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1 Tensors

1.1 Vectors

Vectors are tensors of the first order/rank, by definition, while scalars are zero-order
tensors.

We consider Cartesian coordinate system with mutually orthogonal axes, x., and base

vectors
1 0 0
e=[0] e, =|1| e=|0]/. (1.1)
0 0 1

Within this coordinate system we define arbitrary vector a as follows
3
a=ae, +ae,+ae, = z ae , (1.2)
i=1

where a; are the components of the vector.

Notation in (1.2) is excessive and it is worth simplifying it by using the Einstein rule
D ae =age, (1.3)
i=1
which means that the symbol of the sum can be dropped when the summation is performed

over two repeated indices. Such indices are called dummy because they can be designated by
any character

Using Einstein’s rule we can write down the scalar or dot product of two vectors a
and b as follows

a-b=(ae) (bje;)=abe -e;. (1.4)
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The scalar product of base vectors is zero for different base vectors and one for the

L =]
ei ‘ej 2{0’ |¢ J}E5|J| (15)

where we introduced the (Leopold) Kronecker delta for short notation.
Substituting (1.5) in (1.4) we have

same vector

a-b=ab,e -e; =ab;5;, =ab =ab, =ab, +a,b, +a;b;, (1.6)
9,
where
b;s; =bo;, +b,0,, +b;0,; =b; . (1.7)

By using the dot product of base vector e; with vector a we find a,
e-a=e -(ae;)=ae e =a,0;=q. (1.8)
The Kronecker delta was introduced through the scalar products of the Cartesian base
vectors. It is also very convenient to introduce the permutation (Tulio Levi-Civita) symbol by
using triple product of base vectors
1, ijk =123; 231; 312
e -(e;xe)=4-11ijk=321213132 =g, . (1.9
0,ijk =...
The permutation symbol allows us to write the components of the vector product in a
short way
Ci=¢-Cc=¢ 'w =e;-{(aje;)x(be,)}={e; - (e; xe)}ab =55ab,.  (1.10)
It is important that there is no summation over index i in (1.10). Such index is called
free. Computing (1.10) for varying i we get

c,=ab,—ab,, c,=ab —ab,, c;=ab,-a,b,. (1.11)

1.2 Second-order tensors

To define a second-order tensor we introduce dyadic or tensor product, ®, of base

vectors
1 100
e,®e, =ee =01l 0 0)=/0 0 0O,
0 000

Mechanics of Soft Materials 3 Volokh 2010



e,®e,=¢e; =00 1 0)=|0 0],
0 00
0 000

e,®e,=eze; =(0|0 0 1)=|0 0 0], (1.12)
1 001

e ®ej # € RDe;.
By analogy with vectors, we define second-order tensors as a linear combination of
base dyads
A=Ae Qe +Ae e, +Aze e,
+Ae, ®e +Ae, e, +Ae, e, . (1.13)
+Ae, Qe +Ae, e, + Aje, e,
By using short notation we can rewrite (1.13) as follows

3 3

A=Y Ae ®e, =Ag ®e,. (1.14)

=1 =1

The components of the second-order tensor can be written in the matrix form

A A Ay
A Ay Ayl
An Ay Ay

In the considered case of Cartesian coordinates, the tensor can be interpreted as a
matrix of its components. In the case of curvilinear coordinates, the situation is subtler and
various matrices of components can represent the same tensor. The latter will be discussed
below.

A second-order tensor (or matrix) maps one vector into another as follows

c=Ab=(Aje; ®e)(b.e,) = Ab.e(e; e )=Ab 5 e =Abe;, (1.15)
3, 5 K

or

G, Ar A, Agb
G = Aﬁjbj' C, |= A21 Azz Aza bz .
Cy Ay Ay Ag by

Product of two second-order tensors is defined as follows
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F = AD = (Aijei ®ej)(Dmnem ®en) = Aij Dmn(ej 'em)ei ®en
%,_J

i , (1.16)
= Aij Dmné‘jmei ®en = Aij Djnei ®en
—
Fin
or
Fll FlZ Fl3 All AlZ AlS Dll DlZ Dl3
Fin = Aj Djn’ F21 F22 Fzs = A21 Azz Azs D21 D22 D23 .
F Ry Ry Ay Ay A\ Dy Dy Dy
Double dot product of two tensors is a scalar
A:D= (Ajei ®ej) : (Dmnem ®en) = Aj Dmn(ei 'em)(ej 'en)
S; 5.
" . (1.17)
= A;0in Din0in = AyiDi = AuDyy + ADyy + .+ Ay D
——

Anj [
By using the double dot product we can calculate components of a second-order
tensor as follows

e Qe A=¢ Qe (Ae,®e)=A(e-e,)(e -e)=A. (1.18)

(e,
1
R Al S
Sim Sin

Since the second-order tensor can be interpreted as a matrix then all subsequent
definitions for tensors are analogous to the matrix definitions. For example, the second-order
identity tensor is defined as

1=0,¢,Qe; =¢ Qe +e,Qe,+e;De,, (1.19)

and it enjoys the remarkable property

Al=1A=A. (1.20)
The transposed second-order tensor is
A" =(Aje;®e)) = Ae,; Qe = Aje, Qe;. (1.21)

It allows us to additively decompose any second-order tensor into symmetric and
skew (anti)-symmetric parts

A = Asym + Askew’ Asym = %(A + AT) = A:ymv Askew skew *

:%(A—AT) =—Al (1.22)

The inverse second order tensor, A™, is defined through the identity

ATA=AAT" =1. (1.23)
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Finally, we consider the eigenproblem for a symmetric second-order tensor A = A" .
The eigenvalue (principal value) £ and the eigenvector (principal direction) n of the tensor
are defined by the following equation
An=¢n. (1.24)
The eigenproblem defines the principal directions of tensor A where vector n is
mapped into itself scaled by factor £ . We rewrite the eigenproblem by moving all terms onto
the left hand side
(A-¢)n=0, (1.25)
or
Ai-¢ A, As |n) (0
An Ap=¢ Ay Ny =100
Ay Ap  Ag=¢)ng) \0
This equation possesses a nontrivial solution when the determinant of the coefficient

matrix is singular

det(A-¢1)=—¢° + %1, (A) =<1, (A) +1,(A) =0. (1.26)
Here the principal invariants of tensor A have been introduced
LA)=A,+A, +A,=trA, (1.27)
1,(A) = %{(trA)2 —tr(A%)}, (1.28)
I;(A) =detA. (1.29)

Since tensor A is symmetric then all roots of (1.26) , ¢,,¢,,¢5, are real and it is

possible to find three mutually orthogonal principal directions corresponding to the roots. The

unit vectors in principal directions, n®,n® n® | obey the orthonormality conditions

n®.nP =5 . (1.30)

ij
Now tensor A can enjoy the spectral decomposition based on the solution of the

eigenproblem

A=¢nP@n® +4n? @n? +n® @n®, (1.31)

if &, #4,#¢;,0r
A= -SnP@n" + 4,1, (1.32)

if &, #4,=¢;,0r
A=(1. (1.33)
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if 61=6,=¢3.
Based on the spectral decomposition it is convenient to introduce the logarithm and

the square root of a symmetric positive definite tensor, ¢, >0,

3
INA=>(Ing,)n“ ®n", (1.34)
k=1
3
VA=Y Jen® @, (1.35)
k=1
The spectral decomposition also allows us to calculate the principal invariants simply
Il(A):gl"'é/z"'é/?,r (1-36)
|2(A):§1§2+§1§3+§2§3’ (1-37)
|3(A) 2414243- (1-38)
Finally, we derive the useful Cayley-Hamilton formula pre-multiplying (1.26) with
n® and accounting for A*n® =¢*n®
~ AP+ A% (A) - AL (A)+11,(A)=0. (1.39)

1.3 Tensor functions

Tensors can be arguments of functions: f(A); f(A;); f(A); f.(A); F(A);

F.(A;) . Let us calculate a differential of a scalar function f with respect to tensor

argument A
df = da, . (1.40)
oA
Here the components of the tensor increment can be written as (see (1.18))
dA; =e; ®e; 1dA,
and, consequently, (1.40) takes form
df =0 e @, :dA=T :dA, (1.41)
oA, O0A

where the derivative with respect to the second-order tensor has been defined

i:iei ®e. . (1.42)
OA  OA !

Analogously, it is possible to define the derivative of a second-order tensor
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=a—A=a—A®ei®ej=%em®en®ei®ej. (1.43)
OB OB oB;
C

mnij

This is the fourth-order tensor, which is formed by a combination of base tetrads

e, ®e, ®e, ®e; that can be interpreted, by analogy with dyads, as tables (matrices) in 4D

space.
The double dot product of the fourth- and second- order tensors is defined as follows
D=C:B=(C,;e,®e Qe Re;): (B¢, ®e¢)

mnij ¥'m
=CniiBue, ®e (e -e)(e;-¢)=C .B.e Qe . (1.44)
6 8 D

As an example let us differentiate a second-order tensor with respect to itself

oA _ aA"” n®e, Qe ®e; =9,0,e, ¢, Ve De;. (1.45)
0A 6A"

In the case of symmetric tensor A =(A +A")/2 the symmetry should be preserved
in the derivative

0A _10(A+AT)

A2 oA ( mi0n T 00y )e, ®e e Be;. (1.46)

Further important formulas are obtained by differentiating the principal invariants of

A=AT
MNA) Ay e =5,6,e 0e =1, (1.47)
O0A GAJ —
ol,(A) :la(AkkAﬂ — AnAum) e, ®e, =1, (A)1-A. (1.48)
oA 2 oA,

The derivative of the third invariant 1,(A)=detA is less trivial and we start with

calculating the increment of it with the help of (1.26)

det(A + dA) = det A det(A‘ldA - (—1) 1)
tensor elgenvalue (149)
=det A{l+ I,(A7dA) + I, (A™dA) + | (A‘ldA)}
Ignoring higher-order terms in (1.49) we have

det(A +dA) =det A +det Al,(AdA) =det A + (detA)A ™" :dA, (1.50)
%/_/

A TdA

and, consequently,
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ol,(A) _ O(detA)
oA oA

= (detA) A", (1.51)

1.4 Tensor analysis

We turn to tensor analysis and define the following differential operators for vectors
and second-order tensors in Cartesian coordinates

gradgo=V(p=a—(p:a—(pei, (1.52)
ox  OX

oa
grada:?:g}—xa(@ei:a—x’ej@ei, (1.53)
X i i

diva=a—-ei:—_ej~ei=—_‘, (1.54)

(1.55)

. (1.56)
F

0 0 0
g;jl + 8?(22 + a’?:: Jes
Now we refresh our memories concerning the divergence theorem (Gauss, Green, and
Ostrogradskii) which is an important tool for transforming volume and area integrals. Its

simplest version in one-dimensional case is the famous Newton-Leibnitz rule
"@) n®)

1 !
a b

»
»

J'%dx = (+Dy(b) + (-1 y(a) = n(b) y(b) + n(a) y(a) .

In a three-dimensional case we can write
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A
j%dv ~ nydA. (157)

The powerful generalization of this formula is

aB |l |2 |3
axdvj dvj dvj dV
= §Bi1n1dA+ f Biznsz+ § Bi3n3dA , (1.58)
= §B,n,dA
or, shortly,
j divBdV = §BndA. (1.59)
Of course, the second-order tensor B can be replaced by scalar b or vector b
j gradodV = §bndA, (1.60)
j divbdV = §b-ndA. (1.61)

Another useful formula is due to Stokes who related the contour integral over curve |

to surface A built on it

N\

§b -dx = [ (curlb)-ndA, (1.62)

where dx is the infinitesimal element of the curve |.

1.5 Curvilinear coordinates

Some problems are easier to solve in curvilinear rather than Cartesian coordinates.

We consider curvilinear coordinates (o', a®,®) which can be defined through the Cartesian
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coordinates (X, X,,X;) and vice versa. For example, in the case of cylindrical coordinates we

have

at=r; a’=¢;, o=z,

X, =rcosg; X,=rsing, X,=12,

X
r=x+x5; @=arctan=2; z=x,.
X

1

We define the natural (co-variant) base vectors in curvilinear coordinates

8xj
S =——re,
oa

which take the following form in cylindrical coordinates

or or
0%, OX,
o= A Gt €
dp = Op
_0X, oX, OXq

=—le +—=e,+—e, =¢€,
Yooz 0z 0z

OX, .
S e, +Ee3 =COsgpe, +SInge,

S

S

We also define the dual (contra-variant) base vectors

,_oa'

s =——e;,
ax,.

which take the following form in cylindrical coordinates

, Oz 0z oz
$"=—e +—e,+t—e; =¢,
OX, oX, OXq
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OX .
—2e, =-rsingpe, +rcospe, .

s’ = or e + or e,+ or e, =CoSpe, +Singe
X LoX, oy o ! 2
0 0 0 sin Ccos
s¢:—¢el+—(/)e2+—(pe3:— ¢el+ (oez.
0%, oX, OX, r r

(1.63)
(1.64)

(1.65)

(1.66)

(1.67)

(1.68)

(1.69)
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The natural and dual base vectors are mutually orthogonal

_ j j j i Q=
- =(6er: em]' oa e |= 8Xmi oa 5 = mei da’ _ aai _ _ J_ . (1.70)
oa OX,, oa' 0OX, oa' 0X, Oa 0, i#]

Now vectors and tensors may have various representations in curvilinear coordinates
a=a's, =as', (1.71)
A = Als, ®s; = Aijsi Rs! = Aijsi ®s! = Als! ®s;, (1.72)
where a' =a-s' are contra-variant components; and a, =a-s, are co-variant components;
A" =A:(s'®s’) are contra-variant components; A, =A:(s;®s;) are co-variant

components; and A’ = A:(s; ®s') and A} =A:(s' ®s;) are mixed components.

