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Composites reinforced by thinner fibers are intensively studied in recent years and expected to have bet-
ter mechanical properties. With development of nanotechnology, the diameter of fiber can be as thin as
several nanometers, such as nanofibers and nanotubes. Then, do these thinner fibers definitely result in
composites with better mechanical properties? In this paper, the toughening effect of reinforcing fibers in
composites is investigated based on the three-level failure analysis model. It is found that thinner
reinforcing fibers do not definitely confer better fracture toughness on composites. The optimal fiber
diameter is that making the failure mode just in the transition from fiber pull-out to fiber break, which
is about 2–6 nm for carbon nanotubes and around 100 nm for carbon nanofibers. In addition, the effects
of fiber, matrix and interface properties are all investigated, and their analytical optimal values are obtained
and summarized in a table, which provides important reference for advanced composites design.

� 2014 Elsevier Ltd. All rights reserved.
1. Introduction

Fiber reinforced composites have been widely used in various
fields, especially in aerospace, military and automotive industries.
With the development of nanomaterials, the fiber-type reinforce-
ments with diameters as thin as several nanometers, such as nano-
tubes (NTs) and nanofibers (NFs), are increasingly used in advanced
composites for better mechanical, electrical, optical and chemical
properties [1–5].

As thin, strong and multifunctional reinforcements, NFs/NTs
have drawn extensive attentions of researches. Taking carbon
nanotubes (CNTs) [6–11] for example, their Young’s modulus and
strength are up to 1 TPa and 100 GPa, respectively [9–11], and their
diameter typically ranges from 0.8 nm to 2 nm for single-wall CNTs
(SWCNTs) and from 5 nm to 20 nm for multi-wall CNTs (MWCNTs)
[9]. Tremendous efforts have been done to investigate the mechan-
ical [12–23], electrical [12–15,24] and thermal [15,25–27] proper-
ties of CNT-reinforced composites. Thereinto, a large part of the
works focuses on the toughening effect of CNT-reinforced compos-
ites. Experiments have shown large scatting and even opposite
results in the improvement in fracture toughness by the CNTs,
ranging from �10% to 4080% [16–23]. The large scatting of exper-
imental data is mainly attributed to CNT/matrix interface [23] as
well as the content and dispersion of CNTs [19,23]. In order to
make deeper investigations for a better view to the toughness of
CNT reinforced composites, theoretical and simulation studies
have also been carried out [28–40]. Chen et al. [30] studied the
toughness of composites reinforced by curved CNTs with a
statistical distribution of strength, and suggested that increasing
CNT curvature could reduce toughness of nano-composites
depending on chosen parameters such as interfacial friction prop-
erties, and nanotube and matrix modulus. Pavia and Curtin [31]
investigated the effect of wave, finite-length nanofibers on the ten-
sile strength and fracture work of ceramic matrix. They have con-
sidered many factors to make their model close to the real
problem, including interfacial friction and sliding [32–34], strength
distribution, and curvature and length of nanofibers. They revealed
an optimal region of morphology that maximizes composite
strength and toughness. Chen et al. [35,36] developed a three-level
failure analysis model to investigate the interfacial effect on the
fracture toughness enhancement of CNTs. They found that neither
longer reinforced CNTs nor stronger CNT/matrix interfaces can
definitely lead to better fracture toughness of these composites.
Furthermore, the optimal interfacial strength and the optimal
CNT length are those making the failure mode just in the transition
from CNT pull-out to CNT break.
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However, an important question arises: do thinner fibers defi-
nitely result in composites with better mechanical properties?
Usually, thinner fibers are supposed to confer better mechanical
properties on composites due to their higher specific interfacial
area and larger aspect ratio [4,5,41–45]. But when the research
scope extends to nano-composites and the concept of fiber extends
to nanofibers and nanotubes, the effect of fiber diameter on the
mechanical properties of composites remains unrevealed. Besides,
another similar question is: do stiffer fibers definitely result in
composites with better mechanical properties? It is of great
importance to reveal the effect of fiber stiffness on the mechanical
properties of composites. This paper aims to provide answers to
these questions by investigating the effects of fiber diameter and
fiber stiffness as well as other fiber, matrix and interface properties
on the composite fracture toughness.

2. Fracture toughness enhancement

As reviewed above, there are already a large amount of theoret-
ical models for the fracture toughness of NFs/NTs reinforced
composites [28–40]. However, a simple analytical solution is
desired by material researchers for convenient applications in
practical composites. Chen et al.’s study [35] provides a simple
analytical expression for the fracture toughness enhanced by
bridging CNTs in composites. Their theoretical outcomes agree
well with atomic simulations [35] and the degraded result of Pavia
and Curtin’s model [32], and have been validated by experiments
[37,38]. So Chen et al.’s model is adopted in this paper.

