicit form. A quasi-static approximation for the pull-off force
is derived. The case of rigid fixation of the indenter is considered in detail.

1. Introduction

Adhesion as a mechanical phenomenon [1,2] manifests itself in the
existence of a non-zero pull-off force which is needed to separate two
solids brought into contact [3,4]. As an interface effect [5,6], adhesion
strongly depends on the physico-chemical properties of the contacting
surfaces as well as — but in a less degree — on the mechanical prop-
erties of subsurface layers [7], topography of contact surfaces [8,9],
and contact geometry [10,11]. Usually, the adhesion is characterized by
the surface energy density, 4y, measured in joules per meter squared.
Even so, the phenomenon of rate-dependent adhesion [12,13], when
(in contradiction with the assumption that 4y is a constant) the pull-
off force markedly depends on the unloading rate [14,15], has been
theoretically studied for decades [16-18].

The phenomenological approach to modeling the rate-dependent ef-
fects of adhesion in axisymmetric contacts relates the work of adhesion,
w, to the contact front velocity, ¢ = da/t, where a is the contact radius.
Since the process of decreasing of the contact area in separating the
contacting solids strongly resembles the process of the annular crack
propagation along the interface between dissimilar materials (indenter
and sample), the mathematical approach of the fracture mechanics was
successfully applied [19-21] to associate the law of rate-dependent
adhesion with the bulk viscoelasticity of subsurface layers. To date,
there is a lack of experimental evidence supporting the developed con-
stitutive models of rate-dependent adhesion [22,23], which prompted

the introduction of an ad hoc modeling approach [24] for extracting
the w vs. a relation from experimental data.

In recent years, there has been a growing interest in exploit-
ing the effect of mechanical vibrations to enhance and control the
strength of adhesive contacts [25], which can find diverse applica-
tions in soft robotics [26,27] and micro-manipulation engineering
applications [28]. The mechanism behind this effect is more or less
understood [16]: external high-frequency mechanical vibrations (with
some angular frequency w) cause variations in the contact radius a with
the same frequency, which happen with the contact front velocity a
being proportional to w. This means that the contact front can move
(periodically) very fast, thereby activating the adhesion strengthening
due to its rate-dependency.

However, despite the known phenomenological mechanism and a
wealth of experimental evidence that supports it, no comprehensive
mathematical model of vibroadhesion has been proposed in the litera-
ture so far. Here we make use of the term ‘vibroadhesion’ in analogy
with the terms ‘electroadhesion’ [29-31], ‘vibrorheology’ [32], and
‘vibrational mechanics’ [33] that investigates the effect of vibrations on
friction. The aim of the present paper is to lay a cornerstone in the theo-
retical foundation of vibroadhesion, which is still in its infancy, despite
recent modeling attempts [25,34,35]. It should be noted (see Remark 1
for details) that the previous studies [25,35] numerically investigated
a per se different dynamic model. However, the main distinction of our
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Fig. 1. Schematic of the adhesive contact between a hemispherical probe and an elastic
sample: Dynamic equilibrium.

study lies in the application of asymptotic modeling methodology for
both quantitative and qualitative analyses of vibroadhesion.

Observe that the Hertzian contact (e.g., between a rigid indenter
and an elastic substrate) in dynamic loading can be modeled as a
nonlinear oscillator [36,37]. The loaded adhesive compliant contact
again can be regarded as a nonlinear oscillator, provided the indenter
and the substrate do not lose contact. In the case of rate-dependent
adhesion, the contact stiffness in loading (increasing contact) and un-
loading (decreasing contact) takes different values, and therefore, the
rate-dependent adhesive contact exhibits hysteretic behavior [38,39].
However, in contrast to the hysteretic model of localized frictional
contacts [40], the force—displacement relations (for loading and unload-
ing) are given in a parametric form in terms of the contact radius q,
which plays a role of internal variable, with the contact stiffness being
dependent on the time derivative a.

The rest of the paper is organized as follows. In Section 2.1, we
formulate a one-degree-of-freedom dynamic model of instrumented
vibrational adhesive indentation testing. In Section 2.2, we solve the
problem of steady-state vibrations, using a combination of Bogoliubov’s
averaging and the method of harmonic balance. The results of our
leading-order asymptotic analysis are summarized in Section 3.1. A
simple quasi-static estimate for the pull-off force, representing a prac-
tically significant result, is derived in Section 3.2. The asymptotic
model’s predictions are illustrated in Section 3.5 in the case of so-
called nominal point contact. The refined asymptotic model, which
accounts for the effect of rigid-base excitation frequency, is presented
in Section 3.6. Finally, in Section 3.7, we introduce the dynamic
contact stiffness and investigate its properties in the special case of
rigid fixation of the indenter. The paper is finished with a discussion of
the limitations of the constructed asymptotic approximations (including
their possible generalizations) and our conclusions.

2. Theory
2.1. Mathematical model of instrumented vibroadhesive indentation

2.1.1. Dynamic equilibrium

We consider normal indentation of an elastic sample of finite thick-
ness, H, performed with a hemispherical indenter of radius, R, and
mass, m, and model our mechanical system (see Fig. 1) as a single-
degree-of-freedom dynamic system. The total length of the assembly, A,
and the length of the fixation element, /, can be represented as follows
(compare with Egs. (A.1) and (A.2) corresponding to the case of static
equilibrium):

h=14+R+H -6, I=1+x, m

where h, I, 6, and x, are now regarded as functions of the time
variable, ¢, and [ is the length of the fixation element in the unloaded
state.
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Further, the fixation-element reaction equation is assumed in the
form

F = kx, + cx,. 2)

Here, k is the stiffness element, ¢ is the damping coefficient, and an
over-dot denotes differentiation with respect to ¢.

According to Newton’s second law, the equation of dynamic equi-
librium of the indenter takes the form

mi, =mg—P—F, 3)

where P is the contact force, and F is given by (2).
Following [13], the JKR model (A.4), (A.5) can be generalized as

% 3
p=2Ea V8rw E*a’, ©)]

3R

a 2rwa
s=% _ 5
R I 5
by assuming that the work of adhesion w is a function of the contact
front velocity a.
Without specifying the law of rate-dependent adhesion we put

w=wyf (L), )

Yo

where v, is some characteristic velocity, and f(x) is a dimensionless
positive (generally speaking, non-negative) function, such that f(x) > 1
for x < 0 (when the contact decreases) and f(x) < 1 for x > 0 (when
the contact increases). Provided that f(0) = 1, Eq. (6) also covers the
case of quasi-static loading.

From Egs. (1), it follows that

x,=h-—h+34, @

S

where i = [ + R + H is the total length of the disassembled system
elements.

