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PART L

Tue methods of investigation employed for this problem are mnathematical rather than
experimental, and this mathematical treatment is given in some detail in Part IL. of
this paper. Part I. is a summary of the more important results and conclusions, and
in this part mathematics are kept as far as possible in the background.

The main work of the paper lies in the determination of the stresses around a hole
in a plate, the hole being elliptic in form. The results are exact, and are consequently
applicable to the extreme limits of form which an ellipse can assume. If the axes of
the ellipse are equal, & circular hole is obtained; by making one axis very small the
stresses due to the existence of a fine straight crack can be investigated.

The destructive influence of a crack is a matter of common knowledge, and is
particularly pronounced in the case of brittle non-ductile materials. This influence is
turned to useful account in the process of glass cutting. A fine scratch made on the
surface produces such a local weakness to tension that a fracture along the line of the
seratch can be brought about by applied forces which produce in the rest of the plate
quite insignificant stresses.

In ductile materials some easing off of the local stresses at the end of a crack will
be effected by plastic yield of the substance, but for the case of alternating loads the
protection against breakdown gained thereby must be limited. A small load tending to
open the crack will produce overstrain at its ends. On reversing the load the crack
closes again, but not before it has set up some reversed stress at the ends of the crack.
Ip this manner a small alternating load may produce in the material an alternating
stress far in excess of its elastic range, and under these circumstances, if a crack has
once fairly started, no amount of ductility will prevent it spreading through the

substance.
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In a paper read before the Sheffield Society of Engineers and Metallurgists in
January, 1910, Professor B. Hopkinson made some general observations concerning the
stresses around a crack. In this paper Professor Hopkinson did not attempt to
compute the intensities of these stresses, but the desirability of doing so he strongly
emphasised. The present paper is an endeavour to satisfy this requirement.

Fig. 1 (Plate XXVIIL) shows an elliptic hole in a plate, the major and minor axes
being 2@ and 20 respectively. The plate is subjected to a tensile stress of intensity R
applied in the direction shown. If the hole is nowhere near the edge of the plate
and the material is nowhere strained beyond its elastic limit, a tensile stress occurs

at A of the value R [1 42

5 ], and a compression stress ab B of magnitude R. On
exploring the plate in the direction A P, the tensile stress across A P, which has the

value R \:1 + 2;‘] at A, rapidly decreases, and in a short distance attains approximately
b

its normal value R. Advancing along BQ the compression stress across B Q which
starts with the value R at B soon changes to a small tensile stress, and this gradually
dies out entirely. Stresses in the directions AP, B Q are likewise brought into
existence. These radial stresses are Zero at A and B. At considerable distances from
the edge of the hole the former dies down again to zero, and the latter attains the
value R.

The variations in the stresses along and across A B and B Q are shown by the
curves of Fig. 2, which are accurately drawn for the case a = 30. An inspection of
these curves clearly indicates that the tension at A is by far the greatest stress. In this
case it amounts to 7 R. The rapidity with which this stress decreases with the distance
from the edge of the hole is also very noticeable. These effects become more marked

. a -
as the ratio b ncreases.

a
When = 100, the tension at A is 201 times the mean tension.

. ‘[‘;:1,000, L2000, " "

. The ellipse in this latter case would appear as a fine straight crack, and a very simall
pull applied to the plate across the crack would set up a tension at the ends sufficient
to start a tear in the material. The increase in the length due to the tear exaggerates
the stress yet further and the crack continues t0 spread in the manner characteristic
of cracks.

Qo far we have taken the major axis of the ellipse to be perpendicular to the
divection of the pull. Tf the tension is applied In the direction of the major axis, tensile
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. 20 . . .
stress of amount R I:l + cf:l is set up at B, accompanied by a compression stress of

magnitude Rat A. Hence a crack running in the direction of the pull does not produce
great local stress, a conclusion which is almost self-evident.