Following Chen et al.’s three-level failure analysis model [35], in
composites with macroscopic cracks, high strength reinforcing
fibers can retard crack propagation, and a fracture zone bridged
by fibers is formed at the crack tip, as shown in Fig. 1(a). This
toughening effect of bridging fibers is equivalent to that of nonlin-
ear springs connecting the upper and lower crack surfaces, as
shown in Fig. 1(b). In this level, the fracture toughness enhance-
ment of the bridging fibers can be obtained by fracture mechanics
provided that the force-displacement relation for these springs is
known. In order to attain the constitutive relation of the springs,
the pulling force F and pull-out displacement d of a single fiber
are studied, as shown in Fig. 1(c). In this level, it is well acknowl-
edged that the two typical failure modes are interfacial debonding
and fiber break, and the F–d curve can be solved by mesomechanics
analysis [46–51]. The F–d curve and failure mode depend on the
interfacial interactions, such as atomic bond properties for NF/NT
reinforced composites and cohesive forces for fiber–matrix mate-
rial systems, as shown in Fig. 1(d). Therefore, the fiber reinforced
composites have three failure mode levels: a bond break at the
atomistic level, fiber failure mode at the mesoscopic level and
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Fig. 1. Hierarchical failure analysis models: (a) fracture zone bridged with fibers at the cr
mesoscopic-level model to obtain the force-displacement relation of equivalent nonlinea
bond breaking.
macroscopic crack propagation at the macroscopic level. It should
be noted that the fibers in Fig. 1 are all well oriented because
experimental observations on the crack tip of CNT reinforced com-
posite shows that most bridging CNTs are perpendicular to crack
face due to the pulling stress [52] although they are actually dis-
tributed randomly in the matrix. So the model in Fig. 1 can be
extended for composites with randomly distributed fibers as well.
In this paper, we will focus on the oriented fibers in order to
establish simple and practical analytical formulae for the effects
of fiber and matrix properties.

In atomistic level, a bond break occurs when the relative dis-
placement between the fiber and the matrix Du reaches the critical
shear displacement db, which depends only on the type of function-
alization bond at the interface, and the corresponding interface
strength sb also depends on the interface bond density. The
interface shear stress s is assumed to be proportional to the
relative displacement Du, i.e.,

sðxÞ ¼ kDuðxÞ ¼ k½umðxÞ � uf ðxÞ� ð1Þ

where k = sb/db is the shear stiffness of the interface, um(x) and uf(x)
are the axial displacements of the matrix and the fiber respectively,
and x is the coordinate along the axial direction.

Supposing the fiber and the matrix are both linear elastic, with
the balance conditions of the fiber and the matrix, the shear stress
distribution can be derived as [35,48]

sðxÞ¼ F
pd2

f

4
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where Ef and Em are the Young’s modulus of the fiber and the matrix
respectively, cf is the area fraction of fibers on the crack face and
represents fiber volume fraction in composites, F is the pulling
force, L is the embedded length and df is the fiber diameter.

The distribution of the axial normal stress in the fiber can also
be derived as

rðxÞ ¼ 4

pd2
f

F �
Z x

0
pdf sðxÞdx

� �
ð3Þ

The two main fiber-level failure modes are usually interfacial deb-
onding and fiber break. Fiber break occurs when the maximum axial
normal stress reaches fiber strength rb

f . When the maximum shear
stress reaches the interface strength sb, the interfacial chemical
bonds break, and the fiber is pulled out. Thus, the debonding/
breaking critical condition can be established.
F
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For composites with the matrix soft enough that satisfy the con-
dition of Em < cfEf/(1 � cf), such as polymer matrix composites, the
critical condition can be expressed as

CRIS ¼
rb

fffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4Ef sbdb

df

cf Ef
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If CRIS > 1, the dominant failure mode is interface failure with
steady debonding between fiber and matrix from the inside end
of fiber, named as failure mode I. And CRIS < 1 indicates the failure
is dominated by fiber break, named as failure mode II.

Therefore, based on fracture mechanics [53,54], for composites
with soft matrix, the fracture toughness enhancement DKS can be
expressed analytically as [35]
DKS ¼
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where KIC is the fracture toughness of pure matrix material and
g ¼ 2

ffiffiffi
2
p
ð1� m2

mÞ=ðEm
ffiffiffiffi
p
p
Þ depends only on Young’s modulus and

Poisson’s ratio of the matrix vm.
For composites with the matrix hard enough that satisfy the

condition of Em P cfEf/(1 � cf), such as composites with metal and
ceramic matrix, the critical condition that judges the fiber-level
failure mode can be expressed as
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If CRIH > 1, the dominant failure mode is interface failure with
unsteady debonding between fiber and matrix from the outside
end of fiber, named as failure mode III. If CRIH < 1, the failure is
dominated by fiber break.