Then, the substitution of the fixation-element reaction (2) into
Eq. (3), in view of (7), yields

mé+cb+ké+P=mg+F, (©))
where & is the forcing term, defined as
F = —mh — ch—k(h - h). )]

Thus, the problem of dynamic equilibrium is formed by three
Egs. (4), (5), and (8) with respect to the unknown variables a, P, and
5, provided the total length 4 is specified as a function of time.

As it concerns the initial conditions that should be specified for the
uniqueness of the solution of the second-order differential Eq. (8), the
most practically realistic scenario is to start from the position of static
equilibrium, that is

Plioo =Py, bli=o =80, ali=o = 1o

where the triple a,, P), and §, solves the static equilibrium problem
(A.4), (A.5), and (A.7). It should be also noted here that in the case
& = const and h = const, Eq. (8) reduces to Eq. (A.7).

2.2. Steady-state vibroadhesion

We consider the special case when the sample’s base is stimulated
according to the simple harmonic law

h = hy+ hysinot, an

where the displacement amplitude &, is supposed to be relatively small,
i.e., hy < hy, so that the indenter does not lose contact with the
sample’s surface.

It is clear that Eq. (11) is in agreement with the initial condi-
tions (10). But our focus will be on the steady state that is supposed to
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Fig. 2. Schematic of the adhesive contact between a hemispherical probe and an elastic
sample: Force excitation.

be established after some initial period. In other words, we are looking
for an approximate solution in the form

a=a,+d, P=P,+P, 6=6,+35, (12)

where a,,, P, and &, are some constant mean values, and &, P, and §
are periodic functions of time with the period 2z /@ and zero means.

Based on the experimental evidence [22,25], it is anticipated that
a, > ag, and the increase in contact area is a manifestation of the
strengthening of adhesion due to the effect of vibrations. The difference
a,, — ay is governed by the two parameters w and A,;. Our aim here is
to establish this relationship, assuming that |d| < a,,, etc.

Remark 1. It should be noted that in the previous studies [25,35], a
per se different dynamic model was investigated, which in our notation
can be represented as

mé+cob+ké+P=F+F, 13)

where %, = mg — k(hy — h) is a static preload, and & = &, sinwr is the
imposed vibrational loading.

The corresponding mechanical scheme is shown in Fig. 2 (compare
with Fig. 1). While Egs. (8) and (13) formally agree with each other,
still there are certain nuances in the behaviors of the two dynamic
systems, which will be discussed later (see Appendix A).

2.2.1. Application of Bogoliubov’s averaging approach
We apply the Bogoliubov averaging approach [41] (see also [42,
43]) and introduce the averaging operator

®
Miu@®} = g/

—r/w

/o

u(t) dt 14)

which acts on any integrable 2z /w-periodic function u(?).

By the construction of the asymptotic Ansatz (12), we have 1\,/1 {a} =
0, etc. Hence, the application of the Bogoliubov averaging to the
differential Eq. (8), in view of (11) and (12), yields the following linear
algebraic equation (cf. Eq. (A.7)):

P

By neglecting small terms of the second order, we can state that
a" > adl + na:'n’lﬁ, and therefore, M{a"} ~ d!. The latter formula
can be used for averaging the first terms on the right-hand sides of
Egs. (4) and (5). As it concerns the second terms, we note that \/wa" ~
ywa' (1 + (n/2)(@/ay)). Hence, in the leading asymptotic terms we
obtain

Thus, under the smallness assumptions formulated above, the ap-

plication of the Bogoliubov averaging operator 1\,/1 to Egs. (4) and (5)

ho=ﬁ+%— (15)

A/ n n
wa' = wam.

leads to the following results:

4E*a’, -
P, = IR — /87w Eal, (16)
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a2 27 W opp @,
5. = “m eff m' 17
m= 2 \/ — a7n

Here, w; is the effective work of adhesion defined by the relation

\/Werr = Ag{\/E}. 18)
In view of (12);, (14), and (6), Eq. (18) can be rewritten as

/o ~ 2

‘/f(uioi—f)dt . 19)
Observe that Egs. (16) and (17) exactly preserve the structure of

the JKR model. The only essential difference is that the steady-state

solution is strictly related to the oscillatory part of the solution (which

is determined by the second terms on the right-hand sides of Egs. (12))

by means of the effective work of adhesion (19).

w = w @
eff 0 o e

2.2.2. Application of the method of harmonic balance

The effective work of adhesion w. determines the steady state
(solution to the averaged model (16) and (17)), but right-hand side of
Eq. (19) depends on the oscillatory part . Hence, the original problem
requires further study, and to do this we apply the method of harmonic
balance, which can be regarded as a Galerkin procedure [44] and
is known [45] to be originally founded on the work of Krylov and
Bogoliubov [46].

The substitution of (12), and (12); into Eq. (8), in view of (15),
yields

md+cs+kb+P=9, (20)
where we have introduced the notation

F =-mh—ch—kh, h=h—h,. (21)
In view of (11), we have & = h, sin ot and

F = —h, [(k — mo?)sinwt + cw cos ot]. (22)

Further, by taking into account Egs. (12), (16), and (17), the adhe-
sion submodel (4) and (5) can be linearized with respect to the contact
radius perturbation a as follows:

P~ <4E* a
R

m

+ /8T E*ad (y/wepr — V), (23)

3 27z'wE*am>d

~ 2a, 7w\ .- 2ray,

o~ <T - 3Ea. a+ I (V/Werr — VW). 24)
To efficiently construct the leading asymptotic terms, we assume

that

¢

i= Asinot’, ' =t4+ =, (25)
®

where A and ¢ are the amplitude and phase of the contact radius
variation.
Then, the substitution of (25), into Eq. (6) yields the approximation

w:wof(’i—(‘)” cosar' ), (26)

so that the following Fourier expansion holds:

\/ f(Acoswt’) = Fy(A) + F. (A coswt’ ... 27)

Here we have introduced the notation (n =1,2,...)

FoA) = i /O " rAcosxdx, (28)
_ 2 [T —
Fn(A) = - ,/0 1/ f (A cos x) cos nx dx. (29)
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It should be noted that the function on the left-hand side of Eq. (27)
is an even function of the variable ¢/, and therefore, its sine Fourier
coefficients vanish. This happened due to the local time transformation
(25),. From Egs. (25)—(29), it follows that in their leading asymptotic
terms the contact variation variables 4, P, and § are not in phase.