If the major axis of the ellipse makes an angle 8 with the direction of the pull,
the tensile stress at the ends of this axis is—

a «@
R [7,—0052'9(1"'@)]

For such a case, however, the greatest tension does not occur exactly at these
ends, and the value given above may be considerably exceeded. An example of special
importance illustrating this point is given in Fig. 3 (Plate XXVIIL). Here the axis
of the ellipse is inclined at an angle of 45° to the direction of the pull.

At A the tensile stress is R;—f.

At P the tensile stress is—
17 0l
R [1 + /)7+ " :‘

. . e b o
Between A and P the tensile stress reaches a maximum value, and if ' is fairly
small, a good approximation to this maximum value i1s—

@ VI 27;-)]
Ry, [1 R

At Q there is compression stress of magnitude R.
For the case « = 3 b—

The tensile stress at A is 3R ;

The tensile stress at P is 41 R ;

The compression stress at Q is R.

The maximum tensile stress which occurs between A and P has the accurate
value 4'64 R.

The approximation given above makes it 4:85.

b . . . .
For smaller values of - this approximation is yet more accurate.

Exrtexsion 1o THE (CasE oF CRACKS WHICH ARE NOT NECESSARILY HErnipTic 1IN Foru.

Consider an elliptic hole in the plate modified by cutting away the portion shown
shaded in Fig. 4 (Plate XXVIII.).

From the point of view of stress, this is cquivalent to applying along the
boundaries P Q R and SV W distributions of stress, vhich in each case is an equilibrium



29 STRESSES IN A PLATE DUE TO

system, and which dies out as the points of contact with the ellipse are approached.
The application of such a system does not substantially affect the stress outside the
actual region where the distribution is applied, and for the case shown the stresses
at A and A’ will not be altered to any appreciable extent, provided that the change in the
boundary does not extend to these ends. In other words, the stresses at the ends of a
cavity depend almost entirely upon the length of the cavity and the form of its ends.

If the ends of the cavity are approximately elliptic in form, it is legitimate, in
calculating the stresses at these points, to replace the cavity by a complete ellipse having
the same total length and end formation. If p is the radius of curvature at the ends
of the major axis of an ellipse, b = ¥ ap. This substitution for b gives the tensile stress
at the ends of the ellipse in the form—-

vaa
R {1 + 2 \/ ; ]
This formula will accordingly apply to a cavity of any shape, the length of the

cavity being 2 and the ends having a radius of curvature p; provided that the cavity
near its ends merges smoothly into an ellipse.

Thus for the star-shaped hole represented in Fig. 5 (Plate XXVIIL), in which the
ends merge into ellipses in the manner indicated, the tension at A will be R l: 1+2 ,\/g ]’
p

where p is the radius of curvature at the ends of the projecting arms. The compression
stress at B will be R.

CaskE oF A SqQuare Horne witH RounNpED CORNERS.

To get the square hole with corners rounded to a radius p illustrated in
Fig. 6, the cutting away process has to be more extended, and this may ease the stress

at A somewhat below the value R [ 1+2 «/ E—], but the error contained in this formula
‘l)
is in all probability quite small.

To this same degree of accuracy the tensile stress at A for the case illustrated in

Fig. 7 1s
R4/ L
At P there is a tensile stress ’
R [ 1+4/ Ly a/ 7,]
p l
At Q there is a compression stress of magnitude R. The greatest tensile stress

along the rounded corner occurs at a point between A and P, and, if p is small
compared with /, its approximate value 1is

R,/ 1 YIS
LYVl B L P
Wi 25
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EXTENSION To THE CASE OF A CRACK STARTING FROM THE KDGE OF A PLATE.

Consider once again the plate illustrated in Fig. 1 (Plate XXVIIL). If one half 1s
isolated from the other, the notched plate shown in Fig. 8 is the result. This plate, in
addition to a horizontal pull of intensity R, is subjected to normal actions distributed
along B Q, B Q, according to one of the curves shown in Fig. 2. If this latter
distribution can be neutralised, the stresses in a plate with an elliptic notch in its top
edge, subjected to longitudinal tension only, can be deduced.