In the case where the base vectors are mutually orthogonal it is possible to normalize

them. For example, in the case of the cylindrical coordinates we have

. Cos @ , —sing ) 0
g == _lsing | g(pzs_wzs_w: cosp |, g, =-t=r0=|0[ (L73)
|Sr| S 0 ‘Sf/" ‘s‘ 0 |SZ| S 1

The normalized base vectors allow introducing the so-called physical components of

vectors and tensors with the same units

a=ag, +a,g, +a,g,, (1.74)
A=Ag ®g +A,g ®g, +A,g Qg,
+A,g,®g +A g Qg +A,g ®g, . (1.75)

+A,g,®g +A,g ®g +Ag g,

Now we calculate differential operators in curvilinear coordinates

i _
grada =2 @e = @9% , _ A g (1.76)
X da’  0Ox oa’
i
j _
curla=e, x@: Oa e, x 83. =s'x 8a. : (1.77)
ox,  0X oo’ oo’
%;_/
i .
divg-B, - B oa B (1.78)
OX da' o oo’
H_/

s)

In the case of cylindrical coordinates we have, for example,
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o) gy, ) g0 o) g
op oz

:apg®r+la@)® a()®&
or r op ot 0z

grad(...) =
. (1.79)

In calculating the derivatives of vectors and tensors one should not forget that the
natural and dual and physical base vectors depend on coordinates! In the considered case of

cylindrical coordinates we have the following derivatives of the physical base vectors

% _g Bo_y  %8._,

or or or
15}
%. =g, S =—g,; %; =0. (1.80)
op op op
0
%:0; %o _p: %:0
0z 0z 0z

Besides the considered cylindrical coordinates it is useful to list the basic relationships

for spherical coordinates

o

g

X2
Xl
a'=r; a*=0;, a’=9p, (1.81)
X, =rcosepsing;, X, =rsingsing; X, =rcosé, (1.82)

1

=X +X+X2; 0 =arccos————— \/7 Q= arctan— (1.83)
X+ X5 + X

cos@sin g cos @ cos @ —sing
g =|sinpsind |, g,=|cosdsing |, g, =| cose |, (1.84)
cosé —-siné 0
grad(...)=—a(a'r")®gr+l—8("')® +—1 _6(...)® (1.85)

r 00 2 rsing o Bo
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1. Prove:

Esabop = OO ~ OpOy = 30y, — Oy = 20,

2. Prove (1.20).

EqtEmm = dEL| S,

=0; =
or or
B, B
00 " aae
%_g cos o, B =—g, sind—g,cosd
op ° 0

55 m 55 n
1)

mnp km

o,

tm tn

gsktgsnp = 5kn5tp - 5kp5tn '

p’

Eqbsq =20, =6.

3. Prove for second-order tensors A, B:

4. Prove (1.37).
5. Prove (1.48).

1
detA = ggijk‘("stp Asi Aj Apk !

detA™? = 1 ,
det A
(AB)'=B'A™,

(AT)—l — (A—l)T = A—T )

6. Prove for second-order tensors A, B:

7. Prove for scalar ¢:

8. Prove for vector a:

9. Prove (1.84).
10. Prove (1.85).

Mechanics of Soft Materials

tr(A"B)=A"" :B.

curlgradep =0.
diveurla=0.
14

(1.86)

(1.87)

(1.88)
(1.89)

(1.90)

(1.91)

(1.92)

(1.93)
(1.94)

(1.95)

(1.96)

(1.97)
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11. Prove (1.86).
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2 Kinematics

2.1 Deformation gradient

63 4‘

NS /
x
N

We consider deformation of a body shown in its reference and current states. The law

of motion of material points, i.e. infinitesimal material volumes, is defined by

y=y(x1), (2.1)
where x and y are the reference and current positions of the point. It is usually convenient,
yet not necessary, to assume that the reference state is the initial one: x =y(x,t =0).

If we consider x as an independent variable then we follow motion of a material
point that was fixed at x in the reference configuration. Such description is called referential
or material or Lagrangean. If, alternatively, we consider y as an independent variable then
we follow motion of various material points passing through y in the current configuration.
The latter description is called spatial or Eulerian. The Eulerian description is preferable
when the evolution of continuum boundaries is known beforehand like in many problems of
fluid mechanics while the Lagrangean description is preferable when the evolution of
continuum boundaries is not known beforehand like in many problems of solid mechanics.

An infinitesimal material fiber at points x and y before and after deformation
accordingly can be described by the linear mapping (transformation)

dy =Fdx, (2.2)

where
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an—y:%eiéﬁej (2.3)
0x 8Xj

is the tensor of deformation gradient. This tensor is related to two configurations
simultaneously and because of that it is called two-point.

Alternatively, we can use the displacement vector, u=y —x, to get

F:M:1+H1 (2.4)
0x
where
H=0_Yi, g (2.5)
0x OX

is the displacement gradient tensor.

It is possible to calculate any deformation when the deformation gradient is known.

We start with the volume deformation

T, A4
Eo

dX(l)

dy™ = Fydx{™, (2.6)

dy? dy? dyP| |FdxP FydxP Ry dxP
dv =ldy? dy? dy?|=|F,dx{? F,dx{? F;dx®?
dy? dyy? dy?| [F,dx® Fdx®?  FydxP
dx® d® P |F, Fy Fy ’ (2.7)
=[dx? dx? dx{?|-|[F, F,, Fy,|=JdV,
dx® dx® dxP| |[F, F, Fy

dv, detF

where

J=detF>0. (2.8)
In the case of the area deformation we have
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dy n
—
dv
dA

dV, =n,dA, -dx, (2.9)
dV =ndA-dy =ndA-Fdx. (2.10)
Using (2.7) we derive
ndA-Fdx = Jn,dA, - dx, (2.12)
(F"'ndA—Jn,dA))-dx =0. (2.12)

Since dx is arbitrary we can write the Nanson formula
ndA = JF "n,dA, . (2.13)

Now we define the fiber stretch in direction m; |m| =1

. .
_ldy| _ [Fdx] _

z(m)_m_ N =|Fm|. (2.14)

We can also define the change of angle between two fibers by using stretches as

follows, for example,
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dy,-dy, Fm,-Fm,

CoSa = = , (2.15)
|dY1||dyZ| A(m,;)A(m,)
cosq, :M:ml-mz, (2.16)
|dxl||dx2|
1 T
7/(m1,m2):COSa—COSa0 :ml'(mF F—lsz. (217)
1 2

To illustrate the above formulas we consider the Simple Shear deformation

A

v

y=tan(z/2-¢)=coty,

Yi =X+ 7%
Yo =X )
Y3 =X

F:%ei ®ej :e1®e1+e2®e2+e3®e3+7el®e2:1+7/e1®e2’

]

Ae,) = \/(Fel) -Fe, = \/el e =1,

Ale,) :\/(Fez)'Fez :\/(ez+7e1)'(ez+7e1) :\]1"'72 ,

_ (Fe,)-(Fe,) _ e (e, +7ye) __ 7
[Fe,[Fe,| V1+y V12

CoOSa
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T cosg/sin T
a—ao:a—ﬂIZ:arccosL——:arccos pre T

Ji+y2 2 \/1+(COS§0/Sin§0)2 2,

=arccos(cosp)—r/2=p—-nl2

2.2 Polar decomposition of deformation gradient

Let us square the expression for stretch (2.14) and rewrite it as follows
AZ(m)=(Fm)-(Fm)=m-F' Fm=m-Cm, (2.18)
where
C=F'F (2.19)
is the right Cauchy-Green tensor.
In the case where direction m is the principal direction of tensor C we have
Zm?)=m®.Cm" =m® . ¢m® =¢;, (2.20)
where ¢, and m® are the eigenvalues and eigenvectors of C.

The above equation means that eigenvalues of the right Cauchy-Green tensor are
equal to the squared stretches in principal directions. Thus we can write the following
spectral decomposition of C in the form

C="m®"@m® + Lm® ®m"® + Zm® @m®. (2.21)

Now we define the right stretch tensor as the square root of the right Cauchy-Green

tensor
U=AC-= AmP @m® + Am® ®@m® + 1m® @m® (2.22)
where all principal stretches are nonnegative.
We assume now that any deformation can be multiplicatively decomposed into stretch
and some additional deformation which we designate R
F=RU, (2.23)
which is called the polar decomposition of the deformation gradient and, consequently,
R=FU™". (2.24)
Let us analyze properties of R. First, we observe that it is orthogonal

R'R=(FUN)' (FU)=UTFEU'=UTU’U"=UTU'UU"=1.  (225)

U

Orthogonal tensors do not change lengths

|dy| = \/dy -dy = \/(Rdx) -(Rdx) =+vdx-R"Rdx =+/dx-dx = |dx| . (2.26)
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Besides, we observe

detF _ \/detF" detF _/det(F'F) _+/detC _/detU? _detU _
detU detU detU detU detU  detU

Equations (2.25) and (2.27) mean that R is the proper orthogonal or rotation tensor.

detR =

1. (2.27)

Finally we notice that the meaning of the polar decomposition, F=RU, is the

successive stretch and rotation.

5
P By

F=RU=VR f RUd
y = RUdx
d
X E— VRox
=Fdx

|
Udx |:)?
U R

It is possible, of course, to change the order of stretch and rotation
F=VR, (2.28)

where V is called the left stretch tensor.
By direct computation we have
V=FR'=FR' =RUR' =V', (2.29)
which means that the left stretch tensor is the rotated right stretch tensor, and consequently
they have the same eigenvalues — principal stretches, while their principal directions are
different.
With account of the spectral decomposition of U we have
V=2n"®n"+1,n?®n? + 1n® ®@n®, (2.30)
where
n” ®@n" =Rm” ® Rm". (2.31)
To clarify the meaning of the principal directions of V we square the tensor as follows

V?=RUR'RUR' = (RU)(RU)" =FF' =B, (2.32)
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B=2n®®n" +2n® @n® + 2n® @n®, (2.33)
where B is the left Cauchy-Green tensor, which principal directions coincide with the
principal directions of V while the principal values of B are squared principal stretches.

Unfortunately, we cannot directly write the relations between the directions of the

principal stretches in the reference and current configurations because these directions are not
defined uniquely and can always be changed to the opposite sign! However, we can define
the principal directions uniquely by the following procedure. Assume, for example, that the
principal directions in the reference configuration, m®, are uniquely chosen then we
calculate the principal directions in the current configuration as follows

=Rm". (2.34)
Of course, we could start with the current configuration otherwise.

Finally, we can calculate the spectral decomposition of the deformation gradient
F=RU=ARm® ®m® + LRm® @ m® + ,Rm® @ m® (2.35)
=An?@m® + L,n® @m® + An® ®m®

Let us consider the following deformation (Marsden and Hughes, 1983) as a

numerical example

:\/§X1+X2
yz:2X2
Y =X
In this case we have
J3 10 3 J3 0
F=| 0 2 0|, cC=|43 5 0|,
0 0 1 0 0 1
. 1 . V3 0
il:\/gy m(l)ZE \/§y /12:'\/51 m(2)=5 _11 /13=1| m(3)= 0 '
0 0 1
3443 3-43 0 1+43 +3-3 0
U:% 3-43 1433 0 | U-lzﬁ J3-3 3443 0 |,
0 0 22 0 0 46
1443 /3-1 0 1+4/3 3-1 0
:m \/§—1 1+'\/§ 0 ) _T '\/— 1 l+\/_ 0 |.
0 0 242 0 2
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2.3 Strains

The strain measures can be introduced in various ways. We start with 1D measures
for the change of the length of a material fiber.

Ly s oL

L 4

We can introduce the engineering strain

gE:ﬁ:i—l, (2.36)
LO
or the logarithmic strain
L
&L= %:InL:Ini, (2.37)
oL L,
or the Green strain
-1 1,,
=———==(1-1). 2.38
fo =g =34 -D (2:38)

In order to generalize 1D to 3D strains we assume that formulas (2.36)-(2.38) are
valid in the principal directions of the reference configuration. In this case, the 3D strain

tensors take forms

3 . .
ge=> (4 -ImPem" =U-1, (2.39)
i=1
3 . .
g = Z(Inﬂfl)m(') om® =InU, (2.40)
i=1
31 i ho 1
£ = ZE(/LZ -D)m® @m® =§(U2 -1). (2.41)
i=1
The Green strain tensor is the most popular and it can be rewritten by dropping the
suffix
1, ., 1 1, 1 T T
e=—(U'-1)==—(C-1)==(F F-1)=—(H+H +H H). (2.42)
2 2 2 2
2.4 Motion

Velocity and acceleration are defined as material time derivatives accordingly
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%y(xt) y=xtu=u, (2.43)

_Ov_
dt

When the Eulerian or spatial description is used it is necessary to use the chain rule

(2.44)

for differentiation of any function, f(y(t),t):

of 6f oy of of
t = — 4+ — —:—+—- ) 245
f(y(t).1) p ay ooy (2.45)
Qv _ v v (2.46)
dt ot Oy
Another important kinematic quantity is the velocity gradient, L,
G N T ) 0
dt\ox) ox oOx 0y ox
L= gt (2.48)
oy

It can be decomposed into symmetric and skew symmetric parts
L=d+o, d=%(L+LT), w:%(L—LT), (2.49)

where d and o are the deformation rate and the spin (vorticity) tensors accordingly.

