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1. Introduction

Molecular dynamics (MD) simulations are nowadays more and
more popular in scientific applications, especially in those fields of
material science involving nanotechnology and advanced material
design. On one side, there are advantages in the speed and accuracy
of the simulations, with the model of the potential for atomic
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interactions being optimized to reproduce either experimental
values or quantities estimated by first principles calculations
(considered, as a matter of facts, just like experimental results). On
the other side, it is more and more frequent to use commercial or
open-source codes implementing off-the-shelf potential models,
and use them as a black box, without having a precise feeling
with the code itself. One of the most used simulator is LAMMPS
(Large-scale Atomic/Molecular Massively Parallel Simulator), able
to implement several interatomic potentials. By using an analytical
discrete mechanical model, we present a benchmark for the
equilibrium problem of graphene and carbon nanotubes, which can
be applied to any kind of REBO (reactive empirical bond-order)
potential. The analytical condition proposed produces results
in complete agreement with First Principles, Density Functional
Theory and Monte Carlo simulations. With the aid of this
benchmark, we show that LAMMPS code, when implemented with
the second generation Brenner potential, produces results which
are offset from those of the benchmark by a significant amount,
and provide evidence of the reason. The analytical formulation is
implemented in a Mathematica program, intended to provide a
set of easy-to-get benchmark solutions; combination of symbolic
manipulation and numerical routines make the program easy to be
adapted to any REBO potential, providing a general tool for testing
MD codes.

2. An analytical discrete model for equilibrium configurations
of FGSs and CNTs

The benchmark solution we propose has been developed within
the context of carbon macromolecules, such as Flat Graphene
Strips (FGSs) or Carbon Nanotubes (CNTs). When regarded from
the point of view of MD, such aggregates are modeled as sets of
mass points, whose configuration is described by the Cartesian
coordinates of each point with respect to a chosen reference
frame; each point is then interacting with the others - at least
with the closest ones - and the interaction is captured by a
suitable empirical potential, whose shape and parameters are
fitted with a set of selected experiments and ab initio calculations.
The last generation potentials usually take into account multi-
particle interactions, up to the third nearest neighbor, which is
indispensable to capture the mechanics of complex systems, such
as carbon macromolecules.

In order to provide an easy-to-visualize mechanical picture,
the perspective we here adopt is not the one of MD, we consider
instead the approach of Favata et al. [1], where a discrete
mechanical model is detailed for 2D carbon allotropes. In this view,
the configuration of a molecular aggregate is not identified by
the coordinates of the mass points, but rather by a suitable finite
list of order parameters. In particular, the conditions of natural
equilibrium of the aggregate can be determined and expressed in
terms of such list and independently of the choice of the REBO
potential. As we will see, the prediction of such equations is in total
agreement with First Principles, Density Functional Theory and
Monte Carlo simulations; moreover, given their generality, they
can be exploited to establish benchmark solutions.

In order to understand the physical meaning of the conditions
we propose, we summarize some of the results of Favata et al. [1].
We make reference to Fig. 1, which depicts a FGS before being
rolled up into an achiral CNT. Let the axes 1 and 2 be respectively
aligned with the armchair and zigzag directions, and let nq, n,
be the number of hexagonal cells counted along these axes. On
identifying a CNT by its chiral numbers (n, m), armchair CNTs have
m = n and are rolled up from a FGS with n; = 2n and n, very
large; zigzag CNTs have m = 0 and are rolled up from a FGS with
n, = nand n; very large. Let us consider now the representative
hexagonal cell A{B1A;B3A3B,A1, with sides A1B; and A3B3 aligned

Fig. 1. Order parameters in a graphene sheet.

with the axis 1; the common length of corresponding bonds will
be denoted by a, and we will call a-type the corresponding bonds.
We see that the other four sides have equal length b (b-type
bonds). We pass to introduce the bond angles and, since we intend
to consider interactions up to the third neighbor, the dihedral
angles. As to the bond angles, we notice that they can be of «-type
and B-type (e.g., respectively, Aﬁ?z\Al and Bz/A]\B]; see Fig. 1). As
to the dihedral angles, there are five types (®1, ..., ©s), which
can be identified with the help of the colored bond chains in
Fig. 1. In conclusion, to determine the deformed configuration of
a representative hexagonal cell, no matter if that cell belongs to a
FGS or to an achiral CNT, we need to determine the 9-entry order-
parameter substring:

Ep = (a,b,a,8,01,...,05). (1)