The tensile stress at A is accordingly R [ 1+2 \/%], less the tension due to the

distribution of normal stress along the top edge. When the notch is narrow and deep,
these actions along the top edge produce little or no effect at A. If the pressure at B
were maintained all along B Q, the tension produced at B would only amount to R.

Actually this pressure dies out rapidly, and since the total action on B Q amounts
to a zero force, the tensile stress set up at A will be much less than R; it may very
likely vanish altogether. At any rate, we may conclude that these actions along the top
edge are unimportant, so far as the stress at A is concerned, and for the case of a narrow,
deep, elliptic noteh, the tensile stress at the bottom of the notch lies between the

limits—
Rl 1424/ |anaR| 24/ ¢ |,
[1+20/% Jmar[ 24/ ]
where a is the depth of the notch and p is the radius of curvature at its end. The
former limit—
Rl 142 /a
[1+24/ ]

is probably the closer approximation, but for the case of a deep sharp-ended notch, the
difference between these limits is relatively unimportant.

ExTENsioN To THE CASE OoF A NOTCH WHICH IS NOT NECESSARILY Ervirric 1x Foru.

Having deduced the tensile stress at the bottom of a narrow notch of elliptic form,
the formula can be seen to have a wider application.

Thus, in Fig. 9 (Plate XXVIIL), the shaded portions can be removed without
appreciably modifying the tension at A, which will continue to have the value—

R[l-{—fb\/%],

where « is the depth of the notch and p the radius of curvature at its end. The



224 STRESSES IN A PLATE DUE TO
argument which leads to this conclusion is identical with that given in connection with
Fig. 3, and calls for no repetition.

By similar reasoning the tensile stress at the point A for the cases illustrated in
Fig. 10 (Plate XX VIIL.) will be—
L+24/¢
R\: +24/ p]

For the rectangular notch represented in Fig. 11—
The tensile stress at A is
rRA/L.
p
The tensile stress at P is
R[1+4/L44/0 ]
[+
The compression stress of Q is R.

The greatest tensile stress along the rounded corner occurs at some point between
A and P, and, if p is small compared with /, a good approximation to its value is

R,/1 V204 2p
gvf‘) [1+ ‘\77l-— V/ P]'

The last case to be considered is a small crack or notch springing from the side of a
hole in the manner shown in Fig. 12 (Plate XXVIIL).

In this case there is a double magnification of stress. The mean stress R 1s
concentrated to the value R [1 + 2 '\/ %] in the neighbourhood of the crack, and this,

again, is magnified to the value
R[1+ Ve [+ 20/ ]
() P?

at the end of the crack, where « and p refer to the hole and o ¢/ refer to the crack.

This example offers an explanation of the weakening of a plate which has been
punched with holes. Around the edge of the holes fine cracks may be started. These
cracks will have every inducement to extend, because the metal round the hole has been
rendered hard and brittle by the punch. By the time the crack has extended through
this hardened region, it has got such a hold on the plate that no amount of ductility will
prevent the crack from advancing. The advisability of removing this hard and probably
fractured rim round the edge of a punched hole is very apparent.
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PART 1I.
DETERMINATION OF THE STRESSES IN A PLATE WHICH HAS AN Eruipric HoLk.

Throughout the work curvilinear co-ordinates are employed.

Let « = constant and 3 = constant, define two systems of curves intersecting at

right angles.
At any point let «, 1, denote the shifts in the direction of the normals to « and 3.

o stretches and the slide corresponding to these

ay

Let e, ¢;, e.; denote the tw

directions.
Then —
Cuw =1, (\"" + Ny T‘Z, ( l)
ci3\h,
P _._P+ o I 10, k*(i)
i ca Il._,
Co3= ],u; +h' hl Uy
£
where —
Iy = <§ u> + (ig)z
o cy
= () + (28
¢ cy

The dilation A is given by—
A= 0| & (u,u) i (ffﬁ)]
hlte [aa ) Tea G,
The rotation o is given by—
Q0 =1I | L (1) & <i>]
o= I:Ea ) T\,
For the particular problem under consideration the curvilinear co-ordinates a, (3, are

such that—

z = c¢cosh acos 3
Y = c¢sinh asin j3.