Let us introduce the short-hand notation

S /o ’ 5
{ e } - 2/ {C?S“” }5dt’, 30)
8 7 Jrjw \ sinwt’
P 7/ cof! ) .
{ & } = 9/ {Cf’“"t }sz’. (31
P, 7 Jorjow \ sinot’
Then, the harmonic balance of Egs. (23) and (24), respectively,
implies that

B = { %a?ﬂ —3\2rwoEray J (%) }A, (32)

- 2a,, U wA

=40 2Z) ta
% { R 2E*ay, ]1( Yo >} ’ (33)
- A
B = —y/8aE*wyad 7., (22), 34
c T w(]am jul( 0o ) ( )
x 2rwoay, wA
5=y T fc](—% ). (35)

where we have introduced the notation

o2 ” _ .
F1(A) = ”/0 v/ f(Acos x)sin” x dx. (36)

Now, returning to the differential Eq. (20), we make the change of
the time variable (25), and rewrite that equation in the form

mé" +¢§' +ké+ P =%, (37)

where the prime denotes the differentiation with respect to ' and, in
view of (22), we have

F=-n {lk- mw?) cos @ + cw sin ] sin wt’
+ [ew cos @ — (k — mw?) sin @] cos wt’ } . (38)

By subsequently multiplying both sides of Eq. (37) by cos @i’ and
sinwr’ and integrating over the period we obtain

—hy[cwcos @ — (k — mw?) sin @] = Z,, (39)

—h[(k — mw?) cos @+ cwsing] = E, (40)
where we have introduced the short-hand notation

Z, = (k — mw?)b, + cwb, + P, 41)

Z, = (k — mohs, — cob, + P, (42)

Now, we can eliminate the unknown variable ¢ by utilizing the
main trigonometric identity cos? ¢ + sin® @ = 1, thereby arriving at the
equation

224+ 52 = [(k - mo?)? + P’ )], (43)

where =, and = are given by (41) and (42), respectively.

Finally, by taking into account relations (32), (33), (41), and (42),
we can transform Eq. (43) into the sought-for relation that relates
the amplitude A of the contact radius variation G to the rigid-base
excitation parameters 4; and o.

Observe that up to this point, we did not explicitly employ the
assumption of high-frequency oscillations. Now, assuming that o >
\/k/_m, in view of (41) and (42), we can simplify Eq. (43) as follows:

[6.] = hy. (44)

The mechanical meaning of Eq. (44) will be discussed later (see Sec-
tion 3.6 and Appendix B).
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3. Results
3.1. Leading-order asymptotic model

Let us introduce the dimensionless contact-radius amplitude

i=24 (45)
Dy
where v, is the characteristic velocity that enters the law of rate-
dependent adhesion (6). In what follows, the dimensionless variable
A for simplicity will be called the internal variable.
So, by taking into account Eq. (45), formula (33) can be rewritten
as

1/2
E* + _ (2an [E*R S\ A
<2nw0am ) b= ( R \ zw, 4 (A)) ay,’ (46)

In the spirit of the asymptotic relation (24), the underlined term in
the asymptotic formula (46) can be dropped in the limit of negligible
contact area variations (when A4 < a,,), so that we will have

{SC}N_ /27rw0am*{jcl(/i)} 7
5 ) E o J

s

In the same way, the asymptotic formulas (32) and (34) can be
simplified as

{;C } z—\/87rE*w0a31{j°10(/{)}. (48)

N
Further, according to Egs. (19) and (26), the effective work of
adhesion can be evaluated as

Wegr = wol LA, (49)

where the integral 7,(A) is given by (28). The above formula defines
the effective characteristic of vibroadhesion w in implicit form,
as the internal parameter A, along with the relative mean contact
radius a,,, needs to be determined in terms of the rigid-base excitation
parameters o and h;.

3.1.1. Compliant fixation of the indenter
In view of (25),, (47), and (48), Egs. (41) and (42) can be rewritten
as follows:

—y MTOQ‘“ (k= ma?) 7., (A) - /87 E*w,a 7., (A), (50)
2rwgay * _
o= R g, (), (51

Correspondingly, the JKR-type Egs. (16) and (17) take form

(1]

[1]

4E*a} ,
P, = T 8rwoE*ad 7o(A), (52)
aﬁq 2mwyay, -

Thus, the substitution of the above expressions for P, and §,, into
the averaged balance Eq. (15) yields the relation

. mg 1 2mwoa Iy
o
2

AE*a> a
ke TR 54

where the left-hand side is supposed to be known.

+

To this end, we have got one Eq. (54) for two unknowns a,, and
A. The second equation follows from Eq. (43) upon substituting the
expressions (50) and (51).
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3.1.2. Rigid fixation of the indenter
In the limit as k/(E*R) goes to infinity, from Egs. (43), (50), and
(51), it follows that

(Al = iy [ 5. (55)
0%m

In the same way, Eq. (53) reduces to the equation

a* 2rwya .
%—\/%%(A):h—ho. (56)

The system of two Egs. (55) and (56) allows to determine both
parameters a,, and A. After that the mean contact parameters P, and
6, can be found from Egs. (52) and (53).

It should be noted that, in view of (47), Eq. (55) completely agrees
with Eq. (44), which was derived in the limit of high frequency oscil-
lations.

3.1.3. Free indenter under the dead weight

Now, by setting k = ¢ = 0, Egs. (51), (43), and (50), respectively,
simplify as £ = 0 and
|E.| = ma?*hy, (57)

where

2rwya _ _
Eo= || T mo? F(A) = \[8r E*woa}, Fur (A). (58)

At the same time, in the limit as k goes to zero, Eq. (54) reduces to
the relation

4E*a§’n _
mg = 3R \/SHwOE*af’n Jo(A), (59)

which, in light of Egs. (16) and (49), simply states that P, = mg.

3.2. Quasi-static estimate for the pull-off force

First of all, we observe that strictly speaking the developed asymp-
totic model of steady-state vibrations assumes that a,, = const. This, in
particular, means that s, = const in the rigid-base excitation law (11).
In principle, the steady-state model can be applied outside the range
of its applicability for approximate analysis of the effect of a slowly
varying modulation A (7) of the vibration excitation.