For composites with hard matrix, the fracture toughness
enhancement DKH can be expressed as [36]
DKH ¼
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In the first expression of Eq. (7), the function Fsoften(d) is solved
from the function of d(F) as
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The upper limit of the integral in Eq. (7), dmax, is determined by
@d(l)/@l = 0, where d(l) is given as
dðlÞ ¼ db þ ðL� lÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4sbdb

Ef df
1þ cf Ef

ð1� cf ÞEm

� �s 

�
sinh l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4sb
dbdf

cf

ð1�cf ÞEm
þ 1

Ef

� �r� �

cosh l
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4sb
dbdf

cf

ð1�cf ÞEm
þ 1

Ef

� �r� �
þ cf Ef

ð1�cf ÞEm

1
CCCA ð9Þ
3. Effect of fiber diameter on fracture toughness

A typical idea about the diameter effect on the fiber reinforced
composites is that thinner fibers can toughen the composites bet-
ter due to their large specific interface area and accordingly stron-
ger bonding between fibers and matrix. However, when the
research scope extends to nano-composites, it should be ques-
tioned that whether or not the diameter effect follows the same
rule. This section will reveal the diameter effect on the fracture
toughness of NFs/NTs reinforced composites.
oftenðdÞ

IC

pd2
f

4

dd if CRIH > 1 ðInterfacial debondingÞ

if CRIH < 1 ðfiber breakÞ

ð7Þ
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3.1. Effect of fiber diameter df

With given volume fraction, interface properties and materials
for matrix and fibers, it can be observed easily from Eqs. (4) and
(6) that both CRIS and CRIH are monotone-increasing functions of
the fiber diameter df, ranging from 0 to infinity, which means the
failure mode of composites with fibers thin enough is definitely
fiber break and that of composites with fibers thick enough is defi-
nitely interfacial debonding. Thus, when decreasing the fiber diam-
eter df, the failure mode can change from interfacial debonding to
fiber break, for composites with both soft matrix and hard matrix.
This theoretical result is consistent with the widely-accepted
knowledge. The load-bearing capacity of fiber is proportional to d2

f

while the load-bearing capacity of the interface is in direct propor-
tion to df. Therefore, the fiber is relatively stronger than the interface
when the fiber diameter df is large, and the failure mode is interfa-
cial debonding. Conversely, the fiber diameter df can certainly reach
a value small enough to make the fiber relatively weaker than the
interface at which the failure mode becomes fiber break.

For composites with soft matrix (Em < cfEf/(1 � cf)), it can be
seen clearly from the analytical Eq. (5) that DKS increases monot-
onously with increasing df for fiber break case and decreases
monotonously with increasing df for interfacial debonding case.
Therefore, when decreasing the fiber diameter df from a very large
value to a very small value, the failure mode is first interfacial deb-
onding, the fracture toughness enhancement DKS increases, and
then at the critical point, CRIS = 1, the failure mode changes to fiber
break, and if the fiber diameter df is decreased further, the fracture
toughness enhancement DKS decreases. Thus the optimal fracture
toughness enhancement is obtained when the failure mode is just
in the transition from interfacial debonding to fiber break, as
shown in Fig. 2(a). Here, the SWCNT reinforced epoxy matrix com-
posite is adopted as an example to present the DKS � df relation,
and our studies have proved all the cases with Em < cfEf/(1 � cf)
present similar curves to those shown in Fig. 2(a). For the case
shown in Fig. 2(a), the interfacial shear strength sb and the critical
shear displacement db are obtained from atomistic simulation as
6.0GPa and 0.318 nm, respectively. The matrix modulus Em = 3.5
GPa, CNT modulus Ef = 700 GPa, CNT strength rb

f = 50 GPa, CNT
length L = 20 nm and CNT volume fraction cf = 1.0%, which are all
within the reported ranges [9–11]. The fracture toughness
enhancement is normalized as DK̂ ¼ DKS � gK IC=ðcf rb

f dbÞ, and the
CNT diameter is normalized by its critical value at which the
transition between failure modes occurs.

For composites with hard matrix (Em P cfEf/(1 � cf)), the
DWCNT reinforced ceramic matrix composite is used as an
example to present the relation between fracture toughness
enhancement DKH and fiber diameter df, which is solved numerically
Fig. 2. Effect of fiber diameter on the fracture toughness enhancement: (
from Eq. (7) and shown in Fig. 2(b). It should be noted that our studies
have proved all the cases with Em P cfEf/(1� cf) present similar
curves to those shown in Fig. 2(b). For the case shown in Fig. 2(b),
the interfacial shear strength sb and the critical shear displacement
db are 6.0 GPa and 0.318 nm respectively, according to the results of
atomistic simulations. The matrix modulus Em = 300 GPa, CNT modu-
lus Ef = 400 GPa, CNT strength rb

f = 30 GPa, CNT length L = 10 nm and
CNT volume fraction cf = 1.0%, which are all within the reported
ranges [9–11]. The fracture toughness enhancement is normalized
as DK̂ ¼ DKH � gK IC=ðcf rb

f dbÞ, and the CNT diameter is normalized
by its critical value at which the transition between failure modes
occurs. Similar to the case of soft matrix, reducing the fiber diameter
df from a value large enough can increase the fracture toughness
enhancement DKH until df reaches the critical condition of CRIH = 1,
at which the failure mode changes from interfacial debonding to fiber
break, and then further reducing df results in decrease of DKH. The
optimal fracture toughness enhancement is reached when the failure
mode just in the transition. It should be noted that the fracture
toughness enhancement for hard matrix, DKH, is much higher than
that for soft matrix, DKS, in the interfacial debonding mode, because
the debonding stage is much longer for hard matrix according to
Eq. (8), in which the debonding failure begins from outside of the
fibers. So fibers can toughen hard matrix better than soft matrix.