2

== constant isg accordingly the ellipse a o =1
“ g1y P c? cosh? « + ¢?sinh? a
a? y?
3 = constant is the hyperbola = =],
P P ¢?cos’ 3 ¢*sin? 3

2
¢?(cosh 2a — cos 23)

In this case h? = l? = h? =

¥ See Love's ¢ Elasticity.”
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(GENERAL STRESS STRAIN EQUATIONS.
These take the form—

_NIA 1 _9ne =
(1 G)Ba (1 ...rr)Bﬁ 0

A
1 —

—_2gv =
+ @1 =20
‘Where o is the value of Poisson’s Ratio.

These two equations state that—

1- o)A+ (1 — 2 ¢) w i8 a function of « + f3
e—n(u-\-lﬂ)
h(a+ f)

——e—("-l)“cos(n+1)ﬁ+ e-("+1)ﬂcos(n — l)p
cosh 2« — cos 23

Take l—oA+(l =20 0= constant ><

So that (l—-o)a= const.

-(m-Dagin (n + 1) — e~ +Desin (n — 1B

1 —-26w= const. £
cosh2a — cos2f3

it u =

ba
h
Sw , dv _ A _ G

B’—+B—ﬁ_ ik T_ol:e-(""l)acos(n +1)3 —e-nthecos(n — 1),8]
« —

bu ov _ 2w _ 2&”[ ~(n-Dagin (4 DB —e-tDagi — :|
P S =T=5, e sin(n +1)p — ¢ sin(n —1)f8

From these two partial differential equations « and v can be determined—
w=A,[(n+p)e--Necos(n+ 1B+ (¢ —p)e-trbecos(n —1B]+¢
v=A,[(n —p)e-w-Desin(n+ DB+ (n+p)e-+Desin(n — DA+

Where p stands for 3 — 4o, and ¢ and ¢ are conjugate functions of « and 3 satisfying
Laplace’s equation.

Suitable values for ¢ and ¢ are, const. X e ™" C08 7 B and const. X ¢ " sin 3.

From these general values of u and v values of 2, ¢e;; e, can be deduced by means
of the relations—

J ¢ h? vBh2
e(‘L.:it?Lu
3a+ [ 5/)
v o wdl?
= h? vo a2
“sr ‘~ stesy T 2id

Cp= 7f(h~ v) + - Z/ (M2 ar)




THE PRESENCE OF CRACKS AND SHARP CORNERS.

The stress components can then be determined by the equations—

E 4
Ru.u_ -l"' ”*0_ [Cuu + j-—'—_z—o_ A]
BT P
Ros=y o, [0+ 22 ]

_E
S“”“z‘(pra)

Le. 4]
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These two sets of calculations are too lengthy to be given in detail ; the results are

as follows :—

R.. (cosh 2 a — cos 2 $3)°

Rgs (cosh 2a — cos 23)?

Szt 3 (COSb 924 — cos 2 /;)2

+

—{de-m+tDa 4 (n 4 3) e~} cos (n+ 1)
+{4e--De— (n — e~} cos (n — 1)3

[(n-{— 1)e -n-Dacos (n+3) 3+ (n—1) e ~(r+N« cos (n — 3)/3]

n l:n ¢—ilacos (n + )P+ (n+2) e~ cos (n =17 g

—{(n+2)e-n-Daf pe- ntda} cos (n+ 1)

— —(n—3)e~—Dacos (n+3) 3 —(n+3)e-tlucos (n — 3)B

+{(n—=1)e-n-Y« — 4 ¢=OrHDa} cos (n+1)3
L {(n +1) e—tw4¥a 4 fe=(n=Da} cos (n — 1)$3-
~ne-(m+tha cos (n + 3) 3 4 (n + 2) e~ cos (n — 1)37
| — {0+ 2) e 4 p et g cos (n+ 1)p |

C(n—1)e-(=Dasin (n+3) 3 + (n+1)e-+Dasin (0 — 3)37

| — (4 1)e--3egin (n+ 1)f—(n—1)e-@+Iegin (n — 1) _|

n

n

AN

ne-m+bagin (n + 3) B+ (1 + 2) e+« sin (n — 1)B7)
[— {(n+2)e0=-Def pe=(utdoa} sin (n + 1)3 |

In these formule for R,, Ry, S, 7 can be any integer positive or negative,
and the general expression for these three stresses takes the form of an infinite series,
involving a nwmber of arbitrary constants, which have to be determined by the
conditions existing at the inner and outer boundaries of the plate.