To estimate the vibration effect on the pull-off force, we determine
the latter by assuming that the detachment occurs when the mean
contact radius a,, reaches the JKR critical value

97 R*w 13
Ao = <STeff> 5 (60)

which is evaluated for the corresponding effective work of adhesion.
Thus, in view of (49), we transform Eq. (60) as

97 R%wy,
acr = ok

1/3
TR ) LA (A3, (61)

where the integral %,(A) as a function of 4 is defined by formula (28).
Since we put a,, = a,, Eq. (43) will be the only equation left

for evaluation of the corresponding parameter A,,. In the case under

consideration, Egs. (50) and (51) can be transformed as

—_ 2

= X ; RE*

= = =27, e = mot) F - =2 oS (62)
—_ 2

X

® =3l T (63

where the argument A, of the functions %, and 7., has been dropped
for the sake of simplicity of notation, and we have introduced the
dimensionless parameter
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Further, let us also introduce the notation

k c [2) hy

=4/=, = . o= —, =1 65
0 m 2V km ¢ @o " R ©5)
k
=k 66
K=R (66)
so that we will have k — mw? = k(1 — @*) and ¢/k = 2¢ /w,.
Then, Eq. (43) can be non-dimensionalized as
g+él X
e 67
(-2 +4g2a M ©7)
where, according to Egs. (62), (63), and (65), we have
2 3
X X
&= 270N T+ 2 Fo T (68)
3 3k
27>
& =50t 7. (69)

The substitution of the above expressions into Eq. (67) gives the
equation for evaluating the critical value, A, of the internal variable A.
After that, the pull-off force can be estimated by using the JKR result
as

3
_Pcr = Tﬂ:Ru}eff7 (70)

where w; is the corresponding effective work of adhesion, that is
Wepp = wolFo(A)]? (see Eq. (49)). We recall that by convention the
compressive/tensile contact force is assumed to be positive/negative.

The relative effect of vibrations on the pull-off force can be charac-
terized by the ratio

Pcr T 2
= [Fo(A)]", (71)

P
where PXR = —(37/2)Rw,, is the JKR pull-off force.

3.2.1. Estimate for the pull-off force in the case of rigid fixation
In view of (65), Eq. (55) now takes the form
_ ~ 3n
7P DI (A = =, 72)
%o
which determines the critical value A_,.

From Eq. (72), it follows that the dimensionless parameter A, is a
function of the ratio 7, = h,/R. This means that for a given value of the
right-hand side of Eq. (72), the predicted value of the relative pull-off
force (71) in the leading asymptotic term is independent of w.

Remark 2. It should be emphasized that in the model under considera-
tion the tested material is assumed to be purely elastic, and the adopted
constitutive model (Hooke’s law) does not include any bulk mate-
rial dissipation. However, in the case of vibrational loading, a tested
viscoelastic material near the moving contact contour will oscillate
with the frequency w/2x, thereby exhibiting the local stiffening effect
(see [16] among others). That is why, for a more realistic prediction
of the pull-off force, the reduced elastic modulus E* = E/(1 —v?) in
formula (64) should be replaced with E,(w)/(1 — v?), where E,(w) is
the storage modulus of the tested viscoelastic material.

3.3. Case of the Gent-Schultz law of rate-dependent adhesion

We consider a very popular empirical model of rate-dependent
adhesion introduced by Gent and Schultz [12], which for the case of
shrinking contact (opening crack) can be represented as

w:wo{ 1+(|d|/vo)n }, (73)

where n > 0 is a fitting parameter, and v, is some characteristic crack
front velocity. It should be kept in mind [47] that the Gent-Schultz law
is applicable only in a certain range of contact-front velocities.
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Fig. 3. The Fourier coefficient integrals for the Gent-Schultz model (75).

In what follows, the right-hand side of Eq. (73) will be denoted
by fop(ldl/vy). For the case of expanding contact (closing crack), the
following relation is usually used [25]:

falldl/vg) = [foplal /vg)] ™" 74)
Thus, in view of (73) and (74), we will have
_ _ fop(Acosx), cosx <0,

J(Acosx) = { [fop(/i cos x)]_l, cosx > 0. (75)

Further, according to the definition of the integral %,(A) (see for-
mula (28)), we have

Jo(A) = % /On/z{ \/fop(fi cos x) + \/fCI(A cos x)} dx. (76)

For the Gent-Schultz model (73)—(75), formula (76) is specified as
/2
Jo(A) = 1 / { [1+ (Acos x)”]_l/2 + [1 + (Acosx)] 172 } dx, 77)
z Jo

and similar formulas can be easily derived for 7, (A) and 7 (A).

We note, and this can be verified numerically, that the first terms
on the right-hand sides of Eqgs. (76) and (77) become less important as
A tends to infinity.

Fig. 3 shows the variation of the integrals % (A) and —f,,(4) in
the case of the Gent-Schultz model. Both functions are monotonic with
respect to their argument and grow like A"/2 as A — co.

3.4. Fitting experimental data for the pull-off force

We recall that the right-hand side of Eq. (72) is independent of
the excitation frequency w, since the quasi-static approximation for the
pull-off force has been derived in the high-frequency oscillation limit.

It is of interest to verify the asymptotic model’s predictions against
the recent experimental data [35,48] obtained for a polydimethyl-
siloxane (PDMS) sample with a hemispherical indenter of radius R =
51.5mm. The Gent-Schultz law [12] is used for describing the adhe-
sion’s rate-dependency. Based on the experimental data for the storage
elastic modulus [23] as a function of the angular frequency in the range
® < 2500rad/s, the equilibrium elastic modulus E = 2.8 MPa has been
amplified by the factor of 2. In this special case, we have y, = 0.026.
As it is seen from Fig. 4, the fact that the experimental data for the
excitation frequencies 300 Hz and 400 Hz do not differ much, supports
the asymptotic model’s implication drawn above that the pull-off force
in the high-frequency vibroadhesion is insensitive to the excitation
frequency.
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Fig. 4. Vibroadhesive amplification of the pull-off force: The effect of the base
excitation amplitude. The experimental data [35,48] was fitted with the leading-
order asymptotic model (71), (72) for the Gent-Schultz law with the parameters
wy = 0.236J/m?, n=0.531, and v, = 44.5 pm.

3.5. Nominal point contact

3.5.1. Static nominal point contact
We consider the special case when

hy = h, (78)
so that Eq. (A.7) simplifies to
Py _mg
6, — == 79
0 + X A (79)

For a rigid fixation element, Eq. (79) yields §, = 0, and any
nonzero contact area will be established exclusively due to the effect
of adhesion. This particular example also explains the use of the term
‘nominal point contact’ [49].

By utilizing the JKR Egs. (A.4) and (A.5), we transform Eq. (79) into
the following equation with respect to the static contact radius a:

2 .
a 4E*q 2rwoa 2E*a m

0 o 04 0 g
Dl =22 ) -4/ 22250 1 =2 80
R ( 3k ) E* < k > k (80)

Let us introduce the notation

__ms

H=Fre &L

Then, in view of (64), (66), and (81), we can rewrite Eq. (80) in the
non-dimensionalized form as

ag\2( 4 a; \/5)(3/2 ap\1/2 ( 2a,

(L) (4% ) - Yo (g2 (20 ) ®2)
R 3R 3 R R

The above equation predicts the relative initial contact radius a,/R.