2.5* Deformation gradient in curvilinear coordinates

We consider the deformation gradient in curvilinear coordinates. To be specific we
choose the deformation law in cylindrical coordinates before {R,®,Z} and after {r,¢,z}
deformation:

r=r(R,@®,2); p=¢p(R,®,2);, z=2(R,®,2). (2.50)

To treat this deformation we introduce the natural curvilinear base vectors for the

reference and current configurations accordingly

cos@ —-sin@ 0
G,=|sin® |, G,=| cos® |, G,=|0], (2.51)
0 0 1
Cos@ —sing 0
g =|sinp|; g,=| cosp | g,=|0]. (2.52)
0 0 1
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Now the deformation gradient can be written as follows

F-Y06.+1Y 06, +Xeg,, (2.53)
oR R 6@ oz

where

y=Y.e +Y,e, + Y€
=rcosp(cospg, —singg ) +rsing(sinpg, +cospg, )+12g,. (2.54)
%,_/ H/_J

-~

Y
Y1 e Y2 €, 3 e

=rg, +1g,

We have with account of g, = constant

oR RO®
or og, oz

g ®G,+I-2®G,+—g, ®G,
"R oR oR

T o 9G,+ 8 g, -2 g 0aG,

Ro@ Ro®@ Ro®

or I’@g oz
®G, ' ®G, + %o ®G
Tz oz g8

, (2.55)
+

where

g, _Og. or Og Op 0Og 0z _Op

R or R 0p R oz R R
og, 0g, or +6g op agr oz O

o0 or 0d  0p 0D o1 o oD
Og, _0g, or 0Og Op Og 0z _0O¢

(2.56)

0z oroz opoz ooz oz

Finally, we have
or

or or
Fr-%Ls 06, +-2 ¢ ®6,+Lg 26,
oRE TR TR B oz

rogp rogp rogp
+—g,®G, + G, +—g, %G, . 2.57
oR 2¢ Ro@ ®* oz B0 2 (257)

+a—gz®G A g, %G, + 2 g, ®G;
R RO® oz

Alternatively, we can express the deformation gradient through the displacement
vector related to the initial configuration. In the latter, case we have to write

x=RG; +2G,, (2.58)

u=u;G;+u, G, +u,G,. (2.59)

These vectors can be written with respect to the coordinates in the current

configuration as follows
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x=(x-g)g +(x-g,)g, +(x-g)g,, (2.60)

ﬁ:wgr+wg¢+wgz, (2.61)
or
X=gx, (2.62)
i=gu, (2.63)
where
g=¢g, ®g, +g,®g, +g, ®g, (2.64)

is the metric tensor in the current configuration. It is the identity tensor in curvilinear
coordinates.

Now we have

pod_00+0) _ogkx+u) ~ BN (xru)+g(G+H) -G +H), (269
X

10) ¢ 10) ¢ 10) ¢ oy

where
@:0, (2.66)
oy
a—qu, (2.67)
15).¢

and

%szGR®GR+G¢®G¢+GZ®GZ (2.68)

is the metric tensor in the reference configuration.

2.6 Homework

1. Find principal directions and stretches for the following deformation law
Y, =1+a)x +ax,
Y, =—aX +1+a)x,, (2.69)
Y3 =X,

where « = constant.

2. Make the polar decomposition of the deformation gradient for the deformation law

presented in (2.69).
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3. Calculate the Cartesian components of the Green strain for the deformation law presented
in (2.69).

4. Read Section 2.5.

5. Prove (2.66).

6. Prove (2.68).

Mechanics of Soft Materials 27 Volokh 2010



3 Balance laws

3.1 Material time derivatives of integrals

We start with the computation of the material time derivative of a volume integral.

For the field quantity y(y(t),t) over a “moving” region, V (t), whose configuration depends

on time t, we have the following formula (regarding the integral as an infinite sum)
d d
o)AV O = [ (rdy(dy, Odys (1)

d
= j(d—‘f dy,dy,dy; +y dv,dy,dy; +ydy,dv,dy, +ydy,dy,dv;)

(Y L, ML, e, P

[ o Yy SN CAY
= j (O:j—‘t”+ wdivv)dV

N WL

= o Taviy )V

where the last equality is obtained as follows

v v, N _ov v, N _0v oyv)
ot oy ot Toy ot oyt oy ot oy

dy .
— divv =
” +ydivv

3.2 Mass conservation

The law of mass conservation can be written as follows

m= Ipdv = constant , (3.2)

where p is mass density.

Differentiating (3.2) with respect to time we have

dm_d
dt dt

Since the equality is obeyed for any volume we can localize the condition for the

pdV = j (‘Z—‘t’+ pdivy)dV = j (%’0 +div(pv))dV =0. (3.3)

infinitesimal volume

do : op
4+ pdivv = L +div =0. 3.4
g TPy =t (pv) (3.4)

3.3 Balance of linear momentum
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We start with the balance of linear momentum for a volumeless particle — Newton's

law —

%(mv) -p, (3.5)

where mv is the linear momentum and p is the force resultant.

By analogy with Newton’s law Euler considered the balance of the linear momentum

for a continuum volume V bounded by surface A
d
ajpvdv = [bpdv + §tdA, (3.6)

where b is the body force per unit mass and t is the surface force or traction per unit area.

Let us localize the Euler law. First, differentiating the left-hand side of (3.6) we get

%j pvav = (¥+ vpdivv)dV . (3.7)
Then we rewrite the Euler law in the form
[fdv = §taa, (3.8)
where
f=—pb+ d (;[p) + vpdivv (3.9)

is the generalized body force.
Now it is necessary to transform the area integral into a volume integral. This is
possible due to the Cauchy assumption

n At

S5
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At
t=lim ° = t(y.n). (3.10)

The first corollary of the Cauchy assumption is the Newton law of action and

counteraction.

A*

For every part of the body we have

[rdv, = [tdA +[t(m)dA*

. (3.11)
[tav, = [tdA, + [t(-n)dA*
Summing the equalities we get
j fdv = §tdA+ j [t(n) + t(—n)]dA*. (3.12)
Substitution of (3.8) in (3.12) yields
j [t(n) + t(—n)]dA*=0. (3.13)

This equality is correct for any surface; consequently, we can localize it and get the
third Newton law
—t(n) =t(-n). (3.14)

The second corollary of the Cauchy assumption is the appearance of the stress tensor.

Ys C t(n)
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We define a tetrahedron of height h in direction n at point y. The direction cosines

n, allow us to calculate the following areas of the tetrahedron
CDB=A, COB=An, COD=An, DOB=An,.
Now, we apply the linear momentum balance to the tetrahedron:

j fdv = j t(n)dA + j t(—e,)dA+ j t(—e,)dA+ j t(—e,)dA.

CDB coB COD DOB

According to the mean value theorem and with account of (3.15) we have

f%A = t(m)A+1(-e,)An, +1(-e,) An, + (~e;) An;,

where the barred quantities are calculated inside the proper volume or area.
Simplifying (3.17) and setting h — 0 we obtain
0=t(n)+t(—e,)n, +t(—e,)n, +t(—e,)n,,

where

Substituting (3.19) in (3.18) and accounting for (3.14) we get

t(n) =t(e,)(e, -n) +t(e,)(e, -n) +t(e;)(e; - n)
=(t(e,) ®e, +t(e,)®e, +t(e;)®e;)n

(]

=on
where we introduced the Cauchy stress tensor
c=t(e,)Re +t(e,) Ve, +t(e;)Ve,.
To find its components we have to pre-multiply it with the base dyads
o;=¢ Qe 0.

For example, we have

o,=¢,Re,:6=¢,-t(e,),

o,=¢ Qe, . c=¢,-t(e,),

o, =6€,Qe,.0=¢;-t(e,),

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

which means that the components of the Cauchy stress tensor are projections of the stress

vector onto the axes of Cartesian coordinates.
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o
)
Y3 ;
t(e,)
t(e,)
A
e y O
Oy
y
Oy A
(o2
3923
613/ O3
O3
> 0'22
o
0'21 12
Oy

We return to the linear momentum balance (3.8) which can be rewritten using the
stress tensor

fdV =¢ondA. (3.22)
Jrav-§

Now the divergence theorem allows us to transform the surface integral into the
volume integral

§cndA = [divedV . (3.23)
Then the linear momentum balance takes the form

j (f - dive)dV =0. (3.24)
Localizing it and substituting from (3.9) we have finally

d(vp)
dt 3.9
dwp) N oy (829

ij
iP = + pby
dt oy; oy,

By way of example let us find traction t(n), normal stress vector t,(n), and tangent

+ vpdivv = dive + pb

stress vector t,(n) for the given stress tensor

c=T7e ®e —2(e,Qe, +e,®e ) +5e, Ve, +4e, Ve,

and area with normal
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2 2 1
n =§e1—§e2 +§e3 .

By direct calculation we have

t =on = 7e (e, -n) — 2e (e, -n) +5e, (e, -n) — 2e, (e, - n) + 4e, (e, -n) = de, —%ez,

tn =(t-n)n=(4el.n_%e2'n)nzﬂn 88 88 44

= — —_—— + - ,
AT AP T At
1
t,=t—t = E(ZOe1 —2e, +44e,) .
3.4 Balance of angular momentum
Y3 C
O Y>
Y
In the case of a mass-point we have the angular momentum balance
d(mv)
—~ —rxp, 3.26
o p (3.26)
or
d(mle'[xv) Crxp. (3.27)

The latter is true because: i(mr><v) = mﬁxv+mrxd—vzmvxv+mrx£= mrxd—v.
dt dt dt dt dt
In the case of continuum we have instead of (3.27)
d
aj.prxvdv =J-r><bpdV +§>r><tdA. (3.28)

It is convenient to manipulate this equation in Cartesian coordinates. In this case we

can rewrite the angular momentum balance as follows

gijk(% [pryav - [rbpdv —§rt, dAj =0. (3.29)
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The first and the third terms in the equation above can be calculated by using the

material time derivative of the volume integral and the divergence theorem accordingly

J‘pr v, dV = J£M+prjvk g”‘ jdV

m

_J'[ d(P d(pv) + PV, + PV, %}dv

(3.30)

§rjtk dA= §r.ak|n dA
J‘ (I’ O-kl)

:J(§ Oy +T, do kIJdV
Y,
_J.[O'kj +r aU'jdV
' oy,

where we used relation r, =y, — (O—C)i with OC fixed.

(3.31)

Substituting (3.30)-(3.31) in (3.29) we get

d(ov,) v, o0
ey | [r{ v, 5 ~bp - 8ylk'j+pvkvj ~o,Jdv =0, (3.32)

0

where the term in the parentheses is the law of the linear momentum balance and it is equal to
zero.

Thus we have
[ (v, o)AV = [ &y,0,dV =0. (3.33)

The latter equation can be obeyed for the symmetric Cauchy tensor only
0y=0j), 6=6". (3.34)

3.5 Master balance principle
All balance laws enjoy the same structure
d
ajadV=I§dV+§(pndA, (3.35)

where § is the volumetric supply of a and ¢ is the surface flux of a.
Differentiating the integral and using the divergence theorem we localize the balance

law
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?j—(:+adivv:div<p+§. (3.36)

The considered balance laws are summarized in the table:

o § ¢

Mass P 0 0

Linear Momentum vp bp c
Angular Momentum rxvp rxbp rxc

3.6 Lagrangean description

The description of balance laws was spatial or Eulerian because y was chosen as an

independent variable. In the case of solids (contrary to fluids) it is usually more convenient to
consider x as an independent variable, i.e. it is better to use the referential or Lagrangean
description. The transition from one description to another is simple when the formulas
relating volumes and surfaces before and after deformation are used (see (2.7) and (2.13))

dV =dV,detF = JdV,, (3.37)
ndA = JF "n,dA, . (3.38)

Substituting these equations in the master balance law we get
%Iaodvo = [&,aV, + o dA, | (3.39)

where we defined the Lagrangean quantities

a,(x,t) =Ja(y(x,t),t), (3.40)
So(x,1) = JE(y(x,1),1), (3.41)
0,(x,t) = Jo(y(x,t),t)F " . (3.42)

We differentiate (3.39) with respect to time through the integral directly because the
volume does not change and we get the localized balance law in the Lagrangean form

a@% = Divep, +&,. (3.43)

Here ‘Div’ operator is with respect to the referential coordinates

Div(...) :%e-
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Particularly, the Lagrangean form of the previous table is

o So P
Mass 5o 0 0
Linear Momentum PoV Pob T
Angular Momentum rx p,v rx pb rxT
where
T(x,t) = Jo(y(x,t), t)F ' (3.44)

is the 1% Piola-Kirchhoff stress tensor (1PK).
The laws of mass, linear and angular momentum balance take the following forms

accordingly

%o _yg, (3.45)

: 3.46

o) T, (3.49)
o ox;

TF' =FT", (3.47)

Since the 1% Piola-Kirchhoff stress tensor is not symmetric it is convenient to
introduce the 2" Piola-Kirchhoff stress tensor (2PK)

S=F'T=JF"eF . (3.48)
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4 Isotropic elasticity

4.1 Hyperelasticity
(o2
< MW— —

The rheological model for elastic material is a spring. For the classical linear spring,

stress o is equal to strain & scaled by Young modulus, E,

o=Ees. 4.1)
This equation is called Hooke’s law in honor of Robert Hooke.
Evidently, this constitutive law is a linearization of a more general function describing
a nonlinear spring
oc=o0(¢g). 4.2)
Although this function can be fitted in experiments only it is possible to draw some

conclusions about it considering the work of stress on strain
w=[o(e)de. (4.3)

In the case of an ideal elastic spring, this work does not depend on the loading history
and it only depends on the initial and final states of the spring — the integration limits in (4.3).
If the integral is path-independent then the integrand should be a full differential
dw=o(¢)de. (4.4)
It follows from (4.4) that stress in an ideal elastic spring should be a derivative of the
strain energy with respect to strain

_ dw

~ s (4.5)

o

where in the case of Hookean elasticity we have: w=Eg?/2.
The extension of the simplistic formula (4.5) to 3D is not trivial. Indeed, variety of
stresses and strains can be considered and it is not clear which stress works on which strain.

To clarify that we consider the work of external forces on displacement increments, du = dy,
over the whole 3D body
d77 = §dy £, dA, + j dy -p,bdV, , (4.6)
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where t, and p,b designate prescribed tractions per the reference area and body forces per

the reference volume, including the inertia forces.
By using the equilibrium equation (3.46) we can rewrite (4.6) in the form

d77 = §EO -dydA, —j (DivT) - dydV, , (4.7)

where T is the 1% Piola-Kirchhoff stress.