Cast oF A Prate sussecrep To A TENSILE Stress R 1x ann Dirkctions, THE PraTe
HAVING AN Krpuipric HOLE DEFINED BY a = a,.

The boundary conditions for this case are—

Rya = Sos= 0, when « = ay,

and R, = R, Rgg= R, S,5= 0, when « is large.
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These conditions can be satisfied by making—
A_,=-— R} )
8
A 1= Rs
3
B._ 1 = I} cosh 2 «,.

Adding together the three terms corresponding to A _y, Ay, and B_;, the exact

values of the stress for this case aré—
R = R sinh 2 « [cosh 2 a — cosh 2 ]
Hee T [cosh 2Za — cos 2 3J?

R sinh 2 « [cosh 2« 4 cosh 2 ¢, — 2cos 23]

Rys = ot b paba N8
e [cosh2a — cos 2 pl?

o R sin 2 3[cosh 2a — eos 23]
Mad = [cosh2 — cos2 3]

Along the edge of the elliptic hole

2 Rsinh 2 q,

Ry = —- =2 — w5
28 = Gosh 2 a, — cos2 3

('ssE OF A PLATE SUBJECTED TO A TexsSILE STRESS R IN THE DiRECTION 3 = ., THE
99

Prarte maving AN Ervieric HOLE DEFINED BY a = do.

The boundary conditions for this case are—
Rcla = Saﬂ - O, ‘Vhen a == U,

and R, = IE (1 —cos2p3), Rpp= % (1 + cos 2), Bas = —% sin 23,

when « is large.

The conditions can be satisfied by making—

R
A71=—~176; B_1=%[1+008h2(1,,]
R Rete R ¢l
‘\'*1:—16—8 i B+1:g ;
B—u:“l}w
h

Adding together the five terms corresponding to A _;, B_y, Ay, By, B _., selected
from the general formule stated above, the exact expression for R,., Rys S, can be
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determined. These expressions are complicated in appearance, and too lengthy to be

written out here in full.  The most important and interesting information they contain
is the

ExprrEssiox ror tHE TENSILE STRESS AT THE Epen or THE Evvreric HoLe.

This latter takes the comparatively simple form—

N sinh 2«, + e cos 23 — 1
R;3 =R ; il Sl
cosh2a — cos?;3
when « = q,.

If the semi-major and minor axes of the ellipse are « and respectively :—

At the end of the major axis (3 = 0) the tensile stress is—

R [1 + zb"

At the end of the minor axis (/3 = ;) there is a compression stress of magnitude R.

Case or A Prate SUBJECTED TO A SHEARING STRESS S. THE PLATE HAVING AN Evrvweric
¥
HoLE DEFINED BY « = .

The boundary conditions for this case are—
Ru a = S(.p = 0, when « = (78

If the shearing stress is applied to planes at right angles to the area of the ellipse,
the conditions which hold when « is large are—

R..=Ssin23
Ryp= —Ssin2p
Ses = Scos?p
To deal with this case, the values of R, R, 8.5 consequent on taking—-

e—nla+ i3
— — = stant — == - -
(I —=a)A 4 (1 —26)w =+ x constant x sinh (a + ¢3)

have to be employed.
R, IR, will be found to have exactly the same form as before, except that sines

replace cosines.  The new form of S_, is obtained by reversing the sign of the original
form and replacing sines everywhere with cosines.