3.5.2. Steady-state vibrational nominal point contact
In view of (16), (17), and (78), Eq. (15) takes the form

2 * *
ag 4E*a, 2AW s Ay 2E*ay, mg
Im _ 1 =2,
R< MY ) E* % k (83)
Evidently, Eq. (83) can be transformed to the form of Eq. (82)
with respect to the ratio a,/R, with the only difference that the

dimensionless parameter y, should now be replaced with the parameter
Zerr determined by formula (C.3). In light of (49), we have

e = XolFo(DT13. (84)
Thus, the non-dimensionalized version of Eq. (83) takes the form
3/2
an\2( 4 a, \/5)(0 _ran\1/2 (2a,
() (3% ) -San() (G ec)=n @
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Observe that in the Hertzian contact mechanics, a priori the ratio
a,,/R is supposed to be small. That is why, it makes sense to non-
dimensionalize the contact radius using the characteristic size of the
JKR contact radius in the rigidly fixed nominal point contact, i.e., a, =
(2rwyR?/E*)'/3. In this way, we introduce the non-dimensionalized
variables

a -

3RP, - R6
= _ Ym _ m _ m
Im = a,’ P = 4E*a§’ Om = a2 ’ (86)
where, in view of (64), we have a, = 2'/33‘2/3;(0R
So, using Eq. (86);, we rewrite Eq. (85) as

27/3)(0 12 343y
355 @ + Ka ]O(A)< 32 m + kay,) > = ST 87)
0

For given values of the dimensionless parameters y,, «x, and pu,
Eq. (87) can be solved numerically with respect to a,, in terms of A.

)(o _3/2

3.5.3. On passage through resonance

We consider the problem of vibroadhesion (37) for the linearized
contact submodel based on relations (23) and (24)), which are further
simplified as follows:

P~ <4£* aﬁl -3 27rweffE*am>ﬁ
+1/87E*a3 (y/werr — V). (88)
= 2a,, Wefp 2ray,
i (= o 2 (yWerr = V). (89)
m

The application of the method of harmonic balance yields the same
resulting Eq. (67), now rewritten in the form

e+ =na-

with the same &, and & (see Egs. (41) and (42)), now represented as

@) +4%@%, (90)

& = -, +20wé + P, (91)

&= —a*b, —2(db, + P, (92)

where the dimensionless parameters §,, 6, and P,, P, are obtained
from &, 8, and P,, P, by dividing by R and kR, respectively, but with
the asymptotically more accurate (than (32)-(35)) expressions for the
harmonic coefficients §,, &, P,, and B,, so that

m Jei(A). (93)

¢ - J1(A)
5 = e Aam<1 - P ) 94

m

Fe1(A), (95)

28/3 -
3171(/4)). (96)

P = VoXy -_
s 34/3 i am 4ér3n/2

Here we have introduced the new dimensionless model parameter
=Y 97
wyR

The substitution of the non-dimensionalized expressions (91)—(96)
into Eq. (90) leads to a single equation, which is algebraic with respect
to @ and transcendental with respect to A. In conjunction with Eq. (87),
it forms a system for evaluating the dimensionless parameters a,, and
A, which (that is, the resulting system) is not limited to the case of
vibrational nominal point contact.

Fig. 5 illustrates the variation of the dimensionless contact-radius
oscillation amplitude A/a,, as a function of the dimensionless excitation
angular velocity @ for the following set of parameters: y, = 2.589x 1072,
n =3.883x 1074, and v, = 1.227 x 1073,

Yo
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Fig. 5. Variation of the contact radius oscillation amplitude during passage through
the system resonance. The dot symbol (in the right corner of the plot) indicates the
position of the 200 Hz experiment for the case A, =20 pm shown in Fig. 4.

According to (45), (86), and (97), we have

A 32/3v0f§ 98)
am B 21/3)(06m.

Obviously, since the amplitude A of the contact-radius variation
cannot exceed the contact-radius mean value a,, the (upper) red-
hatched area in Fig. 5 represents the geometrically impossible situation.
Less obvious is to identify the region of applicability of the asymptotic
model, as the latter assumes that A < a,,, (see the (lower) green-hatched
area in Fig. 5, which covers the region A < 0.1a,,). The plot presented
in Fig. 5 has been drawn for the case A, = 20 pm. The choice of the
excitation frequencies 200 Hz, 300 Hz, and 400 Hz (which corresponds
to @ = 17.85, 26.78, and 35.7) falls within the region of the model
applicability.

3.5.4. Nominal point contact of a rigidly fixed indenter

In the limit as k tends to infinity, Eqs. (79) and (80) respectively
reduce to the equations §, = 0 and a, = a,, so that a,, = 1 in quasi-
static oscillations (see Eq. (86),). In addition, Eq. (87) simplifies as (cf.
Eq. (56))

an =7

In view of (65), (66), (91), and (92), Eq. (90) reduces to the simple
relation

\/ 62 + 62 =ny,

which states that the displacement oscillation amplitude is directly
controlled by the rigid-base excitation amplitude.
The substitution of (93), (94) into Eq. (100) yields

(A). (99

(100)

2P x5 Ra, (A
0 — 1 -2
2(A) + <1 - ) =7, (101)
4/3 3/2 1
34/ 4am/
where we have introduced the notation
34/3,2
_ 1
= (102)
22/ V2

We note that the right-hand sides of Egs. (101) and (102) are equal to
h% / a% .

Finally, the substitution of (99) into Eq. (101) results in a single
equation with respect to the dimensionless internal variable A.
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for n, = h, /R corresponding to the five rigid-base excitation amplitudes h, = 20,40, 60,80, 100 pm with the indenter radius R = 51.5mm shown in Fig. 4.

Fig. 6 illustrates the variation of the main parameters in the case
of nominal point contact of a rigidly fixed hemispherical indenter
for a specified value of the base excitation amplitude. The five cho-
sen values of the dimensionless parameter #; correspond to h;, =
20,40, 60,80, 100 um and R = 51.5mm for y, = 2.589 x 1072, This set
of parameters is dictated by the experimental setup used in [35,48].
It should be emphasized that the interval of base excitation reported
in [35,48] lies outside the range of @ shown in Fig. 6. In other words,
the leading-order asymptotic approximations are expected to provide
robust predictions, as the frequency excitation effect diminishes for
® > 10%(vy/R).

3.6. Refined asymptotic model

Formulas (93)-(96), which are asymptotically more accurate than
(47) and (48), can be utilized for refining the asymptotic approxima-
tions derived in Section 3.1. In particular, in the limit of high-frequency
vibrations, from Eq. (90), in view of (91) and (92), it follows that

\/82+82=n,,

or which is the same, 52 + 52 = h?. The above relation means that at
high frequency the rigid-base oscillation amplitude s, and the contact

(103)

indentation amplitude |5| = 1/82 + 52 are extremely close to each other.
In the experiments reported in [35,48], the difference is just a few
percent. We also note that in the leading asymptotic terms, Eq. (103)
reduces to Eq. (44).