For both cases, when the failure mode is fiber break, the fracture
toughness enhancement is determined by the load-bearing capac-
ity of fiber, so thicker fibers with stronger load-bearing capacity are
better for improving fracture toughness of composites. Contrarily,
when the failure mode is interfacial debonding, the fiber load-
bearing capacity is large enough and the interface load-bearing
capacity becomes crucial, thinner fibers with larger specific surface
area can make a better use of interface strength, and hence
enhance fracture toughness better.
3.2. The optimal fiber diameters

Above analysis indicates that thinner fiber cannot definitely
toughen the composites better. The optimal fiber diameter is that
making the failure mode just in the transition from fiber pull-out
to fiber break, and can be solved from the critical conditions of
CRIS = 1 and CRIH = 1 for composites with soft and hard matrix,
respectively.

The interfacial length L is generally much larger than the fiber
diameter df and the critical interfacial shear displacement db, which
is on the same order of chemical bond length. Therefore, it is
reasonable to suppose L=

ffiffiffiffiffiffiffiffiffi
dbdf

p
!1, and thus the optimal fiber

diameter can be solved analytically from the critical conditions of
failure mode as
a) soft matrix (Em < cfEf/(1 � cf)); (b) hard matrix (Em P cfEf/(1 � cf)).
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If the fiber diameter df > dC
f , the failure mode is interfacial debond-

ing, and if df < dC
f , the failure mode is fiber break. Accordingly, on
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ffiffiffiffiffiffiffiffiffi
dbdf

p
!1 the optimal fracture toughness

enhancements can be obtained respectively from the simplification
of Eqs. (5) and (7) as
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cf Ef
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h i2
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r
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>>:

9>>=
>>; ð11Þ

DKoptimal
H ¼DKHjdf!dC

f
¼

ffiffiffiffi
2
p

r
cf dbrb

f

gK IC

þ
Z dmax jdf ¼dC

f

db

cf

ffiffiffi
2
p

q
ð1�cf ÞEmðrb

f Þ
2

h i2
FsoftenðdÞ

		
df¼dC

f

2pgK IC sbdbEf ½cf Ef þð1�cf ÞEm�

 �2 dd ð12Þ
3.3. The optimal fiber diameters for typical composites

For typical fiber reinforced composites, the optimal fiber
diameters dC

f are calculated by Eq. (10) and listed in Table 1. In
Table 1, the material properties of fiber and matrix are in the range
reported in relative articles [1–11]. The interface parameters sb and
db for CNT and carbon nanofiber (CNF) reinforced composites are
determined by atomic simulation as 6.0 GPa and 0.318 nm, respec-
tively, which are close to the values suggested by Pavia and Curtin
[33].

For composites reinforced by CNTs, Table 1 suggests that the
optimal fiber diameter is about 2–6 nm, depending on the CNT
types and volume fractions. The diameter of CNTs usually ranges
from 0.8 nm to 20 nm [9], with the optimal value included. For
CNFs, the strength and Young’s modulus are 1–8 GPa and
100–500 GPa, respectively [55–57], and the optimal fiber diameter
is thus around one hundred nanometers, which is in the range of
the diameters of typical CNFs (50–200 nm).

So the optimal fiber diameter can be reached for CNT/CNF
reinforced composites when reducing fiber diameters. If the
diameter is lower than its optimal value, reducing fiber diameter
leads to a decline in fracture toughness of the composites, which
is opposite to the traditional concept about the diameter effect.
Therefore, selecting a proper fiber diameter is important for
improving fracture toughness of composites.

4. Effect of fiber stiffness on fracture toughness

Mesomechanics of composites indicates that stiffer fibers lead
to higher effective stiffness of the composites [58], which
Table 1
The optimal fiber diameters for typical fiber reinforced composites.

Composites cf/% Ef/GPa rb
f =GPa Em/GPa dC

f =nm

SWCNT/epoxy 0.5 700 50 3.5 4.24
SWCNT/ceramic 0.5 700 50 300 2.16
MWCNT/epoxy 1.0 400 30 3.5 5.48
MWCNT/ceramic 1.0 400 30 300 3.44
CNF/epoxy 1.5 300 5 3.5 124
CNF/ceramic 1.5 300 5 300 93.0

cf: fiber volume fraction, Ef: fiber modulus, rb
f : fiber strength, Em: matrix modulus,

dC
f : the critical fiber diameter.
encourages researchers to prepare fibers with high modulus.
However, researchers found that flexible fibers are much better
than stiff fibers in improving impact strength of fiber-reinforced
composites [59]. Then, to make fiber stiffer or more flexible, which
is the better way to improve the fracture toughness of composites?
This section will try to answer this question. In this paper the
stiffness of fiber is characterized by its axial Young’s modulus Ef.