The complete order-parameter string for the whole molecular ag-
gregate can be obtained by sequential juxtaposition of substrings.
Due to the geometric compatibility conditions induced by the
built-in symmetry (see Favata et al. [1] for details), only three of
the nine kinematic variables determine the natural configuration,
which are chosen to be a, b, and «. In particular, by distinguishing
the armchair (superscript A) from the zigzag (superscript Z) case,
the order-parameter substrings are given by, respectively:

Ehp = (@ b, a, BA(a, ), B (e, ). Bf (e, 97,
204 (at, "), 0, 0); )

£, = (a,b,a, B (a, ¢, ¢*, O, ¢°),0,2 6% (a, ¢*), 0).

The explicit form of the functions A%, @4, @f'z is given in Favata
etal.[1].In(2),¢” = m /n, is the angle between the plane of A, BB
and the plane of B;A;B3 when an armchair CNT is considered, and
¢? = m/n, the angle between the planes of A;B;A; and A,B3As,
when a zigzag CNT is considered. In case of a FGS, we have ¢*? = 0,
A =n —a/2,and ©F = O5F = 0.

The equilibrium equations turn out to be the following ones:

Ua - Oa Gb - 07 (3)
To +2,Bsa 17:] + @17a 'T] + 2@2aa (]dZ + @3711 'T?: + @4901 (]:1:

where oy, 0p, T, Tg, and T, are the so-called nanostresses, work-
conjugate to changes of, respectively, bond lengths, bond angles,
and dihedral angles of each type considered. The form of the third
of (3) depends on which of the two achiral CNTs is dealt with; more

precisely, we have that
0 +2B% T+ O T 4200, T+ 04, T =0, @)
T 4280 T, 4205, T + 05, T =0.

Due to their generality, the conditions (3) may serve as a
benchmark for any REBO potential. To express the equilibrium
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equations in terms of the Lagrangian coordinates a, b, and «, it
is necessary to introduce the constitutive equations for the stress,
which result from the assignment of an intermolecular potential.
In the next section, we detail the formulas in the Brenner 2nd
generation REBO potential [2] which are needed to solve (3) in
terms of the order parameters.

2.1. The traction problem

Starting from the geometry and the energy gathered by means
of (3), it is possible to obtain secondary quantities. The Young
modulus can be computed by solving the equilibrium problem in
the presence of a traction load F, whose corresponding governing
equations are the following:

04 =0, (5)
F  «
o, — — sin— =0, (6)
nq 2
To + 2Tﬁﬁvo¢ +@1,cx 71+ 2@2701 i)
03T — 2 hosE =0 7)
A3, 73 — ——bcos — =0,
3ra Y3 2 n 2
for the armchair traction direction and
F
0q— — =0, (8)
ny
F
op+ —cosf =0, 9)
2Tl2

1F
Ta +2rﬁﬂva +2@27(1?~2+@470[7~4_ Enibﬁwt Slnﬂ :05 (10)
2

for the zigzag direction. Once these equations have been solved,
with the constitutive equations (17), the axial deformation can be
computed as:
AF) — A
Fr> e(F) = M, (11)
Ao

where A (F) is the deformed length of the CNT due to the load F and
the A the initial length. The Young modulus is defined to be

_ F 1
" e(F) 2np(F)t’

where p(F) is the deformed radius of the CNT after the deformation
consequent to the load F and t is the nominal thickness. The
evaluation of this latter value is still object of debate, giving rise
to the so-called Yakobson'’s paradox [3]; valuable contributions on
the subject are Huang et al. [4], Pine et al. [5] Bajaj et al. [6] and
references cited therein. An accurate account of this issue is out of
the scope of this paper. Be that as it may, the thickness value does
not affect the significance of the present work; in order to compare
results from our benchmark with those obtained in LAMMPS, we
set t = 0.34 nm, a value commonly used by several authors.

For F — 0, the Young modulus in a neighborhood of the natural
configuration is computed. As to the Poisson coefficient, we define
itas

E(F) (12)

_p(F)—po 1
po  eF)’

where pyq is the radius in the natural configuration. For F — 0, its
value in a neighborhood of the natural configuration is determined.

v(F) = (13)

3. REBO potentials

In the Brenner 2nd generation REBO potential, the binding
energy VREEO of a molecular aggregate is written as a sum over

nearest neighbors:

VRERO =N v (14)

i J<I
the interatomic potential Vj; is given by the construct

Vi = Vr(ry) + byVa(ry), (15)

where the individual effects of the repulsion and attraction functions
Vr(ry) and V4 (ry), which model pair-wise interactions of atoms |
and J depending on their distance ry, are modulated by the bond-
order function by, which depends on the bond angles 6k between
bonds If and JK and on the dihedral angle ®yx; between the planes
ofl,J,Kandl,], L.