We transform (4.7) as follows

d17 = §t,dy,dA, - j dy,dV

=, dy,dA, - | %dv0 [T, agil(yi)dv0

i j
= § (f5 —Tyno;)dly, dA, + [Tyd ay, dV , (4.8)
0 (boundary conditions)
= [ T,dF, dv,
= [T:dFdv,
where the boundary conditions on tractions have been used

Tn, =t,. (4.9)
Transformation (4.8) means that the incremental work of the external forces is equal
to the incremental work of the internal forces. The work of the internal forces per unit

volume can be designated as follows

dW =T:dF. (4.10)
Analogously to 1D case this work is path independent only in the case where
= WE) - _WE) (4.11)
OF oF

i
Here W is called the strain energy and material obeying (4.11) is called hyperelastic.
Evidently, the 1% Piola-Kirchhoff stress makes a work-conjugate couple with the

deformation gradient. It is possible, however, to assume that the strain energy depends on the

Green strain, € = (F'F—1)/2, rather than on the deformation gradient. In this case we have

(prove it!)

o OWEF) ey, W 1O(FyFy ~5,) W
! o oF,  oe,, 2 oF; Oey

mn ij mn

or
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ow

T=F—. 4.12
e (4.12)

On the other hand we have by definition, (3.48),
T=FS, (4.13)

where S is the 2" Piola-Kirchhoff stress tensor and, consequently,
_ O0W(g) S _ oW (g)

S .S, 4.14
O b Ogy (414)
or
§=2 WO g _, W) (4.15)
oC . oC,

ij
where C=F'F =2¢+1 is the right Cauchy-Green tensor.
It is possible to show that the considered stress-strain pairs are work-conjugate by the
direct computation (prove it!)
T:dF =S:ds. (4.16)
The “true’ Cauchy stress is obtained from (4.14)-(4.15) with the help of (3.48) with
J =detF

6= FWpr _ oy pWpr (4.17)
oe oC

We showed that the strain energy could be defined as a function of various strains. Is
there any preference in the choice of strains? The answer is yes. The strains which are

insensitive to the Rigid Body Motion (RBM) are preferable.

Q (RBM)

Indeed, let us consider RBM superposed on the current configuration of material
y*=Q(t)y +h(t), (4.18)
where Q" = Q™' (detQ =1) is the proper orthogonal tensor of rotation and h is a vector of

translation.

Mechanics of Soft Materials 39 Volokh 2010



This motion preserves the length and the angle. Indeed, we have

s*=y,*-y,*=Q(y, -y,) =Qs, (4.19)
s =Vs*s*=4/s-Q"Qs =/s-1s = /s 5 =, (4.20)
cosa* = s*'p*—S'QTQp—s'p:cosoc. (4.21)

e sl sl
Thus, a material fiber deforms as follows
dy* = Qdy zggdx:F*dx. (4.22)
pa

It is natural to require that the magnitude of the strain energy is not affected by RBM
because there is no straining. The latter means that the function of the strain energy should
obey the following condition

W (F) =W (QF). (4.23)

The right Cauchy-Green and Green strain tensor obey this condition automatically

because they are insensitive to RBM

C*=F* F*=(QF)' (QF)=F' ggF =F'F=C, (4.24)
g&=(C*-1)/2=(C-1)/2=¢. (4.25)

4.2 Rivlin’s representation for isotropic material

Ronald Rivlin found (1948) the following representation for the strain energy of
isotropic materials, which is given without proof,
W(C) =W (I, 1,,1,), (4.26)
I, =trC, 1, ={(trC)*—tr(C*)}/2, I,=detC, (4.27)
that is the strain energy depends on the invariants of the right Cauchy-Green tensor.

Based on this representation we can calculate the stress as follows

5o o[ W al oW A, ool 29
oC ol, oC ol, oC odl,; oC
where (see (1.47), (1.48), (1.51))
%:1, ad; _ ,11-C, s _ 1,C™*. (4.29)
oC oC oC

Inserting (4.29) in (4.28) we have
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S=2 aW+|16W 1—6WC+I3%C‘1 . (4.30)
ol, al, al, ol

Transition to the Cauchy stress gives us another form of the constitutive law

6=J"FSF' =2J" aW+|15W B-W B2+|36ﬂ1 , (4.31)
ol, al, al, ol,
where
B =FF' (4.32)

is the left Cauchy-Green tensor.

We remind that invariants of B coincide with the invariants of C: I_(C) = 1,(B).

4.3 Representation in principal stretches
Sometimes, it is more convenient to formulate the constitutive equations in terms of
principal stretches, A, rather than to use invariants. To make the transition to the principal
stretches we need the spectral representation of the right Cauchy-Green tensor
C=FF=2"mY@m" + Zm® @m® + Zm® @ m® (4.33)

where 22 and m™® are eigenvalues and eigenvectors of C accordingly.

Since

L=+ G+, L =hh+ Ak + Ak, =k, (4.34)

the strain energy can be rewritten as a function of principal stretches A, = \//17,2
W(C) =W (4, 4, 4,). (4.35)

and we can calculate the energy increment as follows
oW oW oW

dW(C) =dW (4, 4,,4,) =—dA, + —dA, + —dA,. 4.36
(©) (ﬂlzﬂe)aﬂl%%z%ﬂg (4.36)

In order to find dA, we, firstly, get the increment of (4.33)
3
dC=>{22,d2,m® ®@m® + 2Zdm® @m™® + Zm® ® dm}, (4.37)
a=1
Secondly, we pre-multiply it by m® ® m® as follows
(m® @m®):dC=24,d4,, (4.38)
where we accounted for m¥ - m® =6, and dm® -m?)=0=dm® -m"® =0.

Thus, we have from (4.38)
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dA, =i(mm ®m®¥):dC. (4.39)

Repeating this argument for d4, and d4, we get

oW
dw (€)= 2= - dc, 4.40
(©€) 2C (4.40)
where
3
W_s 1 W 0gme. (4.41)
oC ~ S22, on,

Using this derivative we can write the 2" Piola-Kirchhoff tensor in the form

3
S = 2% = Zi%
oC 44,04,

m® ®@m® . (4.42)

It is remarkable that 2PK stress is coaxial with the right Cauchy-Green tensor because
their principal directions coincide. The latter allows us to directly compute the principal 2PK
stresses

_Low (nosum) . (4.43)

*TA, 04,
By using the spectral decomposition of the deformation gradient, (2.35), we can
compute the Cauchy stresses
3
6= JFSF" =1 A, W 1@ @n® : (4.44)
Ay = 04,

which is coaxial with the left Cauchy-Green tensor because their principal directions

coincide. The latter allows us to directly compute the principal Cauchy stresses

Y W (nosum). (4.45)

O, =
A 04,

4.4 Incompressibility

Many soft materials resist volume changes much stronger than the shape changes.
This experimental observation makes it reasonable to assume the material incompressibility

:TV:J =detF=1=detFdetF' =detB=detC=1,. (4.46)
0

This can be considered as a restriction imposed on deformation
#(C) =1-1,(C) =0. (4.47)

The incremental form of the restriction can be written as follows
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oy
dy(C)=—%:dC=0. 4.48
7(C) 2C (4.48)

Here 0y /oC can be interpreted as a stress producing zero work on the strain

increment — the workless stress. Such stress is indefinite since it can always be scaled by an
indefinite parameter, p.

Adding the workless stress to the stress derived from the strain energy we have

¢=2] ‘1F(ﬂ+ pa—y]FT : (4.49)
oC  oC

or, substituting from (4.47) into (4.49),

oW
=2F—F'" - pl. 4.50
¢ 2C p (4.50)

The unknown multiplier, p, should be obtained from the solution of equilibrium

equations.

In the case of isotropic material we have

6 =-pl+2W, + IW,)B—2W,B’, (4.51)
where
w =W (4.52)
ol,
In terms of the principal stresses and stretches we have instead of (4.45)

oW
=4, —- nosum). 4.53
Oo=hag P ( ) (4.53)

a

4.5 Examples of strain energy

In this section we consider some popular strain energy functions, W (C), which in the

absence of residual stresses should meet the following conditions
oW
W(1) =0, —(1)=0, 4.54
1) °C 1) (4.54)
or, in the case where the strain energy is a function of principal stretches, W (4, 4,, 4,),

W(L11) =0, % (111) =0, (4.55)

a

We start with the Kirchhoff-Saint Venant material

W (g) =§(tra)2 +ug e, (4.56)
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where 4 and u are the Lame constants and the Green strain is € = (C —1)/ 2. Differentiating
the strain energy density with respect to the Green strain we obtain 2PK stresses

i — aW :ia(‘c"kkgrr) +/,[ a(‘c"mn‘c"mn
88” 2 aeij 68ij

08y

2 os,,
0

E, +2U
- 0

=100, + 210, 0..&

kj“rr nj“mn

n
Emn )

= A&, +2ug;

ij<rr

_aw

S = 2 (tre)1 + 2z . (4.57)
L3

Alternatively, we can rewrite (4.56) and (4.57) in principal stretches
A
Wk 2y, 25) = SR + 2+ 25 =3+ L0 -0 + (5 -0+ (-1, (458)

S, = A2+ 2+ 2 =3)2+2u(2-1)/2. (4.59)

This classical material model is generally not used for soft materials. In the case of
small strains, (4.57) is the generalized Hooke law. The use of nonlinear strains, however, is
crucial in order to suppress rigid body motions in finite element computations.

Next strain energy function defines the Neo-Hookean incompressible material

W =c(l,-3)=c(¥ + A + A -3), J=A414,4,=1, (4.60)
where ¢ is a material constant.

The Neo-Hookean model is the simplest one for modeling soft materials. It is often
used as a starting point for the experimental calibration. A popular generalization of (4.60) is
the Yeoh material defined as a polynomial of the first principal invariant, I,(C). For example
Hamdi et al (Polymer Testing 25 (2006) 994-1005) calibrated the following Yeoh model for
natural rubber

W =c,(I, -3)+¢, (I, -3)* +c,(1, -3)°, I,=1, (4.61)
where
c, =0.298MPa, c,=0.014MPa, c,=0.00016MPa.

Another generalization of the Neo-Hookean model is the Mooney-Rivlin material
which defines the dependence of the strain energy on both the first and second principal
invariants. An example of the incompressible Mooney-Rivlin material was calibrated by

Sasso et al (Polymer Testing 27 (2008) 995-1004)
W =c,(I, -3)+c,(I, -3)+c,(1, -3)* +¢, (I, -3)(I, -3) + ¢, (1, -3)*, I,=1, (4.62)

Mechanics of Soft Materials 44 Volokh 2010



where
¢, =0.59MPa, c, =-0.039 MPa, ¢, = -0.0028 MPa, ¢, = 0.0076 MPa, ¢, = -0.00077 MPa ..

Further generalization of the previous models is the Ogden material defined as

N
/'l a a (24
W= SR g A9, J =1, (4.63)
p

p=1
where x,a, >0, p=1..N.
For example, Hamdi et al (Polymer Testing 25 (2006) 994-1005) calibrated the Ogden

model for styrene-butadiene rubber where N =2 and

1, =0.638MPa, o, =3.03, u,=-0.025MPa, a,=-2.35.

4.6 Biaxial test

Biaxial tension tests are usually used to calibrate material models. The theoretical
background for such tests can be readily developed. Let us consider the homogeneous biaxial

deformation of a thin isotropic incompressible sheet

X2: Y2

PrAts

<« —
_>
X1 Y1
0, - — >
_>
_>
VY Y Yy
O3
Yi=AX, Yo =A%, Y3=4X. (4.64)
By the direct computation we get
Fz?zﬂlel®el+lze2®e2+ﬂ,3e3®e3. (4.65)
X

Thus, the coordinate system coincides with the principal directions of stretches and
the constitutive law takes form

6 =—pl+2W, +IW,)B-2W,B?,
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oy =—P+2W, + IW,) 22 — 2W, 4
Oy =—P+2W, + 1LW,) 22 —2W, 45 . (4.66)
Oy = —P+2(W, + L W,) 22 — 2W, 2
The stresses are homogeneous and the equilibrium equations are satisfied
automatically. From the traction-free boundary conditions on the sheet faces we have
0 =0 = p=2W,+I1W,)A-2W,1. (4.67)

Substituting the Lagrange multiplier in the stress tensor we get

{61122(\N1+|1W2)(/1f—/1§)—2W2(/1f—/1§) (4.68)
O =2(W, + |1W2)(/1§ _/1?) _sz(ﬁle —ﬂ;‘)
Since
lL=trB=X + 2+ 4, (4.69)
we can rewrite stresses in the form (prove it!)
{an = 2 - B)W, +W, ) | @.70)
Oy = 2(/12 _ﬂé)(vvl +W2/112)
where the incompressibility condition enforces
A= L (4.71)
Aty

Equations (4.70) are often used for the experimental calibration of soft materials

under varying ratio of the applied stresses.

4.7* Balloon inflation

Balloon inflation is another popular deformation used for calibration of soft materials.

A
v
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Consider the centrally symmetric inflation of a thin sphere. Its deformation can be
presented in terms of principal stretches along the directions of the spherical coordinate

systems
’ 27R R
, (4.72)
r :LI 1 :/172
H A4,

where r,R and h,H are the current and referential radii and thicknesses of the sphere

accordingly and the incompressibility condition is taken into account in the second equation.

