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 Energy release rate.  Fracture energy  
The content of this lecture is commonly ascribed to George Rankin Irwin (1907-1998) 

and Egon Orowan (1902-1989).  Both had long and prolific careers in the field of the mechanical 
behavior of materials.  In late 1940’s, they found a way to apply the Griffith theory to steels. 
 Fracture of a steel.  Following Griffith, you are performing the same experiment using 
a steel rather than a glass.  Let’s say you have several bodies of the steel.  Using a diamond saw, 
you cut each body with a crack of length 2a.  The lengths of the cracks are different in different 
bodies.  You load each body in tension up to fracture, and record the applied stress at fracture, 

c .  Many people have done such experiments and here are the basic experimental facts. 

1. constantac , independent of the length of the crack. 

2. The constant is orders of magnitude larger than  /2 E .  Note that the surface energy 

of most solids is on the order of 1 J/m2. 
 Thus, the Griffith theory agrees with one part of the experimental observation, but 
disagrees with the other.  The large discrepancy between the Griffith theory and experiments 
with steels had to do with plastic deformation in the steel accompanying fracture.  While other 
people complained about this large discrepancy, Irwin and Orowan did something about it: they 
invented a procedure to apply the Griffith theory to ductile materials such as steels.  
 Plastic deformation accompanying fracture.  After a body of a glass fractures, the 
pieces fit together neatly.  Plastic deformation in the glass, if any, is too small to be visible to us.  
After a body of a steel fractures, however, the pieces do not fit neatly.  The steal deforms 
plastically during fracture. 
 A frame-by-frame movie.  Such a movie must exist by now, but I don’t have it.  I’ll sketch 
pictures in class. 
 Frame 1.  A crack is cut into body of a steel is by using a diamond saw.  No force is 
applied to the body yet. 
 Frame 2.  Apply a small load.  A small region around the tip of the crack yields.  This 
small region is called the plastic zone.  The body remains elastic outside the plastic zone.  The 
front of the crack remains stationary. 
 Frame 3.  Increase the load slightly.  The plastic zone increases in size.  The front of the 
crack still remains stationary. 
 Frame 4.  Increase the load still more.  The front of the crack starts to advance.  The 
larger the load, the more the crack advances. 
 Frame 5.  The load reaches a constant level, the crack advances in a steady state.  Plastic 
deformation is confined in the thin layers beneath the crack surfaces.  The thickness of the 
plastic layers remains constant as the crack advances.       
 Follow a material particle near the plane of the crack.  As the front of the crack passes by, 
the deformation of the material particle undergoes hysteresis:  elastic loading, plastic flow, and 
then elastic unloading.  Sketch a stress-strain curve. 
 Small-scale yielding condition.  We will be restricted to the case that the size of the 
plastic zone in the steady state is much smaller than the size of the crack, a condition known as 
the small-scale yielding condition.  Under the small-scale yielding condition, much of the body 
deforms elastically.  Because the size of the plastic zone is much smaller than the size of the 
crack, the crack can attain the steady state after extending by a length small compared to the 
total length of the crack. 
 The small-scale yielding condition involves the comparison of two lengths:  the size of 
the plastic zone and the size of the crack.  The size of the plastic zone in the steady state is a 
material property.  For example, the plastic zone for silica is of atomic dimension, so that a crack 
beyond a few nanometers satisfies the small-scale yield condition.  By contrast, the plastic zone 
for a steel may be of millimeter in size, so that a crack beyond a few centimeters satisfies the 
small-scale yielding condition.  For a particularly ductile steel, however, the plastic zone can be 
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several centimeters in size.  To test such a ductile steel under the small-scale yielding condition 
would require a body of a size about a file cabinet.  Such a test is carried out sometimes, but is 
expensive.  We will discuss large-scale yielding later in the class.           
 Modify the Griffith theory to account for plasticity.  Griffith’s picture of fracture 
is   
  Fracture = atomic bond breaking.   
Griffith used the surface energy to account for the inelastic process of bond breaking, and 
obtained the condition for fracture:  

  
a

E
c






2
 . 

 Irwin’s and Orowan’s picture is 
  Fracture = atomic bond breaking + plastic deformation.   
They define the fracture energy   as the energy needed to advance a (steady state) crack by a 
unit area. 
  Fracture energy = surface energy + plastic work. 

   pw 2 . 

Here pw  is the work done to create per unit area of the plastic layers.  Irwin and Orowan used 

the fracture energy to account for the inelastic process of bond breaking and plastic 
deformation, and they modified the condition for fracture as 

  
a

E
c





 . 

 A few quick notes about fracture energy: 
1. The fracture energy is a material property, independent of the length of the pre-crack, so 

long as the small-scale yielding condition applies. 
2. The fracture energy is difficult to calculate from first principles, and is determined by 

fracture test, as described above. 
3. The fracture energy is much larger than the surface energy.  A lot more atoms participate 

in plastic deformation than in bond breaking.  Some rough values.  Glass:  10 J/m2.  
Ceramics:  50 J/m2.  Glassy polymers: 103 J/m2.  Aluminum: 104 J/m2.  Steel: 105 J/m2. 