When the point of view described in Section 2 is assumed, the
expressions of the potentials have to be specialized and written in
terms of the order parameters in the substrings (1). On introducing
the potentials V, and Vj, for the a- and b-type bonds, we have,
respectively:

Va(a, B, ©1) = Vr(a) + ba(B, @1) Va(a), (16)
Vi(b, a, B, O3, O3, O4) = Vr(b) + by(at, B, O3, O3, Og) Va(b)
(see Favata et al. [1] for details).

Once this has been done, the nanostresses entering the balance
equations (3) can be expressed in terms of the order parameters by
means of the following constitutive relations:
0q = Vg(a) + ba(B, ©1) V,(0),
op = Vg(b) + by(ax, B, O, O3, Og) V4(b),

To = bp,o(a, B, O, O3, O4) Va(b),

1
5 = Z(ba»ﬂ(ﬂ, ©1) Va(a) + 2bp, g(at, B, @3, O3, O4) Va(b)),

w1 (17)
o= 5 ba,0,(B, ©1) Va(a),

1
= 3 bp,e,(a, B, ©2, O3, O4) Va(b),
T3 =bp,05(a, B, Oz, O3, O4) Va(b),
T4 =bp,e,(a, B, O3, O3, O4) Va(b).

4. Mathematica program vs LAMMPS results

The most direct outcomes of our solution are natural geometry
and energy, which can be used to check the correctness of
whatever MD code. The analytical model described has been coded
in a Mathematica program, that computes the natural radius and
the cohesive energy of armchair and zigzag CNTs. The program
implements the 2nd generation Brenner potential, but other or
customized REBO potentials can be assigned by the user by
changing the functions Vi, V4, by, and b, appearing in (16). Possible
alternatives to the Brenner 2nd generation potential are the
Tersoff potential [7,8] or the Brenner 1st generation potential [9],
which are also readily available in LAMMPS. It is worth noticing
that a benchmark for density functional-based codes (such as
DFTB, see Aradi et al. [10]), which could serve as alternative
methods of computation when samples are not too large, would
be much harder to formulate and implement. The results obtained
with the program are in good agreement with First Principles,
Density Functional Theory (DFT) and Diffusion Monte Carlo (DMC)
simulations, as Tables 1 and 2 show. A related point to consider
is that our evaluation of the radii is different from that obtained
by classical Roll-Up Model (RUM), which adopts bond lengths
shorter in CNTs than in their parent flat graphene sheets, due to the
difference between the length of a helix segment and the distance
between its endpoints. In an elegant study initiated by Cox and Hill,
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Table 1
Cohesive energy (eV/atom).
Our El-Barbery Shin
benchmark etal.[12] etal. 2014 [13]
(First Principles) (DMC)
—7.3951 —7.4 —7.464

see Lee et al. [ 11] and the references cited therein, the geometrical
approximation of RUM has been overcome, and precise analytical
expressions for the radius have been proposed, in terms of the bond
lengths and bond angles. We verified that on inserting our values
of bond lengths and bond angles in those formulas, the resulting
values for the radius are equal to ours, up to the fourth significant
digit, for all considered CNTs.

As an application of the possibility of exploiting the benchmark
solutions, we present in Table 3 the results for a number of
CNTs, showing that standard LAMMPS code underestimates the
geometry and highly overestimates the energy. The origin of
the discrepancies can be found only by a close inspection of
LAMMPS source code. In fact, although in Brenner et al. [2] it
is indicated that the values of the function Py should be taken
null for solid-state carbon, the code assigns the value 0.027603.
This latter value is actually dictated in Table VIII of Stuart et al.
[18] for AIREBO potentials, due to the additional terms included
in this potential. Whenever a LAMMPS user wants to adopt
REBO potentials, he needs to change the hard-wired number for
the variable PCCf[2][0] in “pair_airebo.cpp”; unfortunately, the
LAMMPS manual does not provide any information on this issue,
and most studies based on LAMMPS REBO calculations are likely
to have underestimation or overestimation of mechanical and
geometrical properties presented in our Tables. An example of
the use of LAMMPS with 2nd generation Brenner potential is
Zhang et al. [19]. When the value assigned in Brenner et al. [2]
is implemented, the LAMMPS code produces the same results as
the benchmark solution, letting alone a tiny difference due to
numerical effects, as Table 3 undeniably makes evident.'