The deformation gradient and the left Cauchy-Green tensors take the following forms

F:[Zgr®GR+/1(g9®G@+g¢,®G¢), (4.73)
B=FF' =1"g ®g +1'(g,®g,+g,®8,). (4.74)
The Cauchy stress is
6=0,8 ®¢g +0,(g,®g,+g,®g ), (4.75)
{arr = —p+2W, + L W,) A —2W, 18 | (4.76)
Cpp=—P+2W, + W)X -2W, ' =
Since the balloon is very thin we have approximately
c, =—p+2W, +1LW,) A" —2W,2° =0. (4.77)
Substituting the unknown multiplier, p, from (4.77) into (4.76), we have
o =2W, + I W,) Z(L-2°)-2W,A*(1- 1)
= W, 22 (L= A0) + 2W,[(22% + YA = A7) = (A + 270)] | (478)

= W22 (L— A7)+ 2W, 2 (22 - A7)
=2(W, +W,22)A*(1-1°)
To relate stresses to the internal pressure, g, we consider equilibrium of a half sphere
2zrho = zr?q, (4.79)
or

h A°H 2H
g=2—0=2 o=—
r AR AR

This is the pressure-stretch curve. In the case of the Mooney-Rivlin material, for

4H 2 -
0= W+ W, ) (1-27) (4.80)

example we have

W =c,(1,-3)+¢,(1,-3), (4.81)
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W, =—=c, W,=——=c,,
1 ol, 1 2 al, 2

and

4H )
q :ﬁ(c1 +¢,A%)(1-1°).

0.8 -

q 0.6 —~ ¢, =0.055¢
4cH /R ) | 7 '
04

0.2

2.5 5 7.5 10 125 15 175

A=r/R

4.8 Homework

1. Prove (4.12).

2. Prove (4.16).

3. Derive constitutive equations for (4.60).
4. Derive constitutive equations for (4.61).
5. Derive (4.70) from (4.68)-(4.69).

6. Read Section 4.7.
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S Anisotropic elasticity

Rubberlike materials are usually isotropic. It is possible, of course, to strengthen them
by embedding fibers in prescribed directions. Nature does so with the soft biological tissues
which usually consist of an isotropic matrix with the embedded and oriented collagen fibers.
The collagen fibers are aligned with the axis of ligaments and tendons forming one
characteristic direction or they can form two characteristic directions in the case of blood

vessels, heart etc.

5.1 Materials with one characteristic direction

Materials enjoying one characteristic direction are also called materials with
transverse isotropy, i.e. isotropy in the planes perpendicular to the preferred direction. Let us

designate the preferred direction by unit vector m, in the reference configuration. In this
case the strain energy function W (C) =W (I, 1,,1;,1,,1;) should additionally depend on two

more invariants

l,=m-m=Fm,-Fm,=m,-F'Fm,=C:(m,®m,), (5.1)
— = RS
I, =C*:(m, ®m,), (5.2)
where
m=Fm, (5.3)

IS not a unit vector.

The fourth invariant, 1,, has a clear physical meaning of the squared stretch in the
characteristic direction. The dyad in the parentheses is often called the structural tensor,
which characterizes the internal design of material.

Differentiating (5.1) and (5.2) with respect to C we get accordingly

ol
a_CA:mO ®m0, (54)
% =m, ®Cm, +Cm, ®m,, (5.5)

Accounting for (4.29) and (5.4)-(5.5) we calculate the constitutive equation
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s=200 - zaﬂ
e (59)
= 2{(W, + I W,)1-W,C + I.W,C™" +W,m, ® m, + W, (m, ® Cm, + Cm, ® m,)}
or
6=J"'FSF’ 67)
=23{W, + LW,)B-W,B? + .W,1+W,m ® m +W, (m ® Bm + Bm ® m)}

where B =FF' is the left Cauchy-Green tensor.
In the case of incompressible material we have instead of (5.7)

o =—pl+2{(W, + IW,) B -W,B* +W,m ® m +W,(m ® Bm + Bm ® m)}. (5.8)

5.2 Materials with two characteristic directions

In the case of two preferred directions we designate the second characteristic unit

vector with prime m; in the reference configuration the strain energy function

W(C)=W(l,1,,1;1,,11,1,,13) should additionally depend on three more independent

invariants
Il =C:(m, ®my), (5.9)
I, =C?:(m, ®m)), (5.10)
I, =C:(m, ®my), (5.11)
where
m’ = Fm; (5.12)

IS not a unit vector.
Invariants I, 1, are analogous to 1,,I; while invariant I, is related to both
characteristic directions.
Differentiating (5.9) - (5.11) with respect to C we get accordingly
ol

a|7 ’ ’ ' ’

el m; ® Cmg; + Cm; ® my, (5.14)
ol

°C :E(m0 ®my+my; ®m,). (5.15)

We notice that the last derivative preserves symmetry.

Mechanics of Soft Materials 50 Volokh 2010



Now the Cauchy stress takes form

Jo =2(W, + ,W,) B —2W,B’ + 21, W,1
+2W,m ® m + 2W,(m ® Bm + Bm ® m)

: (5.16)
+2W;m' ®m'+2W,(m' ® Bm' + Bm' ® m’)
+W;(m ®m’+m’ ®m)
In the case of incompressible material we have instead of (5.16)
6 =—pl+2W, + I W,) B —2W,B*
+2W,m ® m + 2W,(m ® Bm + Bm ® m) (5.17)

+2W.m' ®m' +2W, (m’ ® Bm' + Bm' @ m’)
+W;(m ®m'+ m’' ® m)

5.3 Fung model of biological tissue

The presented way of introducing characteristic directions is not unique for a
description of anisotropy. The classical works of Y.C. Fung and his disciples introduced

anisotropy by using the Green strain € = (C—1)/2 as follows
W(a)=%£:a:£+(ﬂo+a:[i:a)exp(y:s+£:K:a+...),
or
W = %aijklgijgkl +(B, + ,H,mpq(s‘mn(c:pq)exp(yijgij + K &€ + ). (5.18)

Here a,f,,B,v,x are scalars, second- and fourth- order tensors of material constants which

should be defined in experiments.
The exponential function allows modeling stiffening typical of soft biological tissues.
As an example of the calibrated Fung strain energy we present the constitutive model of a

rabbit carotid artery
Cc
W = E{exp(clgéR + ngég + C3gzzz + 2C,6mrE00 T 2C5E57Epp + 2CsEmpésr ) — 1, (5.19)

with ¢ =26.95KPa the dimensional and c,s are dimensionless: ¢, =0.0089, c, =0.9925,

¢, =0.4180, ¢, =0.0193, ¢, =0.0749, ¢, = 0.0295.

5.4 Artery under blood pressure

We consider inflation of an artery under blood pressure. The corresponding Boundary

Value Problem (BVP) includes equations of momentum balance (equilibrium)
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dive =0, (5.20)
constitutive law

0:—p1+F%FT, (5.21)

and boundary conditions on placements and tractions
y=y Oor on=t, (5.22)
where 'div' operator is with respect to the current coordinates y; o is the Cauchy stress

tensor; 1 is the second order identity tensor; p is an unknown multiplier of the workless

stress; e=(F'F—1)/2 is the Green strain tensor; W is the strain energy; t is traction per

unit area of the current surface with the unit outward normal n; and the barred quantities are
prescribed.
We consider the radial inflation of an artery as a symmetric deformation of an infinite

cylinder. Following Fung we assume the deformation law in the form

2 a2
r= /R sA +a’, 0=y0, 1=sZ, (5.23)
Y

where a point occupying position {R, ®, Z} in the reference configuration is moving to

position {r, 8, z} in the current configuration; s is the axial stretch; y =27z/(2x — w), where

o 1s the artery opening angle in the reference configuration; A and a are the internal artery

radii before and after deformation accordingly.

Reference state Current state
{R,0,Z} {r,0,z}

:

No stress Residual stress Final stress

The opening central angle, @, in a stress-free reference configuration is used to
represent residual stresses, which are one of the most intriguing features of mechanics of
living tissues. While the qualitative nature of residual stresses related to tissue growth is
understood reasonably well, the best way to quantify them remains to be settled.

Accounting for (5.23), the deformation gradient and the nontrivial components of the

Green strain take the following forms
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F-" g G+ g, ®G, +58, ®G,, (5.24)
ysr R

emg ={(RIysr)’> —1}/2
£op ={(yrIR)?* -1}/2 , (5.25)
&,y ={s*-1}/2

where {G,,G,.G,} and {g,.g,.g,} are the orthonormal bases in cylindrical coordinates at

the reference and current configurations accordingly.

Accounting for (5.21), (5.23)-(5.25) and assuming that the stored energy depends on
the nontrivial strain components only we get the following nonzero components of the
Cauchy stress

R* ow
O-rr = _p +—2—
(Sry)” Oceg
(ry)* ow
R? Os,,
, OW
0&,,

Opp =P+ (5.26)

0,=—P+S

Besides, there is only one nontrivial equilibrium equation
aO-rr O —Opg
or r
The traction boundary conditions are

o, (r=a)=-g
o, (1 =b) =0

=0. (5.27)

, (5.28)

where a,b are the inner and outer radii of the artery after the deformation, which were equal
to A, B before the deformation accordingly; and g is the internal pressure.

We integrate equilibrium equation (5.27) over the wall thickness with account of

boundary conditions (5.28) and we get

b(a)

b(a) 2 2
g(a):__[ (O'rr _O'ee)$:_ J' ( R w - (7I’) W jg, (5.29)

(ysr)° Ogmy R? 0Ogyp ) I

a

where b(a) = /a2 + (B — A?)/(7s) .
Equation (5.29) presents the pressure-radius (g-a) relationship, which we examine

below. Before doing that, however, we introduce dimensionless variables as follows
W r a

R LN (5.30)
C (o A A A A
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where c is the shear modulus.
Substituting (5.30) in (5.29) we get

@/ B2 AR =2 AT A
L R° OW r" ow \|dr
9@ =- | |~ W U)W ot (531)
(ST)° Oepg R O¢yp
where
b(@) =@+ ((B/ A’ -1)/(7s) , (5.32)
R% =ys(r*—a%) +1. (5.33)
The dimensionless multiplier p=p/c is obtained from (5.27) and (5.28); by
integration
_.. R(N)?* oW [ R(p)? oW (yp)* oW dp
p(r) = —@M-g@)+ [ (P)—= (p) [, (5.34)
(7ST)? Ogpg J (75p)" Oeq R(p)? 00 p
and normalized stresses take the form
_ " R? oW
= =_p+ — 2
c (STy)” Oerg
_ Oy (fy)? 8W
=200 _ _ 5.35
Ogo P+ R 889@ ( )
G,=—2=-p+s°
€77

We use the Fung model (5.20) to numerically generate the pressure-radius curves and
stresses. Firstly, we set an unprestressed state with @ =0° and the internal and external
reference radii A=0.72mm and B =1.10 mmaccordingly. The pressure-radius and stress
distribution curves are calculated with the help of Mathematica presented in figure below. We

show stresses for dimensionless pressure g =0.5, which corresponds to pressure

g =13.47 KPa for the shear modulus ¢ = 26.95 KPa.

1.5
1.25 g=05
1
0o
0.5 ™ 0w
~ %
0.25 e
0 s O,
1 1.2 1.4 1.6 1.8 2 0 0.05 01 015 02 0.25 0.3 035
a r—a

Mechanics of Soft Materials 54 Volokh 2010



Secondly, we set a prestressed state with @ =160° and the internal and external

reference radii A=1.43mm and B =1.82 mmaccordingly. The pressure-radius and stress
distribution curves are presented in figure below. We again show stresses for dimensionless

pressure g =0.5, which corresponds to pressure g =13.47 KPa for the shear modulus

c=26.95KPa.

St
N -~ —
~ — Ogp
~ .
GZZ s ad
e TE T o
5 [F== On
0.5 0.6 0.7 0.8 0.9 1 1.1 0 0.0 0.056 0.05 0.1 0.125 0.15 0.175
a r-a

5.5 Homework

1. Is C*®:(m,®m,) the independent invariant? Hint: Use the Caley-Hamilton formula
(1.39).

2. Prove (5.4).

3. Prove (5.5).

4. Derive (5.7) from (5.6).

5. Prove (5.15).

6. Derive (5.23); from the condition of constant volume.
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6 Viscoelasticity

Rubberlike materials and soft biological tissues can exhibit a time-delayed response.
For example, stresses can decrease under the constant strains — stress relaxation — or strains
can increase under the constant stresses — creep. Such phenomena are usually related to

viscosity, which is a fluid-like property of solids.

6.1 Rheological model

To describe viscosity we start with a simple one-dimensional model, also called
rheological. Rheological models are prototypes for general three-dimensional constitutitive
theories. For example, the spring model is a prototype for hyperelasticity theories. To account

for viscoelasticity we will use the device shown in the figure below.

E.
O-oo
O O
— —— —
q
E n

This rheological model represents the so-called ‘standard solid’, which includes the
classical elasticity due to the top linear spring with the Young modulus E_ and viscosity due
to the chain of the linear spring with Young modulus E and the linear dashpot with the
viscosity coefficient 7. The dashpot provides the time delay in the mechanical response of

the device.

We assume, for the sake of simplicity, that the device has a unit length and a unit area
and, consequently, strains and stresses are equal to elongations and forces. The resulting

stress is composed of stresses acting on the top and bottom elements of the device

o=E_&¢+q, (6.1)
——

o

where o, = E_¢ is the stress in the top spring; ¢ is the strain of the whole device; and q is

the “viscous’ stress in the bottom element.

The viscous stress can be calculated considering the dashpot with the linear
proportionality between the stress and strain rate in as in the case of Newtonian fluids
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q=na, (6.2)

where « is a dashpot strain.
On the other hand, the viscous stress is also equivalent to the stress in the bottom
spring
q=E(e¢—a). (6.3)
Differentiating (6.3) with respect to time and substituting « from (6.2) we get the

evolution equation for the viscous stress

q+3=5 (6.4)
T
where
n
—_—— 6-5
T (6.5)
is the relaxation time and
E
=— 6.6
sy (6.6)
is a relative spring stiffness and
q(t —» —0) =0. (6.7)

is the initial condition.

Equations (6.1) and (6.4) represent the constitutive description of the model of
‘standard solid’.