By setting a,, = a., (see formulas (60) and (61)) in relations (93)
and (94), we readily get
_ &)
3% ’

5 _
< X0 173 s X0oAa L2/3

5c=_?0 Fets 5S=Tu]0 1

where the integrals #,, .7, and 7, are functions of the unknown
critical value A, of the internal variable A, and we have introduced
the notation

(104)

@ @

D= —— = —. 1
@ /R~ v (105)
The substitution of (104) into Eq. (103) yields the equation
4 2 N 2
X0 273 5 o2 0 K0 12 o4)3 —( f1(A)> )
— A A+ —A Al - —— = 106
9f0 (A)J5(4) 2 Fy (A) 374 n; (106)

that serves for evaluating the critical value A, as a function of the
dimensionless excitation parameters & and 7.

It can be easily checked that the second term on the left-hand side
of Eq. (106) is not significant for the set of experimental data [35,48].

Fig. 7b shows the variation of the relative pull-off force predicted
by the refined asymptotic model (106). As it is seen from Fig. 7a,
the excitation frequency effect diminishes at high frequencies, which
qualitatively agrees with the experimental findings [35,48].

Remark 3. It should be emphasized that Eq. (106) was derived
from Eq. (103), which in turn has been obtained in the limit of high
frequency vibrations. The dependence of the dimensionless excitation
angular frequency & enters Eq. (106) from Eq. (104),. That is why,
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the derivation of Eq. (103) from Egs. (90)-(92) can be interpreted as
ignoring the instrumental compliance effect.

3.7. Dynamic contact stiffness

According to the first harmonics balance, we have

P~ P, coswt’ + P sinwt’, (107)

5~ b, coswt’ + b sinwt’, (108)

and d ~ Asinwt’ (see formula (25))).
By using Euler’s formula for complex numbers, we can represent the
above relations in the complex form as

P =Re { P, exp(i(o + ¢p)) }, (109)
5 =Re { 5, exp(i(o’ — @5)) }, (110)
where P, and §, are the force and indentation amplitudes, i.e.,

Py=y/P2+ P2, 5, =[5485, (111)
and we have introduced the phase angles ¢, and ¢; as follows:

cos@p = P./Py, singp=—P,/P,, (112)
cos s = b,/8x, singgs=38/54. 113)

Following Greenwood and Johnson [16] and in a direct analogy
with the linear viscoelasticity, we introduce the complex contact stiff-
ness, $*, which is defined as the ratio of the complex oscillation force
and the complex indentation from the curly braces in (109) and (110),
that is

. P ,
Sr=A exp(i(@p + @s)).
N

The dynamic contact stiffness, S, is defined as the absolute modulus

of the complex stiffness, i.e., $ = |$*|, and has the mechanical meaning
of the ratio of the oscillation force and indentation amplitudes, that is

114)

- P
S=1A, (115)
N
By separating the real and imaginary parts, we can write
S* =8 +i§”, (116)
where, in view of (111)-(114), we have
S = i’cgc"'i)sgs K- ﬁcgs_ﬁsgc. 117)
82+ 52 52 +62

The real quantities $” and $” may be called the storage and loss contact
stiffnesses.
Let us rearrange formula (117); as

S'= i(l + {_3)71(1 + 5&).
5, 82 B 5,
According to Egs. (93)-(94), in view of (66), (97), (86), and (105),
we have

(118)

jz

5—° =2E*a,, (119)
5 62/3 Aa'/? (1 ~ JI(A)> (120)
b axSa(A) 4z )

P, _ 62/3‘;5:"/2 (1 3f1(1‘{)> (121)
P axa(A) 43?

In the limit of high-frequency oscillations, as & tends to infinity,
formula (118) reduces to (119). In other words, at high frequency of
the rigid-base excitation, the dynamic contact stiffness (we have S ~ §’
as @ — oo) coincides with that for a cylindrical flat-ended punch, which
is exactly the finding originally made by Greenwood and Johnson [16].

Observe that we have got two dimensionless excitation parameters
1, and & that govern both internal parameters a,, and A. In the case of
rigid fixation (corresponding to the problem setup in [16]), Eq. (103)
applies and, in view of (93) and (94), we have

24/314 28/312 37 (A) 2
0 - 201 0 722 1 — 2
387amjcl(A)+ A“a <1— 453/2> =

34/32 m (122)

In the case of nominal point contact for a rigidly fixed indenter,
Eq. (87) (see also Eq. (83)) simplifies to the equation

al* = 7y(A),

which reduces to the obvious relation a,, = 1 in the limit of small oscil-
lation amplitude as A tends to zero, due to the adopted normalization
(86), and the limit property lim % (A) =1 as A - 0.

From Eq. (123), it follows that a,, = 02 / 3(14), and the substitution
of this expression into Eq. (122) allows us to derive a single equation
for evaluating A in terms of #; and &.

Fig. 8 shows the variation of the right-hand side of Eq. (118), with
Egs. (119)—(121), and (123) taken into account. In the limit as @ tends
to zero, formula (118) reduces to

flui))*‘(l _ 3f1<fi>>
4g? 4g?
which in the limit as A — 0 and @, — 1 exactly agrees with the

formula for the mean incremental contact stiffness (C.2) applied for
ay, = a, = (2/9)'/3 xR, since #,(0) = 1 and #(0) = 1.

(123)

S’ zZE*am<1 -
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Remark 4. In their seminal work [16], Greenwood and Johnson de-
rived an elegant perturbation solution, called the approximate linear
solution for the problem of oscillatory loading of the rate-dependent
JKR-type normal contact, assuming the linear approximation

w

)

4

Yo
where ¢ = da/dt is the contact front velocity, and v, is some character-
istic velocity. We recall that for shrinking contact (opening crack), we
have a < 0, and the right hand side of Eq. (124) is positive.

It is clear that the linear approximation (124) cannot be employed
in the full range of loading rates, as for ¢ > v, formula (124) predicts
negative values for the work of adhesion, which, of course, is not possi-
ble. That is why, Greenwood and Johnson assumed small variations of
the contact radius a and the work of adhesion w from their respective
equilibrium values a; and w,. This, in particular, means that their
application of formula (124) assumes that |a|/vy < 1.

As a consequence of the equilibrium approximations, the
Greenwood-Johnson model [16] is not capable to show the variation of
the mean contact radius with the excitation frequency change. Overall,
the equilibrium perturbation approach is not suitable for capturing the
amplification of the work of adhesion which can be as high as an order
of magnitude.