4.1. Effect of fiber modulus Ef on fracture toughness enhancement DK

The effect of fiber modulus Ef on the fracture toughness can also
be observed from Eqs. (4)–(7). For the composites with certain
matrix material and fiber volume fraction, when Ef increases from
a value small enough (Ef 6 (1 � cf)Em/cf) to a value large enough
(Ef > (1 � cf)Em/cf), the type of composites changes from ‘‘hard
matrix’’ to ‘‘soft matrix’’. Accordingly the fracture toughness
enhancement should be calculated by Eq. (7) for the former case
and Eq. (5) for the latter case, and the corresponding failure modes
are determined by Eqs. (6) and (4), respectively.

As discussed in Section 3.2, it is reasonable to suppose
L=

ffiffiffiffiffiffiffiffiffi
dbdf

p
!1, so Eqs. (4) and (6) can be simplified as

CRIS ¼
cf rb

f

ð1� cf ÞEm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4sbdb

df

cf

ð1�cf ÞEm
þ 1

Ef

h ir ð13Þ

CRIH ¼
rb

f

Ef

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4sbdb

df

cf

ð1�cf ÞEm
þ 1

Ef

h ir ð14Þ

It can be found from Eq. (13) that CRIS increases monotonously with
the increase of Ef, and approaches asymptotically to its upper bound

CRIup
S ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cf df rb

f

� �2

4ð1� cf ÞEmsbdb

vuuut ð15Þ

And CRIS can reach its minimum value when Ef reaches its mini-
mum value of ‘‘soft matrix’’ case, which is Ef = (1 � cf)Em/cf. The min-
imum value of CRIS is

CRImin
S ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cf df rb

f

� �2

8ð1� cf ÞEmsbdb

vuuut ð16Þ

Eq. (14) indicates that CRIH decreases monotonously with increas-
ing Ef, and reaches its minimum value when Ef reaches its maximum
value of ‘‘hard matrix’’ case, which is Ef = (1 � cf)Em/cf. The
minimum value of CRIH is

CRImin
H ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cf df rb

f

� �2

8ð1� cf ÞEmsbdb

vuuut ð17Þ

which is equal to the minimum value of CRIS in Eq. (16). However,
different from CRIS, CRIH increases infinitely when Ef ? 0, without
an upper bound.

Therefore, for composites with different fiber modulus Ef, there
are three different cases about failure mode conversion. Corre-
spondingly, there are three types of DK�Ef curves, as presented
in Fig. 3, in which the fracture toughness enhancement is normal-
ized as DK̂ ¼ DK � gK IC=ðcf rb

f dbÞ and fiber modulus is normalized as
Êf ¼ cf Ef =½ð1� cf ÞEm�. Here the parameters are sb = 6.0 GPa,
db = 0.318 nm, Em = 3.5 GPa, rb

f = 50 GPa and L = 10 nm. For the
examples presented in Fig. 3(a)–(c), the fiber volume fraction cf is
1.5%, 0.8% and 0.3%, respectively, to show the three different types
of DK̂ � Êf curves. All the other composites with reasonable param-
eter values can yield similar curves to those shown in Fig. 3.



Fig. 3. Effect of fiber modulus on the fracture toughness enhancement of
composites with (a) high fiber volume fraction, (b) moderate fiber volume fraction
and (c) low fiber volume fraction.
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Type 1: For composites with CRImin
H ¼ CRImin

S P 1, the failure
mode is always interfacial debonding, no matter how stiff or soft
the fibers are. The failure mode is interfacial debonding from the
outside ends of fibers (failure mode III) for the composites
reinforced by fibers with low modulus, and then with increasing
fiber modulus it turns to interfacial debonding from the inside
ends of fibers (failure mode I) at the critical fiber modulus
EC

f ¼ ð1� cf ÞEm=cf . The relation between the fracture toughness
enhancement DK and the fiber modulus Ef can be obtained from
Eqs. (5) and (7), and it is presented in Fig. 3(a). It is found that
the fracture toughness enhancement DK is large when Ef 6 EC

f ,
and drops to a low level at EC

f and then increases slightly with
increasing fiber modulus Ef .

This case happens usually for the composites with high fiber
volume fraction cf P cC

f 2, in which cC
f 2 is the critical fiber volume

fraction solved from CRImin
H ¼ CRImin

S ¼ 1, expressed as

cC
f 2 ¼

8Emsbdb

df rb
f

� �2
þ 8Emsbdb

ð18Þ

Type 2: For composites satisfying CRImin
H ¼ CRImin

S < 1 < CRIup
S ,

with the fiber modulus Ef increasing from a very low value, the
failure mode first converts at the critical fiber modulus EC

f H from inter-
facial debonding from the outside ends of fibers (failure mode III) to
fiber break, and then at the critical fiber modulus EC

f S it turns to inter-
facial debonding from the inside ends of fibers (failure mode I).