230() STRESSES IN A PLATE DUE TO CRACKS AND SHARP CORNERS.

a2

The conditions stated above can be satistied by making—

S 2
A, =1
S
];_)_‘ = —16’4“
S
B—::— —I

Adding together the three corresponding terms, the value of R, at the edge of
the hole takes the form—
28sin2 e
coshZa,— cos2j3

Rypp= —

(‘asE oF A PraTeE HAVING AN Brpietic HoLE DEFINED BY a = ap SUBJECT T0 A TENSILE
STRESS R APPLIED IN A DIRECTION MAKING AN ANGLE ¢ WITH THE Major Axis
or THE INLLIPSE.

This case can be arrived at by a combination of cases previously considered.  The
expression for the tension along the inside edge of the cavity is—

sinh2«, + cos2¢ — e2wcos 2(p — 3)
cosh2a, —cos2p

R/J =

If ¢ = Z
sinh 2, —e2®gin23

R 33 = -
o cosh 2 «, — cos2 3

T

Maxmmom VALUE oF R, WHEN ¢ =

e

et m be the slope of the tangent at the point where R, ; has its maximum value.
m is given by the expressione? + 4/ 1 + ¢ 1 a,
The value of 3 for this point of maximun stress is given by—

v 1
tan 3 = — = tanh a,,
m

and the value of the stress is—
—~-R sin2g ..
Tlcos2p3

At the point where the slope of the tangent is + 1

1
., = anh S
1\}3(3 R [l + tanh «, + tanh "”]

At the point where the slope of the tangent is — 1

R;; = — R
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The SECRETARY read the following translation of a communication from Professor Mesnager :—

Professor A. MEsNaGrRr (Ingénieur-en-chef des Ponts et Chaussées): Professor Coker’s paper is an
extremely interesting one. The complete study of the stresses in riveted structures or in the different
parts of a plate perforated by rivet holes has never before been worked out so completely or by such
interesting methods. Nevertheless the present investigation is limited to the sections perpendicular to
the direction of stress, and parallel to the same, both passing through the centre of the rivet hole.
These sections are those for which one usually calculates the stress in order to settle the dimensions
of the plate. Unfortunately, these are not the sections in which the first permanent deformation
usually occurs. In a test piece perforated by rivet holes the first permanent deformation occurs in
those sections which are inclined at an angle of 45°to the direction of the stress, although rather closer
to the direction perpendicular to the stress. Professor Coker’s work forms, therefore, in my opinion,
only a beginning of the investigation of this question of the fatigue of riveted plates, and it would be
very desirable if this could be extended to other sections, notably to those which are most likely to
be subject to permanent deformation. Some remarkable work has, within recent years, been carried
out in England on this question of permanent deformation. It has been shown that the importance
of the shearing stresses is very great, and we should therefore seek to find the locality in which they
reach their maximum values (see in Engineering, December 24, 1909, a description of the work of
. Messrs. Guest, Mason, and Smith, and the discussion thereon). For such work polarised light offers
considerable advantages, as the greatest shearing stress is exactly equal to half the difference between
the extreme principal stresses. Now the stress perpendicular to the ends of the plate can only be very
small ; therefore, when the principal stresses which are parallel to the plane of stress are of contrary
sign, a simple reading of the calibrator enables us to obtain the required difference. When they are
of the same sign, the difference is equal to the greatest of these two stresses.

Professor W. E. DaLBy, M.A., B.Sc., F.R.S. (Associate Member of Council): Mr. Chairman and
Gentlemen, I thought that possibly the discussion on the two papers would be taken together. If the
Chairman will allow a reference to Mr. Inglis’ paper, I should like to say that seldom have two more
remarkable papers been presented to the Institution in one evening. On the one hand, Mr. Inglis gives
a 1igid mathematical solution of the problem of finding the stress distribution caused by an elliptical
hole in a plate under tension, including the particular case of the circular hole. On the other hand,
Professor Coker shows how the stress distribution caused by applying tension through a rivet in a plate (or
strictly speaking a pin) can be determined experimentally by his optical method. ~Comparing the results
obtained by the mathematical method of Mr. Inglis with the results found optically by Professor Coker,
so far as can be seen from the diagrams and from the details in the papers, the stress distributions as
determined agree with one another. The one paper is a complement to the other, and the agreement
in comparison enables us to use Professor Coker’s method with increasing confidence to solve problems
in stress distribution which elude the mathematical machinery at present available for their solution.