Remarkably, the evolution law (6.4) can be integrated by using the integration factor
. q t ) t
(G+-)exp(=) = yo, exp(-) . (6.8)
T T T
Indeed, after simple manipulations on the left hand side of (6.8) we have
d t ) t
d—{q exp(—)}=yo,, exp(-) - (6.9)
t T T

Integrating on both sides of (6.9) with account of the initial condition (6.7) we have

gexp() = [ 76, exp(S)c, (6.10)
o J T
or
A= [0, O ep(- 12 (6.11)

Mechanics of Soft Materials 57 Volokh 2010



Substituting (6.11) in (6.1) we get

t oo,
a«)=£@«—§»§%ﬂ§, (6.12)
Glt—¢) =1+ wxp(-%). (6.13)

The latter is often called the relaxation function.
Let us consider an example of the relaxation test when a step function for strain is

used
A
&
&g
t
0 >
O=HOe=] > =" (6.14)
& = EL = . .
° &, t20

Step function, H, is also called Heaviside function and its derivative is ¢ -(Paul
Dirac?) function
Et)=0(t)e,, (6.15)
6, =0(t)E, &, (6.16)
Substituting (6.16) in (6.12) we have

o(t) = jé({)EwG(t ~{)e,d¢ = E,G(t)e, ={E, + Eexp(-t/ 1)}z, . (6.17)

o

(EO + Eoo)go

E.&

0
The considered “standard solid” model includes only one dashpot and relaxation time.
It is possible and, sometimes, useful to extend the model including a number of relaxation

times.

! Google it!
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E, b
LA
(@2 ; O
— e E2 & e e—
MWW |
\‘_’_\_/*/\
In this case, constitutive equations take the following form accordingly
J:aw+2qi : (6.18)
0
g +—=70,, (6.19)
where
E. n.
=— =1 6.20
nEE T 3 (6.20)
q;(t > —0) =0. (6.21)
The relaxation function (6.13) takes form
t —
Gt-¢)=1+ Zyi exp(—r—g), (6.22)

6.2 Constitutive equations

The rheological model developed in the previous paragraph can serve as a prototype
for the constitutive equations of solids. Particularly, we can define the following constitutive
equations in 3D by analogy with (6.18), (6.19), and (6.21)

S=S,_ +ZQi, (6.23)

Q, QL S, (6.24)
7

Q(t—»>-2)=0. (6.25)

where S is the second Piola-Kirchhoff stress tensor; Q, is the i" internal stress-like variable.

Evolution equation (6.24) can be integrated analytically as in the previous section and

we get the convolution integral
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S0 = [6-) T zac. (6.26)

G(t-¢) =1+ Yexp(- =), (6.27)
i T
where the elastic stress is derived from the strain energy, W ,
S, = 2M : (6.28)
oC

Unfortunately, the direct use of the described model is not practical because most
materials exhibit different responses concerning the volume and shape changes. To make the

difference Flory (1961) proposed the volumetric-deviatoric split of the deformation gradient

F=J"F, (6.29)
where
F=J"F (6.30)
is the isochoric or distortional part of deformation that preserves volume
detF =1. (6.31)

Accordingly, tensor J*1 presents the dilatational, i.e. volume-changing, part of the
deformation.
Barring the distortional quantities we have for the Cauchy-Green tensor
C=F'F=J°FF=J]""C. (6.32)
Now the strain energy can be considered as a function of the dilatational and
distortional deformations and the constitutive equation (6.28) takes form

_,W(Q,6) _, w3 oW oC
” oC 8] oC _oC oC

vol iso
Se S

S (6.33)

The first and the second terms on the right-hand side of (6.33) designate the

volumetric and isochoric parts of the stress. We calculate them as follows.

0] _odety/C 1

X -=Jct, (6.34)
oC oC 2
-2/3
6J — _1 J —2/3C71 , (635)
oC 3
Yol -2/3
Z_(C:=—5(Jac © =—%J‘2’3C®C‘1+J‘2’31*, (6.36)

where 1* is the fourth-order unity tensor with components
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oc;
< - 5y im- (6.37)

km

(1*)ijkm =

Thus, the volumetric and isochoric responses can be presented using (6.33), (6.34),
and (6.36) as follows
oW

S = 3 —Jct, (6.38)
S% =73 (1*- éc ®C): 2% J#*Dev (2 ) (6.39)

Dev
where we introduced the Lagrangean deviator operator ‘Dev’.
By using the Flory split, we can finally reformulate the constitutive equations of

voscoelasticity in the following differential form

S=S+S¥+> Q;, (6.40)
Q +Qi_gw (6.41)

4
Q,(t > —0)=0. (6.42)

Integrating (6.41)-(6.42), we get
B é/ SISO
j exp( —ri iy o <. (6.43)

It is clear now that only distortional deformations are rate-sensitive.

6.3 Numerical integration of constitutive equations

Constitutive equations (6.40), (6.43) are of integral type and it is important to develop
a numerical procedure for calculating stresses for the given strain — the stress update
procedure. As the first step in the direction of the integration algorithm, we assume that
deformation starts only at time t =0 and all stress variables are zero prior to this time. The

latter assumption allows us to rewrite (6.43) in the form

t iso
t— 8S
Q, = [exp(-1=5) By (6.44)
0 7 og
Let us now partition the time interval of interest into small increments
A=t -t (6.45)

where subscripts designate the point on the time scale.
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We assume that the deformation state of the body is fully determined at time t,

PP M (6.46)
Ox 19,
J, =detF,, C,=F!F, C, =J7%"C,, (6.47)

where y, =y(x,t,).
We also assume that all stresses are known at time t_: S ;8* - Q,

Solution of the balance equations at time t.,, =t, + 4t allows us to find kinematical

quantities
Fn+1 — ayn+1 — 1 + auml , (648)
Ox Ox

‘J - det Fn+1’ C = Fr-1r+1Fn+17 C = ‘]n_fllgcml’ (649)

and, subsequently, stresses

oW
s =——1JC", 6.50
on+l T 8J " n+l ( )
oW

Sk =J12Dev . (2—). 6.51
oo N+1 n+l n+l( 8C ) ( )

n+1

It remains to update the internal variables (6.44) only.

Various computational schemes can be used for updating Q We proceed by

intl®

writing (6.44) in the form

3 3 é/ SISO n+1 3 é/ aslso
jexp( PR {exp( R (6.52)

The first term on the right-hand side of (6.52) is calculated as follows

Pt +A-¢ as'5° ~ N A
{exp( e ke Jex ) o0 = Qe Ti)-(6-53)

Q|n

To integrate the second term on the right-hand side of (6.52) we make the following

approximation for the exponent

th+at t,+4t/2
= s

exp(—%) ~ exp(—ZA—Tt) , (6.54)

and, consequently,
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o n+l

[/ exp(- o g)s—mdg exp( )%= 55). (6.55)

tn

Substituting (6.53) and (6.55) in (6.52) we have finally

QI n+l = Q| n exp(__) + (Slozoml - SISO )exp(__) : (656)

6.4 Homework

1. Prove (6.34).
2. Prove (6.35).
3. Prove (6.36).
4. Derive (6.39) from (6.33)-(6.36).
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7 Chemo-mechanical coupling

Previously, we attributed displacements, stresses, strains to a material point or an
infinitesimal material volume. In many cases of practical interest additional parameters
reflecting the presence of the specific material/chemical constituents are required. For
example, gels composed of a network of cross-linked molecules swell when a solvent
migrates through it. The concentration of the solvent is changing and the gel deforms
(remember diapers!). When dried the gel shrinks analogously to the consolidation process in
soils where the applied load enforces water to leave the solid skeleton. Soft biological tissues
like cartilage exhibit sound alterations of the fluid phase during walking. Hard materials like
metals and ceramics can undergo the internal atomic migrations. For example, some hard
materials can absorb and store large amounts of hydrogen. In many cases, not only the
concentration of the constituents change but the process of their diffusion is important. We
will always assume that the diffusion process is slow enough to ignore the inertia effects.

7.1 Governing equations

Governing equations accounting for the chemo-mechanical coupling should include
the equations of balance and boundary conditions for the chemical/material constituents of
interest and, besides, the constitutive law. We consider only one additional chemical/material
component of interest for the sake of simplicity. Generalization for the case of a few
components is trivial. The results of Sections 3.5 and 3.6 on Eulerian and Lagrangean forms

of the master balance equations are crucial.

The integral form of the Eulerian balance law is

a4 cdV =|<&dV +99-ndA, (7.1)
qleav=eav+4

where c is the true concentration, i.e. the number of molecules (or moles) of the constituent

per unit current volume; & is its volumetric supply; and ¢ is its flux through the current

body surface with the unit outward normal n.
Localizing this equation by getting rid of the integrals, we formulate the field balance

equation

%+div(Cv) =dive+¢&, (7.2)
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where div(...)=0(...)/ dy;e; is calculated with respect to spatial coordinates, and boundary
conditions

¢-n=¢, or f(c)=0, (7.3)
where the barred quantity is prescribed and f is a boundary constraint imposed on the
concentration.

The initial condition takes form

c(t=0)=c. (7.4)
Since the deformed boundary is generally not known in advance, it can be
advantageous to use the Lagrangean or referential description where the equations (7.1)-(7.4)

take the following forms accordingly

d
EJ‘CO dV, = J‘éo dv, +§(Po'nodAo , (7.5)
oc, .
a_t0= Dive, +&,, (7.6)
9Qo-ny=¢,, or fi(c)=0, (7.7)
C,(t=0)=¢,. (7.8)

where Div(...) = 9(...)/ oxe; is calculated with respect to referential coordinates.

The Eulerian and Lagrangean quantities are related as follows (see Part 3 Balance

Laws)
dV = dV,detE = JdV,, (7.9)
3
ndA = JF "n dA,, (7.10)
c=J"c,, (7.11)
E=171¢, (7.12)
¢=J"Fo, . (7.13)

In addition to the balance laws, we have to formulate the constitutive equations that

can generally be written in the following form

¢, =0,(C,c,,0c,/0x), (7.14)
& =¢&,(C,c,,0c,/0x), (7.15)

where C=F'F is the right Cauchy-Green deformation tensor.
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It is important to emphasize that the flux should depend on the gradient of the
concentration, oc,/ox, to provide the second order of the balance equations. It should also

be noticed that constitutive relations (7.14)-(7.15) were formulated for the Lagrangean
quantities while it could alternatively be done for the Eulerian quantities.

7.2 Diffusion through polymer membrane

Based on the described theoretical framework we examine the problem of diffusion of
a liquid through the polymer membrane that was considered in experiments of Paul and Ebra-
Lima (J. Appl. Polymer Sci. 14 (1970) 2201-2224).

txvs
o ° o .pz. o o
e o o o o o o Liquid
I Polymer X, Y,

e © o o o o o \Porousplate

A thin polymer layer is placed on a permeable porous plate and the liquid diffuses

through the membrane under pressure p, > p,. We assume that the body force and source are
zero: b, =0 and &, =0; and the process is steady state: ¢, =0. Under these assumptions the

balance equations reduce to

Dive, =0, (7.16)
DivT =0. (7.17)
The constitutive equations can be defined as follows, for example,
7= 2r W (EC) (7.18)
oC

ou
¢,=M(c,,C)—, (7.19)

ox
y=WECG) (7.20)

aoc,
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where M is the mobility tensor; and « is the chemical potential.

Motivated by many practical situations it is reasonable to assume that the ground
material (polymer) in the reference state is incompressible and the volume of the material is
altering only due to the supply of new species (molecules of the liquid). This assumption can
be formalized by using the following constraint

7(cy, F)=1+vc,-J =0, (7.21)
where v is the volume of one molecule of the liquid.

The increment of this constraint takes form

oy . Oy

7:aTco+a—F:F:vco—JF’T:F:O. (7.22)
0

Multipliers v and —JF™" in (7.22) represent the workless chemical potential and
stress accordingly, which can be scaled by arbitrary factor 77 . With account of (7.22) we
modify (7.18) and (7.20) as follows

1=k 3R ST amE, (7.23)
oc
T
u=M . (7.24)
oc,

Since the thickness of the membrane is small as compared to the characteristic lengths
of the device, we can consider the field variations in the lateral directions only. Specifically,
we set the deformation and concentration gradients in the following forms accordingly

F=e¢ ®e +e,Qe, +1(X;)e;, e, (7.25)
Py = Ppzes. (7.26)
Substituting (7.25)-(7.26) in (7.23) and (7.19), we get the following non-trivial

stresses and fluxes

T,=T,=T,-All, (7.27)

Ty = ~33 17, (7.28)
ou

=M,, . 7.29

Doz 33 ox, ( )

We notice that the traction/placement boundary conditions take the following forms

on the upper and lower surfaces of the membrane accordingly

T33(L):—p2, (7-30)
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y5(0)=0. (7.31)
Since the stress tensor is divergence-free and T,, =constant, we can obtain the

unknown multiplier 77 from boundary condition (7.30)

IT=Ty,+p,. (7.32)

Substituting (7.32) in (7.24) we get for the chemical potential

oW ~
yngrvT?,3 +Vp, . (7.33)

0
We also notice that due to the molecular incompressibility condition the concentration

is related to the stretch as follows
Ve, = A-1. (7.34)
Substituting (7.33)-(7.34) and (7.29) in (7.16) we get a second order ordinary
differential equation of the chemical balance in term of stretches. To solve it we need to

impose two boundary conditions
f(4)=u(4)-pv=0, (7.35)
f(4,)=wu(1,)-p,v=0, (7.36)
where 4, =A(0) and 4, = A(L).
We define the mobility tensor and the Helmholtz free energy function as follows

M= (acv)’™ %C‘l : (7.37)

W= L NKT (2 522 + 2 —3- 200gLaa, A1)~ X (ve, logL+ ——]+—Z ), (7.38)
2 v ve,”  1+ve,

Elastic energy Energy of mixing

where o and £ are dimensionless material constants; D is the diffusion coefficient for the

solvent molecules; k is the Boltzmann constant; T is the absolute temperature; N is the

number of polymer chains in the gel divided by the reference volume; y is a dimensionless
parameter; and A are the principal stretches.