(124)

4. Discussion

First of all, strictly speaking the solution of the dynamic equilibrium
problem (4), (5), and (8) in the case of harmonic excitation (11) is not
periodic from the very beginning. This, in particular, means that the
Bogoliubov averaging operator should be introduced in its general form

1 T
M (u(n)) =T11330?/0 u(t) dt.

Since we are interested here in the steady state only, we simplified
the analysis by adopting formula (14) that is applicable for periodic
functions only.

By way of explanation, we note that Egs. (4), (5), (16), and (17) can
be equivalently recast in the linear decomposition form
P 4%((13 - afn) + V8w E*(a?n/2 -

+ V81 E*a3(y gy — V),

2_ 2
- a—a 27w,
5= . m / E*eff a‘ln/z_auz)

(125)
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(126)

+ %(,/weff —Vw).

To simplify the asymptotic analysis (with the aim of extracting
leading asymptotic terms), we first linearized the right-hand sides
of Egs. (125) and (126) with respect to 4, thereby arriving to the
asymptotic relations (23) and (24), and after that simplified the result
further by making the linear terms (with respect to a) to be constant
assuming that w =~ wyy. This approach allowed us to derive ap-
proximations amendable for the qualitative analysis, however, perhaps,
at the expense of accuracy of the quantitative analysis. That is why,
if the numerical accuracy of the approximate solution is at stake,
it is recommended to apply the method of harmonic balance to the
indentation oscillation Eq. (20) with the exact JKR-type relations (125)
and (126) taken into account. In such a case, Egs. (43), (41), and (42)
still apply but with P,, P, and §,, &, being evaluated from Egs. (125)
and (126).

The mechanical system under consideration (see Fig. 1) is a sim-
plified representation of the experimental setup used in laboratory
studies [48], where the resonance excitation regime is unsuitable for
accurately measuring adhesive properties. The constructed leading-
order asymptotic model is not applicable in the resonance case (as
shown in Fig. 5), which requires a specialized averaging approach [42].
The primary condition for the asymptotic model’s applicability is that
the amplitude of the contact radius variation 4 must be small compared
to the mean contact radius a,,. This condition was satisfied in the
experiments [48] (illustrated in Fig. 4) for relatively small values of
the base excitation amplitude. It goes without saying that, in a quasi-
linear dynamic system, the larger the excitation amplitude, the lower
the accuracy of the results obtained using the averaging method.

Thus, the leading-order asymptotic model has a limited range of
applicability (see Fig. 5), and its use is recommended only when the av-
eraging method provides reasonably accurate and reliable predictions.
The asymptotic simplifications of Egs. (125) and (126) to Egs. (23) and
(24), respectively, have been identified as the primary cause for the
reduced accuracy of the employed simplified variant of Bogoliubov’s
averaging method.

It should be noted that the quasi-static approximations for the pull-
off force (see Sections 3.2 and 3.6) have two drawbacks. First, the
adopted detachment criterion a,, = a., with a. being dependent on
W, according to the JKR model, does not account for the contact force
oscillation during vibrational loading (see, e.g., [34]). Second, in real
experiments, during detachment, the indenter has some pull-off veloc-
ity that compromises the quasi-static approximation 4, = 0. Appar-
ently, both neglected effects should be accounted for together, although
the latter effect can be controlled independently, e.g., by making
rigid-base excitation parameters h, and w to be time-dependent.

Further, we note that the sample thickness H that enters Egs. (1)
and (A.1) does not appear in the analysis as it is hidden in the total
length h of the disassembled elements. On the other side, the JKR
Egs. (A.4), (4) and (A.5), (5) simplify the tested sample’s deformation
response to that of an elastic half-space. Following [50], the JKR model
can be extended to account for the sample thickness effect, and the
closed-form forth-order asymptotic solution [51] is available for the
case of moderately thin samples (when the contact diameter remains
smaller than the sample thickness).

It is worth noting here that for E = 2.8 MPa, p = 0.965g/cm?, and
H =2cm, the longitudinal waves can traverse the sample thickness ap-
proximately 27 times during a single oscillation period at a frequency of
200 Hz. This simple analysis justifies neglecting the dynamic waviness
of the elastic sample, consistent with the Hertzian theory of impact.

Another way of generalizing the developed model lies in changing
the indenter geometry from the Hertzian spherical (or, strictly speak-
ing, paraboloidal) to the conical [52,53], monomial (i.e., power-law
shaped) [54], spherical [55], or arbitrary convex shape [49]. This will
concern the respective generalizations of the JKR model Egs. (A.4), (4)
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and (A.5), (5). Nevertheless, the general scheme of averaging remains
the same.

Future studies could focus on a more detailed consideration of
the physical and engineering aspects of the mechanical system under
investigation. For instance, the linear reaction equation for the fixation
element (see Eq. (2)) could be replaced with a nonlinear hereditary
model [56] or modeled via a fractional-derivative approach [57]. The
inertial properties of the elastic sample could be approximately incor-
porated in a usual way by introducing an additional degree of freedom
into the dynamic system. Additionally, the assumption of displacement-
controlled excitation could be replaced with a more realistic model
that accounts for the finite power of the excitation motor. While these
generalizations would complicate the dynamic system, our key findings
regarding the asymptotic modeling of effective work of adhesion would
remain valid, provided that the rate-dependent adhesion phenomenon
can be accurately described by the Gent-Schultz law with sufficient
precision for practical applications.

5. Conclusion

A leading-order asymptotic model of vibroadhesion has been de-
veloped using Bogoliubov’s averaging approach in conjunction with
the method of harmonic balance. The assumption of small-amplitude,
high-frequency vibrations of the exciting rigid base allowed to greatly
simplify the resulting asymptotic relations. The effective work of adhe-
sion is defined in implicit form, since the mean contact radius and the
contact radius oscillation amplitude need to be determined in terms of
the rigid-base excitation parameters. The quasi-static estimate for the
pull-off force shows a reasonably good agreement with experimental
data available in the literature.
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Fig. 9. Schematic of the adhesive contact between a hemispherical probe and an elastic
sample: Static equilibrium.

Appendix A. Static equilibrium

We consider normal indentation of an elastic sample of finite thick-
ness, H, performed with a hemispherical indenter of radius, R, and
mass, m. It is assumed that the indenter is connected to a force sensor
via a linear spring of stiffness, k, and some undeformed length, I,
whereas the tested sample is firmly attached to a rigid base through
which a small-amplitude, high-frequency, displacement-controlled vi-
bration stimulus can be applied.