Starting from the geometry and the energy gathered by means
of (3), it is possible to obtain secondary quantities. Besides the
radius and cohesive energy, the Mathematica program yields
as output the Young’s modulus and the Poisson coefficient of
armchair and zigzag CNTs. In Table 4 some results are reported and
compared with standard LAMMPS code: the latter overestimates
the Young’s modulus and underestimates the Poisson coefficient.
Our results are in very good agreement with the literature (see
e.g. Agrawal et al. [20]). The differences between our benchmark
and the LAMMPS code with modified parameters are ascribable
to numerical effects, more accentuated because Young's modulus
and Poisson coefficients are quantities not directly evaluated, but
rather derived, and an increment of numerical error is foreseeable.

5. Description of the software structure and the individual
software components

A simple program for solving Egs. (3) has been implemented
in Mathematica, version 9. The program, entitled MDBenchmarks,
is written in two files: the Package Benchmark_code.m and the
Computable Document Format Benchmark_solutions.cdf, which
needs the package to be loaded. In the CDF file it is sufficient to

1 Oftentimes, numerical instabilities (such as ’exploding’ results) have been
reported in internet forums dedicated to LAMMPS simulations. These can be caused
by a variety of reasons, not necessarily related to a problem in the potential. At
present, we are not aware of any example where the issue we found in the potential
causes numerical instabilities.

choose armchair or zigzag CNTs and assign the chiral number n
to get the benchmark solutions for the 2nd generation Brenner
potential, set as default potential. Other REBO potentials can be
defined in the package file.

The program Benchmark_code.m is divided into four chapters:

1. REBO Potentials.

In this chapter the form of the REBO potential to be tested is
assigned. In the section “2nd generation Brenner potential”,
the default setting for this potential is implemented, according
to [2]; in particular, in the subsection “Potential components”
the components introduced in (15) are specified. In the section
“Analytical discrete model” the definition of the nanostresses
(17)is implemented; this definition is independent of the REBO
potential one chooses.
2. Armchair CNTs.

In this chapter the equilibrium problem for armchair CNTs is
solved. In the section “Generalities” the geometric conditions
on the order parameters are established and the nanostresses
are computed. In the section “Solution of the equilibrium
equations” the solution of the systems (3); and (4); is
determined as a function of the applied force F and the
chiral number n. In the section “Radius” the natural radius is
computed as a function of F and n and then determined for
F = 0, namely in the natural configuration. In the section
“Energy” the natural energy is computed as a function of F and n
and then determined for F = 0, namely the cohesive energy. In
the section “Young’s modulus” the current and the referential
lengths of a CNT are determined, and the strain measure is
defined, as a function of F and n; on introducing the nominal
thickness, the Young’s modulus is defined as a function of F and
n, and then computed for a tiny value of F, up to convergence.
In section “Poisson coefficient”, the named material parameter
is defined as a function of F and n, and then computed for a tiny
value of F, up to convergence.
3. Zigzag CNTs.

This chapter has the same sections as the previous one, but
implemented for the zigzag case; the different geometric
constraints are properly included.

4, Summary of results.

In this chapter the benchmark solutions are collected for the
visualization in the CDF file Benchmark_solutions.cdf.

The software package is supplemented by three folders:

1. Original_and_Modified_REBOpotFiles, containing the two
LAMMPS files for the original and the modified REBO potential,
“pair_airebo.cpp”, instrumental to make the comparison of Ta-
bles 3 and 4.

2. CNT_Graphene_DATAFiles, containing LAMMPS input files with
the coordinates of nanotubes and graphene we examined. These
coordinates are obtained by simply mapping atomic locations in
graphene to a cylinder. These files can be converted into input
files for any other molecular dynamics package.