Substituting (7.37) in (7.26) and accounting for (7.25) we get

4,¢,D ., 0
93 = (acv) ™ =2 267”. (7.39)
3

Differentiating (7.38) with respect to stretches and concentration and accounting for
(7.34) we find

T =NKT(A-21), (7.40)
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-1 1
—=kT(log=——+=+%). 7.41
(log—=+~ (7.41)

Substituting (7.40)-(7.41) in (7.33) we have finally
ﬂ:kT(log%+%+%)+vaT(z—,1-1)+vp2. (7.42)

Substituting (7.42) in (7.29) and (7.16), we have the second-order ordinary
differential equation, which is completed by boundary conditions (7.35)-(7.36).

Based on the numerical solution of the boundary-value problem it is possible to
calculate the increase of the flux through the membrane with the increase of the pressure —
see the figure below for the toluene-rubber data shown in the table. Remarkably, the flux
increase is not proportional to the pressure increase. The latter is a well-established

experimental fact.

k 1.38-10% Nm/K
T 303K
p, 10° N/m?
v 17.7-10% m®
D 2.36-10"° m?/s
N 6.36-10*1/m?®
L 2.65-10" m
X 0.425
a 5.7
B 3
10
*i
8
Vo Theory
6
cm?
[cmzday]
4 Experiment
2
0
0 100 200 30 400
P, — P, [psi]
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7.3 Homework

1. Derive (7.40) and (7.41) from (7.38) and (7.34).
2. Read Hong et al (J. Mech. Phys. Solids 56 (2008) 1779-1793).
3. Write a half-page explanation of the physical meaning of the chemical potential based on a

literature review and Google search.
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8 Electro-mechanical coupling

Soft polymer materials are dielectric, i.e. they do not conduct the electric current.
However, electroactive polymers can deform in response to electric fields. This property is
increasingly used in actuators or artificial muscles that have a great potential of practical

applications. We will consider the basic electro-elasticity of soft materials at large strains.

8.1 Electrostatics

Electron presents the smallest negative charge of e=1.6-10"° C (Coulomb). All
other charges, both positive and negative, are multipliers of the electron charge. The
charges can be free leading to the electric current or bound as in the case of electroactive
dielectrics. Since the number of charges in the material volumes that we consider is large, we
will always mean the continuum average in the subsequent considerations.

Charges create electric fields that produce forces on other charges. For example, the
force on charge Q is®

f=QE, (8.1)

where E is the electric field.
According to the experimentally validated Coulomb’s law the force between charges
Q and Q' placed at points y and y' accordingly is inversely proportional to the squared

distance between the charges

Q' y_y’3 , (82)

" ly—y'
Py

E(y)
where &, =8.854-10""* F/m (Farad/meter) is called the permittivity of space.
Based on (8.2) we can write the electric field by superposing many charges smeared
over the space with the charge density q

1

E(v) =
) 4re,

Jaw) |;__;|3 dv'. (8.3)

Based on (8.3) we can obtain (without proof) the Gauss law for a space volume, V ,

enclosed with a surface, A, with the outward unit normal n

&E-ndA=|qdV . (8.4)
J J

Z See also Jackson JD (1999) Classical Electrodynamics. John Wiley & Sons.
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The Gauss law was derived for vacuum in the absence of matter. In the presence of
matter, the bound charges can be slightly displaced with respect to each other when the
electric potential is applied. Such relative displacement is called polarization. To characterize
the phenomenon it is possible to introduce the polarization vector, P. For example, if we

have N atoms per unit volume with positive charge g, (nucleus) and negative charge —qd,
(electrons) then P = Ng,d where d is a relative average displacement of the negative charges

with respect to positive charges. The polarization vector changes the charge on the right hand
side of (8.4)

&E-ndA=|qdV —¢P-ndA. (8.5)
} Jadv -§

It is convenient to introduce the electric displacement vector
D=¢gE+P (8.6)
and rewrite (8.5) in the form
§D-ndA=jqdv. (8.7)
This equation is valid for any volume and, consequently, we can localize it
divD=q. (8.8)
Formulas (8.7) and (8.8) represent the integral and differential forms of the first

equation of electrostatics.

To derive the second equation of electrostatics we notice that

y-y 0 1
=——(—). (8.9)
y-y]" oy |y-V]

Substituting (8.9) in (8.3) we obtain

aco(y)
E(y) = 8.10
(y)= : (8.10)
where
o(y) =— q(Y) Y gy, (8.11)
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is called the electric potential or voltage.
To clarify the physical meaning of the electric potential we consider the work that

should be done against the electric field in order to move charge Q from point y, to point y,
Y2 Y2 a(p
W =-[QE-dy= | Q7 O =Q0(y2)~Qoly.). (8.12)
Y1 Y1

Thus, the work is equal to the difference in the electrical potentials at points y, and
y, times charge Q.
Since the integral in (8.12) does not depend on the integration path we have for any
closed curve |
§§E-dy=o. (8.13)

By building any surface A on the curve | and using the Stokes formula we can

rewrite (8.13) in the form

N

§E.dy=j(cur|E).ndA=o. (8.14)
Since the surface can be chosen arbitrarily, we can localize the integral equation as
follows
curlE=0. (8.15)
We notice that the electric field derived from the electric potential always obeys
(8.16): see (1.96).
Formulas (8.14) and (8.15) represent the integral and differential forms of the second
equation of electrostatics.
With the help of (8.7) and (8.13) we can derive the boundary conditions on a surface

separating two materials with different electric fields and displacements.

Mechanics of Soft Materials 73 Volokh 2010



Boundary
surface

Firstly, we consider a small cylinder with the base area 4A and height h — 0. In this

case, the left- and right- hand sides of (8.7) take the following forms accordingly

§D-ndA=D, -naA+D, - (-n)4A=(D, - D,)-nA, (8.16)

j qdV =q,4A, (8.17)
where q, is a charge on the boundary surface.
Substituting (8.16) and (8.17) in (8.7) we can write the following boundary condition
(D,-D,)-n=q,. (8.18)
Secondly, we consider a closed path, |, whose long arm directions are defined by the
cross product of the surface tangent, s, and normal, n, vectors. In this case, (8.13) takes the
following form
ith-dy:El-(nxs)Al—Ez-(nxs)AI. (6.19)
=Als-(E;xn—E,xn)=0
Since (8.19) is correct for any tangent s we obtain the second boundary condition
(E,—E,)xn=0. (8.20)
Finally, we notice that the polarization vector should be defined as a function of the
electric field or, in other words, the constitutive equation should be written in the form
P=P(E). (8.21)
The simplest form of the constitutive equation in the case of isotropic media is the
proportionality between the polarization and the electric field
P=ysE, (8.22)
where y is called the electric susceptibility of the medium.
Substituting (8.22) in (8.6) we get
D=¢,(1+ y)E=¢E, (8.23)
—_—

&
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where ¢ is called the electric permittivity and the ratio /¢, =1+ y is called the dielectric

constant.

8.2 Angular momentum balance

Equations of the angular momentum balance (3.28) should be modified to include the

body couple due to the electric field, K,
%jprxvdv=j(rxbp+K)dV+§rxtdA. (8.24)

Localizing this equation as it was done in Section 3.4 we obtain
&0y + K =0. (8.25)
This equation means that the Cauchy stress is not symmetric anymore in the presence of the
electric field: ¢ # 6" !
Though there are a number of theories defining the constitutive equation for the
electric body force and body couple (Pao YH (1978) Electromagnetic Forces in Deformable
Continua. In: Mechanics Today, vol.4, ed. S. Nemat-Nasser. Pergamon Press.), all of them

reduce to the same form in the case of electrostatics and zero distributed body charge, q=0,
pb =(gradE)P, (8.26)
K =PxE. (8.27)
Following Maxwell’s idea for magnetism, some authors represent the electric body
force as a divergence of the “Maxwell stress” tensor, ¢" ,
pb = (gradE)P =dive" . (8.28)

Such representation is not unique and it can take the following popular form, for example,

6" =E®(g,E+P)-2(E-E)1. (8.29)
2

Combining the elastic and Maxwell stresses it is possible to introduce the total stress

6=6+¢", (8.30)
which obeys the equilibrium equation (3.25) without body forces
dive =0. (8.31)

Substituting from (8.27), (8.29), and (8.30) in the equation (8.25) of the angular
momentum balance we get
&0y =0, (8.32)
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i.e. the total stress is symmetric, contrary to the Cauchy stress
G=0. (8.33)
We notice, however, that the body couple is zero in the case of the constitutive

equation (8.22)
K=y, ExE=0. (8.34)
Er_/

P

8.3 Example of a dielectric actuator

Reference state Current state
Ay
/ —Q,= _Q/ A
LO L |_ [

/ +0,=+Q/A

Dielectric elastomer Compliant electrodes

We will assume that the polarization of dielectric does not depend on its deformation

and, consequently, (8.22) is valid: P= yg,E. In this case, boundary-value problem of

electrostatics is composed of the following field equations

divE=0, (8.35)
curlE=0, (8.36)
and boundary conditions
(¢,E,—€E;)-n=q,, (8.37)
(E,-E,)xn=0, (8.38)

where E, and E, are electric fields inside and outside the plate.
Momentum balance equations are
dive=0, =0, (8.39)
and the corresponding traction boundary conditions are
(6,—6,)n=0, (8.40)
where 6, and o, are stress fields inside and outside the plate.

The constitutive law for the total stress of isotropic incompressible hyperelastic
material takes the following form accounting for (8.23) and (8.29)
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Ez—p1+2(W1+|1W2)B—2W232+5E®E—€—;(E'E)1' (8'41)

where p is the Lagrange multiplier; W, =0W /0l with |, the principal invariants of

B=FF'.

We assume the homogeneous solution of the boundary-value problem in the form

F=1""(e,®e, +e,®e,)+ le,Qe,, (8.42)
E, =Ee;, E,=0, (8.43)
where the lateral stretch is
L
A=—. 8.44
- (8.44)

0
We notice that the material is incompressible, detF =1, and, consequently, with
account of (8.44) we have
AL=AL, A=A/A. (8.45)
The homogeneous solution obeys field equations (8.35), (8.36), (8.39) automatically
and substituting (8.43) and (8.45) in boundary conditions (8.37), (8.38) we get

_9._Q _Q1 (8.46)
e A EA
Substituting (8.42) and (8.43) in (8.41) we have
2
Gy =Gy =—p+2(W, + L W,) A — 2W, 17 —i[%J , (8.47)
2 | A
2 2
Gy =—P+2(W, + 1)W,) 2% — 2W, 2% + &g, [@J —i(%J . (8.48)
A, 2\ A

Assuming the stress-free deformation, &,, =3,, =6, =0, that obeys (8.40) and

subtracting (8.48) from (8.47) we get

2
2W, + LW,) (A7 = A2) — 2W, (172 - %) —i%f -0. (8.49)
&
This equation allows us to calculate the lateral stretch A for the given charge Q.
Consider, for example, the Neo-Hookean material
W =C,(l,-3), W,=C,. (8.50)

Substituting (8.50) in (8.49) we get
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(A=) =&Q—z =Q*2, (8.51)

2C.e A’
%/_J

Q*
where Q* is a dimensionless charge.
The relationship (8.51) is presented graphically below and it shows that the dielectric

is thinning with the growing charge as expected.

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
A=LIL,
8.4 Homework

1. Prove (8.9).
2. Check whether (8.29) obeys (8.28).
3. Derive (8.32).
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Lagrangian Equilibrium Equations in Cylindrical and Spherical Coordinates

K.Y. Volokh!

Abstract: Lagrangian or referential equilibrium equa-
tions for materials undergoing large deformations are of
interest in the developing fields of mechanics of soft bio-
materials and nanomechanics. The main feature of these
equations is the necessity to deal with the First Piola-
Kirchhoff, or nominal, stress tensor which is a two-point
tensor referring simultaneously to the reference and cur-
rent configurations. This two-point nature of the First
Piola-Kirchhoff tensor is not always appreciated by the
researchers and the fotal covariant derivative necessary
for the formulation of the equilibrium equations in curvi-
linear coordinates is sometimes inaccurately confused
with the regular covariant derivative. Surprisingly, the
traditional continuum mechanics literature does not dis-
cuss this issue properly, except for some brief notions on
the two-point nature of the Piola-Kirchhoff tensor. We
aim at partially filling this gap by giving a full yet sim-
ple derivation of the Lagrangian equilibrium equations in
cylindrical and spherical coordinates.

1 Introduction

Lagrangian scalar equilibrium equations in cylindrical
and spherical coordinates for materials undergoing large
deformations are rarely discussed in the literature. The
most influential monographs on nonlinear elasticity and
continuum mechanics, including Antman (1995); Chad-
wick (1976); Ciarlet (1988); Eringen (1962); Green and
Adkins (1970); Green and Zerna (1968); Gurtin (1981);
Haupt (2000); Jaunzemis (1967); Liu (2002); Lur’e
(1990); Malvern (1969); Marsden and Hughes (1983);
Ogden (1984); Truesdell and Toupin (1961); Truesdell
and Noll (1965); Wang and Truesdell (1973); Wilman-
ski (1998), do not address this issue. However, the La-
grangian equilibrium equations in cylindrical and spher-
ical coordinates can be very useful in solving nonlinear
problems analytically or semi-analytically. Sometimes,

'On leave of absence from the Technion;  E-mail:
kvolokh@jhu.edu; cvolokh@technion.ac.il; Department of
Mechanical Engineering, Johns Hopkins University, Baltimore,
MD

it is possible to assume incompressibility of the material
what allows for using a simpler Eulerian description for
obtaining some elementary analytical solutions. This is
not the general case, however, where we need the La-
grangian equilibrium equations of the form

DivP =0 (1)
in cylindrical and spherical coordinates. These equations
can be derived from the fotal covariant derivative of the
1* Piola-Kirchhoff stress tensor P. Though this way may
be elegant we prefer a more straightforward “pedestrian”
way, which, however, does not require any knowledge of
the general tensor calculus from the reader.