Correspondingly, the DK̂ � Êf curve can be divided into three
stages, as presented in Fig. 3(b). At first, the fiber has a high
flexibility, the failure mode is interfacial debonding in hard matrix,
and the fracture toughness enhancement DK is extraordinarily
high. When the fiber modulus Ef reaches the critical fiber modulus
EC

f H, DK drops suddenly and the curve goes into the second stage.
The drop of DK indicates the conversion of failure mode to fiber
break. In this stage, the fracture toughness enhancement DK
becomes extremely low and decreases with increasing Ef. If the
fiber modulus Ef increases further and reaches another critical
value EC

f S, the fracture toughness enhancement DK increases sud-
denly, the failure mode converts to interfacial debonding, and the
curve goes into the last stage. In this stage, the fracture toughness
enhancement DK is lower than that of the first stage but higher
than that of the second stage.

The two critical values of fiber modulus, EC
f S and EC

f H, can be
derived from CRIS = 1 and CRIH = 1, respectively, as

EC
f S ¼

4sbdb 1� cf

� 
2E2
m

df cf rb
f

� �2
� 4cf ð1� cf ÞsbdbEm

Em <
cf

1� cf
Ef

� �
ð19Þ

EC
f H ¼

1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� cf

cf

� �2

E2
m þ
ð1� cf ÞEmdf rb

f

� �2

cf sbdb

vuuut
� 1� cf

2cf
Em Em P

cf

1� cf
Ef

� �
ð20Þ

This case happens usually for the composites with moderate fiber
volume fraction cC

f 1 < cf < cC
f 2, in which cC

f 2 is given by Eq. (18) and
cC

f 1 is another critical fiber volume fraction solved from CRIup
S ¼ 1,

expressed as

cC
f 1 ¼

4Emsbdb

df rb
f

� �2
þ 4Emsbdb

ð21Þ

Type 3: For composites satisfying CRIup
S 6 1, the failure mode is

interfacial debonding only when the fiber modulus is lower than
EC

f H. With increasing fiber modulus, the failure mode changes to
fiber break at Ef ¼ EC

f H, and different from type 2, it can never con-
verts to interfacial debonding from the inside ends of fibers (failure
mode I) even if Ef ?1. Fig. 3(c) presents the DK̂ � Êf curve, from
which it can been seen that the fracture toughness enhancement
DK decreases suddenly when the failure mode converts from



Table 2
The critical fiber moduli for typical fiber reinforced composites.

Composites Em/GPa df/nm rb
f =GPa cC

f 1=% cC
f 2=% cf/% EC

f H=GPa EC
f =GPa EC

f S=GPa

SWCNT /epoxy 3.5 2.0 50 0.53 1.06 2.0 – 172 –
0.7 374 – 1554
0.3 467 – –

SWCNT /ceramic 300 2.0 50 31.4 47.8 60 – 200 –
40 363 – 987
1.0 641 – –

MWCNT /epoxy 3.5 10 30 0.3 0.6 1.0 – 347 –
0.4 668 – 2468
0.1 931 – –

MWCNT /ceramic 300 10 30 20.3 33.7 50 – 300 –
25 674 – 2901
1.0 1136 – –

CNF/epoxy 3.5 100 5 1.1 2.1 3 – 113 –
1.5 183 – 540
0.5 243 – –

CNF/ceramic 300 100 5 47.8 64.7 70 – 129 –
50 198 – 3265
1.0 324 – –

Em: matrix modulus, df: fiber diameter, rb
f : fiber strength, cC

f 1 and cC
f 2: the critical fiber volume fractions, cf: fiber volume fraction, EC

f H, EC
f and EC

f S: the critical fiber moduli.
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interfacial debonding to fiber break, and maintains on a very low
level and decreases with increasing fiber modulus for the fiber
break failure mode. This case happens usually for the composites
with low fiber volume fraction cf 6 cC

f 1.
In summary, the DK � Ef function can be expressed as Eq. (22)

for all the different types of composites on the assumption of
L=

ffiffiffiffiffiffiffiffiffi
dbdf

p
!1.
DK ¼

cf db

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8Ef sbdb

pdf

cf
1�cf

Ef
Em
þ1

� �r
gKIC

þ
R dmax

db

ffiffiffi
2
p

q
2cf FsoftenðdÞ

gKIC

pd2
f

4

dd if Ef < EC
f 1 ðInterfacial debondingÞ

cf ðrb
f
Þ2

gKIC

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
df db

2pEf sb
cf

1�cf

Ef
Em
þ1

� �s
if EC

f 1 < Ef < EC
f 2 ðFiber breakÞ

Emdbð1�cf Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2sbdb
pEf df

cf
1�cf

Ef
Em
þ1

� �r

gK IC

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

1�cf
cf

Em
Ef

� �2
r p� 2 arctan 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

cf
1�cf

Ef
Em

� �2

�1

r
8>><
>>:

9>>=
>>; if Ef > EC

f 2 ðInterfacial debondingÞ

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

ð22Þ
For type 1, EC
f 1 ¼ EC

f 2 ¼ ð1� cf ÞEm=cf ; for type 2, EC
f 1 ¼ EC

f H <

EC
f 2 ¼ EC

f S; and for type 3, EC
f 1 ¼ EC

f H < EC
f 2 ¼ 1.