 
 The above modification eliminates the discrepancy between the theory and the 
experiments, but is bothersome in two respects.  First, the Griffith theory was developed for a 
small crack in a large plate.  How about other configurations of crack?  Second, what do we 
really mean by the phrase “energy needed to advance a crack by a unit area”?   We would like to 
have an operational definition of the fracture energy, a definition that will enable theoretical 
calculation and experimental measurement. 
  
  Energy Release Rate.  Let us first consider a pre-cracked body of an arbitrary shape.  
Imagine many copies of the body, identical in all respect except that the sizes of the pre-cracks 
are different for different bodies.  The body is purely elastic:  no bond breaking or plastic 
deformation occurs.  The body is loaded, say, by hanging a weight P.  The elastic energy stored in 
the body U is a function of the displacement   of the weight and the area A of the crack, 
namely, 

   AUU , . 

This function can be determined by solving boundary-value problems within the theory of 
elasticity. 

 Alternatively, the function  AU ,  can be determined by experimental measurement.  

For each copy of the body, we make sure that the crack is stationary as we load the body.  
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Consequently, the work done by the weight is fully stored as the elastic energy in the body, 

dUPd  .  We write 

  
 





AU
P

,
. 

By measuring the force P as a function of   and A, we can integrate and obtain the function 

 AU , . 

 
 Now consider two copies of the body.  The copy with the larger crack is more compliant 
and, at the same displacement, stores lower elastic energy. Define energy release rate, G, as the 
reduction of the elastic energy associated with the crack increasing per unit area, when the 
weight does no work, namely, 

  
 
A

AU
G






,
. 

The partial derivative signifies that the displacement   is held fixed when the area of the crack 
A varies.  Once we know the function  AU , , the above definition gives the energy release rate 

G.  Thus, G is a purely elastic quantity, and you need to know nothing about the process of 
fracture to obtain G.   
 When both the displacement of the weight and the area of the crack vary, the elastic 
energy of the body varies according to 

  GdAPddU  .  
Just as P is the thermodynamic force conjugate to the displacement  , the energy release rate G 
is the thermodynamic force conjugate to the area A. 
     
 Fracture energy.  Consider a pre-cracked body loaded by a weight P.  Under the small-
scale yielding condition, we can still obtain the function  AU ,  as if the entire body were 

purely elastic, either by solving a boundary-value problem with the theory of elasticity, or by the 
load-displacement curves determined experimentally with bodies containing cracks of different 
sizes.   

 When the weight drops by distance d , the weight does work Pd .  Under the small-
scale yielding condition, much of the work done by the weight is stored in the body as elastic 
energy, and only a small fraction of the work done by the weight goes to inelastic processes such 
as breaking atomic bonds and plastic deformation.  We will use this small fraction to define the 
fracture energy.  That is, the fracture energy   is defined as an excess, according to 

  dAdUPd  . 

This definition of the fracture energy is independent of microscopic processes, be they bond 

breaking or plasticity. 
    
 Fracture criterion.  Now compare the definitions of the energy release rate and the 
fracture energy.  The crack will grow if the energy release rate equals the fracture energy: 

  G   . 


U

fixedA



A
dAA

dU

P P
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The energy release rate is the driving force for the extension of the crack.  The fracture energy is 
the resistance to the extension of the crack.  The relation between G and   is analogous to the 
relation between stress and strength. 

 
 The above discussions complete the modifications of the Griffith theory to deal with 

1. cracked bodies of any configuration, and 
2. materials capable of inelastic deformation. 

In what follows we collect a few useful mathematical refinements.  These refinements often 
confuse students, but contain no new information. 

 
 Potential energy.  View the body and the weight together as a system, and lump their 
energy together:   
   PU .  
This quantity is called the potential energy in mechanics, and is called the Gibbs free energy in 

thermodynamics.  This definition, in combination with GdAPddU  , gives 

  GdAdPd  .  
Now the potential energy is a function of the load and the crack area,  

   AP, .  

The displacement   and the energy release rate G are the differential coefficients, namely, 

  
 
P

AP






,
, 

  
 
A

AP
G






,
. 

 
 Linear elasticity.  When the body is linearly elastic, the applied force P is linear in the 
displacement  .  Consequently, the elastic energy is 

  2/ PU , 

and the potential energy is 
   U . 
 We can write the energy release rate as 

  
 
A

APU
G






,
.  

The partial derivative signifies that the load P is held fixed when the crack area A varies.  The 
opposite signs in the two expressions for the energy release rate reflect a simple physical fact.  



U

fixedA



A dAA

dU

P P



P
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A
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When the area of the crack is larger, the body is more compliant, so that the body stores less 
elastic energy at a fixed displacement, but stores more elastic energy at a fixed load. 
 Compliance of a linearly elastic body containing a crack.  For a linearly elastic 
body, the displacement is linear in the load.  Write 
  CP , 
where C is the compliance of the body.  For a linearly elastic body containing a crack, the 
compliance is independent of the load, but is a function of the area of the crack, namely, 

   ACC   . 

This function can be determined experimentally or calculated by solving boundary-value 
problems.  As we said before, the compliance is an increasing function of the area of the crack. 
 Using the compliance, we can write the energy release rate as 

  
 

dA

AdCP
G

2

2

 . 
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 AC  dAAC 