2 Cylindrical coordinates

We introduce orthonormal basis in cylindrical coordi-
nates (Malvern, 1969) for the reference configuration

Kz = (cos®,sin0,0)7;
Ko = (—sin@,cos®70)T;

Kz =(0,0,1)7. )
By direct calculation we have
dKg JKe
70 0 35 R 3)

All other derivatives of the base vectors are equal to zero.

Analogously, we have for the current configuration:

K, = (cos®,sin,0)7;
kg = (—sin®,co0s6,0)7;

k, = (0,0,1)7, “4)
ok . Oky
5 — ke =g =k (5)

Now, we write the divergence operator in the form
(Malvern, 1969)

P oP oP
DivP = a—KR + -——-—K@ + —Kz.

R meket ®)
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The plan is to compute the right-hand side of this equa-

tion term by term.

We start with the first term on the right hand side of Eq.
(6)

P
oR K

-

k2 Ky + Pk, ® aKR) Kz

%)

+ (22K, @ Ko + Pro % @ Ko + Piok, @ Ko
+ af['{k ®K2+Prz R R Kz + PzKk, ®aKZ>KR

O

+

WP g @ Kp + Por % © Kg + Porko © 252 >KR

()5)971(9 @Kz + Pyz Blg @ Kz + PozKkg ® R ) Kz

+
"t @ Kg + P 5 @ Kg + Pk ®9KR)KR

2k, @ Ko + P.o 35 @ Ko + Pok: ®9K@)KR

+
+
+

+<0P"”ke®K®+Peea @Ko + Pooks @ 552 )KR

Yk 9Ky + Py 9 0Ky + Pk, 0 %2 ) K,
%

where k,, @ Ky =k, K%.

With account of orthonormality of the base vectors we
have

LR
OR KT 9R TR OR
8P9R ake E)P:R 8k;
TR Kt e T gp Kt Py ®
Differentiating the Eulerian basis, we get
o _ O Or O30 o 0 90,
OR _ 0roR 90 JR ' 9z OoR OR
Ohy _ ko O Okg00 ko 0z _ 30
OR  ordoR 00 0JdR 9z 0R  OR "
ok. B BL or ak- d9 8k7 0z 0 ©)
R oroR @R T zar
Now, substituting Eq. (9) in Eq. (8) we have
) oPr 00
ﬁKR = (W — Por B_R) k,
00  JPgp 0P
+<P,Ra + = R >k9 8_Rk" (10)
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Analogously to Eqgs. (7)-(10) we calculate the last two
terms on the right-hand side of Eq. (6)

P

RO® °

_%(

rR a@ ®KR +Prer® aa%) K@

rekr®K®+Pr® ®K®+Pr@kr® K@
B@ 8@

=

=

o=

Bk @ Kg + Por 32 © Kg +PeRke®aKR) Ko

QJ

8®®k9®K® —%—Pe@%‘i R Kg +P9@ke® =6 )K@

(5
(%
(5
(
(ap
(
(%
(%

==

ko ® Kz + Poz 39 @ Kz + Pozke @ 5L ) Ke

Oy
Pk, @ Kp+ P s © Kg + Ppk, © 5t )Ke

=)=

|

2k, ® Ko +P’®8® W Kg + Pok.® 8K9> Ko

+ o+ 4+ o+ o+ o+ o+
=)=

=

Bk, 9Kz + P % @Ky +Prk, @ aKZ) Ko,
an

Pk, + Gk, +Poty

oP
%K@ R +Pyrkg + 2 o ke +Pe®2¥ (12)
dP.
+Prk; + Gk-+PZ@a®
ok, Ok or Ok D0 Ok, 3z 00,
30 o0 W00 0700 00V
oko _ Jko or  oko 90  Jkg dz 06
00  0r 0@ 09000 09z dO0 90
%_akzg+akza_e+akza_z_0 13
00 0rod0 0000 a7 00
oP _ (Pr 0Pg Poo 09
k3960 = (7*%‘7%)
+< Ro© R +Ra®>k9+< +%>k

(14)
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oP
7K we have
oz ¢
» oP, 08 P oP.
:(a IQKR+RRT®KR+RRk®aZ)KZ DlVP:(ahRR;PSRa_Rgﬁ_?@_Fﬁ
_+_(8 kr®K®+Pr®aZ ®K®+Pr®kr® BZ)KZ _PG_Ga_e aPrZ_P a0 k
R oo oz Yoz )%
+< 2k, @Ky + P, ’ZGZ @Kz+1),zkr® )KZ 0 P Po 30 Pop
ar, +(Pm—+— e
+( kGQ?KR‘f—PeRT ®KR+P6Rke®T)KZ dR JdR R d6 R
a aPe@ aPeZ d0 .
+ (ko 2 Ko + Poo 2 & Ko + Paoky @ 2o VK, troe toap TReg, Ko+
9Py oP. Pr OP. oP-
+( ke®Kz+Pez;)—®Kz+szke® 5 )Kz ok 9% e | ofz ) 19
g R TR Tre 'tz 19
+ <a k foR+P~RaZ XKR—*-P k.= aK"’)I(Z
9K 3 Spherical coordinates
—f-( k. MK@—i-lzﬁe))zQZK@%—P@]L@ O)Kz
We introduce orthonormal basis in spherical coordinates
+ ( k. @Kz +P"Z az 2Kz +Pzk, R ) Kz, (Malvern, 1969) for the reference configuration
(15) ;
Ki = (sin@cosd),siné)sind),cos@)
Ko = (cos©cos @, cosOsind, — sin@®)”
Ko = (—sin®,cos®,0). (20)
g_lz) 7= ‘aaf)_ézkr+PrZ% 4 a;%ke +Pezaaﬁ By direct calculation we have the following nonzero
8P ok. Z derivatives of the base vectors
J -
P
Tz Kt Py (16) Ke 0 Ko Ky o
90 T 9o T TR 5 *
JK dK
T(? =cosOKgy: Tq;b = —sinOKg — cos OKg.

20
ok, ok, dr 0k, 90 Ok, 9z 08

0z " oraz 'tz acaz T aZ™
ake ake or n ake 00 + ake aZ N aek
0Z ~ 9r oz W oZ ' vz oz gz k, = (sinBcos¢,sinBsin¢. cosO)”
dk; ok dr ok.90 Ok, Iz

Analogously, we have for the current configuration:

. . T
i — 44— =% (17) ko= (cosBcosd.cosBsind, —sin6)
0Z or 0Z 86 0z aZ 0z k(b — (—Sin(D,COS(b,O)T, (22)
Kk, _ Ky Ko _ k. K sin Oky;
00 a0 d0
aPK . 0P P 09 k ok ok
0z 2\ 597 ~ 8257 | 70 cos BKy; idaa —sinBk, — cosBkg. (23)
oP, 00 oP. % %
(74 7
+<¥+P,zﬁ> kot T2k, (18)

We will use the following abbreviation for the sake of
simplicity

Finally, substituting Egs. (10), (14), and (18) in Eq. (6) S=sin®; C=co0s®; s=sin 0; ¢ =cos0. (24)
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Now, we write the divergence operator in the form Now, substitu

(Malvern, 1969)

oP
RO Ko

oP oP
DivP = —Kp+ —— m

Ko.
oR ®

The plan is again to compute the right-hand side of this

equation term by term.
We start with

oP

R
= (%K, 0 Kg + P Kr + Prek, ® %2 ) K
= 3R ®R+rRaR® R+ Prrk, & R

(a °k, © Ko + P %t % ©Keo +Pok, ® 2 ALY
(%i‘kk 9Kg + P2 * Ko + Pok, ®

)
) Ke
)

(aﬁﬁke®K®+Pee ® Ko + Pooke © 2o )KR

(Q%ﬁke®KR+PeR ] @KR+P9Rk9®T Kg

3

%”—k %Ko + Poo ),s Ko + Pooko © % ) Ky
Tiko © K + Por 5 @ Kg + Pyeky & e £ ) Ky

a “ky Ko +P¢® aR 2 2 Ke +P¢®k¢®aKe>KR
%PTk K¢+P¢¢T®K¢+P¢q>k¢®—r)KR

(26)

With account of orthonormality of the base vectors we
have

oP 0Pg ok, OPyg
aR\R = R Kt Prgp + ks
ke 0Py 3k,
FPorap + 0 ko + P = - (27)
Differentiating the Eulerian basis, we get
ok, _ ok, ar 3k, 36 Wy do 00, B0
OR ~ dr dR " 96 OR " 20 oR 9RO U3k
Oko _ JkoOr ko 00 kg d0 00 0
OR ~ 9r 9R 98 0R T 9p aR ~ 3R TC3gke:
8k¢ 8k¢ or %a_e 8k¢ 8¢ ad) 8¢k
OR ~ 9r oR " 08 9R 00 9R _ SoR™ ~3pke:
(28)

(25)
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ting Eq. (28) in Eq. (27) we have

oP oP.r
or Kk = ( OR

*( 3R

JP,
+<ﬂ+ P

00
oR

o
9P¢R az) k
d
LP¢R 82) kg

90
ke

Analogously to Eqgs. (26)-(29) we calculate the last two
terms on the right-hand side of Eq. (25)

— Pop——
00
oR

9%
KR

+PrR

IR +cPor (29)

JoP
RJO
:%(ap’kk ®KR+P,R ®KR+PrRk ®—a—-)K@

Ko

+% <8Pr0kr®K@+PrOa@ ®K® +Pr®kr® 90 )

(%K 0 Ko + P02 @Ko +Pok, %Ko ) Ko
& (ko © Ke + Pog %2 K + Pagk %) Ko
+ & (%Ko © Ko + oo @ Ko + Pooko @ Ko %) Ko
+%(%P—ke®K¢+Peq>3—®Kq>+Pe<1>ke®T)Ke
+§(a’lk¢®KR+P¢R39@KR+P¢Rk¢® )K@
ad
—*—%(%kq,@K@—*—PQ@alg@K@‘i—P(b@kq)@ T) Ko
+%(aai’k¢®Kd>+P¢¢ 0 ®K¢+P¢®%®%%)Ke
oP 1 rer+ kr+PrG) 30 + Porke
—==Ko=—| +2 a@ 6 Ko +Pe@ 56 T+ Forke ;
ROG® R i 5
+ =5 k¢+P¢@a®
(31)
ok, _ Ok, Ir Ok 30 3k, d0 36 L0
d0  0rd0 3000 99 90 90 0 TS5g
ko _ Ok Or ko 90 ko 30 _ aek 90
00 ~ Ir 90 800 9p 90 go~ T gke
%_aﬁi ok, 06 ok 09 S‘E)d)k -@k
IO 9r 90 9800 ' a0 90 ‘0% Cpke

(32)
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P (Pp Pe Pwdd P db P
R3O O = ( R "R R0 ‘Ra0)% RS9® -2
Por  OPso  Pro 08  Pyo 99 = Q@+CP,@ 90 P 98 sPo 00 Kk
W R e T ke koK R " RS "RSO® RS 0D RS 0d
Por  OPe  Pedd P 99 (@ Cho , oo | Pro 00 choo J0
+<7+Ra® e ke ) B3 T\ R T RS Tksao " RSI® RS 00
+ @ + CPq)@) 8P¢¢ SPrcp i()_ CPecp @l Kk
R RS "RSOD ' RS o® RS 0®) "
(37)
o°
RSOD

R%(%P'ﬁk ®KR+PrRaq> 2 Kg + Pk, @2 aq, Ko  we have

Finally, substituting Egs. (29), (33), and (37) in Eq. (25)

oP s
RSO® ° RS
ok, _ ok or
3 orad
a_kg okg or
ob  or od
20
8(Dk +c
oko _ ko Or
ob  Ir 0D
99
_SaT‘)k

SP,Rk +CP,@k + Lok,

+Prq> S T SPeRke + CP9@k9
QEB—ke + Peq) ﬁ + SP¢Rk¢

+CPyoky + qu) + P¢¢ %

%20 Ok 300,
96 0D ' 39 0D 00
ke 98 ko 00

96 0D | 09 0D

90

35 ¢

ko 08 dky I

00 00 ' 9 oD

8(1) —Kp,

‘9

+RLS({—k ©Ko + Pro% @ Ko +Prok, @“‘@)KCD DivP
Wk por 88 SPR
+ 75 (%52k, Ko + Pro % © Ko + Pok, @ %) Ko jgp,R A i_ ”L,;?g
— 0 k
P 90 r
+ RLS (%—ke@KR +P9R3— R Kg + Porke ® 3—) Ko —P$a%—® +YP§¢ ;—RSDCD
_fep 09U _ 27 9° UV
IPec RS 906 ~ RS 0
+ 75 (*a—k ®K®+Peea£ % Ko + Pooke © 2% e )ch %
L[ or ) Qf_’s_ +1;r1§a1e Pt
+ x5 <T@k9®K¢ +Pecl> &Ko +Peq>ke® 50 )Kq; n 22k (’R Ra"g + ke gg K
1 (0P ko —P}’§97¢+CP"9+%% 0
+R‘S(Tk¢®KR+P¢RT®KR+P¢Rk¢®—)$R>Kd> +ﬁ%_(£§¢%
1 (9P ko 9K X
+rs <Tk¢®K@ tPo 50 ®Ke +Fooke @ 7 9) Ko S+ PR 3h + CPor 5%
Py P 8([)
Fod ¢R 0 r()
+ 75 (‘a—kcb ® Ko + Poo 5 © Koy + Powky @ 558 )Km, | TEE RBGC;:O 2| ke (38)
34 +che R a@+ +Rsa<1>
(34) 43P 90, cPog
RS 2@ 5

4 Conclusion

Lagrangian equilibrium equations in cylindrical (Eq. 19)
and spherical coordinates (Eq. 38) have been derived in
the present work.
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