It can be found from Fig. 3 that increasing and decreasing Ef may
both increase the fracture toughness of the composites, and which
way is better depends on the failure mode and fiber volume frac-
tion. Based on the theoretical analysis, the following suggestions
can be given assuming the fiber modulus can be adjusted.

(1) If Ef 6 (1 � cf)Em/cf and the dominated failure mode is inter-
facial debonding, increasing fiber modulus Ef can increase
the stiffness as well as the fracture toughness of the
composites, as long as the fiber volume fraction is not too
low ðcf > cC

f 1Þ. But it is not suggested to increase Ef beyond
the critical value, which is EC

f for composites with high fiber
volume fraction and EC

f H for composites with moderate fiber
volume fraction.

(2) If Ef > (1 � cf)Em/cf and the dominated failure mode is
interfacial debonding, it is not worthy to make great efforts
to increase the fiber modulus if the only purpose is to
enhance fracture toughness. Because for composites domi-
nated by this failure mode, increasing fiber modulus can
only increase the fracture toughness slightly.

(3) The failure mode of fiber break should be avoided because
fracture toughness of this failure mode is much lower than
those of the other two failure modes. For composites
with moderate fiber volume fraction, either increasing or
reducing fiber modulus can change the failure mode and
thus increases the fracture toughness of composites. For
composites with low fiber volume fraction, the only way to
increase fracture toughness is to reduce the fiber modulus.

4.2. The critical fiber modulus for typical composites

For fiber reinforced composites, the critical fiber volume frac-
tion cC

f 1 and cC
f 2 can be obtained from the interface properties,

matrix modulus, fiber diameter and strength, according to Eqs.
(21) and (18), respectively. Hence the type of composites can be
determined by the fiber volume fraction cf. For some typical CNT/
CNF reinforced composites, the critical fiber volume fraction cC

f 1

and cC
f 2 as well as the critical fiber modulus EC

f , EC
f H and EC

f S for dif-
ferent fiber volume fraction are listed in Table 2. The interface
parameters sb and db for CNT/CNF reinforced composites are
determined by atomic simulation as 6.0 GPa and 0.318 nm,
respectively, and all the other parameter values are within the
reported ranges [1–11].



Table 3
The effects and optimal values of fiber, matrix and interface properties on fracture toughness.

Influence factor Effect and optimal value of the
factor

Fiber Fiber diameter
df

3

doptimal
f ¼ dC

f ¼

4sbdbð1�cf ÞEm ½cf Efþð1�cf ÞEm �
Ef ðcf rb

f
Þ2

Em <
cf

1�cf
Ef

4sbdb Ef ½cf Efþð1�cf ÞEm �
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(continued on next page)
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Table 3 (continued)

Influence factor Effect and optimal value of the
factor

Interface Critical
interfacial
shear
displacement
db

dC
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Ef df ðcf rb
f Þ
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For SWCNT reinforced composites, when the fiber volume frac-
tion cf < cC

f 2, the critical fiber modulus at transition to failure mode

III EC
f or EC

f H

� �
is 300–700 GPa, close to the modulus of SWCNTs. So

for these composites, increasing fiber modulus may reduce the
fracture toughness significantly. However, for composites with
high fiber volume fraction cf > cC

f 2, the critical fiber modulus is less
than 200 GPa, much lower than the modulus of SWCNTs. So for
these composites, it is impossible to make the main failure mode
become Mode III, and it is safe to increasing fiber modulus to gain
higher composite stiffness as well as a little improvement in frac-
ture toughness, as shown in Fig. 3(a).

For MWCNT reinforced composites, when the fiber volume frac-
tion cf < cC

f 2, the critical fiber modulus at transition to failure mode
III is over 600 GPa, and even up to 1136 GPa, much higher than the
modulus of MWCNTs. So the fracture toughness of MWCNT com-
posites is far away from its optimal value, which implies that
SWCNTs are more suitable to reinforce the composite materials
from the view of fracture toughness enhancement if the fiber vol-
ume fraction is not very high. Coincidentally, the same conclusion
has been drawn from the aspect of interwall load transfer [60].
However, for composites with high fiber volume fraction cf > cC

f 2,
the critical fiber modulus is around 300 GPa, very close to the mod-
ulus of MWCNTs. So for this case, additional attentions should be
paid to the critical values, because a little change in fiber modulus
may lead tremendous change in the toughening effect of MWCNTs
in their composites.