So, in a static assembly, when the indenter maintains an adhesive
contact with the sample surface (see Fig. 9), the total length of the
assembly, A, can be calculated as

hy =1y + R+ (H - &), (A1)

where § is the indenter displacement which characterizes the level of
indentation, and /, is the length of the deformed spring which defines
the spring elongation

x,=1lp—1 (A.2)
Let F,, denote the spring reaction such that
Fy = kx,. (A.3)

For describing the static adhesive contact between the rigid spheri-
cal indenter and the compliant elastic sample we apply the JKR theory
stating that the indenter displacement §, and the contact force P, are
related via the contact radius a, as

4E*ag
Py=—p - \/8rwE*a},
\/m
R E*

where E* = E/(1 —?) is the reduced elastic modulus, E and v
are Young’s modulus and Poisson’s ratio of the sample material, and
wy is the thermodynamic (equilibrium) work of adhesion (we have
changed the notation 4y for consistency with the case of rate-dependent
adhesion). It is to note here that the classical Johnson-Kendall-Roberts
(JKR) theory [58] does not account for the sample thickness H, assum-
ing that a, < H as well as ay < R.
The equation of static equilibrium of the indenter implies that

(A.6)

(A4

2
%

8y = (A.5)

Fy+ Py =mg,

where g is the gravitational acceleration.
Hence, in view of (A.2), (A.3), and (A.6), Eq. (A.1) can be rewritten
as
; mg R
hg=h+-2-0_5
0 L P
where we have introduced the total length of the disassembled system

elements (spring, indenter, and sample)

(A7)

h=I+R+H. (A.8)
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Fig. 10. Simple schematics of (a) load-excitation and (b) base-excitation experimental
setups.

Thus, the problem of static equilibrium is formed by three Egs. (A.4),
(A.5), and (A.7) which contain three unknowns a,, P), and §,, since
both geometrical parameters & and h, are supposed to be known.
Indeed, while & is determined by the geometry of the disassembled
system alone, h, controls the level of loading (compressive for h, < h
or tensile for hy > h).

Appendix B. Load- and base-excitation experimental setups

Let us come back to Eq. (20) and consider (for simplicity of pre-
sentation) the non-dissipative case, when ¢ = 0, in the situation of
fixation-element resonance excitation, when o = \/k/_m In such a case,
Eq. (20) reduces to the homogeneous differential equation mé+ké+P =
0, because the forcing term & disappears (see formula (20) among
others). On the contrary, nothing similar happens with Eq. (13), whose
oscillation part takes the form mé+ké+ P = & with & = %, sinwt. This
paradoxical situation can be explained as follows.

We consider two linear one-degree-of-freedom non-dissipative sys-
tems (see Fig. 10). In the first case (see Fig. 10a), the model equation
is as simple as mi,+(k+ K)x, = &) sincet. In the second case, the model
equation can be written as m, + kx, + P = 0, where P = K§ and
8 = x, — h with h = hysinwt (see Egs. (3), (7), and (21), applied for
h = hy).

Hence, in the second case (see Fig. 10b), we can represent the model
equation in the following two forms:

ms, + (k + K)x, = Kh, sint, (B.1)

mé + (k + K)8 = (mw* — k)h, sin ot. (B.2)

It is of interest to look at the solution of Eq. (B.1) in the special case
when o = \/k/_m and the right-hand side of Eq. (B.2) vanishes. Since
this type of excitation is not resonant for Eq. (B.1), we easily find that
x, = [Kh,/(k + K — mw?)] sin wt. This result immediately implies that

hy(k - mw?) .
—— S1n
k+ K — mw?

From here, we readily see that § = 0 in the special case under
consideration (i.e., ® = 4/k/m), meaning that the K-spring remains
undeformed if the second dynamic system (see Fig. 10b) is excited at
the resonance frequency of the k-spring.

6 =x,— h;sinwt = — wt. (B.3)

Appendix C. Incremental contact stiffness

Based on the asymptotic formulas (88) and (89), now, expressing a
in terms of & (by using Eq. (89)) and substituting the obtained result
into Eq. (88), we can write

eff
Sm

S ity
PSS+ \[8nE*ad (Vw - M)<_2E*am - 1>,

where S;ff is the mean incremental contact stiffness of the effective
JKR adhesive contact of radius a,,, that is

(CD

32
Xetr

) (EE)T) e
6\/5 am 2\/5 am '

Seft = 2E*am<1 -
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and we have introduced the notation

I W opp 173
Xeff = E*R .

In view of (60), (C.2), and (C.3), it can be verified that ST = 0
for a, = a., where q, is the JKR critical value determined by the
relation dP,,/da,, = 0 according to Eq. (16). In other words, the mean
contact stiffness of the tested sample at the detachment vanishes, if the
detachment event is determined by the maximum of the mean contact
force. This, in particular, a priori means that in order to minimize the
instrumental effect, the system should be excited far from the resonance
of the fixation subsystem comprised of the hemispherical indenter and
the fixation element.

Further, in light of (47) and (48), we have

(C.3)

P~ P, cosar. (C.9)

5~ 8, coswt,

Thus, in the leading asymptotic terms, the high-frequency assumption
(see Eq. (44)) implies that the indenter oscillation amplitude |SC| is
determined by the base excitation amplitude 4.

Moreover, from Egs. (47) and (48), it follows that

—2E*a (C.5)

m>

S| o

where the right-hand side coincides with the incremental stiffness
of circular frictionless non-adhesive contact. Still, the effect of rate-
dependent adhesion is taken into account via the mean contact radius
a,, that depends on the relative contact radius oscillation amplitude A
(see Egs. (16), (17), and (49) among others).

On the other hand, we recall that the incremental contact stiffness
can be evaluated as
_dP _ dP/di
T4 dsjdr
Hence, in view of Egs. (12), under the assumption that P,, and §,, are

constants, from (C.4) and (C.6), it formally follows that S ~ P, /Sc.
Thus, in light of Egs. (88) and (89), it can be seen that the sim-
ple paradoxical result .S ~ 2E*g, (which enters into contradiction
with the asymptotic approximation (C.2) for the effective incremen-
tal contact stiffness S°f) was obtained by neglecting the quasi-static
contribution that comes from the first terms on the right-hand sides
of Egs. (23) and (24) (see also Eq. (46) which simplifies to SS = 0).
This consideration prompts the construction of a refined asymptotic
model that, in particular, accounts for the underlined term neglected
in (46), but this is already a different story. Nevertheless, as it was
shown in Section 3.7, the asymptotic formula (C.5) reconciles with the
high-frequency asymptotics of the storage dynamic stiffness.

(C.6)

Data availability

No data was used for the research described in the article.
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