I think I am right in saying that one of the main features of Professor Coker’s paper—and I hope
he will correct me if I am wrong—is the description of an extension of his optical method in order to
find the magnitude of one of the two vectors which is implicitly used by Rankine in his investigations of
the stress distribution in a plane. Rankine’s method consists essentially in reducing the principal stresses
to two vectors; one equal in magnitude to half the sum of the principal stresses, and the other equal
in magnitude to half the difference. The sum of these two vectors gives the direction of stress in a
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plane to which the vector which is half the sum of the principal stresses is at right angles. In Professor
(Coker’s former paper to the Institution he showed how to determine optically the vector which is the
difference of the principal stresses. To-night he shows how the vector which is the sum of the principal
stress can be found. Hence the principal stresses can be found, and also the direction of the normal
and shearing stresses at any point in a plane. I think you will all agree that a great advance has been
made, an advance which will greatly increase the utility of Professor Coker’s method. Professor Coker
has shown on a slide the distribution of stress caused by a rivet or pin near enough to the margin of
the plate to cause the indications of bending stress to appear. Has he determined how far the margin
was from the centre of the hole when bending began to appear, and, if so, does the distance bear any
relation to the usual rule used in designing riveted joints, namely, that the edge of the plate must be
at least at a distance equal to the diameter of the rivet from the edge of the hole ?

I should like to conclude my remarks by expressing my admiration for the very beautiful results
Professor Coker has obtained by his optical method.

Professor B. Hopkinsox, F.R.S. (Associate) : Mr. Chairman and Gentlemen, I have not much
more to say than that I echo Professor Dalby’s admiration of the work done here by Professor Coker.
This is the first time I have had the opportunity of seeing the beautiful coloured diagrams that he
gets when he strains his pieces and brings to the eye, in a way mathematics cannot do, the manner in
which the stress is distributed. I have onlv one remark in the way of criticism to make about the
paper, and it merely concerns the title. I think that what Professor Coker has determined is not the
stress in the neighbourhood of a rivet, but rather the stress in the neighbourhood of a pin joint. 1
believe that when two plates are riveted together the strength of the joint against pull 1s not the shear
strength of the rivet itself, but they are pinched together by tension in the rivet which may not fill
the hole at all, and, practically speaking, the joint holds by friction. I cannot cite any evidence on that
at the moment, but I think that is the general impression of people who have had to do with riveting
joints of the ordinary kind such as are found in structural steel work, and T am pretty sure there is a
good deal of experimental evidence in favour of it. Of course, that does not in the least detract from
the value of the paper, but it seems to me that the title is perhaps not quite correct. Mr. Inglis just
now suggested to me that the real boundary condition, looking at it as a problem in mathematical
elasticity, in the neighbourhood of a riveted joint is that the metal just round the rivet is held so
that it cannot move radially. It is the same as though the rivet were completely inelastic, and filled
the hole, adhering to the metal of the plate all round, so as to prevent all radial displacement. That
seems to me to be the correct boundary condition, expressing, as far as mathematics can, what happens
in the neighbourhood of a riveted joint.