For CNFs reinforced composites, the critical fiber modulus at

transition to failure mode III EC
f or EC

f H

� �
is on the order of

102 GPa, close to the modulus of CNFs. So it may dangerous to
increase fiber modulus due to the probable sudden drop in com-
posite toughness. And it should be noted that for the composites
with ceramic matrix, the two critical fiber volume fractions are
both much higher than fiber volume fraction in present studies,
which means the present CNF/ceramic composites mostly belong
to type 3 (Fig. 3(c)), and thus reducing fiber modulus is the only
way to improve composite fracture toughness.

5. Other factors influencing fracture toughness

Eqs. (5) and (7) indicates that some other properties also influ-
ence the fracture toughness, including the fiber strength rb

f , fiber
volume fraction cf, matrix modulus Ef and the critical shear dis-
placement db. This section will investigate the effects of these fac-
tors and give the analytical optimal values of these factors based
on the reasonable assumption of L=

ffiffiffiffiffiffiffiffiffi
dbdf

p
!1. For concision, the

effects of these factors on the fracture toughness enhancement
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DK are summarized in Table 3. The fiber diameter df and fiber stiff-
ness Ef discussed above as well as the interface strength sb and
interface length L studied in Refs. [35,36] are also listed in Table 3
for integrity.

As for the effect of fiber strength rb
f , it can be found in Eqs. (5)

and (7) that DK increases quadratically with increase of rb
f when

the failure mode is fiber break. However, if the failure mode is
interfacial debonding, rb

f has no effect on DK, and DK remains a
constant, which is higher than the maximal value of the other fail-
ure mode. Therefore, the optimal DK can be achieved as long as the
failure mode is interfacial debonding, and the fiber strength rb

f that
satisfies this failure mode condition is its optimal value, as shown
in Table 3.

The effects of fiber volume fraction cf on fracture toughness
enhancement can be classified into three different types according
to the fiber strength. (1) If the fiber strength is strong enough

rb
f P

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8Ef sbdb=df

p� �
, the failure mode is always interfacial

debonding due to the strong fiber strength, but with increasing
fiber volume fraction cf, the failure mode changes from interfacial
debonding in hard matrix (failure mode III) to that in soft matrix
(failure mode I) at the critical value cf = Em/(Em + Ef), where DK
reaches its optimal value. (2) If the fiber strength is moderateffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4Ef sbdb=df

p
< rb

f <
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8Ef sbdb=df

p� �
, the failure mode can change

from interfacial debonding in hard matrix (failure mode III) to fiber
break with increase of fiber volume fraction cf, and DK reaches its
optimal value just in the transition. Then further increasing cf can
make the failure mode change to interfacial debonding in soft
matrix (failure mode I), with a slight increase in DK. (3) For the

composites with fibers weak enough rb
f 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4Ef sbdb=df

p� �
, the

failure mode changes from fiber break to interfacial debonding in
soft matrix (failure mode I) with increasing fiber volume fraction
cf. The maximal value of DK and optimal value of cf can be obtained
analytically in the stage of debonding mode by @DKS/@cf = 0 and
@2DKS=@c2

f < 0 as listed in Table 3.
Similar to the effect of fiber volume fraction cf, the effect of

matrix modulus Em on fracture toughness enhancement also pre-
sents in three different ways according to the fiber strength, as
listed in Table 3. However, different from the effect of cf, the
fracture toughness enhancement DK always increases with
increasing Em. Therefore, stiffer matrix can be toughened more
by fibers.

About the interface properties, interface strength sb and inter-
face length L have already studied in Refs. [35,36]. But Eqs. (5)
and (7) show that another interface parameter, the critical interfa-
cial shear displacement db, can also affect DK. So db is investigated
here for integrity. With increasing db, the failure mode can converts
from interfacial debonding to fiber break, but DK always increase
with db no matter of failure modes. So larger db definitely leads
to better toughening effect of fibers in composites. However, it is
hardly to increase db because it depends only on the type of func-
tionalization bond at the interface.

6. Conclusions

Based on the three-level failure analysis model, the effects of
fiber diameter on the fracture toughness of nanofiber/nanotube
reinforced composites are investigated, and it is found that thinner
reinforcing fibers do not definitely confer better fracture toughness
on composites when the concept of fiber extends to nanofibers and
nanotubes. With a decrease in fiber diameter, the failure mode is
converted from fiber pull-out to fiber break and the fracture tough-
ness drops suddenly during this transition. The optimal fiber diam-
eter is that making the failure mode just in the transition, and can
be estimated analytically by Eq. (10). Studies show that this
optimal fiber diameter is in the range of diameters of CNTs and
CNFs, so ‘‘thinner is better’’ is no longer applicable for advanced
nano-composites.

Besides, other influence factors, including fiber stiffness, fiber
strength, fiber volume fraction, matrix modulus and the critical
interfacial shear displacement are also studied, and a table with
the effects of fiber, matrix and interface properties as well as their
optimal values are provided, which has guiding significance for the
advanced composite material design. It should be noted that the
theoretical analysis and analytical solutions obtained in this study
can also be extended to composites reinforced by conventional
fibers, such as the widely-used carbon fibers and glass fibers.
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