3. CNT_Graphene_OUTPUTFiles, containing files with the coordi-
nates of nanotubes and graphene resulting from the energy
minimization in LAMMPS using the modified REBO potential.
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Table 2
Radii (nm) of small CNTs.
(n, m) Our Machén Cabria Popov Budyka
benchmark etal. 2002 [14] etal. 2003 [15] 2004 [16] etal. 2005 [17]
(DFT) (DFT) (TB) (DFT)
(3,3) 0.211 0.210 0.212 0.212 -
(4,4) 0.277 - - - 0.277
(5,0) 0.208 0.204 0.206 0.205 -
Table 3
Geometry and energy.
(n, m) Radii (nm) Cohesive energy (ev/atom)
Our LAMMPS LAMMPS Our LAMMPS LAMMPS
benchmark (standard) (modified) benchmark (standard) (modified)
(3,3) 0.2111 0.2079 0.2110 —7.0137 —7.3838 —7.0137
(4,4) 0.2767 0.2723 0.2766 —7.1695 —7.5569 —7.1695
(5,5) 0.3431 0.3371 0.3404 —7.2463 —7.6422 —7.2462
(6,6) 0.4101 0.4035 0.4100 —7.2898 —7.6905 —7.2896
(7,7) 0.4773 0.4697 0.4773 —7.3167 —7.7204 —7.3166
(8,8) 0.5447 0.5361 0.5447 —7.3346 —7.7403 —7.3345
(10, 10) 0.6798 0.6690 0.6798 —7.3560 —7.7640 —7.3558
(12,12) 0.8151 0.8022 0.8151 —7.3678 —7.7771 —7.3676
(18, 18) 1.2216 1.2020 1.2215 —7.3829 —7.7038 —7.3827
(25,25) 1.6961 1.6689 1.6960 —7.3887 —7.8003 —7.3886
(5,0) 0.2076 0.2046 0.2076 —6.9758 —7.3417 —6.9759
(6,0) 0.2446 0.2409 0.2446 —7.0969 —7.4763 —7.0969
(7,0) 0.2821 0.2778 0.2821 —7.1716 —7.5593 —7.1715
(8,0) 0.3201 0.3151 0.3201 —7.2212 —7.6144 —7.2212
(9,0) 0.3583 0.3527 0.3583 —7.2561 —7.6531 —7.2560
(10,0) 0.3967 0.3905 0.3967 —7.2814 —7.6812 —7.2813
(12,0) 0.4739 0.4665 0.4739 —7.3151 —7.7186 —7.3149
(15,0) 0.5904 0.5810 0.5904 —7.3432 —7.7499 —7.3431
(20,0) 0.7853 0.7274 0.7852 —7.3656 —7.7747 —7.3655
(30,0) 1.1760 1.1572 1.1759 —7.3819 —7.7927 —7.3818
Graphene —7.3951 —7.8074 —7.3950
Table 4
Material properties.
(n, m) Young's modulus (GPa) Poisson coefficient
Our LAMMPS LAMMPS Our LAMMPS LAMMPS
benchmark (standard) (modified) benchmark (standard) (modified)
(3,3) 890.5525 987.0102 885.0631 0.1490 0.1237 0.1563
(4,4) 848.7784 944.4810 840.1351 0.2343 0.2078 0.2388
(5,5) 793.9856 901.869 799.7630 0.2997 0.2578 0.2963
(6,6) 817.0959 891.6427 789.8102 0.3012 0.2794 0.3115
(7,7) 779.4158 881.2895 778.2888 0.3202 0.2937 0.3318
(8,8) 766.6752 872.9931 767.9165 0.3325 0.3020 0.3458
(10, 10) 754.2882 856.9461 756.7625 0.3629 0.3194 0.3526
(12,12) 755.9326 846.2911 746.5046 0.3458 0.3306 0.3626
(18, 18) 740.6592 831.2163 732.5252 0.3816 0.3426 0.3740
(25,25) 733.2746 823.3865 726.4968 0.3808 0.3507 0.3790
(5,0) 947.9966 1046.3569 9439120 0.0655 0.0362 0.0661
(6,0) 972.9604 1075.4912 968.5679 0.0868 0.0600 0.0840
(7,0) 976.4790 1082.0265 971.5102 0.1100 0.0800 0.1105
(8,0) 969.7586 1076.6910 965.8188 0.1328 0.1045 0.1307
(9,0) 958.1857 1066.6410 954.9396 0.1544 0.1234 0.1511
(10,0) 944.4616 1053.1830 941.3135 0.1743 0.1424 0.1737
(12,0) 916.1866 1025.8253 915.1339 0.2086 0.1725 0.2032
(15,0) 877.4224 986.5745 877.9641 0.2493 0.2138 0.2447
(20,0) 830.2633 940.5973 835.7993 0.2949 0.2564 0.2835
(30,0) 779.997 890.5147 789.0504 0.3405 0.2991 0.3461
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