Turning now to Mr. Inglis’ paper, it is, I think, one of great importance. Most failures in engineering
structures originate, I suppose, In a crack of some sort, whether they be started, as he suggests, by the
presence of some hard material or possibly by a cavity containing some impurity such as slag. They
originate in a centre of high stress such as exists at the end of a crack. Mathematicians, of course,
have told us before now that the stress in the neighbourhood of a circular hole is as stated in Professor
Coker’s paper, and we have all learned that if the edge of the crack is an absolutely sharp corner, then
you get an infinite stress, but the intermediate condition of a crack that hasa very high curvature at the
edge but is not infinitely sharp, has, so far as I am aware, been tackled by no one until now, and
that, of course, is the important case. Mr. Inglis has shown us exactly how the stress at the end of the
crack varies with its curvature and size. He has shown that it is proportional to the square root of
the length of the crack, and inversely proportional to its radius of curvature. He has pointed out,
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however, that his results being based on the mathematical theory of elasticity apply only within the
limits of elasticity of the material. 1 hope that he will carry the investigation a stage further in
the near future, and tell us what happens in a ductile material when the elastic limit is locally
exceeded. Taking an elliptical cavity in mild steel, the material will begin to yield and stretch at the
end of the cavity as soon as the stress there exceeds the yield point, and, as Mr. Inglis points out,
that will lead to a re-distribution of stress, the result of which can be represented by taking off the top
of the sharp-pointed curve shown in Fig. 2 (Plate XX VIIT.) and raising the stress at points from there to
the right so as to keep the total area the same. TUnless the curvature of the crack is more than a certain
amount this will, no doubt, save the material and the crack will not go any further. At the same time, it
is obvious that that process of stretching puts an excessive local tax on the ductility of the material in
the immediate neighbourhood of the end of the cavity. Whether the crack spreads or not depends on
the relation of the amount of the local stretch to the ductility of the material. It would be a valuable
sequel to Mr. Inglis’ work to find out the dimensions of a cavity which would cause the material to
stretch, say, 30 per cent. at the ends when the metal as a whole is stressed to near its elastic limit.
Such a cavity would presumably spread as a crack even in mild steel. It is known that good mild steel
cannot be torn by any ordinary mechanical means. If a very thin slot be cut with a hacksaw at the
edge of a mild steel plate, at right angles to the length of the plate, and the plate be broken in a
testing machine, although, of course, the stretch is very much localised, the plate does not break by a
tear starting from the slit, but the metal in and near the plane of the slot pulls out just as a longer
piece would pull out with a good reduction of area. On the other hand, it is known that ductile material
does under some circumstances break by tearing, and Mr. Inglis in his paper cites the commonest instance
of that, viz., where a crack starts from a punched rivet hole, or from the edge of a sheared plate.
Owing to the greater elastic stress which exists in the neighbourhood of the hole, a crack is started
there in the hardened material, and, as he says, that material has sufficient hold on the ductile material
beneath it to cause the crack to spread. Once started in that way a crack may spread to any extent
even in ductile material, as has sometimes happened in the plates of boilers.

The effect of case-hardening in making mild steel brittle is another instance of the same thing
on which I have made a few simple experiments. The Wolseley Tool and Motor Company were good
enough to supply me with some bars case-hardened according to their ordinary process for motor car
parts. The bars were of good mild steel (about ‘12 per cent. of carbon) 2 of an inch in diameter, and
they were case-hardened, some to a depth of 1-32nd of an inch, and some to 1-16th of an inch. They
were broken in a 5-ton machine by bending. A bar case-hardened like that, although the central part is
entirely ductile, snaps like a carrot under bending stress, and does not yield at all. That, I suppose,
is a common experience. I then took a bar that had been case-hardened to a depth of 1-16th of an
inch and had all the hard metal ground off. The piece so treated was first bent in the testing machine,
and then finally bent double in a vice without showing any defect. That shows that the interior still
possesses all the ductility of mild steel. This was one half of the same bar which, before the case-hardening
was removed, had broken quite short by bending. It broke without a trace of permanent set. Then I tried
the experiment of grinding off most of the case-hardening, but not all of it. I left a little strip of hard
material on the tension side of the bar when it was bent. When a bar so treated is loaded by bending
the process of tearing in ductile material is very well shown. At a certain load the hardened tension
part at the bottom cracks with an audible snap, and when the load is a little increased the ductile stuff
tears across like a bit of paper. That is, as far as T know, the only way in which mild steel can be made
to tear. I have not tried the same experiment with iron instead of steel. but it is generally believed
that iron is not affected by case-hardening in the same wav. If so, it is perhaps due to its greater



